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Abstract

In recent works, we have shown how to construct an information algebra of
coherent sets of gambles, considering firstly a particular model to represent
questions, called the multivariate model, and then generalizing it. Here we
further extend the construction made to the highest level of generality, setting
up an associated information algebra of coherent lower previsions, analyzing
the connection of both the information algebras constructed with an instance of
set algebras and, finally, establishing and inspecting a version of the marginal
problem in this framework.

Set algebras are particularly important information algebras since they are
their prototypical structures. They also represent the algebraic counterparts of
classical propositional logic. As a consequence, this paper details as well how
propositional logic is naturally embedded into the theory of imprecise probabil-
ities.

Keywords: Desirability, Information algebras, Order theory, Imprecise
probabilities, Coherence.

1. Introduction and Overview

While analysing the marginal problem, i.e., the problem of checking the
compatibility of a number of marginal assessments with a global model, in the
framework of desirability, Miranda and Zaffalon [1] have remarked that their
main results could also be obtained using the theory of information algebras5

[2, 3, 4]. This observation has been taken up and deepened in some of our recent
works [5, 6, 7]: we have shown that the founding properties of desirability can
in fact be abstracted into properties of information algebras. Stated differently,
coherent sets of gambles induce an information algebra.

Desirability, or the theory of coherent sets of gambles, is a very general the-10

ory of uncertainty introduced by Peter Williams in 1975 as a generalization of
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de Finetti’s theory [8, 9, 10]. It provides, in particular, a very general setting
for analysing issues of compatibility, since it allows us to work with any possi-
bility space, unrestricted domains and imprecise probabilities. Coherent sets of
gambles, indeed, encompass probabilistic models for a possibility space Ω made15

of lower and upper expectation, respectively called coherent lower and coherent
upper previsions. This, in particular, gives us also the possibility to interpret
them as pieces of information about Ω. This is the interpretation that allows
us to construct information algebras of coherent sets of gambles in [5, 6, 7].

Information algebras, in fact, are algebraic structures composed by ‘pieces20

of information’ that can be manipulated by operations of combination, to aggre-
gate them, and extraction, to extract information regarding a specific question.
Initially introduced as axiomatic systems to generalize the local computation
schemes for probabilities proposed by Lauritzen and Spiegelhalter [11], they
develop as generic mathematical structures to manage information in [2].25

In [5], we construct an information algebra of coherent sets of gambles consid-
ering a particular model to represent questions of interest called the multivariate
model. We then generalize it in [6, 7]. Here, we broaden the discussion started in
[6, 7], introducing an information algebra of coherent lower previsions, analysing
the marginal problem at this level of generality, constructing an information al-30

gebra of subsets of Ω and, finally, showing that this latter information algebra
can be embedded both in the information algebra of coherent sets of gambles
and in the one of coherent lower previsions. The aforementioned information
algebra of subsets of Ω is, in particular, an instance of set algebras, i.e., infor-
mation algebras where pieces of information are represented in the simplest way35

as sets of answers to questions of interest, manipulable by usual set operations.
Since set algebras are algebraic counterparts of classical propositional logic,

the results of this paper detail as well how the latter is formally part of the
theory of imprecise probabilities [9]. We refer also to [12] for another aspect of
this issue.40

The paper is structured as follows. We recall the main concepts of desir-
ability and information algebras, respectively in Section 2 and Section 3. In
particular, in the sub-section 3.5, we provide a general procedure to construct
set algebras of subsets of a universal set U , considering the definition of infor-
mation algebra given in our context. This method was already introduced in45

the draft work [4], however, we proceed in a more direct way considering an
alternative definition of information algebra which, in particular, is proven to
be equivalent to the one given in [4]. In Section 4, we recall the construction
of an information algebra of coherent sets of gambles. In Section 5, we set up
an associated information algebra of coherent lower previsions. In Section 6,50

we show existing links between the two information algebras of coherent sets
of gambles and of coherent lower previsions constructed, with a set algebra of
subsets of Ω, obtained using the procedure illustrated in Section 3.5. Finally,
in Section 7, we treat a version of the marginal problem both for coherent sets
of gambles and for coherent lower previsions in this context. Appendix A and55

Appendix B give some technical results and properties needed to obtain the
results shown in the paper. Appendix C treats instead the particular case of
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information algebras with multivariate models for questions. Finally, Appendix
D is totally devoted to the comparison of the results found in [5] about the
marginal problem and the ones found in Section 7.60

2. Desirability

Here we recall the necessary notation and basic definitions from desirability
theory already introduced in [5, 6, 7]. For additional comments about it, we
refer to [9, 10, 13]. For results of order theory, we refer instead to [14].

2.1. Coherent sets of gambles65

Let us consider a non-empty set Ω of possible mutually exclusive outcomes of
an experiment. We call it possibility space and we let its cardinality be general,
so Ω can be infinite. In this context we give the concept of gamble.

Definition 1 (Gamble). Given a possibility space Ω, a gamble on Ω is a
bounded real-valued function f : Ω → R.70

A gamble is usually interpreted as an uncertain reward in a linear utility scale.
A subject might desire a gamble or not depending on the information they have
about the experiment whose possible outcomes are the elements of Ω.

In what follows we use, in particular, the following notation. We denote
with L(Ω) the set of all gambles defined on Ω. We also denote with L+(Ω) :=75

{f ∈ L(Ω) : f ≥ 0, f 6= 0}, the set of non-vanishing, non-negative gambles.
We simplify the notation whenever possible by omitting the possibility space Ω.
Thus, we shall write L, L+ in place respectively of L(Ω), L+(Ω).

A rational agent should always be disposed to accept gambles in L+, because
they can always increase their wealth without the risk of decreasing it. Moreover,80

as a consequence of the linearity of the utility scale, an agent that is willing to
accept f, g ∈ L should always be disposed to accept λf +µg for every λ, µ > 0.
More generally, we can consider the notion of a coherent set of desirable gambles,
also called coherent set of gambles for simplicity.

Definition 2 (Coherence for sets of gambles). We say that a subset D of85

L is a coherent set of desirable gambles, or more simply a coherent set of gambles,
if and only if D satisfies the following properties:

D1. L+ ⊆ D [Accepting Partial Gains],

D2. 0 /∈ D [Avoiding Null Gain],

D3. f, g ∈ D ⇒ f + g ∈ D [Additivity],90

D4. f ∈ D, λ > 0⇒ λf ∈ D [Positive Homogeneity].

In what follows let C(Ω) := {D ⊆ L(Ω) : D is coherent}, or simply C, denote
the set of all the coherent sets of gambles. This definition leads to the concept
of natural extension.
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Definition 3 (Natural extension for sets of gambles). Given a set K ⊆
L, we call E(K) := posi(K ∪ L+), where

posi(K′) :=


r∑
j=1

λjfj : fj ∈ K′, λj > 0, r ≥ 1


for every set K′ ⊆ L, its natural extension.95

The natural extension of a set of gambles K ⊆ L, E(K), is coherent if and only
if 0 6∈ E(K). In this case, it is the smallest coherent set containing K.

E(K) =
⋂
{D′ ∈ C : K ⊆ D′}.

Sets of gambles form, in particular, a partially ordered set with respect to
inclusion (P(L),⊆).1 The natural extension operator is a closure or consequence
operator on this poset (P(L),⊆), see [14].100

Coherent sets are also closed under intersection. In particular, by standard
order theory [14], (C,⊆) induces a meet-semilattice where meet is the intersec-
tion. When a family of coherent sets of gambles {Dj}j∈J , where J is an index
set, have an upper bound among coherent sets, we can also define its join as
follows:105 ∨

j∈J
Dj :=

⋂
{D′ ∈ C :

⋃
j∈J
Dj ⊆ D′}.

So, if E(
⋃
j∈J Dj) is coherent, we have:∨

j∈J
Dj = E(

⋃
j∈J
Dj).

To obtain a complete lattice, we need to add L(Ω) to C(Ω). We denote the
resulting set with Φ(Ω) := C(Ω)∪{L(Ω)}. In what follows we can simply refer
to it with Φ when there is no possible ambiguity. In particular, (Φ,⊆) induces
a complete lattice, where meet is intersection and join is defined for any family110

of sets {Dj}j∈J with Dj ∈ Φ for every j ∈ J , as:∨
j∈J
Dj :=

⋂
{D′ ∈ Φ :

⋃
j∈J
Dj ⊆ D′}.

Starting from this definition of join, we can construct another closure operator
on (P(L),⊆) similar to the natural extension operator:

(∀K ⊆ L) C(K) :=
⋂
{D′ ∈ Φ : K ⊆ D′}. (1)

Notice that, given K ⊆ L:

1We indicate with P(L) the power-set of L.
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• if 0 /∈ E(K), C(K) = E(K);115

• if 0 ∈ E(K), C(K) = L while it is possible to have E(K) 6= L.2

We refer to [12] for a similar order-theoretic view of desirability.
The most informative cases of coherent sets of gambles, i.e., coherent sets

that are not proper subsets of other coherent sets, are called maximal.

Proposition 1 (Maximal set of gambles). A coherent set of gambles D ⊆
L is maximal if and only if

(∀f ∈ L \ {0}) f /∈ D ⇒ −f ∈ D.

We denote maximal sets of gambles with M to differentiate them from the120

general case of coherent sets.
Coherent sets of gambles encompass also a probabilistic model for Ω that

will be discussed in detail in the next sub-section. To this aim, we introduce
here a slightly modification of the concept of coherent set of gambles whose
importance will become clear later on.125

Definition 4 (Strictly desirable set of gambles). A coherent set of gam-
bles D is said to be strictly desirable if and only if it satisfies (∀f ∈ D\L+)(∃δ >
0) f − δ ∈ D.

We use the notation D+ for strictly desirable sets of gambles. Strictly desirable
sets form a subfamily of coherent ones. In what follows we indicate with C+(Ω)130

or C+, the set of all strictly desirable sets of gambles. Moreover, from it, we
can define Φ+(Ω) := C+(Ω) ∪ {L(Ω)} that we also denote with Φ+.

2.2. Lower previsions, upper previsions and credal sets

Coherent and, in particular, strictly desirable sets of gambles have a tight
connection with probability theory. In particular from each of these sets it135

is possible to construct a coherent lower and a coherent upper prevision, cor-
responding respectively to a lower and an upper expectation operator, which
generalise de Finetti’s work on subjective probabilities to the imprecise case.

A lower prevision P is a function with values in R ∪ {+∞} defined on
some class of gambles dom(P ) called the domain of P .3 However, it is also140

possible to interpret each of its values P (f), with f ∈ dom(P ), as the supremum
buying price that a subject, characterized by a set K of desirable gambles, is
willing to spend for the gamble f . Analogously, each value of an upper prevision
P : dom(P ) → R ∪ {−∞} can be interpreted as the infimum selling price that
an agent is disposed to set for a gamble f ∈ dom(P ).145

2For example, if K is a coherent set of almost desirable gambles [13]: 0 ∈ E(K) 6= L.
3 Usually lower previsions are functions with values in R. We consider here an extended

version of this concept.
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Definition 5 (Lower and upper prevision). Given a non-empty setK ⊆ L,
we can associate to it a lower prevision (operator) P : dom(P ) → R ∪ {+∞},
defined as

P (f) := sup{µ ∈ R : f − µ ∈ K} (2)

for every f ∈ dom(P ), and an upper prevision (operator) P : dom(P ) → R ∪
{−∞} defined as150

P (f) := −P (−f) (3)

for every f ∈ dom(P ), where dom(P ), dom(P ) = −dom(P ) ⊆ L.

So, dom(P ) is constituted by all the gambles f for which {µ ∈ R : f − µ ∈ K}
is non-empty and dom(P ) = −dom(P ).

Since upper previsions can be defined in terms of lower ones, in what follows
we concentrate only on lower previsions.155

In the definition above we have not made explicit the dependence on K.
However, when it is important to indicate it, we can also see P as the outcome
of a function σ applied to a set of gambles K and write P = σ(K). We can also
denote the set of gambles for which P is defined as dom(σ(K)).

If K ⊆ L is a coherent set of gambles, its associated lower prevision is called160

coherent, its domain is the whole L, see Lemma 7 in Appendix A, and it is
characterized by the following properties. For every f, g ∈ L:

1. P (f) ≥ infω∈Ω f(ω),

2. P (λf) = λP (f), ∀λ > 0,

3. P (f + g) ≥ P (f) + P (g).165

In what follows we denote the set of all the coherent lower previsions as P(Ω)
or P. There is a one-to-one correspondence between coherent lower previsions
and strictly desirable sets of gambles. Starting from a coherent lower prevision
P , i.e., a lower prevision P satisfying the properties above, the set:

D+ := τ(P ) := {f ∈ L : P (f) > 0} ∪ L+, (4)

is strictly desirable and moreover induces P through Eq. (2). Vice versa, start-
ing from a strictly desirable set D+, σ(D+) is coherent and induces again D+

through Eq. (4). We can see therefore the map τ : P → C+ introduced in Eq.
(4) as the inverse of σ restricted to strictly desirable sets. These considerations
cannot be extended to arbitrary coherent sets of gambles. Several different co-
herent sets of gambles D may induce, in fact, the same coherent lower prevision
P by means of Eq. (2). All of them induce in turn the same strictly desirable
set of gambles D+ := τ(σ(D)), which can also be recovered directly from each
D by:

D+ = L+ ∪ {f ∈ L : (∃δ > 0) f − δ ∈ D}. (5)
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This set corresponds in particular to the relative interior of D in the sup-norm
topology of the linear space L, plus the non-negative non-zero gambles [9].
Moreover, we have σ(D+) = σ(D), see again [9]. While a coherent set of gambles
D represents the set of ‘really desirable’ gambles, the induced strictly desirable
set of gambles D+ := τ(σ(D)) corresponds to the gambles strictly desirable, i.e.,170

gambles f such that f ∈ L+ or there exists δ > 0 such that f − δ ∈ D.
An important class of coherent lower previsions are the linear ones.

Definition 6. Consider a coherent lower prevision P . Consider also its associ-
ated upper prevision P , constructed from P through Eq.(3). If P (f) = P (f) for
some f ∈ L, we call the common value the prevision of f and we denote it by175

P (f). If this happens for all f ∈ L, we call the functional P a linear prevision.

So, in particular, a linear prevision is a linear functional on L. In what follows,
we denote the set of all the linear previsions as P(Ω) or P.

Coherent lower and upper previsions are particularly important because they
are respectively lower and upper expectation operators calculated with respect
to a set of finitely additive probabilities [9]. Indeed, every coherent lower previ-
sion P is the lower envelope of its set of dominating linear previsions:

(∀f ∈ L) P (f) = min{P (f) : P ∈M(P )} (6)

where:
M(P ) := {P ∈ P : (∀f ∈ L) P (f) ≥ P (f)}, (7)

which turns out to be non-empty, convex and closed under the weak* topology
[9]. Additionally, every linear prevision corresponds to an expectation operator180

calculated with respect to a finitely additive probability, which in turn can be
obtained by making the restriction of the linear prevision to indicators of events
[9]. It is possible therefore to interpret M(P ) also as a set of probabilities (a
so-called credal set). If P is in particular linear, M(P ) = {P}.

On lower previsions it is also possible to introduce a partial order relation.185

Definition 7. Given two (not necessarily coherent) lower previsions P ,Q de-
fined respectively on dom(P ), dom(Q) ⊆ L, we say that Q dominates P , if and
only if dom(P ) ⊆ dom(Q) and P (f) ≤ Q(f) for all f ∈ dom(P ).

Starting from this order relation it is possible to introduce, also for lower
previsions, a natural extension operator E. Similarly to coherent sets of gambles,
given a lower prevision P , if E(P ) is coherent, it corresponds to the minimal
coherent lower prevision dominating P :

(∀f ∈ L) E(P )(f) = min{P ′ ∈ P : P ≤ P ′}(f).

Here however, as for sets of gambles, we consider a slightly different operator E∗

having for lower previsions the same role of the operator C for sets of gambles.190

So, it coincides with E when it results in a coherent lower prevision, i.e., when
it is applied to a lower prevision for which there exists at least a coherent
lower prevision dominating it, and otherwise it corresponds to σ(L), where
σ(L)(f) := +∞ for every gamble f ∈ L.
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Definition 8. Given a lower prevision P defined on a domain dom(P ) ⊆ L, we195

define

E∗(P ) :=

{
E(P ) if ∃P ′ ∈ P : P ≤ P ′,
σ(L) otherwise.

In view of Section 5, again similarly to sets of gambles, it is convenient to
consider Φ(Ω) := P(Ω) ∪ {σ(L(Ω))}, which we sometimes abbreviate to Φ if
there is no possible ambiguity.

In Appendix A, for the sake of convenience, we collected some other com-200

plementary results preliminary to the rest of the work, already presented in
[5].

We can now provide an example to clarify some of the notions above and
show the variety of possibilities the tools presented in this section offer to an
agent for expressing their opinions about a possibility space.205

Example 1. You and two of your friends, Alice and Bob, decide to plan an
holiday in a beautiful hotel on a little island. Shortly after your arrival a murder
is committed.

The three of you have always been together and none of you can be the
murderer. Moreover, no one is arrived or is gone from the island. The list of210

the suspected people boils down to seven persons Ω′ = {a,b,c,d,e,f,g}. In the
following list are summarized the preliminary information you and your friend
have about the sex, the aspect and the possible crime motive of the suspects:

• subject a: male, blond short hair, economic motive;

• subject b: male, brown long hair, motive of passion;215

• subject c: female, blond long hair, economic motive;

• subject d: female, blond long hair, economic motive;

• subject e: female, red long hair, motive of passion;

• subject f: male, blond short hair, economic motive;

• subject g: male, red short hair, motive of passion.220

From now on, you and your friends decide to investigate separately. In partic-
ular:

• you found some footprints near the victim that cannot be left before or
after the crime and that do not belong to the victim. From their size, you
conclude that they must definitely belong to a man. You think therefore
that the murderer has to be a,b,f or g but you are completely unsure about
who the murderer is among them. Your beliefs can then be modeled by
the coherent lower prevision P 1, defined as:

P 1(f) := min
ω′∈{a,b,f,g}

f(ω′),
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for every f ∈ L. Indeed, it corresponds to the credal set composed by
all the probability distributions on Ω′ that assign probability zero to the
events {c}, {d}, {e};225

• your first friend, Alice, collects information on the crime motive. Given
the modalities of the crime, she thinks a motive of passion is more (or at
least equal) probable than an economic one. Her beliefs therefore, can be
modeled by the coherent set of gambles:

D2 := E({I{b,e,g} − I{a,c,d,f}}) = posi({I{b,e,g} − I{a,c,d,f}} ∪ L+),

where I{b,e,g} and I{a,c,d,f} are the indicator functions respectively on
{b,e,g} and {a,c,d,f}. It is the minimal coherent set of gambles that can
be constructed from K := {I{b,e,g}−I{a,c,d,f}} trough the natural extension
operator, see Definition 3. Moreover it is associated, through its related
coherent lower prevision, to the credal set composed by all the probability230

distributions that assign a probability to the event {b,e,g}, greater (or
equal) than the one of its complementary;

• your second friend, Bob, found a long brown hair on the crime scene. It
cannot be left there before or after the crime and it does not belong to
the victim. He is then sure that the murderer is the subject b. His beliefs
can be modeled by the linear prevision P3 defined as:

P3(f) = f(b),

for every f ∈ L. Indeed, it corresponds to the credal set composed by the
probability distribution that assigns probability one to the option b.

3. Information algebras235

We give here a short introduction of information algebras theory. We refer
to [2],[3] and the draft work [4] for a much more complete treatment of the
subject.

Information algebras are algebraic structures describing basic modes of in-
formation processing. They involve several formalisms in computer science, such240

as relational databases, multiple systems of formal logic, numerical problems of
linear algebra and so on.

The basic idea behind information algebras is that, essentially, in many dif-
ferent formalisms to manage information, information comes in pieces that refer
to different questions of interest. These pieces can then be aggregated together245

or the part relative to specific questions can be extracted. This leads to an al-
gebraic structure capturing these aspects, composed by ‘pieces of information’
that can be manipulated by essentially two basic operations: combination to
aggregate them and extraction to extract part of the information related to
specific questions.250

The first idea of a generic structure to manage information can be found in
[15], where it is introduced an abstract axiomatic system to generalise the local
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computation scheme for probabilities proposed in [11]. In [2], after realizing that
many formalisms in computer science are essentially instances of this axiomatic
system, a slightly different version of this system is developed and it is explicitly255

formulated as a generic structure for inference.
In [2], and in our initial work [5], questions are represented as sets of logi-

cally independent variables meaning that for each question, the set of its possible
answers is represented as the Cartesian product of the sets of possible values
(possibility spaces) of the variables involved (multivariate model). In [3] and in260

the draft work [4], the structure of questions is further generalized considering
semilattices of domains. In our works [6, 7], we generalize [5] and we assumed
a definition of information algebra equivalent to the most general one presented
in the draft work [4]. To avoid working with too abstract structures however,
we only focused on a particular class of semilattices of questions that are semi-265

lattices of partitions of a universal set U (partitive models). This is the model
for questions considered also in the present work.

Given their definitions, multivariate models can be regarded as particular
cases of partitive models where the universal set U corresponds to a Cartesian
product of other possibility spaces, see Appendix C. In this case we say that U270

is a multivariate space.
Modeling questions as more general partitions allowed us to manage them

more efficiently. The free use of Cartesian products made by multivariate models
can cause indeed a proliferation of notation, see Example 2. General partitions
avoid this problem assuming a set U not necessarily multivariate and already275

detailed enough to take into account all the possible answers to questions we
want to consider in a particular problem. Additionally, modelling questions by
partitions opens new possibilities. For instance, diagnostic trees and, more gen-
erally, dependent variables constrained by given relations among them can be
modeled by partitions, see [16] for details. In the context of imprecise probabil-280

ities moreover, the use of partitive models allow us to be as general as Walley
[9], since it permits us to work directly with any possibility space. It allows us
also to differentiate between impossible events and events with zero probability,
see the following Section 4 and Section 5.

To conclude, we also recall that there exist two equivalent formulations of285

information algebras: the labeled and the domain-free one. The main differ-
ence is that in labeled information algebras, pieces of information are explicitly
linked to the questions they refer while in the domain-free ones they are treated
as abstract entities, unrelated to particular questions. The labeled form is in
general more convenient for computational considerations while the domain-free290

one is more suitable for theoretical issues. In this work, we limit ourselves to
the domain-free formulation leaving the labeled one for future considerations.

In the rest of the section, we recall the definition of domain-free information
algebra used in our works [6, 7], already introduced in an equivalent form in the
draft work [4], and some concepts related. As previously noticed, this definition295

of information algebra involves questions more general than partitions. At the
end of the section however, we point out how information algebras modeling
questions as partitions constitute an important instance of these more general
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models.

3.1. Domain-free information algebras300

In what follows we denote with Φ, the set whose elements are considered
to represent pieces of information, which in turn are denoted with lower case
Greek letters.

As model for questions, we consider instead a quasi-separoid (Q,∨,⊥).
Quasi-separoids (Q,∨,⊥), also denoted with the term q-separoids, are tuples305

composed by a join-semilattice (Q,∨), whose elements are indicated with lower
case letters x,y, z..., and a three-place relation ⊥ satisfying the following con-
ditions:

C1 x⊥y|y, for any x,y ∈ Q;

C2 x⊥y|z implies y⊥x|z, for any x,y, z ∈ Q;310

C3 x⊥y|z and w ≤ y imply x⊥w|z, for any x,y,w, z ∈ Q;

C4 x⊥y|z implies x⊥y ∨ z|z, for any x,y, z ∈ Q.

These properties abstract away the ones satisfied by a logical conditional inde-
pendence relation. They are required to express the idea that, if x⊥y|z, only the
part relative to z of an information relative to x is relevant as an information315

relative to y, and vice versa.
Usually, in literature, two additional conditions are assumed for a relation

of conditional independence [17]:

C5 x⊥y|z and w ≤ y imply x⊥y|z ∨w, for any x,y,w, z ∈ Q;

C6 x⊥y|z and x⊥w|y ∨ z imply x⊥y ∨w|z for any x,y,w, z ∈ Q;320

in this case we obtain a separoid (Q,∨,⊥).
In [4], systems of questions are assumed only to form q-separoids. This

is because three-place relations satisfying properties C1 to C4 are sufficient
to generate conditional independence structures allowing for local computation
schemes. Join semilattices are instead required because, with the order relation325

they subsume, they allow us to compare questions by their granularity and, given
two questions x,y ∈ Q, they allow us to work with their combined question
x ∨ y.

Partitions provide a very intuitive example of q-separoid. We focus on them
in the following subsection 3.4.330

Now, we are ready to give the formal definition of domain-free information
algebra used in what follows.

Definition 9 (Domain-free information algebra). A domain-free informa-
tion algebra is a two-sorted structure (Φ,Q,∨,⊥, ·,0,1, ε), where:

• (Φ, ·,0,1) is a commutative semigroup with · : Φ × Φ → Φ, where335

·((φ,ψ)) is denoted by φ · ψ for each (φ,ψ) ∈ Φ×Φ, and with 0 and 1
as the null and the unit elements respectively,
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• (Q,∨,⊥) is a q-separoid,

• ε : Φ × Q → Φ, where ε((φ,x)) is denoted by εx(φ) for each (φ,x) ∈
Φ×Q,340

satisfying moreover the following properties:

1. Existential Quantifier: For any x ∈ Q, φ1,φ2,φ ∈ Φ:

(a) εx(0) = 0,

(b) εx(φ) · φ = φ,

(c) εx(εx(φ1) · φ2) = εx(φ1) · εx(φ2).345

2. Extraction: For any x,y, z ∈ Q, φ ∈ Φ, such that x ∨ z⊥y ∨ z|z and
εx(φ) = φ, we have: εy∨z(φ) = εy∨z(εz(φ)).

3. Support: For any φ ∈ Φ there is an x ∈ Q so that εx(φ) = φ, i.e., a
support of φ [6], and whenever εx(φ) = φ, then εy(φ) = φ for every
y ≥ x, y ∈ Q.350

Note that, by Existential Quantifier we also have εx(1) = εx(1) · 1 = 1.
In what follows, when we do not need to specify every element of a domain-

free information algebra, it is sufficient to refer to it with the set of its pieces of
information Φ.

The first binary operation · defined on Φ is called combination. For every355

pair of pieces of information φ,ψ ∈ Φ, φ·ψ represents the information obtained
aggregating φ and ψ. (Φ, ·,0,1) is then required to be a commutative semi-
group in order to mimick the intuitive properties of aggregation of information.
The null element represents contradiction, hence combined with any piece of in-
formation it generates again contradiction. The unit element instead represents360

vacuous information that combined with any piece of information does not add
new information.

The second binary operation ε is called Extraction. Given a piece of infor-
mation φ and a question x ∈ Q, εx(φ) represents the information regarding the
question x extracted from the piece of information φ. If x ∈ Q is in particular365

a support of φ, i.e., if εx(φ) = φ, it means essentially that φ is an information
about the question x.

The intuition behind the other axioms is the following. Property (c) of
Existential Quantifier is fundamental for local computation, as noted by [15],
see also [4, 5]. Property (a) of Existential Quantifier says that extraction from370

the contradiction still gives contradiction. Property (b) says that combining
a piece of information with part of it gives nothing new. It has important
consequences, especially, it allows to introduce an information order among
pieces of information, see next sections. Extraction is again useful for local
computation schemes. Finally, Support is necessary to construct an equivalent375

labeled version of a domain-free information algebra, see [2, 4].
Some consequences of the axioms above, useful in what follows, are shown

in Appendix B. In particular, we introduce Theorem 9 in Appendix B, which
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proves that the axiomatic system introduced in this section coincides with the
one introduced in [4]. We use this alternative formulation because it is closer380

to the one introduced in our initial work [5], where questions are modeled using
multivariate models, and allows a simpler construction of set algebras, as shown
in Section 3.5. In Section 3.4 we treat the sub-case of domain-free information
algebras with questions modeled as q-separoids of partitions.

3.2. Information algebras homomorphisms and subalgebras385

In what follows, we are interested in homomorphisms between domain-free
information algebras. As seen in the previous section, a domain-free information
algebra is a two-sorted structure consisting of a commutative semigroup with a
null and a unit element and a q-separoid, with a further extraction operation.
A homomorphism therefore, should preserve all the operations and relations390

defined on the structure.
For the aims of this article however, we introduce only the definition of

homomorphism for domain-free information algebras constructed considering
the same q-separoid of questions and assuming that each question is mapped to
itself. More general definitions can be considered in other situations [3].395

Definition 10 ((Domain-free) information algebras homomorphism).
Let (Φ,Q,∨,⊥, ·,0,1, ε) and (Φ′,Q,∨,⊥, ·′,0′,1′, ε′) be two domain-free infor-
mation algebras. A mapping f : Φ → Φ′ is called a (domain-free) information
algebras homomorphism if:

1. f(φ ·ψ) = f(φ) ·′ f(ψ), for every φ,ψ ∈ Φ;400

2. f(0) = 0′ and f(1) = 1′;

3. f(εx(φ)) = ε′x(f(φ)), for all φ ∈ Φ and x ∈ Q.

If f is one-to-one, it is a (domain-free) information algebras embedding and
the information algebra Φ is said to be embedded into the information algebra
Φ′; if f is bijective, it is a (domain-free) information algebras isomorphism and405

the two structures are called isomorphic.
Another concept used later on is the notion of substructure or subalgebra.

Again, we consider only the case in which the set of questions is the same for
an information algebra and for its information subalgebra. In this context, an
information subalgebra Φ′ of an information algebra Φ is essentially another410

information algebra where the pieces of information constitute a subset of the
pieces of information of Φ and the operations are the same of Φ.

Definition 11 ((Domain-free) information subalgebra). Let (Φ,Q,∨,⊥
, ·,0,1, ε) be a domain-free information algebra. Let us consider a set Φ′. If:

1. Φ′ ⊆ Φ,415

2. φ′,ψ′ ∈ Φ′ implies φ′ ·ψ′ ∈ Φ′,

3. 0,1 ∈ Φ′,

13



4. φ′ ∈ Φ′,x ∈ Q implies εx(φ′) ∈ Φ′,

then the structure (Φ′,Q,∨,⊥, ·,0,1, ε) is a domain-free information algebra
and it is said to be a (domain-free) information subalgebra of Φ.420

3.3. Information order and Atoms

Information can be more or less precise. This is reflected by a partial order
relation among pieces of information, called information order.

Definition 12 (Information order). Consider a domain-free information al-
gebra (Φ,Q,∨,⊥, ·,0,1, ε). Given φ,ψ ∈ Φ we say that φ ≤ ψ if and only if425

φ ·ψ = ψ.

This is a partial order with the vacuous information 1 as least and the con-
tradiction 0 as greatest elements. Its definition strongly depends on the item
(b) of Existential Quantifier axiom defining a domain-free information algebra.
It implies in particular that a piece of information ψ is more informative than430

another piece of information φ, if and only if adding φ gives nothing new. In
Appendix B, a list of properties deriving from this definition are provided.

In some information algebras there exist also maximal elements with respect
to this order.

Definition 13 (Atoms). Given a domain-free information algebra (Φ,Q,∨,⊥435

, ·,0,1, ε), an element α ∈ Φ is called an atom (of Φ) if and only if

• α 6= 0,

• for all φ ∈ Φ, α ≤ φ implies either φ = α or φ = 0.

Since 0 does not represent information, if they are present, atoms are the max-
imal informative elements of a domain-free information algebra, i.e., maximal440

with respect to the information order. Again, elementary properties of atoms
can be found in Appendix B.

Denote with At(Φ) the set of all atoms of a domain-free information algebra
Φ. Let us define also, for every element φ ∈ Φ,

At(φ) := {α ∈ At(Φ) : φ ≤ α}. (8)

This motivates the following definitions.

Definition 14 (Atomic information algebras). 1. A domain-free infor-
mation algebra (Φ,Q,∨,⊥, ·,0,1, ε) is called atomic, if and only if for all445

φ ∈ Φ, φ 6= 0, At(φ) is non-empty.

2. It is called atomistic or atomic composed, if and only if it is atomic and if
for all φ ∈ Φ, φ 6= 0,

φ =
∧
At(φ).
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3.4. Example of q-separoids: Partitions

Consider a universal set U , it can be any non-empty set. Questions about
U can directly be modeled listing their possible answers, i.e., questions can
be modeled as partitions Px of U with x in some index set QU , whose blocks450

represent worlds u ∈ U where Px has the same answer. Partitions can also
be equivalently expressed with equivalence relations ≡x on U : given u, u′ ∈ U ,
u ≡x u′ if and only if u, u are in the same block of partition Px. For simplicity, in
what follows, we identify partitions and equivalence relations with their indexes
x ∈ QU . In the special case where the questions of interest cover all the possible455

partitions of U , we denote QU as TU .
Questions modeled in this way can be ordered with respect to granularity:

x ≤ y if and only if y is finer than x, i.e., for every u, u′ ∈ U , u ≡y u′ implies
u ≡x u′ or, equivalently, block [u]y of partition Py is contained in some block
[u]x of partition Px.4460

The set of all the partitions of U , Px with x ∈ TU , with this order relation
induces a lattice [18]. In this lattice, the join of two partitions Px,Py corre-
sponds to the partition obtained as the non-empty intersections of blocks of Px
with blocks of Py. We indicate it with x∨y. Hence, (TU ,∨), where ∨ is the join
operation defined above, is a join-semilattice. The definition of meet instead is465

somewhat involved [18].
We can also define a conditional independence relation on partitions which,

in particular for n = 2, satisfies properties C1 to C4 listed at the beginning of
this section. For a proof of this fact see [4].5

Definition 15 (Conditionally Independent Partitions). Consider a finite
set of partitions of U , P1, . . .Pn , and a block B of another partition P of U
(contained or not in the list P1, . . . ,Pn), then define for n ≥ 1,

RB(P1, . . . ,Pn) := {(B1, . . . , Bn) : Bi ∈ Pi,∩ni=1Bi ∩B 6= ∅}.

We call P1, . . . ,Pn conditionally independent given P, if and only if for all blocks470

B of P, RB(P1, . . . ,Pn) = RB(P1)× · · · ×RB(Pn).

Px,Py are conditionally independent given Pz if and only if, for every answer Bz
to the question Pz, knowing also an answer to Px (or Py) compatible with Bz,
does not give us additional information regarding the answer to Py (respectively
Px), except that it must be again compatible with Bz. This is true if and only475

if for every Bx ∈ Px, By ∈ Py, Bz ∈ Pz such that Bx ∩Bz 6= ∅ and By ∩Bz 6= ∅,
we have Bx ∩By ∩Bz 6= ∅. In this case we write x⊥y|z. We may also say that
x⊥y|z if and only if u ≡z u′ implies the existence of an element u′′ ∈ U such
that u ≡x∨z u′′ and u′ ≡y∨z u′′. Analogous considerations can be made for
more than two partitions conditionally independent given another one.480

4In the literature usually the inverse order between partitions is considered. However, this
order better corresponds to our natural order of questions by granularity.

5In [16] the same relation among partitions is introduced but it is denoted with the term
qualitative conditional independence relation.
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Given the above considerations, we can conclude that (TU ,∨) with the con-
ditional independence relation ⊥ defined above forms a q-separoid (TU ,∨,⊥). It
is possible to show that also every join-subsemilattice (QU ,∨) of (TU ,∨) induces
a q-separoid (QU ,∨,⊥), where ⊥ corresponds again to the conditional indepen-
dence relation among partitions [4, Theorem 2.6]. In this case, for simplicity,485

we call (QU ,∨,⊥) a sub-q-separoid of (TU ,∨,⊥).
As previously noticed, multivariate models form a particular instance of q-

separoids of partitions. In Appendix C, they are briefly introduced.

Example 2. Let us consider again Ω′ of the previous example and the following
partitions of U = Ω′:

Psex := {{a,b,f,g}, {c,d,e}},

Pmotive := {{a,c,d,f}, {b,e,g}},

Phair colour := {{a,c,d,f}, {b}, {e,g}},

Phairstyle := {{a,f}, {b}, {c,d}, {e}, {g}}.

They respectively divide the space of the suspects, Ω′, according to the possible
answers to the questions: ‘what is the sex of the murderer?’, ‘what is their490

motive?’, ‘what is their hair colour?’,‘what is their hairstyle (i.e., colour and
length of the hair)?’.

It is possible to notice that Phairstyle is a refinement of Phair colour. There-
fore, Phair colour ≤ Phairstyle.

We can observe moreover that Psex⊥Pmotive|Phairstyle. Intuitively, this495

means that assuming the murderer has a certain hairstyle, knowing their sex
compatible to the hairstyle does not give us any additional information about
the motive, except that it must be again compatible with the hairstyle and vice
versa.

If we had wanted to adopt instead a multivariate model for the same ques-500

tions, we could have proceeded in a very natural way by introducing the follow-
ing variables:

• X1: representing the gender of the murderer with set of possible values
X1 :={male, female};

• X2: representing the motive of the murderer with set of possible values505

X2 :={economic, passion};

• X3: representing the hair colour of the murderer with set of possible values
X3 :={blond, brown, red};

• X4: representing the length of the hair of the murderer with set of possible
values X4 :={short, long};510

• X5: representing the hair style of the murderer with set of possible values
X5 := X3 ×X4.
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In this context, the previous questions could have been modeled with X1, X2,
X3, X5, respectively. Notice in particular that the set of possible values of
X5, which corresponds to the question obtained as the conjuction of X3 and515

X4,6 corresponds to the Cartesian product X3 × X4. Similar reasonings can be
made for every conjoined question, causing a proliferation of notation. Notice
moreover that some of the elements contained in X3 × X4 do not even have a
correspondence with the real subjects, i.e., they correspond to impossible events
(e.g., no suspect has brown short hair).520

Modeling questions with general partitions avoids these problems: all and
only the possible answers to questions of interest are already contained in Ω′.

3.5. Example of information algebras: Set algebras

Archetypes of information algebras are so-called set algebras. They are in-
formation algebras where pieces of information are modeled in the simplest way525

as subsets of some universe, combination is set intersection, and extraction is
related to the so-called saturation operators [2, 3].

Here we show how, in our context, starting from a universal set U , it is
possible to create a set algebra where pieces of information correspond to subsets
of U and questions of interest are represented by partitions. This construction530

becomes particularly important in Section 6.
Let us consider a universal set U . For any partition Px of U , it is possible

to construct a saturation operator defined for any set S ⊆ U as:

σx(S) := {u ∈ U : (∃u′ ∈ S) u ≡x u′}, (9)

equivalent to

σx(S) := ∪{Bx : Bx block of Px, Bx ∩ S 6= ∅}.

Saturation operators satisfy the following properties. Similar results can be
found in [4].

Lemma 1. For all S, T ⊆ U and any partition Px with x ∈ TU , we have:

1. σx(∅) = ∅,535

2. S ⊆ σx(S),

3. σx(σx(S) ∩ T ) = σx(S) ∩ σx(T ),

4. σx(σx(S)) = σx(S),

5. S ⊆ T ⇒ σx(S) ⊆ σx(T ),

6. σx(σx(S) ∩ σx(T )) = σx(S) ∩ σx(T ).540

6 See Appendix C.
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Now, let us consider the algebraic structure identified by the signature:

(PQU
(U), QU ,∨,⊥,∩, ∅, U, σ),

where:

• (QU ,∨,⊥) is a sub-q-separoid of (TU ,∨,⊥);

• PQU
(U) := {S ⊆ U : ∃ x ∈ QU , σx(S) = S} is the set of subsets of U

saturated with respect to QU ;

• σ : PQU
(U) × QU → PQU

(U) is defined as σ((S, x)) := σx(S) for every545

S ∈ PQU
(U), x ∈ QU .

We claim it is a domain-free information algebra where PQU
(U) is the set of

pieces of information, (QU ,∨,⊥) is the q-separoids of questions of interest, ∩
is the combination operation (with ∅ and U as the null and the unit elements
respectively) and σ, defined above, is the extraction operation. Since pieces550

of information are sets, combination is set intersection and extraction is con-
structed from saturation operators, it is a set algebra.

We can prove the previous claim step by step as follows:

• (QU ,∨,⊥) is a q-separoid by hypothesis.

• Support axiom is satisfied. Indeed, by definition of PQU
(U), for every555

S ∈ PQU
(U) there exists x ∈ QU , such that σx(S) = S. Moreover, if

x ≤ y and y ∈ QU , then u ≡y u′ implies u ≡x u′, so that σy(S) ⊆ σx(S).
Therefore, if σx(S) = S, then S ⊆ σy(S) ⊆ σx(S) = S.

• (PQU
(U),∩, ∅, U) is a commutative semigroup with ∅ as the null element

and U as the unit one. Clearly, ∅, U ∈ PQU
(U) and they are the null and

the unit element respectively, with respect to set intersection. Therefore,
the only property left to prove is that PQU

(U) is closed with respect to in-
tersection. But this is true. Consider indeed two sets S, T ∈ PQU

(U), such
that σx(S) = S and σy(T ) = T for some x, y ∈ QU , respectively. Then,
thanks to the Support axiom, we know that σx∨y(S) = S and σx∨y(T ) = T
with x ∨ y ∈ QU , since (QU ,∨) is a join-semilattice. Therefore, thanks to
Lemma 1, we have

σx∨y(S ∩ T ) = σx∨y(σx∨y(S) ∩ σx∨y(T )) = σx∨y(S) ∩ σx∨y(T ) = S ∩ T.

• PQU
(U) is closed also with respect to extraction thanks to item 4 of Lemma

1.560

• The Existential Quantifier axiom follows from items 1-3 of Lemma 1.

It remains only to prove the Extraction axiom but it follows from the theorem
below.
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Theorem 1. Given a sub-q-separoid (QU ,∨,⊥) of (TU ,∨,⊥), consider x, y, z ∈
QU , such that x ∨ z⊥y ∨ z|z. Then, for any S ⊆ U ,

σy∨z(σx(S)) = σy∨z(σz(σx(S))).

Proof. From σz(σx(S)) ⊇ σx(S) we obtain σy∨z(σz(σx(S)) ⊇ σy∨z(σx(S)).
Consider therefore an element u ∈ σy∨z(σz(σx(S))). Then, there are elements565

w,w′ and u′ so that u ≡y∨z w ≡z w′ ≡x u′ and u′ ∈ S. This means that u,w
belong to some block By∨z of partition Py∨z, w,w′ to some block Bz of partition
Pz and w′, u′ to some block Bx of partition Px. It follows that Bx ∩ Bz 6= ∅
and By∨z ∩ Bz 6= ∅. Then, x ∨ z⊥y ∨ z|z implies, thanks to properties of a
quasi-separoid, that x⊥y ∨ z|z. Therefore, we have Bx ∩By∨z ∩Bz 6= ∅, and in570

particular, Bx ∩ By∨z 6= ∅. So there is a v ∈ Bx ∩ By∨z such that u ≡y∨z v ≡x
u′ ∈ S, hence u ∈ σy∨z(σx(S)). So, we have σy∨z(σx(S)) = σy∨z(σz(σx(S))).

4. Domain-free information algebra of coherent sets of gambles

Coherent sets of gambles represent beliefs, hence information, about a pos-
sibility space Ω. Therefore, we can ask ourselves if it is possible to construct575

an information algebra where pieces of information are coherent sets of gambles
and questions of interest are partitions of Ω. The answer is yes.

Let us consider Φ(Ω) := C(Ω) ∪ {L(Ω)}, or more simply Φ, as defined in
Section 2 and a q-separoid of partitions (QΩ ,∨,⊥) sub-q-separoid of (TΩ ,∨,⊥),
as defined in Section 3.4. Since from now on we work with a fixed possibility580

space Ω, we denote (QΩ ,∨,⊥) more simply as (Q,∨,⊥). Given x ∈ Q, a gamble
f on Ω is called x-measurable, iff for all ω ≡x ω′ we have f(ω) = f(ω′), that
is, if f is constant on every block of the partition Px. It could then also be
considered as a function (a gamble) on the set of blocks of Px. In what follows,
we denote with Lx(Ω), or more simply with Lx, the set of all x-measurable585

gambles.
In [6], we showed that (Φ, Q,∨,⊥, ·,L,L+, ε) is a domain-free information

algebra, where the combination operation · and the extraction operation ε are
defined as follows.

• Combination: · : Φ×Φ→ Φ, where ·((D1,D2)) is denoted by D1 · D2 and
defined as

D1 · D2 := C(D1 ∪ D2),

for every D1,D2 ∈ Φ, where C operator is defined in Eq.(1),590

• Extraction. ε : Φ × Q → Φ, where ε((D, x)) is denoted by εx(D) and
defined as

εx(D) := C(D ∩ Lx),

for every D ∈ Φ, x ∈ Q.

With a little abuse of nomenclature we call (Φ, Q,∨,⊥, ·,L,L+, ε), a domain-free
information algebra of coherent sets of gambles. Since we model questions as
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general partitions of Ω, this construction can be reproduced for every possibility
space Ω without restrictions. The same will be not true if we restrict systems595

of questions to multivariate models, see Appendix C and [5].
To conclude, notice that Φ+, so essentially strictly desirable sets of gambles,

induces an information subalgebra of the information algebra of coherent sets
of gambles Φ: (Φ+, Q,∨,⊥, ·,L,L+, ε).

Example 3. Let us consider again Example 1. We can equivalently represent
yours and your friends’ beliefs with the following coherent sets of gambles.

D+
1 := τ(P 1) := {f ∈ L : min

ω′∈{a,b,f,g}
f(ω′) > 0} ∪ L+;

D2 := posi({I{b,e,g} − I{a,c,d,f}} ∪ L+);

D+
3 := τ(P3) := {f ∈ L : f(b) > 0} ∪ L+.

It is possible to observe that, in particular, D+
1 , D

+
3 are the strictly desirable600

sets of gambles equivalent to P 1 and P3 respectively, see Eq. 4. D2 instead is a
coherent not strictly desirable set of gambles.7

Let us now construct, as described in this section, a domain-free information
algebra of coherent sets of gambles on Ω′: (Φ(Ω′), Q,∨,⊥, ·,L(Ω′),L+(Ω′), ε),
with a set of questions Q including partitions introduced in Example 2.605

The combination operation · provides us a way to collect together all the
information obtained. As expected, the result of this operation is Bob’s conclu-
sions. Indeed:

D := D+
1 · D2 · D+

3 := C(D+
1 ∪ D2 ∪ D+

3 ) = D+
3 .

Extraction ε instead, gives us a way to extract the information obtained
about a specific question of interest. Let’s say about the motive of the crime.
Clearly, since collecting together all the information you obtained a unique
murderer - the subject b -, the extracted information tells you that the motive
of the murderer has to be a motive of passion, i.e., b’s motive:

εmotive(D) = εmotive(D+
3 ) := C(D+

3 ∩Lmotive) = {f ∈ L : min
ω′∈{b,e,g}

f(ω′) > 0}∪L+.

We can also extract the information you have about the motive before talking
with your friends. In this case we obtain:

εmotive(D+
1 ) = L+.

This means that you have no information about the motive. This is reasonable
since you are completely unsure about who the murderer is among a and f,
having an economic motive, and b and g, having instead a motive of passion for
the crime.

7 It is possible to notice, in particular, that your friend Bob assigns probability zero to all
the sets of suspects not including the suspect b. These events, however, do not have the same
meaning of impossible ones as defined in Example 2.
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4.1. Atoms610

As previously noticed in Section 3.3, it is also possible to define a partial
order on Φ as D1 ≤ D2 if and only if D1 · D2 = D2. It is easy to show that
D1 ≤ D2 if and only if D1 ⊆ D2. Therefore, D1 ≤ D2 if and only if D2 contains
more gambles than D1.

In our previous work [6], we showed moreover that the information algebra Φ615

admits the presence of maximal elements with respect to this order. Specifically,
maximal coherent sets form the atoms of Φ. Using notation introduced in
Section 3.3, we indicate with At(Φ) the whole set of atoms of Φ and with
At(D), for every D ∈ Φ, the set of atoms M ∈ At(Φ) such that D ≤ M . Φ
is in particular atomic, i.e., for any D ∈ Φ such that D 6= L the set At(D) is620

non-empty, and atomistic, i.e., for any D ∈ Φ such that D 6= L, D =
⋂
At(D).

5. Domain-free information algebra of coherent lower previsions

In this section we prove that, similarly to coherent sets of gambles, also
coherent lower previsions induce a domain-free information algebra. Analogous
results for multivariate models are given in [5].625

Coherent lower previsions, as well as coherent sets of gambles, still represent
beliefs, hence, information about a possibility space Ω.

Let us consider Φ(Ω) := P(Ω)∪{σ(L(Ω))}, or simply Φ, as defined in Section
2, and a q-separoid of questions (Q,∨,⊥), sub-q-separoid of (TΩ ,∨,⊥).8

We now introduce, also in this context, a combination and an extraction630

operation.
Given two coherent sets of gambles D1,D2 which are consistent, i.e., such

that D1 ·D2 6= L,9 with P 1 := σ(D1) and P 2 := σ(D2), let us consider the lower
prevision P ′ := max{P 1, P 2} which assumes the value:

σ(D1 ∪ D2)(f) := sup{µ ∈ R : f − µ ∈ D1 ∪ D2} = max{P 1(f), P 2(f)} =: P ′(f),

for every gamble f in its domain. Following a reasoning similar to the one635

considered for coherent sets of gambles, we may take E∗(max{P 1, P 2}) to define
the combination of two lower previsions P 1 and P 2 in Φ, where E∗ operator is
defined in Definition 8. Regarding the extraction, for every x ∈ Q and P ∈ Φ,
we may take E∗(P x), where P x is defined as the restriction of P to Lx. Thus,
in summary, we can define on Φ and Q the following operations.640

1. Combination. · : Φ×Φ→ Φ, where ·((P 1, P 2)) is denoted by P 1 ·P 2 and
defined as

P 1 · P 2 := E∗(max{P 1, P 2}), (10)

for every P 1, P 2 ∈ Φ.

8Without loss of generality, we use the same notation used in Section 4 to denote the
q-separoid of questions of interest.

9See the following Definition 17.
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2. Extraction. e : Φ × Q → Φ, where e((P , x)) is denoted by ex(P ) and
defined as645

ex(P ) := E∗(P x),

for every P ∈ Φ, x ∈ Q.

The following theorem shows that (Φ, Q,∨,⊥, ·, σ(L), σ(L+), e), where ·, e are
defined above on Φ and Q, forms a domain-free information algebra that, with
the same little abuse of nomenclature introduced for coherent sets of gambles,
we call a domain-free information algebra of coherent lower previsions. To do650

so, it links the combination and the extraction operation defined on Φ and Q
with the ones of the domain-free information algebra (Φ+, Q,∨,⊥, ·,L,L+, ε).

Theorem 2. Let D+
1 , D+

2 ,D+ ⊆ L be strictly desirable sets of gambles and
x ∈ Q. Then

1. σ(L)(f) = +∞, σ(L+)(f) = inf f for all f ∈ L,655

2. σ(D+
1 · D

+
2 ) = σ(D+

1 ) · σ(D+
2 ),

3. σ(εx(D+)) = ex(σ(D+)).

Proof. 1. It follows from the definition.

2. Assume firstly that D+
1 · D

+
2 = L and let P 1 := σ(D+

1 ), P 2 := σ(D+
2 ).

Then there can be no coherent lower prevision P dominating both P 1660

and P 2. Indeed, otherwise we would have, D+
1 = τ(P 1) ≤ τ(P ) and

D+
2 = τ(P 2) ≤ τ(P ), where τ(P ) is a coherent (strictly desirable) set of

gambles. But then τ(P ) ≥ D+
1 · D

+
2 and this is a contradiction. So we

have P 1 ·P 2 = σ(L). Vice versa is also true, hence σ(D+
1 ) ·σ(D+

2 ) = σ(L)
if and only if σ(D+

1 · D
+
2 ) = σ(L).665

Let then D+
1 · D

+
2 6= L. Then, D+

1 · D
+
2 , as well as D+

1 ∪ D
+
2 , satisfies

the conditions of Theorem 8 in Appendix A. Therefore, applying this
theorem, we have

σ(D+
1 · D

+
2 ) := σ(C(D+

1 ∪ D
+
2 )) = E(σ(D+

1 ∪ D
+
2 ))

= E(max{σ(D+
1 ), σ(D+

2 )}) =: σ(D+
1 ) · σ(D+

2 ).

3. We remark that D+∩Lx satisfies the conditions of Theorem 8 in Appendix
A. Thus we obtain670

σ(εx(D+)) := σ(C(D+ ∩ Lx)) = E(σ(D+ ∩ Lx)).

Now,

σ(D+ ∩ Lx)(f) := sup{µ ∈ R : f − µ ∈ D+ ∩ Lx}, ∀f ∈ dom(σ(D+ ∩ Lx)).

But f − µ ∈ D+ ∩ Lx if and only if f is x-measurable and f − µ ∈ D+.
Therefore, we conclude that σ(D+∩Lx) = σ(D+)x. Thus, we have indeed
σ(εx(D+)) = E(σ(D+)x) =: ex(σ(D+)).
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This theorem proves, in particular, two things:675

• (Φ, Q,∨,⊥, ·, σ(L), σ(L+), e) is a domain-free information algebra;

• (Φ, Q,∨,⊥, ·, σ(L), σ(L+), e) is isomorphic to (Φ+, Q,∨,⊥, ·,L,L+, ε), in-
formation subalgebra of (Φ, Q,∨,⊥, ·,L,L+, ε).

To simplify notation, in the rest of the section we consider only domain-free
information algebras Φ,Φ+,Φ defined considering the same q-separoids of ques-680

tions (Q,∨,⊥).
Given the results of Theorem 2, it is reasonable to ask if a homomorphism

exists also between Φ and Φ+ and hence between Φ and Φ. The answer is
partially yes.

Consider indeed the map D 7→ D+ := τ(σ(D)), defined from Φ to Φ+. The685

following theorem and corollary and the example below, show that it is possible
to establish only a weak homomorphism between Φ and Φ+ and hence between
Φ and Φ. We call the homomorphism weak, because when D1 ∈ Φ and D2 ∈ Φ
are not consistent, that is if D1 · D2 = L, then D1 · D2 can be mapped to
something different from D+

1 · D
+
2 .690

Theorem 3. Let us consider the map D 7→ D+ := τ(σ(D)), defined from Φ to
Φ+. Let then D1, D2 and D be coherent sets of gambles and x ∈ Q. We have
the following results.

1. If D1 · D2 6= L, then D1 · D2 7→ (D1 · D2)+ = D+
1 · D

+
2 ,

2. εx(D) 7→ (εx(D))+ = εx(D+).695

Proof. 1. Note first that D+
1 ⊆ D1 and D+

2 ⊆ D2, see Section 2. So that

D+
1 · D

+
2 = τ(σ(D+

1 · D
+
2 )) ⊆ τ(σ(D1 · D2)) =: (D1 · D2)+.

Further

(D1 · D2)+ := τ(σ(D1 · D2)) := {f ∈ L : σ(D1 · D2)(f) > 0} ∪ L+.

So, if f ∈ (D1 · D2)+, then either f ∈ L+ or

σ(D1 · D2)(f) := sup{µ ∈ R : f − µ ∈ C(D1 ∪ D2)} > 0. (11)

In the first case obviously f ∈ D+
1 · D

+
2 . Let us consider now f /∈ L+. In

this case there is a δ > 0 so that f − δ ∈ C(D1 ∪ D2). This means that700

f − δ = h + λ1f1 + λ2f2, where h ∈ L+ ∪ {0}, f1 ∈ D1, f2 ∈ D2 and
λ1, λ2 ≥ 0 not both equal 0. But then

f = h+ (λ1f1 + δ/2) + (λ2f2 + δ/2).

Let us define f ′1 := λ1f1 + δ/2 and f ′2 := λ2f2 + δ/2. This, together with
λ1f1 = f ′1−δ/2 ∈ D1 if λ1 > 0 or otherwise f ′1 ∈ L+, and λ2f2 = f ′2−δ/2 ∈
D2 if λ2 > 0 or otherwise f ′2 ∈ L+, show according to Eq. (5) that f ′1 ∈ D+

1705

and f ′2 ∈ D+
2 . So, finally, we have f ∈ D+

1 ·D
+
2 = C(D+

1 ∪D
+
2 ). This proves

that (D1 · D2)+ = D+
1 · D

+
2 .
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2. Note that D+ ⊆ D, see again Section 2, so that

εx(D+) = τ(σ(εx(D+))) ⊆ τ(σ(εx(D))) =: (εx(D))+.

Further

(εx(D))+ := τ(σ(εx(D))) := {f ∈ L : σ(εx(D))(f) > 0} ∪ L+,

where710

σ(εx(D))(f) := sup{µ ∈ R : f − µ ∈ C(D ∩ Lx)},

for every f ∈ L. So, if f ∈ (εx(D))+, then either f ∈ L+ in which case f ∈
εx(D+) or there is a δ > 0 so that f−δ ∈ C(D∩Lx) = posi{L+∪(D∩Lx)}.
In the second case, if f /∈ L+, f − δ = h + g where h ∈ L+ ∪ {0} and
g ∈ D ∩ Lx. Then, we have f = h + g′ where g′ := g + δ is still x-
measurable. But, given the fact that g = g′ − δ ∈ D ∩ Lx, from Eq. (5),715

we have g′ ∈ D+ ∩ Lx and therefore f ∈ εx(D+). Thus, we conclude that
(εx(D))+ = εx(D+).

Corollary 1. Let D1, D2 and D be coherent sets of gambles so that D1 ·D2 6= L
and x ∈ Q. Then

1. σ(D1 · D2) = σ(D1) · σ(D2),720

2. σ(εx(D)) = ex(σ(D)).

Proof. These claims are immediate consequences of Theorem 2 and Theo-
rem 3.

The weak homomorphism, as previously noticed, does not extend to a pair
of not consistent coherent sets of gambles. Consider indeed two coherent sets725

of gambles D1,D2 such that D1 · D2 = L. The contradiction in D1 · D2 can
be generated by gambles contained in the boundary structure of the two sets
not affecting their relative interiors. In such light, see Section 2, D+

1 · D
+
2 and

σ(D1)·σ(D2) = σ(D+
1 )·σ(D+

2 ) can still represent non-contradictory information,
even though D1 · D2 does not. The following example further illustrates this730

point.

Example 4. Consider again the framework of Example 1. In particular, con-
sider your and your friends’ beliefs expressed through coherent sets of gambles
as in the Example 3. Coherent lower previsions associated to D+

1 ,D2,D+
3 are

respectively the following.

(∀f ∈ L) σ(D+
1 )(f) = P 1(f) := min

ω′∈{a,b,f,g}
f(ω′),

(∀f ∈ L) σ(D2)(f) = min{P (f) : P ∈ P, P (I{b,e,g}) ≥ P (I{a,c,d,f})},

(∀f ∈ L) σ(D+
3 )(f) = P3(f) := f(b).
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D+
1 ,D2,D+

3 are consistent. Therefore, thanks to Corollary 1, we have:

σ(D+
1 ) · σ(D2) · σ(D+

3 ) = σ(D+
1 · D2 · D+

3 ) = σ(D+
3 ),

emotive(σ(D+
1 ) · σ(D2) · σ(D+

3 )) = emotive(σ(D+
3 )) = σ(εmotive(D+

3 )),

where
(∀f ∈ L) σ(εmotive(D+

3 ))(f) = min
ω′∈{b,e,g}

f(ω′).

However, consider the following slightly modifications of D+
1

D′1 := D+
1 ∪ {f ∈ L : min

ω′∈{a,b,f,g}
f(ω′) = 0, f(c) > 0},

D
′′

1 := D+
1 ∪ {f ∈ L : min

ω′∈{a,b,f,g}
f(ω′) = 0, f(d) > 0}.

They are coherent and not consistent (D′1 · D
′′

1 = L), because 0 = (g + h) ∈
E(D′1 ∪ D

′′

1 ), where g(ω′) = h(ω′) = 0 when ω′ ∈ {a,b,e,f,g}, g(c) = 1 = −h(c)
and h(d) = 1 = −g(d).

However, by Eq. 5, we know that (D′1)+ = (D′′1 )+ = D+
1 . Hence, we have735

L = (D′1 · D
′′

1 )+ 6= (D′1)+ · (D′′1 )+ = D+
1 . Moreover, σ(D′1) = σ(D′′1 ) = σ(D+

1 ),

see Section 2. Hence, σ(L) = σ(D′1 · D
′′

1 ) 6= σ(D′1) · σ(D′′1 ) = σ(D+
1 ).

5.1. Atoms

Analogously to what happens with coherent sets of gambles, the information
order on lower previsions in Φ: P 1 ≤ P 2 if and only if P 1 · P 2 = P 2, coincides740

with the usual partial order on lower previsions introduced in Section 2 restricted
to Φ.

As the domain-free information algebra of coherent sets of gambles, also the
domain-free information algebra of coherent lower previsions admits maximal
elements with respect to this order. In particular, Lemma 8 in Appendix A745

permits to conclude that linear previsions are its atoms. Moreover, the latter
information algebra is atomistic, as the following theorem shows.

In what follows, as usual, we denote with At(Φ) := P, the set of all linear
previsions, atoms of Φ, and with At(P ) the set of all linear previsions (atoms)
dominating P ∈ Φ:750

At(P ) := {P ∈ At(Φ) : P ≤ P}.

Theorem 4. Consider the set of lower previsions Φ. If P ∈ P, then At(P ) 6= ∅
and

P = inf At(P ).

This theorem is due to Walley, for a proof see [9, Theorem 3.3.3].

25



6. Set algebras755

Following the reasoning of Section 3.5, we can show that

(PQ(Ω), Q,∨,⊥,∩, ∅, Ω, σ),

where:

• (Q,∨,⊥) is a sub-q-separoid of (TΩ ,∨,⊥);

• PQ(Ω) := {S ⊆ Ω : ∃ x ∈ Q, σx(S) = S} is the set of subsets of Ω
saturated with respect to Q, where σx is the saturation operator associated
to Px of Ω, x ∈ Q, defined in Eq.(9);760

• σ : PQ(Ω) × Q → PQ(Ω) is defined as σ((S, x)) := σx(S) for every S ∈
PQ(Ω) and x ∈ Q;

is a set algebra. In particular, we claim that this set algebra can be embedded
into the information algebra of strictly desirable sets of gambles Φ+, constructed
assuming the same q-separoid of questions (Q,∨,⊥) considered for the set alge-
bra PQ(Ω). Indeed, for any set S ∈ PQ(Ω), let us define

D+
S := {f ∈ L(Ω) : inf

ω∈S
f(ω) > 0} ∪ L+(Ω). (12)

If S 6= ∅, this is clearly a strictly desirable set of gambles,10 otherwise it cor-
responds to L(Ω). The next theorem shows that the map f : S 7→ D+

S is an
information algebras homomorphism between (PQ(Ω), Q,∨,⊥,∩, ∅, Ω, σ) and765

(Φ+, Q,∨,⊥, ·,L,L+, ε).

Theorem 5. Let S, T ∈ PQ(Ω) and x ∈ Q. Then

1. D+
S · D

+
T = D+

S∩T ,

2. D+
∅ = L(Ω), D+

Ω = L+(Ω),

3. εx(D+
S ) = D+

σx(S)
.770

Proof. 1. Note that D+
S = L+ or D+

T = L+ if and only if S = Ω or T = Ω.
Clearly in this case we have immediately the result. The same is true if D+

S = L
or D+

T = L, which is equivalent to having S = ∅ or T = ∅. Now suppose
D+
S ,D

+
T 6= L+ and D+

S ,D
+
T 6= L. If S ∩ T = ∅, then D+

S∩T = L. Consider

f ∈ D+
S \ L+ and g ∈ D+

T \ L+. Since S and T are disjoint, we have f̃ ∈ D+
S

and g̃ ∈ D+
T , where f̃ , g̃ are defined in the following way for every ω ∈ Ω:

f̃(ω) :=

 f(ω) for ω ∈ S,
−g(ω) for ω ∈ T,
0 for ω ∈ (S ∪ T )c,

g̃(ω) :=

 −f(ω) for ω ∈ S,
g(ω) for ω ∈ T,
0 for ω ∈ (S ∪ T )c.

10Indeed, P (f) := infS(f) for every f ∈ L with S 6= ∅ is a coherent lower prevision [9].
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However, f̃ + g̃ = 0 ∈ E(D+
S ∪ D

+
T ), hence D+

S · D
+
T := C(D+

S ∪ D
+
T ) = L(Ω) =

D+
S∩T . Assume then that S ∩ T 6= ∅. If S ∩ T = Ω, we already have the result.

So suppose S ∩ T 6= ∅, Ω. Note that D+
S ∪ D

+
T ⊆ E(D+

S ∪ D
+
T ) ⊆ D+

S∩T so that
E(D+

S ∪ D
+
T ) is coherent and D+

S · D
+
T = E(D+

S ∪ D
+
T ) ⊆ D+

S∩T . Consider then
a gamble f ∈ D+

S∩T . If f ∈ L+, clearly f ∈ D+
S · D

+
T . Vice versa, suppose

f ∈ D+
S∩T \ L+. Select a δ > 0 and define the two gambles

f1(ω) :=


1/2f(ω) for ω ∈ (S ∩ T ),
δ for ω ∈ S \ T,
f(ω)− δ for ω ∈ T \ S,
1/2f(ω) for ω ∈ (S ∪ T )c,

f2(ω) :=


1/2f(ω) for ω ∈ (S ∩ T ),
f(ω)− δ for ω ∈ S \ T,
δ for ω ∈ T \ S,
1/2f(ω) for ω ∈ (S ∪ T )c,

for every ω ∈ Ω. Then f = f1 + f2 and f1 ∈ D+
S , f2 ∈ D+

T . Therefore
f ∈ E(D+

S ∪ D
+
T ) = D+

S · D
+
T . Hence D+

S · D
+
T = D+

S∩T .
2. Both have been noted above.
3. If S is empty, then εx(D+

∅ ) = L(Ω) so that item 3 holds in this case.

Hence, assume S 6= ∅. Then we have that D+
S is coherent, and therefore:

εx(D+
S ) := C(D+

S ∩ Lx) = E(D+
S ∩ Lx) := posi(L+(Ω) ∪ (D+

S ∩ Lx)).

Consider a gamble f ∈ D+
S ∩ Lx. If f ∈ L+(Ω) ∩ Lx then clearly f ∈ D+

σx(S)
.

Otherwise, infS f > 0 and f is x-measurable. If ω ≡x ω′ for some ω′ ∈ S775

and ω ∈ Ω, then f(ω) = f(ω′). Therefore infσx(S) f = infS f > 0, hence f ∈
D+
σx(S)

. Then C(D+
S ∩Lx) ⊆ C(D+

σx(S)
) = D+

σx(S)
. Conversely, consider a gamble

f ∈ D+
σx(S)

. D+
σx(S)

is a strictly desirable set of gambles. Hence, if f ∈ D+
σx(S)

,

f ∈ L+(Ω) or there is δ > 0 such that f−δ ∈ D+
σx(S)

\L+(Ω). If f ∈ L+(Ω), then

f ∈ εx(D+
S ). Otherwise, let us define for every ω ∈ Ω, g(ω) := infω′≡xω f(ω′)−δ.780

If ω ∈ S, then g(ω) > 0 since infσx(S)(f − δ) > 0. So, we have infS g ≥ 0 and g

is x-measurable. However, infS(g+ δ) = infS g+ δ > 0 hence (g+ δ) ∈ D+
S ∩Lx

and f ≥ g + δ. Therefore, f ∈ E(D+
S ∩ Lx) = C(D+

S ∩ Lx) =: εx(D+
S ).

The map f : S 7→ D+
S is in particular one-to-one, indeed if D+

S = D+
T , then

S = T . So (PQ(Ω), Q,∨,⊥,∩, ∅, Ω, σ) is embedded into (Φ+, Q,∨,⊥, ·,L,L+, ε)785

and hence also into (Φ, Q,∨,⊥, ·,L,L+, ε) and (Φ, Q,∨,⊥, ·, σ(L), σ(L+), e).

7. Marginal problem

The marginal problem is the problem of establishing the compatibility of a
number of marginal assessments with a global model. The problem has a long
history in literature, see for example [1, 19, 20, 21, 22]. In particular in [1], it has790

been faced using tools of desirability theory. In our previous work [5], we gave an
alternative avenue of the results found in [1] (in the unconditional case), using
only properties of the even more general structures of information algebras.
In [1] and in [5], the problem has been analyzed considering only marginal
assessments about logically independent variables. Here, we further generalize795
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the discussion. As in [5], we face the problem using properties of information
algebras. For a comparison with the results found in [5], see Appendix D.

We model variables through the questions they represent, which in turn are
modeled as partitions Px of a possibility space Ω, with x ∈ Q and (Q,∨,⊥) a
sub-q-separoid of (TΩ ,∨,⊥). Assessments on variables of interest are instead800

represented as coherent sets of gambles or coherent lower previsions respec-
tively. In what follows therefore, we use the tools provided by the two informa-
tion algebras (Φ(Ω), Q,∨,⊥, ·,L(Ω),L+(Ω), ε) and (Φ(Ω), Q,∨,⊥, ·, σ(L(Ω)),
σ(L+(Ω)), e). In [5], we use a similar framework assuming only multivariate
models for questions.805

Given a family of coherent sets of gambles D1, ..,Dn corresponding to assess-
ments about variables represented by questions x1, ..., xn ∈ Q respectively (i.e,
Di with support xi, for every i), the goal is finding a join model, i.e., another
coherent set of gambles D, from which we can reproduce by extraction respect
to xi the information represented by Di, for every i = 1, ..., n respectively. A810

similar reasoning is valid also for coherent lower previsions.
We start by recalling the necessary definitions of [1] and [5] adapted to this

more general framework, then we state our main results.
Let us firstly consider the case of assessments modeled by coherent sets of

gambles.815

Definition 16 (Compatibility for coherent sets of gambles). A finite fam-
ily of coherent sets of gambles D1, . . . ,Dn, where Di has support xi for every
i = 1, . . . , n respectively, is called compatible, or D1, . . . ,Dn are called compat-
ible, if and only if there is a coherent set of gambles D such that εxi

(D) = Di
for i = 1, . . . , n.820

A minimal requirement for a set of marginal assessments D1, ...,Dn to be
compatible is that they are consistent.

Definition 17 (Consistency for coherent sets of gambles). A finite fam-
ily of coherent sets of gambles D1, . . . ,Dn is consistent, or D1, . . . ,Dn are con-
sistent, if and only if D1 · . . . · Dn 6= L.825

Consistency is a necessary condition for a finite family of coherent sets of gambles
D1, ...,Dn to be compatible.

Lemma 2. Consider a finite family of coherent sets of gambles D1, ...,Dn hav-
ing supports x1, .., xn respectively. If they are compatible, they are consistent.

Proof. Let us suppose that D1, ...,Dn with supports x1, ..., xn respectively, are830

compatible. Then, there exists a coherent set of gambles D such that εxi
(D) =

Di, for every i. By item (b) of Existential Quantifier axiom, we have also:
D ≥ εxi(D) = Di for every i = 1, ..., n. From this fact, we can prove recursively
thatD ≥ D1·...·Dn. Indeed, if n = 1 we already have the result. Otherwise, from
D ≥ D1, we derive D = D · D2 ≥ D1 · D2, by item 3 of Lemma 10 in Appendix835

B. This can be then repeated for every Di with i ≤ n, hence D ≥ D1 · ... · Dn.
Thus, D1 · ... · Dn 6= L.
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Another necessary condition for a set of marginal assessments D1, ...,Dn to
be compatible is that they are pairwise compatible [1, 5]. We translate this
definition in our context.840

Definition 18 (Pairwise compatibility for coherent sets of gambles). Two
coherent sets of gambles Di and Dj , where Di has support xi and Dj support
xj respectively, are called pairwise compatible if and only if

εxi
(Di · Dj) = Di,

εxj
(Di · Dj) = Dj .

Analogously, a finite family of coherent sets of gambles D1, ...,Dn, where Di
has support xi for every i = 1, ..., n respectively, is pairwise compatible, or
again D1, ...,Dn are pairwise compatible, if and only if pairs Di,Dj are pairwise
compatible for every i, j ∈ {1, ...n}.

It means essentially that pieces of information are two-by-two compatible, i.e.,845

given any pair Di,Dj ∈ D1, ...Dn with supports xi, xj respectively, Dj does not
give us any new information regarding question xi that is not already contained
in Di and vice versa. As previously claimed, this is a necessary condition for
compatibility.

Lemma 3. Consider a finite family of coherent sets of gambles D1, ...,Dn hav-850

ing supports x1, .., xn respectively. If they are compatible, they are pairwise
compatible.

Proof. Let us suppose that D1, ...,Dn with supports x1, ..., xn respectively, are
compatible. Then, there exists a coherent set D such that εxi

(D) = Di, for every
i. As previously noticed in the proof of Lemma 2,

D ≥ D1 · ... · Dn.

Hence,

Di = εxi(D) ≥ εxi(D1 · ... · Dn) ≥ εxi(Di · Dj) ≥ εxi(Di) = Di,

for every i, j = 1, ..., n, thanks to Lemma 10 in Appendix B.

In the multivariate case, treated in [5], we gave another definition of pairwise
compatibility. However, we can show that if we assume a multivariate model855

for questions, the definition of pairwise compatibility given in this section and
the one given in [5] coincide, see Appendix D. In this latter case, it is also well-
known that consistency and pairwise compatibility do not, in general, imply
compatibility. A sufficient condition found to obtain the compatibility of a
consistent and pairwise compatible family of coherent sets of gambles D1, ...,Dn860

is that their supports satisfy the running intersection property [5]. Here we
consider a generalization of this property for q-separoids.
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Definition 19 (Hypertree). Let (Q,∨,⊥) be a q-separoid. A n-elements
subset S of Q is called a hypertree if there is a numbering of its elements
S = {x1, ...,xn} such that for all i = 1, ..., n− 1 there is an element b(i) > i in
the numbering so that

xi⊥
n∨

j=i+1

xj |xb(i).

Now we can formulate the most important result of this section, i.e., proving
that consistency and pairwise compatibility combined with a family of supports
forming a hypertree guarantee global compatibility of a set of marginal assess-865

ments. This result is a generalisation of [1, Theorem 2, Proposition 1] and [5,
Theorem 14] in our context.

Theorem 6. Consider a finite family of consistent coherent sets of gambles
D1, . . . ,Dn with n > 1 where Di has support xi for every i = 1, ..., n respectively.
If the set S := {x1, . . . , xn} forms a hypertree and D1, . . . ,Dn are pairwise870

compatible, then they are compatible and εxi
(D1 · . . . · Dn) = Di for i = 1, . . . , n.

Proof. Let us suppose without loss of generality that the numbering {x1, ...., xn}
guarantees:

(∀i = 1, ..., n− 1, ∃ b(i) > i) xi⊥
n∨

j=i+1

xj |xb(i). (13)

Now, let yi := xi+1 ∨ . . . ∨ xn for i = 1, . . . , n − 1 and D := D1 · . . . · Dn.
Then, we have:

εy1(D) = εy1(D1) · D2 · . . . · Dn,
thanks to Existential Quantifier axiom, which can be used because D2 · ... · Dn
has support y1, see Lemma 9 in Appendix B.

Now, by Eq.(13) and Theorem 9 in Appendix B, we have:

εy1(D1) · D2 · . . . · Dn = εy1(εxb(1)
(D1)) · D2 · . . . · Dn = εxb(1)

(D1) · D2 · . . . · Dn

where, to show the second equality we used Lemma 9 in Appendix B.875

Now, by Existential Quantifier and pairwise compatibility, we have:

εxb(1)
(D1) · D2 · . . . · Dn = εxb(1)

(D1 · Db(1)) · . . . · Db(1)−1 · Dmin{b(1)+1,n} · ... · Dn
= D2 · . . . · Dn.

By induction on i, one shows exactly in the same way that

εyi(D) = Di+1 · . . . · Dn, ∀i = 1, ..., n− 1.

So, we obtain εyn−1(D) := εxn
(D) = Dn.

Now, we claim that εxi
(D) = εxi

(εxb(i)
(D)) · Di for every i = 1, ..., n − 1.

Since xb(i) ≤ yi and since yi⊥xi|xb(i), we have:880

εxi(εxb(i)
(D)) · Di = Di · εxi(εxb(i)

(εyi((D))) = Di · εxi(εyi(D)) =

Di · εxi(Di+1 · ... · Dn) = εxi(Di · ... · Dn),
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by Lemma 9 in Appendix B, Theorem 9 in Appendix B and Existential Quan-
tifier axiom. Now, if i = 1 we have the result, otherwise, for i ≥ 2, we have

εxi
(Di · ... · Dn) = εxi

(εyi−1
(D)) = εxi

(D),

again by Lemma 9 in Appendix B. Then, by backward induction, based on the
induction assumption εxj

(D) = Dj for j > i, and rooted in εxn
(D) = Dn, for

i = n− 1, . . . 1, we have by pairwise compatibility and Existential Quantifier:885

εxi(D) = εxi(εxb(i)
(D)) · Di = εxi(Db(i)) · Di = εxi(Db(i) · Di) = Di.

Notice that in all the previous results of this section we used only properties
of domain-free information algebras. They are therefore results valid at this
level of generality. So, in particular, they remain true also for the information
algebra of coherent lower previsions.

Definition 20 (Consistency for coherent lower previsions). A finite fam-890

ily of coherent lower previsions P 1, . . . , Pn, is consistent, or P 1, . . . , Pn are con-
sistent, if and only if P 1 · . . . · Pn 6= σ(L).

Definition 21 (Compatibility for coherent lower previsions). A finite fam-
ily of coherent lower previsions P 1, . . . , Pn, where P i has support xi for every
i = 1, . . . , n respectively, is called compatible, or P 1, . . . , Pn are called compat-895

ible, if and only if there is a coherent lower prevision P such that exi
(P ) = P i

for i = 1, . . . , n.

Definition 22 (Pairwise compatibility for coherent lower previsions).
Two coherent lower previsions P i and P j , where P i has support xi and P j sup-
port xj respectively, are called pairwise compatible, if and only if900

exi
(P i · P j) = P i,

exj
(P i · P j) = P j .

Analogously, a finite family of coherent lower previsions P 1, ..., Pn, where P i
has support xi for every i = 1, ..., n respectively, is pairwise compatible, or
again P 1, ..., Pn are pairwise compatible, if and only if pairs P i, P j are pairwise
compatible for every i, j ∈ {1, ...n}.905

We have therefore the following results that can be proven analogously to
the ones for coherent sets of gambles.

Lemma 4. Consider a finite family of coherent lower previsions P 1, ..., Pn hav-
ing supports x1, .., xn respectively. If they are compatible, they are consistent.

Lemma 5. Consider a finite family of coherent lower previsions P 1, ..., Pn hav-910

ing supports x1, .., xn respectively. If they are compatible, they are pairwise com-
patible.
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Theorem 7. Consider a finite family of consistent coherent lower previsions
P 1, . . . , Pn with n > 1, where P i has support xi for every i = 1, ..., n respectively.
If the set S := {x1, . . . , xn} forms a hypertree and P 1, . . . , Pn are pairwise915

compatible, then they are compatible and exi
(P 1 · . . . ·Pn) = P i for i = 1, . . . , n.

Clearly there are connections between compatibility of a family of coherent sets
of gambles and a family of coherent lower previsions, as the following result
shows.

Lemma 6. Given a family of compatible coherent sets of gambles D1, ...,Dn920

having supports x1, .., xn respectively, the family of coherent lower previsions
P 1, ..., Pn where P i := σ(Di) for every i = 1, ..., n is also compatible. Vice
versa, given a family of compatible coherent lower previsions P 1, ..., Pn having
supports x1, .., xn respectively, the family of coherent (strictly desirable) sets of
gambles D+

1 , ...,D+
n where D+

i := τ(P i) for every i = 1, ..., n is compatible.925

Proof. Consider firstly a family of compatible coherent sets of gamblesD1, ...,Dn
with supports x1, ..., xn. Then, there exists a coherent set D such that εxi(D) =
Di, for every i = 1, ..., n. If we define P i := σ(Di) for every i = 1, ..., n and
P := σ(D), we have that exi

(P i) := exi
(σ(Di)) = σ(εxi

(Di)) = σ(Di) =: P i and
exi

(P ) := exi
(σ(D)) = σ(εxi

(D)) = σ(Di) =: P i for every i = 1, .., n, thanks to930

Corollary 1.
Vice versa, let us consider a family of compatible coherent lower previsions

P 1, ..., Pn with supports x1, ..., xn. Then, there exists a coherent lower prevision
P such that exi

(P ) = P i, for every i = 1, ..., n. If we define D+
i := τ(P i) for

every i = 1, ..., n and D+ := τ(P ), we have that εxi
(D+

i ) = τ(exi
(P i)) =935

τ(P i) =: D+
i and εxi

(D+) = τ(exi
(P )) = τ(P i) =: D+

i for every i = 1, ..., n,
thanks to Theorem 2.

From now on, we refer only to the domain-free information algebra of coher-
ent sets of gambles, since analogous considerations are valid for the information
algebra of coherent lower previsions.940

Compatibility of a family of pieces of information is not always desirable.
As noticed before indeed, it is a kind of irrelevance or (conditional) inde-
pendence condition. If a family of coherent sets of gambles D1, ...,Dn sat-
isfies the hypotheses of Theorem 6, it means that εxi

(D1 · ... · Dn) = Di,
i.e., the pieces of information Dj for j 6= i give no new information regard-945

ing xi not already contained in Di. If instead D1, ...,Dn are not compatible
but consistent in the sense that D1 · ... · Dn 6= L, then εxi

(D1 · ... · Dn) =
Di · εxi(D1 · D{max i−1,1} · D{min i+1,n} · ...Dn) ≥ Di. This means that Dj may
provide additional information on xi, for every i, j ∈ {1, ..., n}.

Example 5. Consider again the framework of Example 1,Example 2 and Ex-950

ample 3.
First of all, it is possible to notice that sex,motive, hairstyle, introduced

through the correspondent partitions Psex,Pmotive,Phairstyle in Example 2, are
supports respectively of D+

1 ,D2,D+
3 .
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Moreover, we have:

Psex⊥(Pmotive ∨ Phairstyle)|Phairstyle.

Therefore, {sex, motive, hairstyle} forms a hypertree with the numbering 1:955

sex, 2: motive, 3: hairstyle.
D+

1 ,D2,D+
3 are, in particular, consistent. Therefore, Theorem 6 tells us that

they are compatible if they are pairwise compatible. Let us check their pairwise
compatibility.

εsex(D+
1 · D2) = D+

1 · εsex(D2) = D+
1 · L+ = D+

1

εmotive(D+
1 · D2) = εmotive(D+

1 ) · D2 = L+ · D2 = D2

εsex(D+
1 · D

+
3 ) = D+

1 · εsex(D+
3 ) = D+

1 · D
+
1 = D+

1

εhairstyle(D+
1 · D

+
3 ) = εhairstyle(D+

1 ) · D+
3 = D+

1 · D
+
3 = D+

3

εmotive(D2 · D+
3 ) = D2 · εmotive(D+

3 ) =

= D2 · {f ∈ L : min{ω′∈{b,e,g}} f(ω′) > 0} ∪ L+ =

= {f ∈ L : min{ω′∈{b,e,g}} f(ω′) > 0} ∪ L+ ⊃ D2.

The last relation can be derived as follows. By definition, D2 ⊆ {f ∈ L :
min{ω′∈{b,e,g}} f(ω′) > 0} ∪ L+. However, consider the gamble f such that
f(ω′) = 1 if ω′ ∈ {b,e,g} and f(ω′) = −2 otherwise. Then clearly f is acceptable960

for an agent that thinks that surely the murderer is b,e or g, hence f ∈ {f ∈
L : min{ω′∈{b,e,g}} f(ω′) > 0} ∪ L+. However, it is not acceptable for an agent
who only thinks that it is more probable than the murderer is b,e or g than
otherwise, because if he thinks for example that P ( the murderer is b) = 0.6
and P ( the murderer is a) = 0.4, then P (f) = 0.6 ∗ 1 − 0.4 ∗ 2 = −0.2. Hence,965

f /∈ D2 and D2 ⊂ {f ∈ L : min{ω′∈{b,e,g}} f(ω′) > 0} ∪ L+. So D+
3 gives more

information than D2 about the motive of the crime.
However, you can notice that D+

1 ,D2, as well as D+
1 ,D

+
3 , are pairwise com-

patible. Hence compatible. In particular, thanks to Theorem 6, D′ := D+
1 · D2

and D′′ := D+
1 ·D

+
3 are, what we can call, compatible joints, i.e., sets from which970

we can derive by extraction the marginal information.
Thanks to Lemma 6 then, similar considerations can be made also for co-

herent lower previsions associated to D+
1 ,D2,D+

3 .

We conclude this section highlighting that hypertrees are also particularly
interesting to reduce the computational complexity of uncertainty calculi. These975

structures indeed allow us to construct algorithms of local computation.
As noticed in Section 3, the theory of information algebras was originally

motivated by the desire of generalising local computation schema originally pro-
posed for Bayesian networks. In their development however, these algebraic
structures become models able to represent essential features of information in980

general, beyond particular uncertainty calculi. Nevertheless, the goal of general-
izing local computation schema is maintained by information algebras managing

33



information about multivariate models of partitions [2] or more general quasi-
separoids of questions [4].

To see more details about local computation schema constructed from hy-985

pertrees at the level of generality presented in this paper, see [4].

8. Conclusions

This paper presents an extension of our works on information algebras in-
duced by desirability [5, 6, 7]. In particular here, as in the previous works [6, 7],
we consider questions modeled as partitions that do not necessarily form a mul-990

tivariate model. In this general context, we introduce a domain-free information
algebra of coherent lower previsions and we analyze its relations, as well as the
ones of the domain-free information algebra of coherent sets of gambles, with an
instance of set algebras. We left as an open problem to show if, as well-known
for atomistic information algebras assuming a multivariate model for questions995

[2], the domain-free information algebra of coherent sets of gambles, as well as
the one of coherent lower previsions, can be in turn embedded into an informa-
tion algebra of sets of its atoms. We would like to study this problem in future
works.

Finally, as an application of these results, we treat the marginal problem,1000

already analyzed for multivariate models in [5]. Specifically, we have shown that
we can obtain conditions for compatibility similar to the ones obtained in the
multivariate case, with hypertrees in place of family of supports satisfying the
running intersection property.

With respect to other future developments, it could be useful to provide an1005

equivalent expression of the results shown in this paper for the labeled view of
information algebras, better suited for computational purposes [2, 6].

Another important issue not addressed here is the one of conditioning. Treat-
ing this issue would also serve to analyse conditional independence, fundamental
for any theory of information.1010

Conditional independence structures can also be used for efficient local com-
putation schemes in imprecise probability. It would then be interesting to com-
pare our potential results with those of Miranda and and Zaffalon in [1], in a
conditional framework.

Appendix A. Complementary results - Desirability1015

In this appendix we recall some preliminary results on coherent sets of gam-
bles and on lower previsions already presented in [5]. For proofs, we refer to
[5].

The following lemma specifies some properties of lower previsions and their
domains in different situations.1020

Lemma 7. Given a non-empty set of gambles K ⊆ L, we have:

1. K ⊆ dom(σ(K)),
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2. if 0 6∈ E(K), then σ(K)(f) ∈ R for every f ∈ K,

3. if K ∈ C, then dom(σ(K)) = L and σ(K)(f) ∈ R for every f ∈ L.

The following result highlights instead some further relations among linear1025

previsions and general coherent lower previsions. It will be useful in Section 5.1.

Lemma 8. Let P be an element of Φ and P a linear prevision. Then P ≤ P
implies either P = P or P = σ(L).

Finally, the following lemma establishes that the map σ commutes with
natural extension under certain conditions. This result is fundamental for the1030

whole Section 5.

Theorem 8. Let K ⊆ L be a non-empty set of gambles which satisfies the
following two conditions:

1. 0 6∈ E(K),

2. for all f ∈ K \ L+ there exists δ > 0 such that f − δ ∈ K,1035

then we have

σ(C(K)) = σ(E(K)) = E∗(σ(K)) = E(σ(K)).

Appendix B. Complementary results - Domain-free information al-
gebras

The following lemma is a direct consequence of the axioms defining a domain-
free information algebra.1040

Lemma 9. Consider a domain-free information algebra (Φ,Q,∨,⊥, ·,0,1, ε).
Given x,y ∈ Q and φ,φ1,φ2 ∈ Φ, we have:

1. εx(φ) = 0 if and only if φ = 0,

2. x is a support of εx(φ),

3. if x ≤ y, then εx(φ) · εy(φ) = εy(φ),1045

4. if x ≤ y, then εy(εx(φ)) = εx(φ),

5. if x ≤ y, then εx(εy(φ)) = εx(φ),

6. if x is a support of both φ1 and φ2, then it is a support of φ1 · φ2,

7. if x is a support of φ1 and y a support of φ2, then x ∨ y is a support of
φ1 · φ2 and φ1 · φ2 = εx∨y(φ1) · εx∨y(φ2).1050

Proof. 1. εx(0) = 0 by item (a) of Existential Quantifier axiom. If instead
εx(φ) = 0, then φ = φ · εx(φ) = φ · 0 = 0 by item (b) of Existential
Quantifier axiom.
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2. εx(εx(φ)) = εx(εx(φ) · 1) = εx(φ) · εx(1) = εx(φ) by item (c) of Exis-
tential Quantifier axiom.1055

3. By item 2 of this lemma, we know that εx(εx(φ)) = εx(φ). Hence, by
Support axiom, we have also εy(εx(φ)) = εx(φ). Therefore, εy(φ) =
εy(φ · εx(φ)) = εy(φ · εy(εx(φ))) = εy(φ) · εx(φ) by items (b) and (c) of
Existential Quantifier axiom.

4. It directly follows from Support axiom and item 2 of this lemma, as pre-1060

viously noticed.

5. By item 3 of this lemma, we have

εx(φ) · εy(φ) = εy(φ).

So, applying εx operator to both sides of the equation, we have

εx(εx(φ) · εy(φ)) = εx(εy(φ)).

However, by item (b) and (c) of Existential Quantifier axiom, we have

εx(εx(φ) · εy(φ)) = εx(φ) · εx(εy(φ)) = εx(φ · εx(εy(φ)) =

εx(φ · εy(φ) · εx(εy(φ)) = εx(φ · εy(φ)) = εx(φ).

6. εx(φ1 ·φ2) = εx(φ1 · εx(φ2)) = εx(φ1) · εx(φ2) = φ1 ·φ2, from property
(c) of Existential Quantifier axiom.

7. From Support axiom, we know x ∨ y is a support of both φ1 and φ2.
Hence, by item 6 of this lemma we have the result.1065

Item 7, in particular, justifies join-semilattices as basic structures for ques-
tions.

We show now the following theorem, which proves that the definition of
domain-free information algebra provided in this paper coincides with the one
given in [4]. In [4] indeed, a definition of domain-free information algebra is1070

given where, in place of the Extraction axiom, we have the following:

• let us consider φ ∈ Φ and x,y, z ∈ Q. If x is a support of φ and x⊥y|z,

εy(φ) = εy(εz(φ)),

and in place of item (c) of Existential Quantifier axiom, we have:

• let us consider φ1,φ2 ∈ Φ and x,y, z ∈ Q. If x is a support of φ1, y of
φ2 and x⊥y|z,

εz(φ1 · φ2) = εz(φ1) · εz(φ2).
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The subsequent theorem proves therefore that the previous axioms can be re-
spectively interchanged.11

Theorem 9. Consider a domain-free information algebra (Φ,Q,∨,⊥, ·,0,1, ε).1075

1. For any φ ∈ Φ and x,y, z ∈ Q such that εx(φ) = φ and x⊥y|z, we have:

εy(φ) = εy(εz(φ)).

2. For any φ1,φ2 ∈ Φ and x,y, z ∈ Q such that εx(φ1) = φ1, εy(φ2) = φ2

and x⊥y|z, we have:

εz(φ1 · φ2) = εz(φ1) · εz(φ2).

Vice versa, if the structure (Φ,Q,∨,⊥, ·,0,1, ε) satisfies all the axioms defining
a domain-free information algebra except the Extraction axiom and item (c) of
Existential Quantifier axiom that are replaced by item 1 and item 2 of this
theorem respectively, then it is still a domain-free information algebra.

Proof. Let us start by assuming that (Φ,Q,∨,⊥, ·,0,1, ε) is a domain-free1080

information algebra and let us prove items 1 and 2. First of all, notice that
from x⊥y|z it follows by the properties of a quasi-separoid that x∨z⊥y ∨z|z.

1. By the Extraction axiom, we have:

εy∨z(φ) = εy∨z(εz(φ)).

By Lemma 9 in Appendix B, applying εy to both sides, we have εy(εy∨z(φ)) =
εy(φ) and εy(εy∨z(εz(φ)) = εy(εz(φ)). Hence εy(φ) = εy(εz(φ)).

2. By the Existential Quantifier, the Extraction and the Support axioms, we
have

εy∨z(φ1 ·φ2) = εy∨z(φ1 · εy∨z(φ2)) = εy∨z(φ1) ·φ2 = εy∨z(εz(φ1)) ·φ2.

By Lemma 9 in Appendix B, the last combination equals εz(φ1) ·φ2. But
then, again by the Existential Quantifier axiom and Lemma 9 in Appendix
B, we have

εz(φ1 · φ2) = εz(εy∨z(φ1 · φ2)) =

εz(εz(φ1) · φ2) = εz(φ1) · εz(φ2).

This concludes the first part of the proof. Vice versa, suppose item 1 and item1085

2 of this theorem are satisfied in place of the Extraction axiom and item (c) of
Existential Quantifier axiom respectively.

11In [4] it is required also that εx(φ) = 0 if and only if φ = 0 in place of item (a) of
Existential Quantifier axiom. However, this is satisfied also by our definition of domain-free
information algebra, as Lemma 9 proves.
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• Let us consider x,y, z ∈ Q and φ ∈ Φ, such that εx(φ) = φ and x ∨
z⊥y ∨ z|z. Then, by the properties of a quasi-separoid, we have also
x⊥y ∨ z|z. Hence, by item 1, we have

εy∨z(φ) = εy∨z(εz(φ)),

thus the Extraction axiom is satisfied.

• Item (c) of Existential Quantifier axiom follows from [4, Lemma 5.2].

This concludes the proof.1090

A similar result for a specific instance of domain-free information algebras can
be found in [6].

As seen in Section 3.3, in a domain-free information algebra can be intro-
duced a definition of partial order among pieces of information. It is easy to see
that, in particular, the following properties are satisfied, see also [4].1095

Lemma 10. Consider a domain-free information algebra (Φ,Q,∨,⊥, ·,0,1, ε).
The following properties are valid.

1. 1 ≤ φ ≤ 0, for every φ ∈ Φ;

2. φ,ψ ≤ φ ·ψ, for every φ,ψ ∈ Φ;

3. φ ≤ ψ implies φ · µ ≤ ψ · µ for every φ, ψ, µ ∈ Φ;1100

4. εx(φ) ≤ φ for every x ∈ Q, φ ∈ Φ;

5. φ ≤ ψ implies εx(φ) ≤ εx(ψ) for every x ∈ Q, φ,ψ ∈ Φ;

6. x ≤ y implies εx(φ) ≤ εy(φ), for every x,y ∈ Q, φ ∈ Φ.

If a domain-free information algebra admits the presence of atoms, the fol-
lowing properties follow directly, see also [4]. In [4] in particular, the proof of1105

these properties is given in the context of labeled information algebras. Here
therefore we report the proof for domain-free ones.

Lemma 11. Consider a domain-free information algebra (Φ, Q,∨,⊥, ·,0,1, ε).

1. If α ∈ Φ is an atom and φ ∈ Φ, then φ ·α = α or φ ·α = 0;

2. If α ∈ Φ is an atom and φ ∈ Φ, then φ ≤ α or α · φ = 0;1110

3. If α,β ∈ Φ are atoms, either α = β or α · β = 0.

Proof. We show only the first item because the others follow directly from it.
So, suppose that α is an atom of Φ and consider φ ∈ Φ. Then α · φ = ψ for
some ψ ∈ Φ. Then, α ≤ ψ. Hence, ψ = α or ψ = 0.
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Appendix C. Multivariate model1115

Multivariate models provide an important instance of partitive models. In
this case we suppose that questions of interest regard possible values of a set
of logically independent variables. We consider therefore a universal set of a
specific form:

U =×
i∈I

Ui,

where I is an index set and Ui is the set of possible values of a variable Xi,
for every i ∈ I.12 We may think of elements u of U as maps u : I → U such
that u(i) ∈ Ui. In this context, questions regard values of subsets of variables,
therefore we can model them as equivalence relations ≡S where S ⊆ I and
u ≡S u′ if and only if u coincides with u′ on S. A question about a set of1120

variables S ⊆ I has clearly the Cartesian product×i∈S Ui as its set of possible
answers.

If we use the same identification used in Section 3.4 between partitions/
equivalence relations and indexes, we have that (P(I),∨,⊥) is a q-separoid,
where P(I) is the power-set of I and ∨ and ⊥ are respectively the join and the1125

conditional independence relation among partitions defined in Section 3.4, see
[4]. In particular, (P(I),∨) induces a lattice (P(I),∨,∧), where S ∨ T = S ∪ T
and S ∧ T := S ∩ T , for every S, T ∈ P(I), see again [4]. In this case we have
also that S⊥T |R if and only if (S ∪ R) ∩ (T ∪ R) = R [4]. These properties
imply that in a domain-free information algebra having a multivariate model as1130

model for questions, it is valid also the following axiom [4, Lemma 5.3]:

Commutative Extraction: For any S, T ∈ P(I), φ ∈ Φ,

εT (εS(φ)) = εS∩T (φ) = εS(εT (φ)). (C.1)

The resulting axiomatic framework obtained incorporating this latter axiom
essentially corresponds to the one introduced in [2] and used in our initial work
[5].

Appendix D. Marginal problem - Multivariate model1135

In [5] we treat a version of the marginal problem where we consider assess-
ments about sets of logically independent variables modeled as coherent sets of
gambles or coherent lower previsions.

In this appendix, we will compare the definitions and the results established
in [5] with the ones found in Section 7 of this paper. We limit ourselves to1140

consider assessments represented as coherent sets of gambles. Analogous con-
siderations can be made also for coherent lower previsions.

Let us consider the framework of Section 7. Assume however that Ω =

×i∈I Ωi, where Ωi is the set of values of a variable Xi, for every i in some index

12If needed, we assume the axiom of choice.
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set I. Assume moreover {Xi}i∈I as the variables of interest, hence (Q,∨,⊥) =1145

(P(I),∨,⊥). We recall from the previous Appendix C that in this case the
join-semilattice (P(I),∨) forms, in particular, a lattice (P(I),∨,∧) where S ∨
T = S ∪ T and S ∧ T := S ∩ T , S⊥T |R ⇐⇒ (S ∪ R) ∩ (T ∪ R) = R for
every S, T,R ∈ P(I) and the derived information algebra Φ(Ω) satisfies the
commutative extraction axiom.1150

We are now ready to compare the definitions and the results found in Section
7 with the ones found in [5]. In particular, we can observe that the definitions
of consistency and compatibility for coherent sets of gambles given in [5] are
analogous to the ones given in Section 7 of this paper. The definition of pairwise
compatibility instead is a bit different.1155

Definition 23. Pairwise compatibility for coherent sets of gambles -
multivariate model. Two coherent sets of gambles Di and Dj , where Di has
support Si ⊆ I and Dj support Sj ⊆ I, are called pairwise compatible if and
only if

εSi∩Sj
(Di) = εSi∩Sj

(Dj). (D.1)

Analogously, a finite family of coherent sets of gambles D1, ...,Dn, where Di1160

has support Si ⊆ I for every i = 1, ..., n respectively, is pairwise compatible, or
again D1, ...,Dn are pairwise compatible, if and only if pairs Di,Dj are pairwise
compatible for every i, j ∈ {1, ...n}.

The two definitions, however, can be easily reconciled.

Theorem 10. Let us consider Ω =×i∈I Ωi, where Ωi is the set of values
of a variable Xi for every i ∈ I, and the domain-free information algebra
(Φ(Ω),P(I), ∨,⊥, ·,L(Ω),L+(Ω), ε). In this context, consider a family of sets
of gambles D1, ...,Dn ∈ C(Ω) ⊆ Φ(Ω) having supports S1, ..., Sn ∈ P(I) respec-
tively. Then

(∀i, j) εSi∩Sj
(Dj) = εSi∩Sj

(Di) (D.2)

if and only if
(∀i, j) εSi

(Di · Dj) = Di. (D.3)

Proof. Let us consider a family of coherent sets of gambles D1, ....,Dn having
supports S1, .., Sn respectively and satisfying Eq. D.2. Then, we have

εSi(Di · Dj) = Di · εSi(Dj) = Di · εSi(εSj (Dj)) =

Di · εSi∩Sj (Dj) = Di · εSi∩Sj (Di) = Di,

for every i, j ∈ {1, ..., n}, by Existential Quantifier axiom and axiom (C.1).1165

Vice versa, if they satisfy Eq. D.3, we have

εSi∩Sj (Dj) = εSi∩Sj (εSj (Di · Dj)) = εSi∩Sj (Di · Dj),

thanks to Lemma 9 in Appendix B. Analogously, we have:

εSi∩Sj (Di) = εSi∩Sj (εSi(Di · Dj)) = εSi∩Sj (Di · Dj).

Hence, we have the result.
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In [5] is then shown a result similar to Theorem 6, where, in place of requiring
that the family of supports of a set of marginal assessments form a hypertree,
it is required it satisfies the running intersection property (RIP):

RIP A n-elements subset S of P(I) satisfies the running intersection property1170

(RIP) if there is a numbering of its elements S = {S1, ..., Sn} such that
for all i = 1, ...., n − 1 there is an element b(i) > i in the numbering so
that

Si ∩ Sb(i) = Si ∩ (∪nj=i+1Sj).

Notice however that the two properties convey the same idea: for every i only
the part relative to question b(i) of an information relative to (i + 1) ∨ ... ∨ n1175

is relevant. In fact, it can easily been shown that in this context if a set of
supports {S1, ..., Sn} such that Si ∈ P(I) for every i forms a hypertree, it
satisfy the running intersection property and vice versa.13

Given the discussion stated here, it is then clear how the results found in
[5] are a special case of the ones found in Section 7 for multivariate models of1180

questions.
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[19] G. Boole, An Investigation of the Laws of Thought, on Which are Founded
the Mathematical Theories of Logic and Probabilities, Walton and Maberly,
London, 1854.
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