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Abstract

This paper presents an interpretation as classification problem for standard de-
sirability and other instances of nonlinear desirability (convex coherence and
positive additive coherence). In particular, we analyze different sets of ratio-
nality axioms and, for each one of them, we show that proving that a subject
respects these axioms on the basis of a finite set of acceptable and a finite set of
rejectable gambles can be reformulated as a binary classification problem where
the family of classifiers used changes with the axioms considered. Moreover,
by borrowing ideas from machine learning, we show the possibility of defining
a feature mapping, which allows us to reformulate the above nonlinear classifi-
cation problems as linear ones in higher-dimensional spaces. This allows us to
interpret gambles directly as payoffs vectors of monetary lotteries, as well as to
provide a practical tool to check the rationality of an agent.

Keywords: Imprecise probabilities, Coherence, Convex coherence, Monetary
scale, Piecewise separators

1. Introduction

The Bayesian framework is a sound and consistent theory because it is a logic.
In fact, it can be shown that the rules of (Bayesian) probabilities can be inferred
via mathematical duality from a set of logical axioms [1, 2, 3, 4, 5, 6]. These
axioms can also be interpreted as rationality requirements on the way a subject5

is willing to accept gambles, i.e., bets whose possible outcomes are uncertain
gains or losses of a single commodity depending on the result of an experiment.
The resulting theory is called theory of desirable gambles or desirability theory.

Let us consider an experiment with a finite set of possible outcomes, a so-
called (finite) possibility space, Ω := {ω1, ..., ωn}. In this context, gambles g10

are represented by vectors in Rn. If we denote by D ⊆ Rn, the set of gambles
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an agent is disposed to accept, a so called set of desirable gambles, rationality
axioms usually required on it can be expressed as follows.1

D1: Tautologies if g ∈ Rn, g ≥ 0 then g ∈ D,
D2: Falsum if g ∈ Rn, g < 0 then g /∈ D,
D3: Linearity if g, h ∈ D then λg + µh ∈ D

for any λ, µ ∈ R+,
D4: Closure if g ∈ Rn, g + ε ∈ D for all ε ∈ R∗+, then g ∈ D,
D5: Completeness if g ∈ Rn, g /∈ D then −g ∈ D.

The first axiom – D1 – also known as accepting partial gains criterion in15

literature [5], states that an agent should always accept non-negative gambles,
because they can only provide gains (or keep the status quo) for the agent.
Analogously, the second axiom – D2 –also known as avoiding sure loss criterion
in literature [5], states that an agent should always avoid negative gambles,
because they can only provide losses. The third axiom – D3 – states instead that20

the agent judges rewards of gambles with a linear utility scale. The fourth axiom
– D4 – instead, is a closure requirement.2 A set of gambles D satisfying axioms
D1–D4 is the mathematical dual of a set of finitely additive probabilities. D5
restricts this set to have a unique element [5].

When the set of possible outcomes of an experiment Ω is enriched with a set25

of prizes, these axioms provide not only the foundation for a powerful model of
uncertainty but also the one for a theory of rational decision making [7, 8, 9], thus
providing a connection between desirability and Von Neumann and Morgestern’s
[10] and Anscombe and Aumann’s [1] axiomatisation of rationality. However,
in several situations the above axioms can be restrictive and researchers have30

relaxed and generalised them in many ways.
For instance, it is not very realistic to assume that an agent can always

compare alternatives. This was shown to be equivalent to the axiom D5 that,
therefore, is often dropped [5, 6]. In this case we can obtain axiomatisations of
rational decision making under incompleteness [5, 7, 11, 12, 13, 14].35

The closure axiom D4 can also be abandoned. Although D4 makes the
connection between desirability and probability theory tighter [15, 16, 17], the
extra generality of sets of desirable gambles without D4 makes them useful
when dealing with the problem of conditioning on sets of probability zero, or of
choosing between two options under zero expectation [5, 18]. The axioms D1 and40

D2, even though their requirement seems very natural, can also be restrictive.
For instance, in case Ω is an infinite possibility space, evalutating the positivity
(or negativity) of a gamble can be computationally very demanding. This leads
to a notion of computational rationality [19, 20] which restricts D1 and D2.

1In D4, we use ε to denote also the constant gamble given by g(ω) = ε for every ω ∈ Ω.
Moreover, we indicate with R+ the positive real numbers (including zero) and with R∗+ the
strictly positive real numbers.

2We will see later on indeed that, assuming other standard axioms, D4 makes D closed
with respect to the usual topology of Rn.
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[21] instead, focuses on relaxations of the notion of avoiding sure loss (D2)45

only. Finally, the axiom D3 (linearity) is also not very realistic, especially when
one considers monetary gambles, i.e., gambles that return money. Indeed, for
example, for a large positive λ difficulties might be encountered at accepting
λg for every acceptable gamble g, because of lack of market liquidity at some
degree. The linearity axiom has been replaced by convexity in [22, 23] and it is50

further relaxed in [24].
In this paper we analyze some generalisations of the linearity axiom D3.

Specifically, since we work only with finite possibility spaces Ω and, for the
computational counterpart of our results, is more convenient to work with closed
sets, we assume that D1,D2,D4 hold true and we analyse sets of rationality55

axioms where D3 is relaxed and D5 is no more present. Given that in practical
situations an agent can provide only a finite set A of acceptable, or even a set
R of rejectable,3 gambles, we focus on furnishing a way to check, each time, if A
and R are compatible with the set of rationality axioms considered.4 We show
that a way to check it, both when we consider standard sets of axioms and in60

more general cases, is to solving a binary classification problem. Specifically,
after giving some preliminary notions about sets of desirable gambles respecting
standard assumptions in Section 2, we show that:
• if we assume rationality axioms D1–D5, this check can be made solving a

binary linear classification problem (see Section 3);65

• if we assume D1–D4 but not completeness axiom D5, this check can be
made solving a binary piecewise linear classification task, i.e., a binary
classification problem where the decision boundary is a piecewise linear
function5(see Section 4);

• if rationality is expressed through D1, D2, convexity replacing linearity,70

and D4 [22], this check can be made solving a binary piecewise affine
classification task, i.e., a generalization of a binary piecewise linear classi-
fication problem where the decision boundary is a piecewise affine, instead
of linear, function (see Section 5);

• if rationality is expressed through D1, D2, ‘positive additivity’ replacing75

linearity,6 and D4, this check can be made solving a binary piecewise
positive affine classification task, i.e., a binary classification problem where

3By rejecting a gamble, the agent expresses that they consider accepting that gamble
unreasonable.

4A framework for modelling and reasoning with uncertainty based on accept and reject
statements about gambles has already been developed in [25]. In [25] however, unlike here,
also non-finite sets of acceptance/rejection statements are considered and it is always assumed
the linearity axiom D3.

5Notice that here by piecewise linear functions we mean only those functions composed
by N ≥ 1 functions {fj(·)}Nj=1 defined as fj(g) := g>βj on different domains, with βj ∈ Rn.
We do not consider as piecewise linear functions instead, those functions composed by N ≥ 1
functions {fj(·)}Nj=1 defined as fj(g) := g>βj+αj on different domains, with βj ∈ Rn, αj ∈ R
and αk 6= 0 for at least a k ∈ {1, ..., N} (see Section 4)

6With ‘positive additivity’ we mean that D is closed with respect to the sum with a non-
negative gamble, see the next Section 6.
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one of the regions identified by the classifier is a union of orthants (see
Section 6);

• for more general cases the check can be made using a more general non-80

linear classifier (see Section 8).
By borrowing ideas from machine learning then, we show that we can define a
feature mapping that allows us to reformulate the above nonlinear classification
problems as linear ones in higher-dimensional spaces.

We also extend some notions related to the probabilistic interpretation of85

sets of desirable gambles in the new contexts considered in Section 7.

2. Preliminaries

Here we summarize necessary notation and basic definitions about sets of de-
sirable gambles assuming standard rationality axioms. For additional comments
see, for example, [5, 26].90

Let Ω = {ω1, ..., ωn} denote the finite set of the possible outcomes of an
experiment. A gamble is a bounded function g : Ω→ R, which is usually inter-
preted as an uncertain reward in a linear utility scale. In this paper however,
given that we want to relax the linearity axiom, we choose to interpret a gamble
as a payoff vector of a monetary lottery on the experiment whose outcomes are95

summarized in Ω. Hence, if an agent is disposed to accept a gamble g, they are
disposed to obtain the monetary value g(ω) if ω is the true unknown outcome
of the experiment. Given a gamble g, we represent it as a column vector in Rn
and we use gi to indicate its component g(ωi) for every i ∈ {1, ..., n}. A similar
notation is used also for other generic vectors in Rm with m ∈ N∗.100

Let us indicate with L the set of all gambles defined on Ω. Then, L = Rn.
Given g, h ∈ L, let g ≥ h mean that gi ≥ hi for every i ∈ {1, ..., n}, let g  h
mean that g ≥ h and gk > hk for some k ∈ {1, ..., n} and finally let g > h mean
that gi > hi for every i ∈ {1, ..., n}. Let us indicate also with T the set of all
non-negative gambles T := {g ∈ L : g ≥ 0} and with F the set of negative ones105

F := {g ∈ L : g < 0}.
Let us consider again the rationality axioms D1–D5 listed before, often as-

sumed in literature for a set of desirable gambles D ⊆ L. If a set of desirable
gambles D satisfies axioms D1–D4, we call it coherent set of gambles.7 If it
satisfies also D5, we call it maximal coherent set of gambles.110

In particular, axioms D1–D4 lead to the concept of natural extension for a
set of gambles.

Definition 1 (Natural extension). Given a set D ⊆ L, we call E(D) :=

7 In literature a set D satisfying axioms D1–D4 is usually called coherent set of almost
desirable gambles, see for example [26]. Since we do not need to emphasize it, we drop the
term almost to simplify the notation.
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posi(D ∪ T ) its natural extension, where, given D′ ⊆ L:

posi(D′) :=


r∑
j=1

λjfj : fj ∈ D′, λj ∈ R+, r ≥ 1

 , (1)

and where D′ represents the closure of D′ under the supremum norm topology
[5, Section 3.7.2–3.7.4] or under the usual topology of Rn [5, Appendix D].

Given a set D ⊆ L, its natural extension E(D) represents the set of all and only115

the gambles that an agent, rational in the sense of D1–D4, should regard as
acceptable once they state that those in D are. Hence, when E(D) is coherent -
i.e., when it satisfies D2 - E(D) is the smallest coherent set of gambles containing
D, see [5].

We do not want to introduce here a formal treatment of the logical view of120

desirability, for which we refer the reader to, for instance, [27, 28]. Nevertheless,
it is possible to notice that the natural extension of a set D can also be seen
as a form of deductive closure for D, here understood as the outcome of a
closure operator, in this case E(·), applied to D.8 Moreover, it is also possible to
observe that the set T plays the role of tautologies in logic. Indeed, it is formed125

by the gambles that should always be acceptable for any agent respecting the
rationality axioms D1–D4. Analogously, any element of F represents the falsum.
They are, in fact, elements that added to D satisfying D1–D4, making it to
collapse on the set of all gambles L. For this reason, we chose to call these
sets T (tautologies) and F (falsum) respectively, and we denoted with the same130

name also the two associated rationality axioms D1 and D2.
When D is finite, E(D) is said to be finitely generated. We have, in particular,

the following definition [5, Chapter 4].

Definition 2 (Finitely generated coherent set). A coherent set of gam-
bles D ⊆ L is called finitely generated (coherent set of gambles) if and only135

if D = E(A) := posi(A ∪ T ), where A is a finite set of gambles.

A coherent set of gambles can also be equivalently expressed in probabilistic
terms. To see this, let us start by introducing the concept of lower prevision.
We use the term lower prevision to indicate every real-valued functional P (·)
defined on L.9 An important class of lower previsions are the coherent ones.140

Definition 3 (Coherent lower prevision). A lower prevision P (·) is called
coherent if and only if it satisfies the following properties. For every g, h ∈ L:

L1. P (g) ≥ minω∈Ω g(ω);

L2. P (λg) = λP (g), for every λ ∈ R∗+;

8For the definition of closure operator used here, see [29].
9It can be defined also on different classes of gambles. We consider here a simplified version

of this notion. For more details, see for example [5].
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L3. P (g + h) ≥ P (g) + P (h).145

There is a one-to-one correspondence between coherent sets of gambles and
coherent lower previsions. Indeed, given a coherent lower prevision P (·), the
set:

DP := {g ∈ L : P (g) ≥ 0} (2)

satisfies axioms D1–D4. Vice versa, given a coherent set of gambles D, the lower
prevision defined as:

(∀g ∈ L) PD(g) := sup{c ∈ R : g − c ∈ D} (3)

is coherent. Moreover, both procedures commute, see [5]. So, given a coherent
set D, the equivalent coherent lower prevision PD(·) represents for every g the
supremum buying price the agent, whose gambles acceptance is characterized
by D, is disposed to set for g.

If a coherent lower prevision is in particular self-conjugate it becomes a linear150

functional called linear prevision.

Definition 4 (Linear prevision). Consider a coherent lower prevision P (·).
If P (g) = −P (−g) for some g ∈ L, we then call the common value the prevision
of g and we denote it by P (g). If this happens for all g ∈ L, we then call the
functional P (·) a linear prevision.155

It is possible to show that, given a linear prevision P (·), the set DP obtained
from P (·) through Eq.(2) is maximal coherent. Vice versa, given a maximal
coherent set D, the coherent lower prevision PD(·) obtained from D through
Eq. (3) is linear, see [5].

Every coherent lower prevision is the lower envelope of a set of dominating
linear previsions [5]:

(∀g ∈ L) P (g) = min{P (g) : P (·) ∈M(P )} (4)

where M(P ) is defined as:

M(P ) := {P (·) linear prevision : (∀g ∈ L) P (g) ≤ P (g)}. (5)

It turns out that, in particular,M(P ) for a coherent lower prevision P (·) is non-
empty, closed10 and convex. Vice versa, every non-empty, closed and convex set
of linear previsions M has as lower envelope a coherent lower prevision P (·)
such that M = M(P ) [5, Theorem 3.6.1]. Hence, coherent lower previsions
are in a one-to-one correspondence with non-empty, closed and convex sets of
linear previsions. Moreover, the same results can be obtained working only
with the set of extreme points of M(P ), denoted as ext(M(P )) [5, Theorem

10Under the weak* topology, which is the smallest topology such that all the evaluation
functionals given by g(P ) := P (g), where g ∈ L, are continuous, see [5].
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3.6.2]. Therefore, to define a coherent lower prevision P (·), it suffices to specify
ext(M(P )):

(∀g ∈ L) P (g) = min{P (g) : P (·) ∈ ext(M(P ))}.

From these considerations, it follows that a coherent set of gambles can be
directly characterized in terms of the extreme points of M(PD) [5]:

D = {g ∈ L : P (g) ≥ 0,∀P (·) ∈ ext(M(PD))}. (6)

In particular, if D is finitely generated, ext(M(PD)) is finite and vice versa,
see the following proof of Proposition 3 in Appendix or [5, Chapter 4]. If a set
D is instead maximal coherent, it corresponds to a unique linear prevision, as
previously noticed:

D = {g ∈ L : PD(g) ≥ 0}. (7)

Any linear prevision corresponds essentially to an expectation operator taken160

with respect to a finitely additive probability which, in turn, can be obtained by
making the restriction of the linear prevision to indicators of events. Therefore,
it is possible to regard M(P ) of a coherent lower prevision P (·) also as a set
of probabilities (called credal set). Hence, coherent lower previsions are in a
one-to-one correspondence also with sets of finitely additive probabilities.165

Coherent sets of gambles can be equivalently represented in terms of prefer-
ence relations between gambles. Indeed, starting from a set of desirable gambles
D, it is possible to define a preference relation over gambles as follows:

∀g, h ∈ L, g %D h ⇐⇒ g − h ∈ D. (8)

If D is coherent, %D is called coherent and it is characterized by the following
properties:

R1. −1 6 %D0 [avoiding sure loss];

R2. if g ≥ h then g %D h, for any g, h ∈ L [monotonicity];

R3. if g %D h and λ ∈ R∗+ then λg %D λh, for any g, h ∈ L [positive homo-170

geneity];

R4. if g %D h and h %D l then g %D l, for any g, h, l ∈ L [transitivity];

R5. if g + δ %D h for every δ ∈ R∗+ then g %D h, for any g, h ∈ L [continuity];

R6. g %D h if and only if g − h %D 0, for any g, h ∈ L [cancellation].

If it is also maximal coherent, %D satisfies in addition the following property:

(∀g, h ∈ L) g %D h or h %D g [completeness].

Vice versa, if a preference relation over gambles % satisfies properties R1-R6,
the set of gambles D constructed as:

D% := {f ∈ L : (∃g, h ∈ L) f = g − h, g % h} (9)
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is coherent. If % satisfies also completeness, D% constructed from % through175

Eq.(9) is maximal coherent.
In the following sections we consider different sets of rationality axioms that

a set D ⊆ L could satisfy (both standard and other ones). In particular, we
show that establishing if an agent respects these axioms on the basis of a finite
set A of acceptable gambles and a finite set R of rejectable gambles is always180

equivalent to solve a binary classification problem where the family of classifiers
involved changes with the set of axioms considered. In the case of standard
rationality axioms, this further interpretation of coherence follows directly from
the existing link between a coherent set and a set of linear previsions, see for
example the summary provided in the actual section or [5]. In Section 3 and185

Section 4 therefore, we start by reformulating these standard cases setting the
basic framework used then to analyze different definitions of coherence given in
Section 5 and Section 6. In particular, in Section 4, we introduce a procedure
to reformulate all the nonlinear classification problems emerging in our analysis
as linear ones in higher-dimensional spaces.190

We warn the reader that, in the rest of the paper, the assumption of finite sets
of acceptance/rejection statements is fundamental. We limit ourselves to this
case, in fact, to be closer to standard classification tasks considered in machine
learning assuming finite training sets. It is important to notice however that in
our cases, unlike the classical set-up, the classification of the training set (A,R)195

is always accompanied by the classification of the two non-finite sets T and F . In
this work therefore, we extend the standard framework of classification problems
considering also infinite logical constraints sets T and F to be respected. To the
best knowledge of the authors, this type of classification tasks has only been
studied before in [30] for support vector machines.200

3. Standard maximal coherence

Suppose to have a modeller who considers an agent rational if they respect
axioms D1–D5 (so in particular D3), which is, if they have a set of desirable
gambles satisfying D1–D5. As seen in Section 2, the beliefs of an agent rational
in this sense are expressed with a single probability mass function. Equivalently,205

the agent is disposed to accept/reject gambles on the basis of a linear prevision,
i.e., an expected value operator, see Eq.(7).

Suppose that, however, the only information about the agent the modeller
has are two finite sets of gambles A and R that the agent is respectively willing
to accept and reject. The modeller will then consider the agent rational on the210

basis of these two finite sets if and only if there exists a set of gambles D that
is maximal coherent and such that D ⊇ A and D∩R = ∅. Notice that it is also
possible that the agent is not rational in the sense of D1–D5 and nevertheless
they are judged rational by the modeller. The idea, however, is that by querying
the agent on additional gambles, i.e., by augmenting the dimension of the sets215

A and/or R, it shall be possible to disentangle the situation, see Example 1.
Similar considerations can be made for the other rationality definitions analysed
later on.
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To face the problem of establishing the existence of such a maximal coherent
set, we re-interpret the equivalence between maximal coherent sets of gambles
and linear previsions/probability mass functions, as a binary linear classification
problem. Indeed, if we consider two finite sets A and R, there exists a maximal
coherent set D ⊆ L such that D ⊇ A and D ∩R = ∅ if and only if there exists
a linear prevision P (·) such that P (g) ≥ 0 for every g ∈ A and P (g) < 0 for
every g ∈ R, see Eq.(7). Every linear prevision, however, is an expected value
operator, i.e., a linear operator P (g) = g>β for every g ∈ Rn, where components
of β ∈ Rn form a probability mass function on Ω: β  0 and

∑n
i=1 βi = 1. Thus,

the agent is rational if and only if there exists a binary linear classifier classifying
gambles on the basis of the sign of a linear prevision, which labels A as T , in
such a way to guarantee that P (g) = g>β ≥ 0 for every g ∈ A, and R as F .
More formally, let us consider the class of binary linear classifiers LC(·) defined
as:

LC(g) :=

{
1 if g>β ≥ 0,

−1 otherwise,
(10)

for every g ∈ L, with β ∈ Rn.11

Definition 5 (Linear separability). A pair of sets of gambles (A,B) is lin-220

early separable if and only if there exists a binary linear classifier LC(·) of type
(10) such that LC(A) = 1 and LC(B) = −1.12 We indicate the set of these
classifiers with LC(A,B).13

Notice that if (A,B) is nonlinearly separable, LC(A,B) is empty. The same
consideration is valid for the analogous separability concepts defined later on.225

The following result is valid.

Proposition 1. Given a pair of finite sets of gambles (A,R), there exists a
maximal coherent set D ⊆ L, such that D ⊇ A and D ∩ R = ∅, if and only if
(A ∪ T,R∪ F ) is linearly separable.

The proof follows the previous reasoning. If there is a maximal coherent set230

D ⊆ L such that D ⊇ A and D ∩ R = ∅, then the linear prevision PD(·)
defined from D through Eq.(3) is such that PD(g) ≥ 0 for every g ∈ D and
PD(g) < 0 for every g /∈ D, see Eq.(7). Therefore, the binary linear classifier
LC(·) of type (10) classifying gambles g on the basis of the sign of PD(g), is a
classifier LC(·) ∈ LC(A ∪ T,R ∪ F ). Vice versa, if the pair (A ∪ T,R ∪ F ) is235

linearly separable, all the linear classifiers LC(·) ∈ LC(A∪T,R∪F ) belong also
to LC(A,R) and are characterized by a parameter β  0. Indeed, consider a

11We assume without loss of generality that the binary classifier has as classes 1 and −1.
12With a little abuse of notation, with LC(K) = c for K ⊆ L, c ∈ {−1, 1}, we mean

LC(g) = c, for all g ∈ K. We will use the same notation also for the other types of binary
classifiers considered later on.

13In this definition, we assume the classification constraints to hold only for non-empty sets.
In particular, if A = B = ∅ we assume the pair (A,B) to be linearly separable and LC(A,B)
to be the whole set of binary linear classifiers of type (10).
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linear classifier LC(·) ∈ LC(A∪T,R∪F ) characterized by a parameter β ∈ Rn.
Clearly, LC(·) ∈ LC(A,R). Moreover, if β = 0 then LC(F ) = 1 that is a
contradiction. Hence, β 6= 0. If β has at least a component βl < 0 with240

l ∈ {1, ..., n}, it classifies the gamble t ∈ T , defined as tl = 1 and ti = 0 for
every i ∈ {1, ..., n} with i 6= l, as −1 and this is again a contradiction. Therefore,
for every binary linear classifier LC(·) in LC(A ∪ T,R ∪ F ) characterized by
the coefficient β, it is possible to construct a linear prevision P (·) defined as
P (g) := g>β′ for every g ∈ L, where β′ is the normalized version of β. Hence,245

D := {g ∈ L : LC(g) = 1} = {g ∈ L : P (g) ≥ 0} is a maximal coherent set of
gambles that contains A and has empty intersection with R.

From the latter proof, it is also possible to deduce the following result.

Proposition 2. Consider a pair of finite sets of gambles (A,R). Every classi-
fier LC(·) ∈ LC(A∪ T,R∪F ) is a classifier LC(·) ∈ LC(A,R) with coefficient250

β  0, and vice versa.

From Proposition 1 and Proposition 2 it also follows the following corollary.

Corollary 1. Given a pair of finite sets of gambles (A,R), there exists a max-
imal coherent set D ⊆ L, such that D ⊇ A and D ∩ R = ∅, if and only if
(A,R) is linearly separable and there exists a classifier LC(·) ∈ LC(A,R) with255

coefficient β  0.

Thus, checking if an agent is rational in the sense of D1–D5 on the basis of a
finite set of acceptable gambles A and a finite set of rejectable gambles R, boils
down to linearly separate only the two finite sets A and R.

Notice that, as also follows from the proof of Proposition 1, if a binary lin-260

ear classifier of type (10) has coefficient β  0, i.e., satisfying the constraint
provided by Proposition 2 and Corollary 1, it is always possible to normalize
it and interpret its components as the values of a probability mass function on
Ω. Clearly, the converse is also true: starting from any probability mass func-
tion on Ω, it is always possible to interpret its values as the components of the265

coefficient of a binary linear classifier satisfying the constraint of Proposition 2
and Corollary 1. From now on therefore, we assume without loss of generality
that if the coefficient β of a binary linear classifier satisfies β  0, it is nor-
malized. These considerations lead also to another one-to-one correspondence
between regions classified as 1 by those classifiers and maximal coherent sets D,270

see Section 2.
The following diagram summarizes the implications highlighted above. In

particular, we reported in black the implications known in literature (Section
2) and in green the ones established by us.
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Binary linear classifier with
(normalized) coefficients β  0.

Maximal coherent set.
A single

probability mass function p(·).

region
classified

as
1

(∀
i)
,
p(
ω i

)
=
β i

well-known

Figure 1: Diagram showing equivalent models for representing maximal coherent sets of gam-
bles.

Given these considerations, Corollary 1 can be rewritten in the following way275

Corollary 2. Given a pair of finite sets of gambles (A,R), there exists a max-
imal coherent set D ⊆ L, such that D ⊇ A and D ∩ R = ∅, if and only if
equivalently:
• there exists a binary linear classifier LC(·) ∈ LC(A,R) with (normalized)

coefficient β  0;280

• there exists a probability mass function on Ω, p(·), such that Ep(g) ≥ 0
for every g ∈ A and Ep(g) < 0 for every g ∈ R.

However, given two finite sets A and R, there can be more than one classifier
LC(·) ∈ LC(A,R) with (normalized) coefficient β  0. How can we learn a
unique classifier of this type? An idea can be to learn the one that leads to285

make the minimal assumptions on the agent’s dispositions to accept gambles,
i.e., the one that identifies the minimal acceptance region {g ∈ L : LC(g) = 1}.
However, all the regions {g ∈ L : LC(g) = 1} are minimal, indeed they all are
maximal coherent sets of gambles and no maximal coherent set is greater than
another one with respect to inclusion.14.290

We need therefore other criteria to learn a classifier. Another one could be to
get, if it exists, the binary linear classifier leading to the probability distribution
with the minimal KullbackLeibler divergence from the uniform one:15

LC(·) ∈ LC(A,R) with (normalized) β  0, minimizing:
∑

i∈{1,..,n}

βi log2 (nβi) ,

14Let us consider two maximal coherent sets D,D′ ⊆ L. If D 6= D′, then PD(·) 6= PD′ (·),
hence there exists g ∈ L such that PD(g) < 0 < PD′ (g). Therefore, g ∈ D′ \ D and D′ 6⊆ D.
Analogously, we can prove that D 6⊆ D′

15 This approach leads to a unique solution. Indeed, the discrete probability distribution
that minimizes the Kullback-Leibler divergence with respect to the uniform one corresponds
to the distribution that maximizes the Shannon’s entropy. The latter then is unique if we
consider linear constraints, see for example [31].
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but other criteria could be used.
This learning process can lead to a binary linear classifier whose coefficient

corresponds to a probability distribution different from the real beliefs of the
agent, as the following example shows. However, the idea here is again that aug-
menting the dimension of the finite sets of acceptable and/or rejectable gambles295

declared by the agent can solve the problem. Similar considerations can be
made for the other classification problems considered in the next sections.

The following example illustrates the results obtained in this section consid-
ering a specific numerical case and reports a numerical optimization procedure
to solve the classification problem and find the coefficient of the classifer.300

Example 1. Consider a coin tossing experiment whose outcomes are h, Heads,
and t, Tails. A gamble g in this case has two components g(h) = g1 and
g(t) = g2. We can think that outcomes of gambles correspond to amounts in
thousand of dollars. Therefore, if an agent is disposed to accept a gamble g,
they commit themselves to receive/pay g1 thousands of dollars if the result of305

the experiment is Heads and g2 thousands of dollars if Tails.
In this framework, let us consider Alice (an agent) who is disposed to

accept/reject gambles on the basis of the linear prevision P1(·), defined as
P1(g) = E{2/3,1/3}(g),16 for every g ∈ L (this can be interpreted as she believes
that the probability of the event Heads is 2/3). That is, she is characterized by
the following maximal coherent set of gambles:

D1 := {g ∈ L : P1(g) ≥ 0} := {g ∈ L : E{2/3,1/3}(g) ≥ 0}.

Then, for example, she is disposed to accept gambles in A1 := {[−1, 2]>,
[2,−1]>, [1,−1]>, [4,−2]>, [1,−0.5]>}, and she is disposed to reject gambles
in R1 := {[−3, 2]>}.

In Figure 2 it is possible to find a graphical representation of the gambles310

contained in A1 and R1 in the two-dimensional Cartesian coordinate system
representing gambles values respectively on the alternatives h and t. Gambles
in A1 are denoted with (blue) points, gambles in R1 are instead denoted with
(red) triangles.

16We indicate with E{p,1−p}(g), the expected value of a gamble g calculated with respect
to the probability mass function that assigns probability p to Heads and (1− p) to Tails.
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Figure 2: Gambles contained in A1 and in R1.

Suppose now that the only information a modeller, Bob, who judges an315

agent rational if they respect D1–D5, has on Alice is represented by the two
sets A1, R1 just defined. Then, Bob believes that Alice is rational because, for
example, the binary linear classifier LC1(·) of type (10) characterized by the

coefficient β(1) :=

[
1/2
1/2

]
, is such that LC1(·) ∈ LC(A1,R1). Notice that this

is the linear classifier in LC(A1,R1) with (normalized) coefficient correspond-320

ing to the probability distribution closest to the uniform one with respect to
the KullbackLeibler divergence (the divergence between the two distributions is
indeed 0).
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Figure 3: Graphical representation of the decision boundary of the linear classifier LC1(·).

However, the region {g ∈ L : LC1(g) = 1} does not correspond to Alice’s set
of desirable gambles. The idea, however, is that by querying Alice on additional325

gambles, that is by augmenting the dimension of the sets A1 and/or R1, it shall
be possible to find a binary linear classifier LC(·) ∈ LC(A1 ∪ T,R1 ∪ F ) whose
region classified as 1 corresponds to Alice’s set of desirable gambles.

For example, suppose that Alice adds the gamble [1,−2]> to A1 forming

13



a new set of acceptable gambles A′1 := A1 ∪ {[1,−2]>}. Then, the binary
linear classifier LC2(·) ∈ LC(A′1 ∪ T,R1 ∪ F ) corresponding to the probability
distribution closest to the uniform one with respect to the Kullback-Leibler
divergence can be found numerically by solving the convex optimization problem

max{β∈R2}(−
∑2
i=1 βi log2 βi)

s.t.

−g>β ≤ 0 ∀g ∈ A′1,
g>β ≤ −ε ∀g ∈ R1,
2∑
i=1

βi = 1,

β1, β2 ≥ 0,

where ε is a small positive number. The solution is β(2) :=

[
2/3
1/3

]
, which is also

the coefficient of the unique (with normalized coefficient) binary linear classifier330

in LC(A′1 ∪ T,R1 ∪ F ). The decision boundary of this latter classifier is shown
in Figure 4. In this case, however, the region {g ∈ L : LC2(g) = 1} corresponds
to Alice’s set of desirable gambles and the components of β(2) coincide with the
values of her probability mass function on Ω.

6 4 2 0 2 4 6
6

4

2

0

2

4

6

T

F

Figure 4: Graphical representation of the decision boundary of the linear classifier LC2(·).

It is also possible that Bob thinks an agent is rational in the sense of D1–D5335

when, actually, they are not.
Consider in this regard another agent Valerie, who is initally disposed to

accept A1 and reject R1, as well as Alice, and hence is judged rational by Bob.
Assume however that she, at a later time, declares to be disposed to reject
also the gambles [−2, 4]>, [2,−2]> obtaining a new set of rejectable gambles340

R′1 := R1 ∪ {[−2, 4]>, [2,−2]>}. This leads to a nonlinearly separable pair of
finite sets of acceptable and rejectable gambles (A1,R′1). The latter sets of
gambles are represented in the following Figure 5. As usual, gambles in A1 are
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denoted with (blue) points and gambles in R′1 are denoted with (red) triangles.
Now Bob is sure that she is not rational according to D1–D5.345
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Figure 5: Example of a nonlinearly separable pair of finite sets of gambles.

4. Standard coherence

Suppose now that the modeller considers as rational an agent who respects
D1–D4 (so, again, D3). As seen in Section 2, the beliefs of an agent rational
in this sense are expressed by a set of probability mass functions. Equivalently,
the agent is disposed to accept/reject gambles on the basis of a coherent lower350

prevision or a set of linear previsions, see Eq.(2) and Eq.(6).
Suppose however that, as before, the only information the modeller possesses

on the agent consist of a finite set of gambles A, the agent is willing to accept,
and a finite set of gambles R, they are willing to reject. The agent will then be
considered rational by the modeller if and only if there exists a set of gambles355

D that satisfies D1–D4 such that D ⊇ A and D ∩R = ∅. Establishing the exis-
tence of such a set is a problem already analyzed in [25]. While, however, they
explicitly analyze the properties that A and R, which in their case can also be
non-finite, must satisfy so that such a coherent set exists, we redefine the latter
problem as a classification task. Thus, by solving the latter we can solve the360

former. To do so, we re-interpret the duality between coherent sets of gambles
and convex and closed sets of linear previsions/probability mass functions as a
binary classification task. This time, however, the resulting classification prob-
lem is nonlinear. Indeed, if we consider two finite sets A and R, there exists
a coherent set D ⊆ L such that D ⊇ A and D ∩ R = ∅ if and only if there365

is a non-empty closed and convex set of linear previsions {Pj(·)}j∈J such that
Pj(g) ≥ 0 for every g ∈ A and every j ∈ J , and for every g ∈ R there exists
k ∈ J such that Pk(g) < 0, see again Eq.(6). We will see later on that, since A
is finite or empty, we can consider only finite sets J . The problem therefore is
equivalent to solving a binary piecewise linear classification task.370

Definition 6 (Binary piecewise linear classifier). We use the term binary
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piecewise linear classifier to denote a classifier PLC(·) defined as follows:

PLC(g) :=

{
c1 if g>βj ≥ 0 for all j ∈ {1, ...N},
c2 otherwise,

(11)

for every g ∈ L, with labels c1, c2 and βj ∈ Rn for all j, N ≥ 1.

Without loss of generality, in what follows we limit ourselves to binary piecewise
linear classifiers with c1 = 1 and c2 = −1.

Definition 7 (Piecewise linear separability). A pair of sets of gambles (A,B)
is piecewise linearly separable if and only if there exists a binary piecewise linear375

classifier PLC(·) such that PLC(A) = 1 and PLC(B) = −1. We indicate the
set of these classifiers with PLC(A,B).

Now we can state the main result of this section. All the proofs are in
Appendix.

Proposition 3. Given a pair of finite sets of gambles (A,R), there exists a380

coherent set D ⊆ L, such that D ⊇ A and D∩R = ∅, if and only if (A∪T,R∪F )
is piecewise linearly separable.

Similarly to before, it is then possible to transform the problem of classi-
fying the two non-finite sets of gambles T and F into a set of constraints on
the coefficients of the classifier, as the following Proposition 4 shows. Hence,385

establishing the rationality of an agent in the sense of D1–D4 on the basis of
two finite sets of gambles A and R, boils down to classifying only these two
finite sets.

Proposition 4. Consider a pair of finite sets of gambles (A,R). Every clas-
sifier PLC(·) ∈ PLC(A ∪ T,R ∪ F ) is a classifier PLC(·) ∈ PLC(A,R) with390

coefficients {βj}Nj=1 such that βj  0 for every j ∈ {1, ..., N}, and vice versa.

Corollary 3. Given a pair of finite sets of gambles (A,R), there exists a co-
herent set D ⊆ L, such that D ⊇ A and D ∩ R = ∅, if and only if (A,R) is
piecewise linearly separable and there exists a classifier PLC(·) ∈ PLC(A,R)
with coefficients {βj}Nj=1 such that βj  0 for every j ∈ {1, ..., N}.395

Notice that, as also follows from the proof of Proposition 3, if a binary
piecewise linear classifier has coefficients {βj}Nj=1 satisfying the constraints pro-
vided by Proposition 4 and Corollary 3 (∀j, βj  0), it is always possible to
normalize each βj and interpret its (normalized) components as the values of
a probability mass function on Ω. Clearly, the converse is also true: starting400

from any finite set of probability mass functions on Ω, it is always possible to
interpret the values of each one of them as the components of a coefficient of a
binary piecewise linear classifier satisfying the constraints of Proposition 4 and
Corollary 3. From now on therefore, we assume without loss of generality that
if coefficients {βj}Nj=1 of a binary piecewise linear classifier satisfy βj  0 for405
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every j, they are normalized. These considerations lead also to a one-to-one
correspondence between regions classified as 1 by those classifiers and finitely
generated coherent sets D (through the extreme points of their credal sets), see
Section 2. Non finitely generated coherent sets of gambles instead cannot, in
general, be represented through a binary piecewise linear classifier.17

410

The following diagram summarizes the implications highlighted above. In
particular, we reported in black the implications known in literature and in
green the ones established by us.

Binary piecewise linear classifier with

(normalized) coefficients {βj}Nj=1 such that
βj  0 for every j.

Finitely generated
coherent set.

Finite set of

probability mass functions {pj(·)}Nj=1.

region
classified

as
1

well-known

(∀
j,
i)
p j

(ω
i
)
=
β j
,i

Figure 6: Diagram showing equivalent models for representing finitely generated coherent sets
of gambles.

Given these considerations, Corollary 3 can be rewritten in the following
way.415

Corollary 4. Given a pair of finite sets of gambles (A,R), there exists a co-
herent set (not necessarily finitely generated) D ⊆ L, such that D ⊇ A and
D ∩R = ∅, if and only if equivalently:
• there exists a binary piecewise linear classifier PLC(·) ∈ PLC(A,R) with

(normalized) coefficients {βj}Nj=1 such that βj  0 for all j;420

• there exists a finite set of probability mass functions on Ω, {pj(·)}Nj=1, such
that Epj (g) ≥ 0 for every g ∈ A, j ∈ {1, ..., N} and, for every g ∈ R,
there exists k ∈ {1, ..., N} such that Epk(g) < 0;

• there exists a finitely generated coherent set D ⊆ L such that D ⊇ A and
D ∩R = ∅ (e.g., D = E(A)).425

Since E(A) is the smallest coherent set containing A, a binary piecewise lin-
ear classifier PLC(·) (satisfying in particular the usual constraints) such that
{g ∈ L : PLC(g) = 1} = E(A) corresponds to make the minimal set of assump-
tions about the agent’s dispositions to accept gambles.

17Consider for example the half right circular cone in R3 of non-strictly negative gambles
with axis x = y = z, vertex at the origin and semi-vertical angle of π/3 radians.
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The following example illustrates the results obtained in this section consid-430

ering a specific numerical case and reports a numerical optimization procedure
to solve the classification problem and find the coefficients of the classifer.

Example 2. Consider again the same coin tossing experiment of Example 1.
Let us consider also another agent, Claire, who is disposed to accept/reject

gambles on the basis of the coherent lower prevision P 2(·), defined as P 2(g) :=
min{E{1/3,2/3}(g), E{2/3,1/3}(g)},18 for every g ∈ L (this can be interpreted as
she believes that the probability of the event Heads lies in the interval [1/3, 2/3]).
That is, she is characterized by the following coherent set of gambles:

D2 := {g ∈ L : P 2(g) ≥ 0} := {g ∈ L : min{E{1/3,2/3}(g), E{2/3,1/3}(g)} ≥ 0}.

Then, for example, she is disposed to accept gambles inA2 = {[−1, 2]>, [2,−1]>,
[4,−2]>, [1,−0.5]>}, and she is disposed to reject gambles in R2 = {[−3, 2]>,435

[1,−1]>}. Notice that, unlike Alice, Claire is disposed to reject the gamble
[1,−1]>.

Consider then Bob who judges an agent rational if they respect axioms
D1–D4. If Bob receives, as information on Claire, only the sets A2 and R2,
he believes Claire is rational. Indeed, (A2,R2) is piecewise linearly separable
through, at least, the binary piecewise linear classifier:

(∀g ∈ L) PLC2(g) :=

{
1 if E{1/3,2/3}(g) ≥ 0, E{2/3,1/3}(g) ≥ 0,

−1 otherwise,

which identifies, as the region classified as 1, the set E(A2), i.e., the minimal
set of assumptions on Claire’s willingness to accept gambles. In this case, in
particular, the latter corresponds to the set of desirable gambles of Claire, indeed440

E(A2) = {g ∈ L : PLC2(g) = 1} = {g ∈ L : E{1/3,2/3}(g) ≥ 0, E{2/3,1/3}(g) ≥
0} = {g ∈ L : P 2(g) ≥ 0}. Therefore, Bob, can also completely reconstruct her
probabilistic beliefs from the coefficients of the classifier PLC2(·).

Figure 7 below shows gambles in A2, represented again as (blue) points in
the plane (g1, g2), gambles in R2, represented as (red) triangles, and, in blue,445

the region classified as 1 by the classifier PLC2(·).

18P 2(·) is coherent since it can be equivalently expressed as the lower envelope of the
weak∗-closure of the convex hull of {E{1/3,2/3}(·), E{2/3,1/3}(·)}, as observed in Section 2.
In particular, the two linear previsions E{1/3,2/3}(·), E{2/3,1/3}(·) correspond to the extreme
points of this latter set.
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Figure 7: Gambles in A2, R2 and the region classified as 1 by PLC2(·).

The classifier coefficients can be found numerically by solving a sequence of
linear programming problems:19

LPj =



cj = min{βj∈R2}(f
j)>βj

s.t.

−g>βj ≤ 0 ∀g ∈ A2,
2∑
i=1

βj,i = 1,

βj,1, βj,2 ≥ 0,

for each f j ∈ A2. Assuming each problem is feasible and denoting the optimal
solution of LPj by β̂j , the classifier coefficients are given by all unique β̂j such

that cj = 0. The binary piecewise linear classifier having coefficients {β̂j}j is a
valid classifier (that is, it separates A2 and R2) provided that for each f j ∈ R2450

there exists β̂k such that (f j)>β̂k < 0.

4.1. Feature Mapping

In this section we will prove that the previous classification problem, which is
nonlinear in general, can be reformulated as a linear one in a higher dimensional

19There are other ways to find numerically the classifier coefficients – the one we provided
guarantees to find the exact solution in polynomial-time.
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space. Let {Bj}Nj=1 denote a partition of L = Rn [32],20 where for every j:

Bj := {g ∈ L : g>ωj ≤ g>ωk for k = 1, . . . , N, j 6= k}. (12)

The vectors ωj ∈ Rn with j ∈ {1, ..., N} are parameters defining the partition.
We can introduce the feature mapping φ : Rn → RnN , defined as φ(g) :=
[φ1(g), . . . , φN (g)]> for every g ∈ L, where φj : Rn → Rn is defined in turn as:

φj(g) := IBj (g)g, (13)

where

IBj (g) :=

{
1 if g ∈ Bj ,
0 otherwise,

for every g ∈ L and j ∈ {1, . . . , N}. 21 Further, we define the following classifier
corresponding to a linear classifier in the feature space:

LCφ(g) :=

{
1 if

∑N
j=1 φj(g)>β′j ≥ 0,

−1 otherwise,
(14)

for every g ∈ L, with β′j ∈ Rn for all j = 1, . . . , N . In what follows, we consider

both {β′j}Nj=1 and {ωj}Nj=1 as parameters of LCφ(·).
Finally, we introduce the following definition to simplify notation.455

Definition 8 (Φ-separability). A pair of sets of gambles (A,B) is Φ-separable
if and only if there exists a classifier LCφ(·) of type (14) such that LCφ(A) = 1
and LCφ(B) = −1. We indicate the set of these classifiers with LCΦ(A,B).

We can now state the following result.

Proposition 5. There is a one-to-one correspondence between binary piecewise460

linear classifiers with coefficients {βj}Nj=1 and classifiers of type (14) with pa-

rameters {ωj , β′j}Nj=1 such that β′j = ωj = βj , for every j ∈ {1, .., N}. In
particular, the classification provided by the two classifiers is the same.

20We call it partition with a little abuse of notation. Indeed, we guarantee only that
intBj ∩ intBk = ∅, for every j, k ∈ {1, . . . , N}, j 6= k, where intBj represents the interior of
Bj under the usual topology of Rn. Instead, it is guaranteed that ∪Nj=1Bj = L (for every g,

{g>ωj}j∈N is a finite set of real values so the minimum always exists). We thank a Referee
for having suggested us that we can instead obtain a real partition if we combine our definition
with a lexicographic order on {1, ...N}, so that for every j, Bj becomes the set of gambles for
which the minimum is obtained with ωj but not with ωk for k < j. A similar reasoning can
be applied also for the other definitions of partition given in Section 5.1 and Section 6.1. We
decided however not to change the definitions of partitions originally introduced in order to
not make the possible computational counterparts of our results more complex.

21Therefore, for every j and every g ∈ L, multiplying the scalar IBj (g) with the gamble g,

we obtain: IBj (g)g = g if g ∈ Bj and IBj (g)g = 0 otherwise, where 0 is the null vector in Rn.
Analogous notation is used for the other feature mappings described in the article.
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Classifiers of type (14) satisfying the constraints specified by Proposition
5 are a way to rewrite binary piecewise linear classifiers as linear classifiers
in a higher dimensional space. The reasoning is the following. First of all,
partitions {Bj}Nj=1 allow us to divide L in subsets where binary piecewise linear
classifiers boil down to linear ones. Indeed, consider a binary piecewise linear
classifier PLC(·) characterized by parameters {βj}Nj=1. For every g ∈ L, its
classification through the classifier PLC(·) depends on the value in g of the
nonlinear functional plc : L → R, defined as plc(h) := min{h>β1, ..., h

>βN},
for every h ∈ L. Consider now the partition {Bj}Nj=1 with parameters ωj = βj
for every j ∈ {1, ..., N}. If g ∈ Bj , plc(g) = g>βj so if we consider gambles on
the right members of the partition, the nonlinear functional plc(·) collapses on
a linear one. The feature mapping φ allows us to do that. If we then consider a
linear classifier of type (14) with parameters {ωj , β′j}Nj=1 such that β′j = ωj = βj
for every j, we have:

min(g>β1, . . . , g
>βN ) ≥ 0 ⇐⇒ g>βj ≥ 0 whenever g ∈ Bj

⇐⇒ 0 ≤
N∑
j=1

(IBj (g)g)>βj =:
N∑
j=1

φj(g)>βj .

The following corollary, which can be considered the central result of this section,
thus holds.465

Corollary 5. Given a pair of finite sets of gambles (A,R), there exists a co-
herent set D ⊆ L, such that D ⊇ A and D ∩ R = ∅, if and only if (A,R) is
Φ−separable and there exists a classifier LCφ(·) ∈ LCΦ(A,R) with parameters
{ωj , β′j}Nj=1 such that β′j = ωj  0 for every j ∈ {1, ..., N}.

In particular, we have that, if D is a finitely generated coherent set, we can find470

LCφ(·) of the type specified in Corollary 5 such that D = {g ∈ L : LCφ(g) = 1}
and vice versa.

Analogous considerations will be made for the feature mappings introduced
for the other definitions of coherence treated in Section 5.1 and in Section 6.1.

Notice that this feature mapping allows us to transform an imprecise prob-
abilistic model into a precise one in a higher dimensional space. Indeed, let
us consider an agent having a finitely generated coherent set D of desirable
gambles. There exists a binary piecewise linear classifier PLC(·) such that:

D = {g ∈ L : PLC(g) = 1} = {g ∈ L : g>βj ≥ 0, ∀j = 1, ..., N},

with normalized coefficients {βj}Nj=1 such that βj  0 for every j. Then the
classifier LCφ(·) of type (14) associated to PLC(·) is such that:

D = {g ∈ L : LCφ(g) = 1} = {g ∈ L :

N∑
j=1

φj(g)>βj ≥ 0},

where φ(·) is constructed from {Bj}Nj=1 having parameters ωj = βj for every j.475

This means that gambles g are equivalently evaluated through the expected util-
ity operator: (∀g ∈ L) U(g) :=

∑N
j=1

∑n
i=1 uj,i(g)β̃j,i, with uj,i(g) = φj,i(g) =
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id(φj,i(g)), where id(·) is the identity function, and β̃j,i =
βj,i∑
l,k βl,k

for every i, j.

Thus, the imprecision of the probabilistic model is somewhat ‘incorporated’ into
the nonlinear feature mapping, leading to a precise probabilistic model on the480

feature space.

Example 3. Consider again the framework of Example 2. Consider also the
classifier LC2

φ(·) of type (14) with parameters {ωj , β′j}2j=1 such that β′j = ωj =

βj for every j, where {βj}2j=1 are the parameters of PLC2(·) introduced in

Example 2: β1 = [ 1
3 ,

2
3 ]>, β2 = [ 2

3 ,
1
3 ]>.485

It corresponds to PLC2(·). It therefore classifies A2 as 1 and R2 as −1.
Moreover, {g ∈ L : LC2

φ(g) = 1} = E(A2).22

5. Convex coherence

As previously noticed, when one considers monetary gambles, the linearity
assumption D3 is not very realistic. In this section we consider therefore a490

weaker form of rationality made up by the axioms D1, D2, D4 and a relaxed
version of the axiom D3:

D3∗ : if g, h ∈ D, then γg + (1− γ)h ∈ D for each γ ∈ [0, 1] [Convexity].

This axiom adds realism to the concept of rational agent considered. In
particular, it gives us the possibility to model more general situations in which495

the agent judges rewards of gambles with a not necessarily linear utility scale or
they have limited financial resources, see Example 4. It was already introduced
in [22, 23, 24]. Here we connect it with our classification framework.

We define a set D ⊆ L satisfying D1, D2, D3∗, D4 a convex coherent set of
gambles.500

Again, a modeller that assumes this notion of rationality will think that an
agent, who is willing to accept and reject respectively a finite set of gambles A
and a finite set of gambles R, is rational if and only if there exists a convex
coherent set of gambles D, such that D ⊇ A and D ∩ R = ∅. If this is the
case, the minimal such set is ch(A ∪ T ), the closed convex hull of A ∪ T under
the usual topology of Rn or, equivalently, under the supremum norm topology
(see Lemma 2 in Appendix). Geometrically, the latter corresponds to a convex
polyhedron (see Lemma 3 in Appendix):

ch(A ∪ T ) = ch+(A ∪ {0}) := {g ∈ L : g ≥ f, f ∈ ch(A ∪ {0})}.

Moreover, similarly to before, ch(A ∪ T ) also corresponds to a deductive clo-
sure for the set A, see [33]. Analogously to Section 2, we give the following
definition.23

22 Note that this is not the only feature mapping that we can use. Given the fact that
E(A2) is a closed convex cone in 2D indeed, there always exist a linear classifier that classifies

E(A2) as 1 and L \ E(A2) as −1 in the feature space determined by the feature mapping
η : g → [g2, Ig1<0(g)g1, Ig1≥0(g)g1]>. In this case, it is sufficient to consider β′ = [1, 2, 1

2
]>.

23A similar concept for preference relations over monetary lotteries can be found also in
[22].
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Definition 9 (Finitely generated convex coherent set). A convex coher-
ent set of gambles D ⊆ L is called finitely generated (convex coherent set of505

gambles) if and only if D = ch(A ∪ T ), where A is a finite set of gambles.

Again analogously to the previous sections, we claim that proving whether
an agent is rational in the sense of respecting D1,D2,D3∗,D4 is equivalent to
solving a binary classification task.

Definition 10 (Binary piecewise affine classifier). We use the term binary
piecewise affine classifier to denote a classifier PAC(·) defined as follows:

PAC(g) :=

{
c1 if g>βj + αj ≥ 0 for all j ∈ {1, ...N},
c2 otherwise,

(15)

for every g ∈ L, with labels c1, c2, and βj ∈ Rn, αj ∈ R for all j, N ≥ 1.510

Again, without loss of generality, we assume c1 = 1 and c2 = −1.

Definition 11 (Piecewise affine separability). A pair of sets of gambles
(A,B) is piecewise affine separable if and only if there exists a binary piece-
wise affine classifier PAC(·) such that PAC(A) = 1 and PAC(B) = −1. We
indicate the set of these classifiers with PAC(A,B).515

Now we can state the main result of this section.

Proposition 6. Given a pair of finite sets of gambles (A,R), there exists a
convex coherent set D ⊆ L, such that D ⊇ A and D ∩ R = ∅, if and only if
(A ∪ T,R∪ F ) is piecewise affine separable.

It is easy to show moreover that, again similarly to before, we can transform the520

problem of classifying the two non-finite sets of gambles T and F into constraints
to be required on the coefficients of the classifier.

Proposition 7. Consider a pair of finite sets of gambles (A,R). Every clas-
sifier PAC(·) ∈ PAC(A ∪ T,R ∪ F ) is a classifier PAC(·) ∈ PAC(A,R) with
coefficients {βj , αj}Nj=1 such that βj  0, αj ≥ 0, for every j ∈ {1, ..., N} with525

at least an αk = 0 for some k ∈ {1, . . . , N}, and vice versa.

Corollary 6. Given a pair of finite sets of gambles (A,R), there exists a convex
coherent set D ⊆ L, such that D ⊇ A and D ∩ R = ∅, if and only if (A,R)
is piecewise affine separable and there exists a classifier PAC(·) ∈ PAC(A,R)
with coefficients {βj , αj}Nj=1 such that βj  0, αj ≥ 0, for every j ∈ {1, ..., N}530

with at least an αk = 0 for some k ∈ {1, . . . , N}.

Notice that if a binary piecewise affine classifier has coefficients {βj , αj}Nj=1

satisfying the constraints provided by Proposition 7 and Corollary 6 (∀j, βj 
0, αj ≥ 0 with at least an αk = 0), it is always possible to normalize each
βj and interpret its (normalized) components as the values of a probability535
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mass function on Ω. Coefficients {αj}Nj= instead, can be interpreted as non-
negative (with at least a zero one) ‘penalty terms’ due to, for example, limited
financial resources of an agent, see Example 4. Clearly, the converse is also true.
From now on therefore, we assume without loss of generality that if coefficients
{βj , αj}Nj=1 of a binary piecewise affine classifier satisfy βj  0 for every j,540

{βj}Nj=1 are normalized.
The proofs of Proposition 6 and Proposition 7, moreover, show that finitely

generated convex coherent sets of gambles can always be represented as regions
classified as 1 by binary piecewise affine classifiers PAC(·) satisfying constraints
provided by Proposition 7 and Corollary 6. Vice versa, these latter regions545

are always convex coherent sets but in general not finitely generated ones, see
Example 10 in Appendix.

The following diagram summarizes the implications highlighted above.

Binary piecewise affine classifier

with coefficients {βj , αj}Nj=1 such that:
βj  0, αj ≥ 0 (βj normalized) for every j,

αk = 0 for at least a k ∈ {1, ..., N}.

Convex coherent set.

Finitely generated
convex coherent set.

Finite set of
probability mass functions

and non-negative penalty terms

(with a zero one) {pj(·), αj}Nj=1.

region
classifi

ed
as

1

region
classified

as
1

(∀
j,
i)
p j

(ω
i)

=
β j
,i

Figure 8: Diagram showing the implications among different models for representing convex
coherent sets (finitely generated and more general ones).

Notice however that, analogously to what we discovered in Section 4, we can
work only with finitely generated sets. Indeed, if given a pair of finite sets (A,R)550

there exists a convex coherent set D ⊆ L such that D ⊇ A and D ∩R = ∅, the
smallest such set ch(A ∪ T ) is finitely generated. In this specific case therefore,
we can enrich the previous diagram with the following implication.
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Convex coherent set D ⊆ L:
D ⊇ A and D ∩R = ∅ (A, R finite).

Finitely generated

convex coherent set ch(A ∪ T ).

sm
a
llest

su
ch

set

Figure 9: Diagram highlighting the smallest convex coherent set containing a finite set of
gambles A (if it exists).

Given these considerations, Corollary 6 can be reformulated as follows.

Corollary 7. Given a pair of finite sets of gambles (A,R), there exists a convex555

coherent set (not necessarily finitely generated) D ⊆ L, such that D ⊇ A and
D ∩R = ∅, if and only if equivalently:
• there exists a binary piecewise affine classifier PAC(·) ∈ PAC(A,R) with

coefficients {βj , αj}Nj=1 such that βj  0, αj ≥ 0, (βj normalized) for every
j ∈ {1, ..., N} with at least an αk = 0 for some k ∈ {1, ...., N};560

• there exists a finite set of probability mass functions on Ω, {pj(·)}Nj=1,
and a finite set of non-negative penalty terms (with at least a zero one)
{αj}Nj=1, such that Epj (g) + αj ≥ 0 for every g ∈ A, j ∈ {1, ..., N} and,
for every g ∈ R, there exists k ∈ {1, ...., N} such that Epk(g) + αk < 0;

• there exists a finitely generated convex coherent set D ⊆ L such that D ⊇ A565

and D ∩R = ∅ (e.g., D = ch(A ∪ T )).

Since, in particular, if there exists a convex coherent set D ⊆ L such that D ⊇ A
and D∩R = ∅, the set ch(A ∪ T ) is the smallest convex coherent set containing
A, a binary piecewise affine classifier PAC(·) such that {g ∈ L : PAC(g) =
1} = ch(A ∪ T ) corresponds to make the minimal set of assumptions on the570

agent’s willingness to accept gambles.
The following example illustrates the results obtained in this section consid-

ering a specific numerical case and reports a numerical optimization procedure
to solve the classification problem.

Example 4. Consider again the coin tossing experiment of Example 1. In
this framework suppose Diana judges gambles on the basis of Claire’s coherent
lower prevision (∀g ∈ L) P 2(g) := min{E{1/3,2/3}(g), E{2/3,1/3}(g)}, but with
the further constraint to not lose more than 1 thousand dollars. So, she is
characterized by the following convex coherent set of gambles:

D3 := {g ∈ L : P 2(g) ≥ 0} ∩ {g ∈ L : min(g) ≥ −1} =

= {g ∈ L : min{E{1/3,2/3}(g), E{2/3,1/3}(g), g1 + 1, g2 + 1} ≥ 0}.

25



She is then disposed to accept, for example, gambles in A3 = {[−1, 2]>, [2,−1]>,575

[1,−0.5]>} and reject gambles in R3 = {[−3, 2]>, [1,−1]>, [4,−2]>}. Notice
that Diana is not disposed to accept, for example, the gamble g′ := [4,−2]>,
which instead is acceptable for Claire, because it can lead to a loss greater than
1 thousand dollars. Notice moreover that g′ = 2[2,−1]> where [2,−1]> ∈ A3.
D3 therefore does not respect axiom D3, hence Diana does not judge rewards580

of gambles with a linear utility scale.
Consider now the modeller Bob who finds an agent rational if they respect

D1,D2,D3∗,D4. If Bob receives, as information about Diana, only the sets A3

and R3, Bob will think she is rational. Indeed, (A3,R3) is piecewise affine
separable through, at least, the binary piecewise affine classifier:

(∀g ∈ L) PAC3(g) :=


1 if E{1/3,2/3}(g) ≥ 0, E{2/3,1/3}(g) ≥ 0,

E{1,0}(g) + 1 ≥ 0, E{0,1}(g) + 1 ≥ 0,

−1 otherwise,

which identifies, as the region classified as 1, ch(A3 ∪ T ) = ch+(A3 ∪ {0}), i.e.,
the minimal set of assumptions the modeller can made on the agent willingness
to accept gambles. It is possible to notice that, in particular, it corresponds to
Diana’s set of desirable gambles D3.585

The following Figure 10 shows gambles in A3 represented again as (blue)
points in the plane (g1, g2), gambles in R3 represented as (red) triangles and,
in blue, the region classified as 1 by the classifier PAC3(·), i.e., Diana’s set of
desirable gambles.
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Figure 10: Gambles in A3, R3 and the region classified as 1 by PAC3(·).

The classifier PAC3(·) can be found numerically as follows:24 for any gamble
g, PAC3(g) is equal to 1 if the following linear programming problem is feasible,

24There are other ways to find numerically the classifier coefficients – the one we provided
guarantees to find the exact solution in polynomial-time.
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otherwise it is equal to −1.

LP =



min{w1,...,w|A3∪{0}|,λ1,λ2∈R} λ1 + λ2

s.t.

g =
∑

fj∈A3∪{0}

wjf
j + [λ1, λ2]>,

wj ≥ 0, for every j ∈ {1, ..., |A3 ∪ {0}|},
|A3∪{0}|∑
j=1

wj = 1,

λ1, λ2 ≥ 0.

The classifier is contained in PAC(A3 ∪ T,R3 ∪ F ) provided that A3 ∩ F = ∅,590

PAC3(g) = −1 for each g ∈ R3 and PAC3([−ε,−ε]) = −1 for some small
ε (which depends on A3). Note that, if g ∈ ch(A3 ∪ {0}) then λ1, λ2 = 0,
otherwise either λ1 or λ2 must be different from zero.

5.1. Feature Mapping

We can reformulate the previous classification problem as a linear classifi-
cation task in a higher dimensional space, using a feature mapping similar to
the one seen in Section 4.1. We can indeed define new partitions {B′j}Nj=1 of
L = Rn, where B′j is defined as follows:

B′j := {g ∈ L : g>ω′j,1:n + ω′j,n+1 ≤ g>ω′k,1:n + ω′k,n+1,

for k = 1, . . . , N, j 6= k}
(16)

with ω′j ∈ Rn+1 such that ω′j,1:n is the vector containing the first n components
of ω′j , for every j ∈ {1, ..., N}. We can introduce the feature mapping ψ :

Rn → R(n+1)N , defined as ψ(g) := [ψ1(g), . . . , ψN (g)]> for every g ∈ L, where
ψj : Rn → Rn+1 is defined in turn as:

ψj(g) :=


IB′j (g)g1

. . .
IB′j (g)gn
IB′j (g)

 (17)

for every g ∈ L and j ∈ {1, . . . , N}. Further, we define the following classifier
corresponding to a linear classifier in the feature space:

LCψ(g) :=

{
1 if

∑N
j=1 ψj(g)>β′j ≥ 0,

−1 otherwise,
(18)

for every g ∈ L, with β′j ∈ Rn+1 for all j = 1, . . . , N . We consider both {β′j}Nj=1595

and {ω′j}Nj=1 as parameters of LCψ(·). We can then introduce the following
definition.
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Definition 12 (Ψ-separability). A pair of sets of gambles (A,B) is Ψ-separable
if and only if there exists a classifier LCψ(·) of type (18) such that LCψ(A) = 1
and LCψ(B) = −1. We indicate the set of these classifiers with LCΨ(A,B).600

We can now state the main result of this section.

Proposition 8. There is a one-to-one correspondence between binary piecewise
affine classifiers with coefficients {βj , αj}Nj=1 and classifiers of type (18) with

parameters {ω′j , β′j}Nj=1 such that β′j = ω′j = [βj , αj ]
>, for every j ∈ {1, .., N}.

In particular, the classification provided by the two classifiers is the same.605

The proof of Proposition 8 is analogous to the one of Proposition 5, indeed
it is based on the same observation. The only difference is that now we work
with classifiers having decision boundaries that are piecewise affine functions
instead of piecewise linear ones. Hence, to reduce them to linear classifiers, we
need to work in a feature space with more dimensions to take into account also610

the affine parts.
Hence, the following corollary also holds.

Corollary 8. Given a pair of finite sets of gambles (A,R), there exists a convex
coherent set D ⊆ L such that D ⊇ A and D ∩ R = ∅, if and only if (A,R) is
Ψ−separable and there exists a classifier LCψ(·) ∈ LCΨ(A,R), with parameters615

{ω′j , β′j}Nj=1 such that β′j = ω′j ≥ 0 for every j = 1, ..., N with ω′j,1:n  0 for
every j, and at least a ω′k with k ∈ {1, .., N} so that ω′k,n+1 = 0.

Similarly to before, we have that, given a classifier LCψ(·) of the type specified
by Corollary 8, the set D := {g ∈ L : LCψ(g) = 1} is always convex coherent.
Vice versa, if D is a finitely generated convex coherent set, we can always find620

a classifier LCψ(·) of the type specified by Corollary 8 such that D = {g ∈ L :
LCψ(g) = 1}.

Example 5. Consider again the framework of Example 4. Consider the classi-
fier LC3

ψ(·) of type (18) with parameters {ω′j , β′j}4j=1 such that β′j = ω′j =
[
βj
αj

]
for every j, where {βj , αj}4j=1 are the parameters of PAC3(·) introduced in
Example 4:

β1 :=

[
1/3
2/3

]
, β2 :=

[
2/3
1/3

]
, β3 :=

[
1
0

]
, β4 :=

[
0
1

]
,

α1 = α2 = 0, α3 = α4 = 1.

It corresponds to PAC3(·). It therefore classifies A3 as 1 and R3 as −1.
Moreover, {g ∈ L : LC3

ψ(g) = 1} = ch(A3 ∪ T ).

6. Positive additive coherence625

We now consider an even weaker relaxation (see Lemma 1 in Appendix) of
the linearity axioms D3:
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D3∗∗ if g ∈ D, then g + t ∈ D for each t ∈ T [positive additivity].

It can be considered the weakest axiom to add to D1,D2 and D4. Indeed, it
forces an agent only to accept those gambles that are ‘better’ than the ones they630

are already disposed to accept, i.e., which can provide more gains and/or less
losses. It has already been introduced in [24].

We call a set D satisfying D1, D2, D3∗∗, D4 a positive additive coherent set
of gambles.

Analogously to the previous sections, a modeller who receives as information635

about an agent only two finite sets of gambles A and R they are respectively
disposed to accept and reject, will consider the agent rational in the sense of
respecting D1,D2,D3∗∗,D4 if and only if there exists a positive additive coherent
set of gambles D such that D ⊇ A and D∩R = ∅. If this is the case, the minimal
such set is the principal up-set of (A ∪ {0}): ↑ (A ∪ {0}) := {g ∈ L : (∃f ∈640

(A∪ {0})) g ≥ f}, see [29, Section 1.27], as Lemma 4 in Appendix proves. It is
possible to notice that, geometrically, the latter corresponds to a union of closed,
under the usual topology of Rn, orthants centered in the elements of A ∪ {0}.
Further, also in this case, it is a deductive closure for A, see [29, Section 7.5].

Analogously to the other sections, we can give the following definition.645

Definition 13 (Finitely generated positive additive coherent set). A pos-
itive additive coherent set of gambles D ⊆ L is called finitely generated (positive
additive coherent set of gambles) if and only if D =↑ (A ∪ {0}), where A is a
finite set of gambles.

As usual, in the rest of the section we show that a way the modeller has to650

check the rationality of an agent in the sense of respecting D1,D2,D3∗∗,D4 is
solving a binary classification task. Let us introduce the following definitions.

Definition 14 (PWP classifier). We use the term binary piecewise positive
affine (PWP) classifier to denote a classifier PWPC(·) defined as follows:

PWPC(g) :=

{
c1 if ∃f j ∈ F s.t. g ≥ f j ,
c2 otherwise,

(19)

for every g ∈ L, with labels c1, c2 and with F := {f j}Nj=1, a finite set of gambles
(generators of the classifier).

Again, without loss of generality, we assume c1 = 1 and c2 = −1.655

Definition 15 ( PWP separability). A pair of sets of gambles (A,B) is piece-
wise positive affine separable (PWP) if and only if there exists a PWP classifier
PWPC(·) such that PWPC(A) = 1 and PWPC(B) = −1. We indicate the
set of these classifiers with PWPC(A,B).

Note that, for every j, {g ≥ f j} defines an orthant centered at f j , whose660

border can be expressed as a piecewise affine function. It can easily be proved
(by induction on the elements of F) that the decision boundary of (19) is also
a piecewise affine function. We can now state the main result of this section.
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Proposition 9. Given a pair of finite sets of gambles (A,R), there exists a
positive additive coherent set D ⊆ L, such that D ⊇ A and D ∩ R = ∅, if and665

only if (A ∪ T,R∪ F ) is PWP separable.

Once again, we can limit ourselves to classify only A and R.

Proposition 10. Consider a pair of finite sets of gambles (A,R). Every classi-
fier PWPC(·) ∈ PWPC(A∪T,R∪F ) is a classifier PWPC(·) ∈ PWPC(A,R)
with generators {f j}Nj=1 such that, f j 6< 0 for every j ∈ {1, ..., N} and there670

exists fk ≤ 0 (but fk 6< 0) for some k ∈ {1, ..., N}, and vice versa.

Corollary 9. Given a pair of finite sets of gambles (A,R), there exists a posi-
tive additive coherent set D ⊆ L, such that D ⊇ A and D∩R = ∅, if and only if
(A,R) is PWP separable and there exists a classifier PWPC(·) ∈ PWPC(A,R)
with generators {f j}Nj=1 such that, f j 6< 0 for every j ∈ {1, ..., N} and there675

exists fk ≤ 0 (but fk 6< 0) for some k ∈ {1, ..., N}.

The proofs of Proposition 9 and Proposition 10, moreover, show that there
is a one-to-one correspondence between finitely generated positive additive co-
herent sets of gambles and regions classified as 1 by PWP classifiers PWPC(·)
satisfying constraints provided by Proposition 10 and Corollary 9.680

PWP classifier

with generators {fj}Nj=1 such that:

fj 6< 0 for every j,

fk ≤ 0 for at least a k ∈ {1, ..., N}.

Finitely generated
positive additive coherent set.

reg
io

n
cla

ssifi
ed

a
s

1

Figure 11: Diagram showing equivalent models for representing finitely generated positive
additive coherent sets of gambles.

We can work only with finitely generated sets because, given a pair of finite
sets of gambles (A,R), if there exists a positive additive coherent set D ⊆ L such
that D ⊇ A and D∩R = ∅, the smallest such set ↑ (A∪{0}) is finitely generated.
Since, in particular, the latter is the smallest positive additive coherent set
containing A, a PWP classifier PWPC(·) such that {g ∈ L : PWPC(g) =685

1} =↑ (A ∪ {0}) corresponds to make the minimal set of assumptions on the
agent’s willingness to accept gambles.
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The following example illustrates the results obtained in this section consid-
ering a specific numerical case and reports a numerical optimization procedure
to solve the classification problem.690

Example 6. Consider again the coin tossing experiment of Example 1. In this
framework, consider also an agent Elena who is disposed to accept gambles
in A4 = {[−1, 2]>, [2,−1]>} and reject gambles in R4 = {[−3, 2]>, [1,−1]>,
[4,−2]>, [1,−0.5]>}.

If the modeller Bob receives only A4 and R4 as information about Elena,
he can check if at least she respects the minimal rationality axioms D1,D2,
D3∗∗,D4. In this case, Elena respects them because (A4,R4) is PWP separable
through the PWP classifier PWPC4(·):

(∀g ∈ L) PWPC4(g) :=

{
1 if ∃f ∈ A4 ∪ {0} s.t. g ≥ f,
−1 otherwise,

(20)

which identifies, as the region classified as 1, the set ↑ (A4 ∪ {0}), i.e., the695

minimal set of assumptions on the agent’s willingness to accept gambles.
The following figure shows gambles in A4, represented again as (blue) points

in the plane (g1, g2), gambles in R4, represented as (red) triangles, and, in
blue, the region classified as 1 by the classifier PWPC4(·). The numerical
implementation of this classifier is straightforward: PWPC4(g) = 1 if there700

exists a gamble f in A4 ∪ {0} such that g ≥ f and −1 otherwise, for every
g ∈ L.
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Figure 12: Gambles in A4, R4 and the region classified as 1 by PWPC4(·).

6.1. Feature Mapping

In this section we prove that, also in this case, the previous classification
problem can be reformulated as a linear one in a higher dimensional space.
Let {ζj,i}{j∈{1,...,N},i∈{1,...,n}} denote another partition of L = Rn, where ζj,i is
defined as follows:

ζj,i := {g ∈ L : (gi − ωji ) = max
{k∈{1,...,N}}

( min
{l∈{1,...,n}}

(gl − ωkl ))} (21)
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with ωj ∈ Rn, for every i ∈ {1, ..., n}, j ∈ {1, ..., N}. We can introduce the
feature mapping ρ : Rn → R2nN , defined as ρ(g) := [ρ1(g), . . . , ρN (g)]> for
every g ∈ L, where ρj : Rn → R2n is defined in turn as:

ρj(g) :=


Iζj,1(g)g1

. . .
Iζj,n(g)gn
Iζj,1(g)
. . .

Iζj,n(g)

 (22)

for every g ∈ L and j ∈ {1, . . . , N}. Further, we define the following classifier
corresponding to a linear classifier in the feature space:

LCρ(g) :=

{
1 if

∑N
j=1 ρj(g)>β′j ≥ 0,

−1 otherwise,
(23)

for every g ∈ L, with β′j ∈ R2n for all j = 1, ..., N . We consider both {β′j}Nj=1

and {ωj}Nj=1 as parameters of LCρ(·). Similarly to before, we can introduce the705

following definition.

Definition 16 (P -separability). A pair of sets of gambles (A,B) is P -separable
if and only if there exists a classifier LCρ(·) of type (23) such that LCρ(A) = 1
and LCρ(B) = −1. We indicate the set of these classifiers with LCP (A,B).

We can now state the main result of this section.710

Proposition 11. There is a one-to-one correspondence between PWP clas-
sifiers with generators {f j}Nj=1 and classifiers of type (23) with parameters

{ωj , β′j}Nj=1 such that β′j = [1, . . . , 1,−ωj1, . . . ,−ωjn]> and ωj = f j, for every
j ∈ {1, ..., N}.In particular, the classification provided by the two classifiers is
the same.715

The proof is based on the following observation, analogous to the previous
ones. Given a PWP classifier PWPC(·) with generators {f j}Nj=1:

PWPC(g) = 1 ⇐⇒ max
j

(min
i

(gi − f ji )) ≥ 0

⇐⇒
N∑
j=1



Iζj,1 (g)g1

...
Iζj,n (g)gn

Iζj,1 (g)
...

Iζj,n (g)



> 

1
...
1
−fj1
...
−fjn

 ≥ 0,

where ζj,i := {g ∈ L : (gi − f ji ) = maxk(minl(gl − fkl ))}, for all j, i.

Corollary 10. Given a pair of finite sets of gambles (A,R), there exists a
positive additive coherent set D ⊆ L such that D ⊇ A and D∩R = ∅, if and only720
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if (A,R) is P−separable and there exists a classifier LCρ(·) ∈ LCP (A,R) with

parameters {ωj , β′j}Nj=1 such that β′j = [1, . . . , 1,−ωj1, . . . ,−ωjn]> with ωj 6< 0

for all j ∈ {1, ..., N}, and with at least a ωk such that ωk ≤ 0 (but ωk 6< 0) for
some k ∈ {1, .., N}.

In particular, in this case we have that, if D is a finitely generated positive725

additive coherent set, we can find LCρ(·) of the type specified in Corollary 10
such that D = {g ∈ L : LCρ(g) = 1} and vice versa.

Example 7. Consider again the framework of Example 6. If we now introduce
a classifier LC4

ρ(·) of type (23), characterized by the parameters {ωj , β′j}3j=1 such

that β′j = [1, 1,−ωj1,−ω
j
2]> for every j with ω1 =

[−1
2

]
, ω2 = [ 0

0 ], ω3 =
[

2
−1

]
730

(i.e, {ωj}3j=1 = (A4 ∪ {0})), it classifies A4 as 1 and R4 as −1. Moreover,

{g ∈ L : LC4
ρ(g) = 1} =↑ (A4 ∪ {0}).

7. Preferences and lower previsions

In this section we analyze properties satisfied by a lower prevision and a
preference relation over gambles induced by sets of gambles satisfying each of735

the sets of axioms considered in the previous sections. It remains as an open
point to evaluate the possibility to establish one-to-one correspondences between
these new models and sets of gambles, analogous to the ones existing among
coherent sets of gambles and coherent lower previsions and preferences.

Before starting with this analysis, we recall in the following diagram the740

existing relations among the different sets of rationality axioms considered. In
particular, it is important to notice that {D1,D2,D3∗∗,D4} corresponds to the
weakest set of axioms considered. Therefore, maximal coherent sets, coherent
and convex coherent ones are in particular positive additive coherent sets.

Maximal coherence
{D1,D2,D3,D4,D5}

Coherence
{D1,D2,D3,D4}

Convex coherence
{D1,D2,D3∗,D4}

Positive additive coherence
{D1,D2,D3∗∗,D4}

Figure 13: A graphical summary of the existing relations among different concepts of coherence
analyzed in the paper.
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Let us consider a positive additive coherent set of gambles D ⊆ L. Analo-
gously to what is done in Section 2 for coherent sets of gambles, we can define
from it a preference relation over gambles %D and a lower prevision PD(·), as
follows:

(∀g, h ∈ L) g %D h ⇐⇒ g − h ∈ D, (24)

(∀g ∈ L) PD(g) := sup{c ∈ R : g − c ∈ D}. (25)

Notice that, in particular, the definition of the lower prevision PD(·) is consis-745

tent. Indeed, the set {c ∈ R : g− c ∈ D} is non-empty and bounded from above
for every gamble g ∈ L. For every g ∈ L, in fact, g − (max{ω∈Ω} g(ω) + ε) ∈ F
for every ε ∈ R∗+. Therefore, since D satisfies D2, {c ∈ R : g−c ∈ D} is bounded
from above. Moreover, {c ∈ R : c ≤ min{ω∈Ω} g(ω)} ⊆ {c ∈ R : g − c ∈ D} 6= ∅.
If c ≤ min{ω∈Ω} g(ω) in fact, by D1, we have g − c ∈ T ⊆ D.750

In Section 2 we concentrated on properties satisfied by %D and PD(·) con-
structed starting from a coherent set D. Here we analyze more general cases.

Proposition 12. Consider a set of gambles D ⊆ L satisfying D1,D2,D3∗∗,D4.
The preference relation %D defined from D through Eq.(24) satisfies the follow-
ing properties:755

• −1 6 %D0 [avoiding sure loss];
• if g ≥ h then g %D h, for any g, h ∈ L [monotonicity];
• if g+ δ %D h for every δ ∈ R∗+ then g %D h, for any g, h ∈ L [continuity];
• g %D h if and only if g − h %D 0, for any g, h ∈ L [cancellation].

If D satisfies also D3∗, then %D satisfies:760

• (g %D h, f %D l) ⇒ γg + (1 − γ)f %D γh + (1 − γ)l, for any γ ∈
[0, 1], g, h, f, l ∈ L [convexity].25

If D satisfies also D3, then %D satisfies:
• if g %D h and λ ∈ R∗+ then λg %D λh, for any g, h ∈ L [positive homo-

geneity];765

• if g %D h and h %D l then g %D l, for any g, h, l ∈ L [transitivity].
If D satisfies D3 and also D5, then %D satisfies:
• g %D h or h %D g, for any g, h ∈ L [completeness].

The proof of Proposition 12 directly follows from the axioms satisfied each time
by D. It is easy to show that, moreover, a preference relation %D derived from a770

convex coherent set D satisfies axioms introduced in [22] for preference relations
over monetary lotteries.

Proposition 13. Consider a set of gambles D ⊆ L satisfying D1,D2,D3∗∗,D4.
The lower prevision PD(·) defined from D through Eq.(25) satisfies the following
properties.775

• PD(g) ≥ minω∈Ω g(ω), for any g ∈ L;
• PD(g) ≤ maxω∈Ω g(ω), for any g ∈ L;

25This property is introduced also in [22].
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• PD(g) = max{c ∈ R : g − c ∈ D}, for any g ∈ L;
• PD(g − PD(g)) = 0, for any g ∈ L;
• if g ≥ h then PD(g) ≥ PD(h) and if g > h then PD(g) > PD(h), for any780

g, h ∈ L [monotonicity];
• PD(g + r) = PD(g) + r, for any g ∈ L and any r ∈ R [translation

invariance];
• PD(0) = 0;
• PD(·) is a uniformly continuous functional with respect to the supremum785

norm [uniform continuity].
If D satisfies also D3∗, then PD(·) satisfies:
• PD(γg + (1− γ)h) ≥ γPD(g) + (1− γ)PD(h), for any γ ∈ [0, 1], g, h ∈ L

[concavity].
If D satisfies also D3, then PD(·) satisfies:790

• PD(λg) = λPD(g), for any λ ∈ R∗+ and g ∈ L [positive homogeneity];
• PD(g + h) ≥ PD(g) + PD(h), for any g, h ∈ L [superlinearity].

If D satisfies D3 and also D5, then PD(·) satisfies:
• PD(g) = −PD(−g), for any g ∈ L [self-conjugacy].

Notice that, in particular, if D satisfies the standard axioms D1,D2,D3,D4,795

PD(·) is a coherent lower prevision, if it satisfies also D5, PD(·) is linear. If
instead D satisfies only D1,D2,D3∗∗,D4, PD(·) is a centered 2-convex lower pre-
vision and if D satisfies also D3∗, PD(·) is a centered convex lower prevision.
Centered convex and centered 2-convex lower previsions are extensions of the
concept of coherent lower prevision proposed in [24]. We recall here their char-800

acterizing properties on L, see [24, Proposition 1, Remark 1, Proposition 2].

Proposition 14. Consider a map P : L → R.

1. P (·) is a centered convex lower prevision if and only if it satisfies:

A1. P (0) = 0;
A2. if g ≥ h then P (g) ≥ P (h), for any g, h ∈ L;805

A3. P (g + r) = P (g) + r, for any g ∈ L and any r ∈ R [translation
invariance];

A4. P (g − P (g)) = 0, ∀g ∈ L;
A5. P (λg+ (1−λ)h) ≥ λP (g) + (1−λ)P (h), for any λ ∈ [0, 1], g, h ∈ L.

2. P (·) is a centered 2-convex lower prevision if and only if A1, A2, A3 and810

A4 hold.

The following example illustrates some of the results of this section.

Example 8. Consider the following sets of desirable gambles introduced in the
previous examples:
• D1 :=:= {g ∈ L : E{2/3,1/3}(g) ≥ 0} of Example 1;815

• D2 := {g ∈ L : min{E{1/3,2/3}(g), E{2/3,1/3}(g)} ≥ 0} of Example 2;
• D3 := {g ∈ L : min{E{1/3,2/3}(g), E{2/3,1/3}(g), g1 + 1, g2 + 1} ≥ 0} of

Example 4;
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• D4 :=↑ (A4 ∪ {0}) = {g ∈ L : g ≥ [−1, 2]> or g ≥ [0, 0]> or g ≥ [2,−1]>}
of Example 6.820

From each one of these sets, we can induce a preference relation over gambles
and a lower prevision.

Let us just focus on lower previsions.
Consider the gambles 0 = [0, 0]>, g = [2,−1]> and h = [−1, 0]>. The follow-

ing table summarizes the values of the four lower previsions induced respectively825

from D1,D2,D3,D4 for 0, g,h, 1
2g , 2g,g + h.

PD1
(·) PD2

(·) PD3
(·) PD4

(·)
0 0 0 0 0
g 1.34 0 0 0
h −0.89 −0.89 −0.89 −1
1
2g 0.67 0 0 −0.5
2g 2.68 0 −1 −1
g + h 0.45 −0.45 −0.45 −1

From these values, it is possible to notice that PD4
( 1

2g) 6≥ 1
2PD4

(g), hence it
is not even a concave functional. PD3

(·) does not respect positive homogeneity
with λ > 1 since PD3

(2g) 6= 2PD3
(g). Only PD1

(·) and PD2
(·) are standard

coherent lower previsions. Moreover, PD1
(·) is also a linear one.830

8. General coherence

Consider now a new agent, Florence, again providing a finite set of acceptable
gambles A and a finite set of rejectable gambles R. In the previous sections we
have analyzed conditions for different concepts of coherence and rationality. In
each case we have also redefined them as linear classification problems in feature835

spaces. To conclude the paper, we would like to outline a general framework for
modelling rationality starting directly from this common view.

Consider a general feature mapping φ̂ : Rn → RMN with M ≥ n and
N ≥ 1, such that φ̂(·) := [φ̂1(·), . . . , φ̂N (·)]>, where φ̂j : Rn → RM for every
j ∈ {1, ..., N}.840

Starting from this feature mapping, we can define the following classifier,
which corresponds to a linear classifier in the feature space:

LCφ̂(g) :=

{
1 if

∑N
j=1 φ̂j(g)>β′j ≥ 0,

−1 otherwise,
(26)

for every g ∈ L with β′j ∈ RM for every j ∈ {1, ..., N}.
We then consider sets separable through this general type of classifier.

Definition 17 (Φ̂-separability). A pair of sets of gambles (A,B) is Φ̂-separable
if and only if there exist a classifier LCφ̂(·) of type (26), such that LCφ̂(A) = 1

and LCφ̂(B) = −1. We indicate the set of these classifiers with LCΦ̂(A,B).845
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From these elements we can derive a general definition of coherence, and hence
of rationality for an agent.

Definition 18. Consider a general feature mapping φ̂ : Rn → RMN with M ≥
n and N ≥ 1. A set of gambles D ⊆ L is said φ̂-coherent if and only if
there exists a classifier LCφ̂(·) constructed from φ̂(·) through (26), such that850

D = {g ∈ L : LCφ̂(g) = 1}.

An agent is considered rational in this sense, if their set of desirable gambles
is φ̂-coherent. This definition of coherence is very general. By selecting the
functions φ̂j(·) in (26) as in (13), (17), (22), and imposing conditions on the
coefficients of the classifier as in Proposition 5, 8 and 11, we obtain the piecewise855

linear, piecewise affine and, respectively, orthant-based classifers discussed in the
previous sections, whose coherence-notion has been linked to the desirability
axioms D1,D2,D3,D3?,D3?? and D4. Choosing instead the identity function as
a feature mapping, we obtain the linear classifiers discussed in Section 3.

In the more general setting treated in this section, we can provide sufficient860

conditions to guarantee that a φ̂-coherent set D satisfies at least the axioms
D1,D2,D4, which we consider to be basic rationality axioms.

1. D4. A sufficient condition to guarantee that D satisfies D4 is that φ̂(·) is
a continuous function. This is the case treated in the following Example
9. This condition is not necessary. Indeed it is not satisfied when φ̂(·)865

coincides with one of the feature mappings considered in the previous
Sections 4.1, 5.1and 6.1. However, in all those cases, D4 is always satisfied.

2. D1 and D2. To guarantee that D1 and D2 are satisfied is sufficient to
ask that the classifier LCφ̂(·) classifies T as 1 and F as −1. Since these
sets are infinite it can be useful, as before, to constrain the possible fea-870

ture mappings in such a way that this task boils down to conditions to
be required to the coefficients of the classifier, as it will be discussed in
Example 9. This can be more easily achieved considering particular bases
functions for the feature mappings, such as for example exponential bases,
or odd polynomial functions.875

Example 9. Consider, as before, a possibility space of size n = 2. Then,
every gamble g has two components g1 and g2. Consider the feature mapping
φ̂(·) := φ̂1(·), where φ̂1 : R2 → R3 and is defined as:

φ̂1(g) =

−e−d1g1−e−d2g2
1

 (27)

for every g ∈ L, where, for every i ∈ {1, 2}, di ≥ 0 denotes two constants (the
parameters of the classifier). We consider then the classifier defined as:

LCφ̂(g) :=

{
1 if − β′1,1e−d1g1 − β′1,2e−d2g2 + β′1,3 ≥ 0,

−1 otherwise,
(28)
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for every g ∈ L. We constrain β′1,1, β
′
1,2 ≥ 0, β′1,1 +β′1,2 = 1 and β′1,3 = 1 so that

LCφ̂(T ) = 1 and LCφ̂(F ) = −1. Therefore, for D := {g ∈ L : LCφ̂(g) = 1},
D1,D2 hold and D4 follows by the continuity of the function φ̂1(·).

In this context suppose that an agent, Diana, provides two finite sets of
gambles A and R that are respectively acceptable and rejectable for her. Sup-
pose moreover that they are φ̂-separable through a classifier LCφ̂(·) as defined

in (28). Among the classifiers that satisfy LCφ̂(A) = 1 and LCφ̂(R) = −1, we
select the one which minimises the objective function:∑

gj∈A

−β′1,1e−d1g
j
1 − β′1,2e−d2g

j
2 + 1. (29)

Note that −β′1,1e−d1g1 −β′1,2e−d2g2 + 1 ≥ 0 for all g ∈ A (coherence constraint).
Therefore, by minimizing the objective function, we are minimizing the sum of

the slack variables sj := −β′1,1e−d1g
j
1 − β′1,2e−d2g

j
2 + 1 ≥ 0, forcing the classifier

to interpolate as many points in A as possible (while satisfying LCφ̂(A) = 1).
This means we are looking for the smallest extension in the feature space: the
smallest set compatible with the assessments A. The above nonlinear nonconvex
optimisation problem can be solved numerically, by minimising (29) subject to

−β′1,1e−d1g
j
1 − β′1,2e−d2g

j
2 + 1 ≥ 0, ∀gj ∈ A,

−β′1,1e−d1g
j
1 − β′1,2e−d2g

j
2 + 1 < 0, ∀gj ∈ R,

d1, d2, β
′
1,1 ≥ 0, β′1,2 = 1− β′1,1. (30)

Let us show a numerical example. Suppose Diana considers to be accept-
able and rejectable respectively the following finite sets of gambles: A3 =880

{[−1, 2]>, [2,−1]>, [1,−0.5]>} and R3 = {[−3, 2]>, [1,−1]>, [4,−2]>}. The op-
timal nonlinear classifier is obtained for β′1,1 = 0.082, d1 = 0.90, d2 = 0.07.

6 4 2 0 2 4 6
6

4

2

0

2

4

6

T

F

Figure 14: Nonlinear smooth classifier.

This classifier can be interpreted as the minimal set of assumptions the mod-
eller Bob can make on Diana assuming she only accepts gambles g such that
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−β′1,1e−d1g1 − β′1,2e−d2g2 + 1 ≥ 0, for some probability distribution {β′1,1, β′1,2}.885

The basis functions in (27) are commonly used to construct risk aversion models,
see for instance [34]. Therefore, this example shows how our general framework
allows us to express risk aversion models as binary classifiers. The set of desir-
able gambles identified by this classifier satisfies also D3?. However, it is not
the smallest convex coherent set which is compatible with A3,R3 because, as890

discussed in Section 5, the smallest convex coherent set is identified through a
piecewise-affine classifer.

9. Conclusions and future works

In this paper we have shown that standard desirability and other instances
of nonlinear desirability (convex coherence and positive additive coherence) that895

relax the linearity axiom, can be formulated as a classification problem (at least
in the finitely generated case). In this respect, we provided a unifying algorith-
mic framework (classification) to deal with different variants of desirability. Our
contribution to rationality is to show that the type of rationality of an agent
determines the type of classifier and vice-versa.900

There are several research directions we aim to pursue in future works. First
of all, Nau, in his work [34], characterizes set of desirable gambles of agents
having inseparable subjective probabilities and utilities through a twice differ-
entiable utility function U(·). In particular he defines sets of desirable gambles
as D := {g ∈ L : U(g) ≥ 0}. In this context, he is also able to define risk neutral905

probabilities for the agent, i.e., agent’s subjective probabilities adjusted for risk,
and provide a measure of their local risk aversion. It could be interesting trying
to apply Nau’s results in our context. A starting point to do this could be to
obtain an equivalent representation of convex coherent and positive additive co-
herent sets in terms of lower previsions, similarly to the one found for coherent910

sets in Section 2.
Another compelling line of research could be to investigate the dual cones of

sets of desirable gambles defined in our work. In the standard case indeed, the
probabilistic interpretation of a coherent set of gambles derives from the con-
struction of the dual cone of D, see [5]. Dual cones however, can be constructed915

also for subsets of Rn that are not necessarily convex cones. We plan therefore
to construct them and analyzing possible connections with representation of D
in the feature space, where essentially we recover the standard interpretation of
D as the set classified as 1 by a linear classifier.

We are also interested in finding possible minimal coherence desiderata and920

characterize marginalisation and conditioning. In this regard, it could be inter-
esting to see if the correspondence with centered convex and centered 2-convex
lower previsions, as defined and analyzed in [24], remains valid also in the con-
ditional case.

Besides, given the connection between standard desirability and Von Neu-925

mann - Morgenstern’s axiomatization of rationality [7, 8, 9], we plan to in-
vestigate if the general framework provided here allows us to represent also
non-expected utility theories, see for example [35, 36, 37, 38], as classification
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problems. This is not straightforward given the above axiomatization is defined
over horse-lotteries instead of gambles.930

Appendix

Proposition 15. Consider a set of gambles D ⊆ L.
If it is closed under the supremum norm topology, then it satisfies D4. Vice

versa, if D satisfies also the following property:

f ≥ g, g ∈ D ⇒ f ∈ D (31)

then D4 implies closure under the supremum norm topology.

Proof. It is well-known that L is a Banach space under the supremum norm
(see [5]).935

Consider D ⊆ L closed under the supremum norm topology. Then, given a
sequence (fn){n∈N} with fn ∈ D for every n, convergent to f ∈ L (with respect
to the supremum norm), we have f ∈ D. Consider thus a gamble f such that
f + δ ∈ D for every δ ∈ R∗+. We have therefore f + 1

n ∈ D for every n ∈ N∗. Its
limit with respect to the supremum norm is f , hence f ∈ D.940

On the other hand, suppose D satisfies D4 and (31). Let us consider a
sequence (fn){n∈N} with fn ∈ D for every n, convergent with respect to the
supremum norm to a gamble f ∈ L. We know that for every ε ∈ R∗+ there
exists N ∈ N such that sup |fn − f | < ε for all n ≥ N . Hence fn < f + ε for
every n ≥ N , from which it follows that, by (31), f + ε ∈ D. This procedure945

can be repeated for every ε ∈ R∗+. Then by D4, we have f ∈ D.

Proof (Proof of Proposition 3). Consider a pair of finite sets of gambles
(A,R) for which there exists a coherent set of gambles D, such that D ⊇ A and
D ∩ R = ∅. Then, the minimal coherent set D that satisfies these conditions
is E(A) := posi(A ∪ T ). In fact, E(A) is the minimal set D ⊆ L that satisfies950

D1–D3 such that D ⊇ A. Hence, thanks to Proposition 15 in Appendix, E(A)
is the minimal coherent set D′ such that D′ ⊇ A. Moreover, by hypothesis, we
know also that E(A) ∩ R = ∅. This proof is also well-known in literature, see
Section 2 or [5].

However, E(A), by definition, is a finitely generated cone [39, Definition 2.3.2].
Indeed E(A) can be rewritten as:

E(A) := posi(A ∪ T ) =

C :=

g ∈ L : g =

r∑
j=1

λjfj , fj ∈ (A ∪ {Iωi}ni=1), λj ∈ R+, r ≥ 1

 .

The last equality derives from the following reasoning: E(A) := posi(A ∪ T );
posi(A ∪ T ) = C; C is already closed under the usual topology of Rn, hence
under the supremum norm topology [5]. The latter follows indeed because,
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thanks to [39, Theorem 2.3.4], it is also a polyhedral cone in Rn, hence an
intersection of a finite number of closed halfspaces whose bounding hyperspaces
pass through the origin:

C = {g : g>βj ≥ 0, j = 1, ..., N} (32)

with βj ∈ Rn for every j ∈ {1, ..., N}, N ≥ 1, with at least a βk 6= 0 for955

some k ∈ {1, ..., N}. This concludes this part of the proof since it tells us that
there exists a binary piecewise linear classifier PLC(·) with parameters {βj}Nj=1,

which classifies A ∪ T ⊆ E(A) = C =: {g ∈ L : PLC(g) = 1} as 1 and (R∪ F ),
which has empty intersection with C, as −1.

Vice versa, consider a piecewise linearly separable pair (A∪T,R∪F ), where
A and R are finite sets of gambles. Consider also a classifier PLC(·) ∈ PLC(A∪
T,R∪ F ). Then:

{g ∈ L : PLC(g) = 1} = {g ∈ L : g>βj ≥ 0, for all j = 1, .., N} (33)

for some βj ∈ Rn such that βj  0 for every j ∈ {1, ..., N}, N ≥ 1 (constraints
on βj easily follow from the fact that PLC(·) classifies T as 1 and F as −1,
see Proposition 4). We can then normalize every βj , obtaining β′j such that∑
i β
′
j,i = 1, for all j. Hence there exists a linear prevision Pj(·), such that

Pj(g) := g>β′j , for all g and for all j = 1, ..., N [5, Section 2.8,Section 3.3].
Therefore we have:

{g ∈ L : PLC(g) = 1} = {g ∈ L : g>βj ≥ 0, for all j = 1, .., N} =

{g ∈ L : Pj(g) ≥ 0, for all j = 1, .., N} = {g ∈ L : P (g) ≥ 0},

where P (g) := minj{Pj(g)} for any g ∈ L is a coherent lower prevision, see960

Section 2 or [5, Theorem 3.6.2]. Hence, D := {g ∈ L : PLC(g) = 1} is a
(finitely generated) coherent set of gambles, see Eq. 2 or [5, Theorem 3.8.1].

In particular, we have also that A ⊆ {g ∈ L : PLC(g) = 1} = D and
R∩ {g ∈ L : PLC(g) = 1} = R∩D = ∅ by hypothesis.

Proof (Proof of Proposition 4). Consider a piecewise linearly separable965

pair (A∪ T,R∪ F ), where A and R are finite sets of gambles. Consider also a
classifier PLC(·) ∈ PLC(A∪T,R∪F ) characterized by the coefficients {βj}Nj=1

such that βj ∈ Rn, for every j ∈ {1, ..., N}. If βj = 0 for every j ∈ {1, .., N},
then PLC(F ) = 1 that is a contradiction. Hence there is at least a coefficient
βk 6= 0 for some k ∈ {1, ..., N}. Without loss of generality, we suppose βj 6= 0970

for every j since the vanishing coefficients do not change the classification and
therefore can be excluded from the ones characterizing the classifier.

Clearly PLC(·) ∈ PLC(A,R). Moreover, let us suppose that there exists a
k ∈ {1, .., N} such that βk,i < 0 for some i ∈ {1, ..., n}. Consider t ∈ T such
that:

t(ωl) =

{
1 if l = i,

0 otherwise.
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Then t>βk < 0 and PLC(t) = −1. This is a contradiction, therefore βj  0 for
every j ∈ {1, ..., N}.

The converse immediately follows.975

Proof (Proof of Corollary 3). The proof directly follows from Proposi-
tion 3 and Proposition 4.

Proof (Proof of Proposition 5). Consider a binary piecewise linear clas-
sifier PLC(·) with coefficients {βj}Nj=1 and a classifier LCφ(·) of type (14) with

parameters {ωj , β′j}Nj=1 such that β′j = ωj = βj for all j = 1, ..., N . They
classify gambles in the same way. Indeed, consider g ∈ L and let us define
m := min(g>β1, . . . , g

>βN ). Then:

N∑
j=1

φj(g)>βj :=

N∑
j=1

(IBj (g)g)>βj =

K∑
k=1

g>βk = Km,

where {Bj}Nj=1 is the partition whose elements are specified by Eq.(12), with

ωj = βj for every j ∈ {1, ..., N} and g>βk = m, for all k = 1, ...,K, with
1 ≤ K ≤ N . Hence, g is classified in the same way by the classifiers PLC(·)980

and LCφ(·) because m ≥ 0 ⇐⇒
∑N
j=1 φj(g)>βj ≥ 0.

Proof (Proof of Corollary 5). The proof follows immediately from Corol-
lary 3 and Proposition 5.

Lemma 1. If a set D ⊆ L, satisfies D1, D3∗ and D4 then it satisfies (31).

Proof. Consider f ≥ g with g ∈ D. Then f = g + t with t ∈ T .985

Now, for every ε ∈ R∗+ there exists a λε ∈ (0, 1) such that λεg ≤ g+ ε. Thus,

given ε ∈ R∗+ and λε ∈ (0, 1), we have f + ε = λεg + (1− λε) (g+ε−λεg)+t
1−λε . Now,

g ∈ D by hypothesis and (g+ε−λεg)+t
1−λε ∈ T , so f + ε ∈ D by D1 and D3∗. This

can be repeated for every ε ∈ R∗+, hence f + ε ∈ D for all ε ∈ R∗+ that implies
that, by D4, f ∈ D.990

Lemma 2. Given a pair of finite sets (A,R) for which there exists a convex
coherent set of gambles D such that D ⊇ A and D ∩ R = ∅, then the minimal
such set is D = ch(A ∪ T ).

Proof. ch(A ∪ T ) satisfies D1 by definition and D3* [40, Theorem 6.2] and
D4, thanks to Proposition 15 in Appendix.995

Let us indicate with D(A,R), the class of convex coherent sets of gambles
D such that D ⊇ A and D ∩ R = ∅. Thanks to Lemma 1 in Appendix and
Proposition 15 in Appendix, every D ∈ D(A,R), is a convex closed set (under
the topology of Rn or equivalently under the supremum norm topology) that
contains (A ∪ T ).1000

Given the fact that ch(A ∪ T ) ⊇ A∪T and, by definition, it is the intersection
of all the closed (under the topology of Rn or equivalently under the supremum
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norm topology) and convex sets containing (A∪T ), see for example [41, Section
3.4.1], we have that ch(A ∪ T ) ⊆ D, for all D ∈ D(A,R).

But, every D ∈ D(A,R), satisfies D ∩ (R∪ F ) = ∅. Therefore, ch(A ∪ T ) ∩1005

(R∪ F ) = ∅, and hence it is also the smallest set D ∈ D(A,R). This concludes
the proof.

Lemma 3. Consider a finite set A ⊆ L. Then:

ch(A ∪ T ) = ch+(A ∪ {0}) := {g ∈ L : g ≥ f, f ∈ ch(A ∪ {0})}.

Proof. First of all, we can observe that:

ch+(A ∪ {0}) := {g ∈ L : g ≥ f, f ∈ ch(A ∪ {0})} =

=
∑
i∈I

αig
i +
∑
j∈J

γje
j =: ch(A ∪ {0}) + posi(e1, . . . , en)

with I, J finite and gi ∈ A ∪ {0}, αi, γi ∈ R+ for every i and
∑
i αi = 1, where

{ej}nj=1 is the canonical basis in Rn and posi(e1, . . . , en) is a fintely generated

cone, hence a polyhedral cone. From [42, Corollary 7.1.b], it follows that ch+(A∪1010

{0}) is a convex (closed) polyhedron. Hence ch+(A ∪ {0}) = ch+(A∪{0}). Now,
we divide the proof in two parts.
• ch(A ∪ T ) ⊆ ch+(A ∪ {0}). Notice that, thanks to the previous observa-

tion, it is sufficient to show that ch(A ∪ T ) ⊆ ch+(A ∪ {0}). So, let us
consider g ∈ ch(A ∪ T ). By definition, we have:

g =

r∑
k=1

αkg
k

with αk ∈ R+, g
k ∈ (A ∪ T ), for all k = 1, ..., r, r ≥ 1,

∑r
k=1 αk = 1. Let

us indicate with IndA\T := {k ∈ {1, ..., r} such that : gk ∈ A \ T} and

IndT := {k ∈ {1, ..., r} such that : gk ∈ T}. We then have:

g ≥
∑

k∈IndA\T

αkg
k +

∑
k∈IndT

αk0,

hence g ∈ ch+(A ∪ {0}).
• ch+(A∪{0}) ⊆ ch(A ∪ T ). By definition, ch(A ∪ T ) is a closed convex set

that contains T . Therefore, from Proposition 15 in Appendix and Lemma
1 in Appendix, we have:

ch(A ∪ {0}) ⊆ ch(A ∪ T )⇒

ch+(A ∪ {0}) ⊆ ch(A ∪ T ).

Proof (Proof of Proposition 6). Consider a pair of finite sets of gambles
(A,R) for which there exists a convex coherent set of gambles D, such that
D ⊇ A and D∩R = ∅. Then the minimal convex coherent set D which satisfies
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these conditions is ch(A ∪ T ), see Lemma 2 in Appendix. Thanks to Lemma 3
in Appendix, we know that it can be rewritten as:

ch(A ∪ T ) = ch+(A ∪ {0}), (34)

where ch+(A ∪ {0}) is a convex polyhedron. Any convex polyhedron can be
written as an intersection of hyper-spaces, whose border is a piecewise affine1015

function, see [42]. Therefore, there exists a binary piecewise affine classifier
PAC(·), such that ch(A ∪ T ) = ch+(A ∪ {0}) = {g ∈ L : PAC(g) = 1}.
Note moreover that ch(A ∪ T ) = {g ∈ L : PAC(g) = 1} ⊇ (A ∪ T ) and
ch(A ∪ T ) ∩ (R∪ F ) = {g ∈ L : PAC(g) = 1} ∩ (R∪ F ) = ∅ by hypothesis.

Vice versa, consider a piecewise affine separable pair (A ∪ T,R∪ F ), where
A and R are finite sets of gambles. Let us consider a binary piecewise affine
classifier PAC(·) ∈ PAC(A ∪ T,R∪ F ). Now, the set:

D :={g ∈ L : PAC(g) = 1} =

{g ∈ L : g>βj + αj ≥ 0, for all j = 1, ..., N},

for some 0 � βj ∈ Rn and 0 ≤ αj ∈ R for all j ∈ {1, . . . N} with at least a1020

k ∈ {1, .., N} such that αk = 0 and N ≥ 1 (constraints on βj , αj easily follow
from the fact that PAC(·) classifies T as 1 and F as −1 - see the reasoning
provided in the following Proposition 7 - ), is a convex coherent set of gambles
such that D ⊇ A and D ∩R = ∅. Indeed:
• T ⊆ D and D ∩ F = ∅, by definition, hence it satisfies D1 and D2;1025

• D satisfies D3∗. Consider g, h ∈ D. Then γg + (1 − γ)h ∈ D, for all
γ ∈ [0, 1]. Indeed,

(γg + (1− γ)h)>βj + αj =

(γg)>βj + ((1− γ)h)>βj + γαj + (1− γ)αj =

γ(g>βj + αj) + (1− γ)(h>βj + αj) ≥ 0

for all j ∈ {1, ..., N} and γ ∈ [0, 1].
• D is closed under the usual topology of Rn because it is the intersection

of a finite number of closed half-spaces hence, thanks to Proposition 15 in
Appendix, it satisfies D4;
• clearly, by the fact that PAC(·) ∈ PAC(A∪T,R∪F ), it is also true that1030

A ⊆ D and D ∩R = ∅.

Proof (Proof of Proposition 7). Consider a piecewise affine separable pair
(A∪T,R∪F ), where A and R are finite sets of gambles. Consider also a classi-
fier PAC(·) in PAC(A∪ T,R∪ F ) characterized by the coefficients {βj , αj}Nj=1

such that βj ∈ Rn, αj ∈ R for every j ∈ {1, ..., N}. If αj = βj = 0 for every1035

j ∈ {1, ..., N}, PAC(F ) = 1 that is a contradiction. Without loss of generality,
we suppose that βj 6= 0 for every j since if βk = 0 for some k ∈ {1, ..., N},
g>βk + αk = αk for every g ∈ L, hence excluding the couple {βk, αk} from the
coefficients characterizing the classifier do not change the classification.
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Clearly PAC(·) ∈ PAC(A,R). Moreover, first of all, let us suppose that1040

there exists a k such that αk < 0. Then 0>βk + αk < 0, hence PAC(0) = −1
and this is a contradiction. Therefore, αj ≥ 0 for every j ∈ {1, ..., N}.

Now, suppose there is a βk such that βk,i < 0 for some i ∈ {1, ..., n}. Then,
consider t ∈ T and ε ∈ R∗+ such that:

t(ωl) =

{
αk+ε
|βk,i| if l = i,

0 otherwise.

Then, t>βk+αk = −αk−ε+αk < 0, so PAC(t) = −1 and this is a contradiction.
Therefore βj  0 for every j ∈ {1, ..., N}.

Finally, let us suppose αj > 0 for every j ∈ {1, ..., N}. Then, consider the1045

gamble f ∈ F such that f(ωi) := − mink αk
n∗maxi,jβj,i for every i ∈ {1, .., n}. Then,

f>βj + αj ≥ −mink αk + αj ≥ 0, for every j. Hence, PAC(f) = 1 and this is
a contradiction. So, there exists at least a k ∈ {1, ..., N} such that αk = 0.

The converse immediately follows.

Proof (Proof of Corollary 6). The proof directly follows from Proposi-1050

tion 6 and Proposition 7.

Example 10. Consider a binary piecewise affine classifier PAC(·) with coef-
ficients {βj , αj}Nj=1 satisfying the constraints of Proposition 7 and Corollary 6
(∀j, βj  0, αj ≥ 0 with at least an αk = 0). From the proof of Proposition 6
and Prposition 7, it follows that {g ∈ L : PAC(g) = 1} is always a convex coher-1055

ent set of gambles. In general, however, {g ∈ L : PAC(g) = 1} is not a finitely
generated convex coherent set. Let us consider for example the case in which
{g ∈ L : PAC(g) = 1} = {g ∈ L : PLC(g) = 1} 6= T , where PLC(·) is a binary
piecewise linear classifier. Let us suppose {g ∈ L : PLC(g) = 1} = ch(A′ ∪ T ) =
ch+(A′∪{0}), where A′ is a finite set of gambles. Since {g ∈ L : PLC(g) = 1} 6=1060

T , we can suppose without loss of generality that there exists at least a gamble
g ∈ A′ such that g /∈ T , i.e., gi < 0 for some i ∈ {1, ..., n}. Let us consider
then g′ ∈ A′ having g′i = ming∈A′ gi. There exists also λ > 1 sufficiently big
such that λg′ /∈ ch(A′ ∪ {0}), but λg′ ∈ {g ∈ L : PLC(g) = 1} since the latter
set is coherent (the coefficients of PLC(·) indeed satisfy also the constraints of1065

Proposition 4). However λg′ /∈ ch+(A′ ∪ {0}) either, since λg′i < g′i ≤ fi, for
every f ∈ ch(A′ ∪ {0}).

Proof (Proof of Proposition 8). Consider a binary piecewise affine clas-
sifier PAC(·) with coefficients {βj , αj}Nj=1 and a classifier LCψ(·) of type (18)

with parameters {ω′j , β′j}Nj=1 such that β′j = ω′j =

[
βj
αj

]
for all j = 1, ..., N .

They classify gambles in the same way. Indeed, consider g ∈ L and let us define
m := min(g>β1 + α1, . . . , g

>βN + αN ). Then:

N∑
j=1

ψj(g)>
[
βj
αj

]
=

N∑
j=1

IB′j (g)(g>βj + αj) = Km
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where {B′j}Nj=1 is the partition whose elements are specified by Eq.(16) with

ω′j =

[
βj
αj

]
for every j ∈ {1, ..., N} and where 1 ≤ K ≤ N . Hence, g is classified

in the same way by the classifiers PAC(·) and LCψ(·) because m ≥ 0 ⇐⇒1070 ∑N
j=1 ψj(g)>

[
βj
αj

]
≥ 0.

Proof (Proof of Corollary 8). The proof follows immediately from Corol-
lary 6 and Proposition 8.

Lemma 4. Given a pair of finite sets (A,R) for which there exists a positive
additive coherent set of gambles D, such that D ⊇ A and D ∩ R = ∅, then the
smallest such set is:

D =↑ (A ∪ {0}) := {g ∈ L : (∃f ∈ A ∪ {0}) g ≥ f}.

Proof. ↑ (A ∪ {0}) satisfies D1, D3∗∗ and A ⊆↑ (A ∪ {0}) by construction.
Moreover, it satisfies also D4 by Proposition 15 in Appendix, because it is closed1075

under the usual topology of Rn (it is a finite union of closed sets).
Let us indicate with P(A,R), the class of positive additive coherent sets

of gambles D, such that D ⊇ A and D ∩ R = ∅. Clearly, each D ∈ P(A,R)
satisfies D ⊇↑ (A∪{0}) because, thanks to Proposition 15 in Appendix, they are
also closed under the supremum norm topology, hence under the usual topology1080

of Rn. But, every D ∈ P(A,R), satisfies also D ∩ (R ∪ F ) = ∅. Therefore,
↑ (A∪ {0}) ∩ (R∪ F ) = ∅. So, it is also the smallest positive additive coherent
set of gambles D ∈ P(A,R).

Proof (Proof of Proposition 9). Consider a pair of finite sets of gambles
(A,R) for which there exists a positive additive coherent set of gambles D, such
that D ⊇ A and D∩R = ∅. Then the minimal such set is ↑ (A∪{0}). However,
it can be rewritten as:

↑ (A ∪ {0}) = {g ∈ L : PWPC(g) = 1}

where PWPC(·) is a PWP classifier, defined as:

PWPC(g) :=

{
1 if ∃f j ∈ (A ∪ {0}) s.t. g ≥ f j ,
−1 otherwise.

Therefore, given that A ∪ T ⊆↑ (A ∪ {0}) = {g ∈ L : PWPC(g) = 1} and
↑ (A ∪ {0}) ∩ (R ∪ F ) = {g ∈ L : PWPC(g) = 1} ∩ (R ∪ F ) = ∅, we have
that (A∪ T,R∪ F ) is PWP separable. Vice versa, consider a PWP separable
pair (A∪ T,R∪ F ), where A and R are finite sets of gambles. Consider also a
classifier PWPC(·) ∈ PWPC(A ∪ T,R∪ F ). Then:

D := {g ∈ L : PWPC(g) = 1}

is, by construction, a positive additive coherent set of gambles. Indeed, it clearly
satisfies D1, D2, D3∗∗. Further, it is closed because it is a finite union of closed1085
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sets (under the usual topology of Rn) hence, by Proposition 15 in Appendix, it
satisfies D4. It satisfies also D ⊇ A and D ∩ R = ∅ by hypothesis. Moreover,
since the set of generators F of a PWP classifier is always finite, we have:
{g ∈ L : PWPC(g) = 1} =↑ (F). Therefore, D is a finitely generated positive
additive coherent set ( T ⊆ {g ∈ L : PWPC(g) = 1} so {g ∈ L : PWPC(g) =1090

1} =↑ (F ∪ {0})).

Proof (Proof of Proposition 10). Consider a PWP separable pair (A ∪
T,R ∪ F ), where A and R finite sets of gambles. Consider also a classifier
PWPC(·) ∈ PWPC(A ∪ T,R ∪ F ), characterized by the generators {f j}Nj=1

such that f j ∈ Rn for every j ∈ {1, ...N}. Clearly, PWPC(·) ∈ PWPC(A,R).1095

Moreover, let us suppose that there is a fk such that fk < 0. Consider
0 < ε < min{i∈{1,...,n}}{|fk(ωi)|}. Then f := −ε ≥ fk, so PWPC(f) = 1. But
f ∈ F , hence this is a contradiction. Therefore, for every j ∈ {1, .., N}, there
exists i ∈ {1, ..., n} such that f j(ωi) ≥ 0.

Let us suppose now that for every j ∈ {1, ...N} there exists l ∈ {1, ..., n}1100

such that f j(ωl) > 0. Consider t = 0. Then t 6≥ f j for every j ∈ {1, ..., N}.
Hence PWPC(0) = −1 and this is a contradiction. Therefore there exists at
least a fk with k ∈ {1, .., N} such that fk ≤ 0 and fk 6< 0.

The converse immediately follows.

Proof (Proof of Corollary 9). The proof directly follows from Proposi-1105

tion 9 and Proposition 10.

Proof (Proof of Proposition 11). Consider a PWP classifier PWPC(·)
with generators F = {f j}Nj=1 and a classifier LCρ(·) of type (23) with param-

eters {ωj , β′j}Nj=1 such that β′j =


1
. . .
1

−ωj1
. . .
−ωjn

 and ωj = f j for all j = 1, . . . , N .

They classify gambles in the same way. Indeed, consider g ∈ L and let us define
m := max{k∈{1,..,N}}(min{l∈{1,...,n}}(gl − fkl )). Then:

N∑
j=1

ρj(g)>β′j =

N∑
j=1

n∑
i=1

Iζj,i(g)(gi − f ji ) = KLm

where {ζj,i}{j∈{1,...,N},i∈{1,...,n}} is the partition whose elements are specified by

Eq.(21) with ωji = f ji for every i, j and where 1 ≤ L ≤ n, 1 ≤ K ≤ N . Hence,
g is classified in the same way by the classifiers PWPC(·) and LCρ(·) because

(∃f j ∈ F : g ≥ f j) ⇐⇒ m ≥ 0 ⇐⇒
∑N
j=1 ρj(g)>β′j ≥ 0.1110

Proof (Proof of Corollary 10). The proof follows immediately from Corol-
lary 9 and Proposition 11.
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Proof (Proof of Proposition 13). Consider a set D ⊆ L satisfying D1,
D2, D3∗∗, D4.

For any g ∈ L, minω∈Ω g(ω) ∈ {c ∈ R : g − c ∈ D} by D1, hence PD(g) :=1115

sup{c ∈ R : g − c ∈ D} ≥ minω∈Ω g(ω). Moreover, PD(g) ≤ maxω∈Ω g(ω),
thanks to D2.

Thus, as also observed before, for every g ∈ L, {c ∈ R : g − c ∈ D} is not
empty and bounded from above. D3∗∗, D4 and Proposition 15 in Appendix
guarantee that D is closed under the supremum norm topology, then {c ∈ R :1120

g − c ∈ D} is also a closed subset of R. Therefore, we have PD(g) = max{c ∈
R : g − c ∈ D} for every g ∈ L.

Clearly now PD(g−PD(g)) = 0 for every g ∈ L, because g−PD(g)− 0 ∈ D
for every g ∈ L, and g − PD(g)− ε /∈ D for every ε ∈ R∗+, g ∈ L.

Now, consider g, h ∈ L such that g ≥ h. Then:

{c ∈ R : h− c ∈ D} ⊆ {c ∈ R : g − c ∈ D},

because if h−c ∈ D then g−c ≥ h−c ∈ D by D3∗∗. Hence PD(g) ≥ PD(h). We1125

show that PD(g) > PD(h) if g > h after proving that PD(g + r) = PD(g) + r
for every g ∈ L and r ∈ R.

Consider g + r for some g ∈ L and r ∈ R. Then

PD(g) + r ∈ {c ∈ R : g + r − c ∈ D}.

Indeed, g+r−(PD(g)+r) = g−PD(g) ∈ D. However, g+r−(PD(g)+r+ε) =
g−PD(g)−ε /∈ D for every ε ∈ R∗+. Hence, PD(g)+r = max{c ∈ R : g+r−c ∈
D} =: PD(g + r).1130

Consider now g, h ∈ L such that g > h. There exists a δ ∈ R∗+ such that
g − δ ≥ h. Then, PD(g − δ) = PD(g)− δ ≥ PD(h). Hence PD(g) > PD(h).

We have also that PD(0) = 0. Indeed, if PD(0) = ε > 0, then PD(−ε) =
PD(0− ε) = PD(0)− ε = ε− ε = 0, by translation invariance. So, −ε ∈ F ∩D,
which is a contradiction since D satisfies D2. If instead PD(0) < 0, then 0 /∈ D,1135

which is a contradiction since D satisfies D1.
Finally, to show that PD(·) is a uniformly continuous functional with respect

to the supremum norm, we will show that:

∀ε ∈ R∗+, ∃ δ = ε such that ∀g, h ∈ L :

max
{ω∈Ω}

|g(ω)− h(ω)| < δ implies |PD(g)− PD(h)| < ε.

Consider therefore a pair of gambles g, h ∈ L such that max{ω∈Ω} |g(ω)−h(ω)| <
ε for some ε ∈ R∗+. It implies in particular that g < h+ε and h < g+ε. Therefore,
from the previous points, we have: PD(g) < PD(h)+ ε and PD(h) < PD(g)+ ε.
Hence |PD(g)− PD(h)| < ε.1140

Suppose now that D satisfies also D3∗. Consider now g, h ∈ L and γ ∈ [0, 1].
Then

γPD(g) + (1− γ)PD(h) ∈ {c ∈ R : γg + (1− γ)h− c ∈ D}.
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Indeed, γg + (1− γ)h− γPD(g)− (1− γ)PD(h) = γ(g − PD(g)) + (1− γ)(h−
PD(h)) ∈ D. Hence γPD(g) + (1− γ)PD(h) ≤ max{c ∈ R : γg+ (1− γ)h− c ∈
D} =: PD(γg + (1− γ)h).

The other properties follow from [5].
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