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We study the two-dimensional geometric knapsack problem, in which we are given a set of 𝑛 axis-aligned

rectangular items, each one with an associated profit, and an axis-aligned square knapsack. The goal is to

find a (non-overlapping) packing of a maximum profit subset of items inside the knapsack (without rotating

items). The best-known polynomial-time approximation factor for this problem (even just in the cardinality

case) is 2 + Y [Jansen and Zhang, SODA 2004]. In this article we present a polynomial-time 17/9 + Y < 1.89

approximation, which improves to 558/325 + Y < 1.72 in the cardinality case.

Prior results pack items into a constant number of rectangular containers which are filled via greedy

strategies. We deviate from this setting and show that there exists a large profit solution where items are

packed into a constant number of containers plus one L-shaped region at the boundary of the knapsack

containing narrow-high items and thin-wide items. These items may interact in complex manners at the

corner of the L. The best-known approximation ratio for the subproblem in the L-shaped region is 2 + Y (via a
trivial reduction to one-dimensional knapsack), hence as a second major result we present a PTAS for this

case which we believe might be of broader utility.

We also consider the variant with rotations, where items can be rotated by 90 degrees. Again the best-known

polynomial-time approximation factor (even for the cardinality case) is 2 + Y [Jansen and Zhang, SODA 2004].

We present a polynomial-time (3/2 + Y)-approximation for this setting, which improves to 4/3 + Y in the

cardinality case.
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1 INTRODUCTION
The (two-dimensional) geometric knapsack problem (2𝐷𝐾 ) is the geometric variant of the classical

(one-dimensional) knapsack problem. We are given a set of 𝑛 items 𝐼 = {1, . . . , 𝑛}, where each item

𝑖 ∈ 𝐼 is an axis-aligned open rectangle (0,𝑤 (𝑖)) × (0, ℎ(𝑖)) in the two-dimensional plane, and has an

associated profit 𝑝 (𝑖). Furthermore, we are given an axis-aligned square knapsack𝐾 = [0, 𝑁 ]×[0, 𝑁 ].
W.l.o.g. we next assume that all values𝑤 (𝑖), ℎ(𝑖), 𝑝 (𝑖) and 𝑁 are positive integers. Our goal is to

select a subset of items 𝑂𝑃𝑇 ⊆ 𝐼 of maximum total profit 𝑜𝑝𝑡 = 𝑝 (𝑂𝑃𝑇 ) := ∑
𝑖∈𝑂𝑃𝑇 𝑝 (𝑖) and to

place them so that the selected rectangles are pairwise disjoint and fully contained in the knapsack.

More formally, for each 𝑖 ∈ 𝑂𝑃𝑇 we have to define a pair of coordinates (𝑙𝑒 𝑓 𝑡 (𝑖), 𝑏𝑜𝑡𝑡𝑜𝑚(𝑖)) that
specify the position of the bottom-left corner of 𝑖 in the packing. In other words, 𝑖 is mapped

into a rectangle 𝑅(𝑖) := (𝑙𝑒 𝑓 𝑡 (𝑖), 𝑟𝑖𝑔ℎ𝑡 (𝑖)) × (𝑏𝑜𝑡𝑡𝑜𝑚(𝑖), 𝑡𝑜𝑝 (𝑖)), with 𝑟𝑖𝑔ℎ𝑡 (𝑖) = 𝑙𝑒 𝑓 𝑡 (𝑖) +𝑤 (𝑖) and
𝑡𝑜𝑝 (𝑖) = 𝑏𝑜𝑡𝑡𝑜𝑚(𝑖) + ℎ(𝑖). For any two 𝑖, 𝑗 ∈ 𝑂𝑃𝑇 , we must have 𝑅(𝑖) ⊆ 𝐾 and 𝑅(𝑖) ∩ 𝑅( 𝑗) = ∅1.

Besides being a natural mathematical problem, 2𝐷𝐾 is well-motivated by practical applications.

For instance, one might want to place advertisements on a board or a website, or cut rectangular

pieces from a sheet of some material. Also, it models a scheduling setting where each rectangle

corresponds to a job that needs some “consecutive amount” of a given resource (memory storage,

frequencies, etc.) for a given time interval. In all these cases, dealing with rectangular shapes only

is a reasonable simplification and often the developed techniques can be extended to deal with

more general instances.

2𝐷𝐾 is NP-hard [33], and it was intensively studied from the point of view of approximation

algorithms. The best known polynomial time approximation algorithm for it is due to Jansen and

Zhang and yields a (2 + Y)-approximation [28].

This is the best known result even in the cardinality case (with all the profits being equal to

1). However, there are reasons to believe that much better polynomial time approximation ratios

are possible: there is a QPTAS under the assumption that 𝑁 = 𝑛poly(log𝑛) [3], and there are PTASs

if the profit of each item equals its area [4], if the size of the knapsack can be slightly increased

(resource augmentation) [13, 24], if all items are relatively small [12] and if all input items are

squares [21, 25]. Note that, with no restriction on 𝑁 , the current best approximation for 2𝐷𝐾 is

2 + Y even in quasi-polynomial time2.
All prior polynomial-time approximation algorithms for 2𝐷𝐾 implicitly or explicitly exploit a

container-based packing approach. The idea is to partition the knapsack into a constant number of

axis-aligned rectangular regions (containers). The sizes (and therefore positions) of these containers
can be guessed in polynomial time. Then items are packed inside the containers in a simple way:

either one next to the other from left to right or from bottom to top (similarly to the one-dimensional

case), or by means of the simple greedy Next-Fit-Decreasing-Height algorithm. Indeed, also the

QPTAS in [3] can be cast in this framework, with the relevant difference that the number of

containers in this case is poly-logarithmic (leading to a quasi-polynomial running time).

1
We will sometimes abuse notation and denote in the same way a subset of items and the corresponding packing when the

latter is clear from the context. For example, we will use𝑂𝑃𝑇 to denote the packing of𝑂𝑃𝑇 in the optimal solution.

2
The role of 𝑁 in the running time is delicate as shown by recent results on the related strip packing problem, where

allowing pseudo-polynomial running time leads to strictly better approximation ratios, even beating polynomial-time

hardness of approximation bounds (see [1, 16, 19, 23, 34])
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One of the major bottlenecks to achieve approximation factors better than 2 (in polynomial-time)

is that items that are high and narrow (vertical items) and items that are wide and thin (horizontal
items) can interact in a very complicated way. Indeed, consider the following seemingly simple

L-packing problem (see Section 3.2 for a formal definition): we are given a set of items 𝑖 with either

𝑤 (𝑖) > 𝑁 /2 (horizontal items) or ℎ(𝑖) > 𝑁 /2 (vertical items). Our goal is to pack a maximum

profit subset of them inside an 𝐿-shaped region 𝐿 = ( [0, 𝑁 ] × [0, ℎ𝐿]) ∪ ([0,𝑤𝐿] × [0, 𝑁 ]), so
that horizontal (resp., vertical) items are packed in the bottom-right (resp., top-left) of 𝐿. To the

best of our knowledge, the best-known approximation ratio for L-packing is 2 + Y: Remove either

all vertical or all horizontal items, and then pack the remaining items by a simple reduction to

one-dimensional knapsack (for which an FPTAS is known). Actually, it is possible to prove that

container-based solutions cannot achieve a better approximation factor (see Section 3.2). As we

will see, a better understanding of the L-packing problem will play a major role in the design of

improved approximation algorithms for 2𝐷𝐾 .

1.1 Our contribution
In this article we break the 2-approximation barrier for 2𝐷𝐾 . In order to do that, we substantially

deviate for the first time from pure container-based packings, which are, either implicitly or

explicitly, at the hearth of prior work. Namely, we consider L&C-packings that combine 𝑂Y (1)3
containers plus one L-packing of the above type (see Figure 1 (a)), and show that there is a packing

of this type with enough profit.

While it is easy to pack almost optimally items into containers, the aforementioned (2 + Y)-
approximation for L-packings is not sufficient to achieve an approximation ratio better than 2 since

the items of the L-packing might carry all the profit! The main algorithmic contribution of this paper

is a PTAS for the L-packing problem. It is easy to solve this problem optimally in pseudo-polynomial

time (𝑁𝑛)𝑂 (1)
by means of dynamic programming. We show that a (1 + Y)-approximation can be

obtained by restricting the top (resp., right) coordinates of horizontal (resp., vertical) items to a

proper set that can be computed in polynomial time 𝑛𝑂Y (1)
. Given that, one can adapt the above

dynamic program to run in polynomial time.

Theorem 1. There is a PTAS for the L-packing problem.

In order to illustrate the power of our approach, we next sketch a simple
16

9
+ 𝑂 (Y) < 1.78

approximation for the cardinality case of 2𝐷𝐾 (details in Section 5). By standard arguments
4
it is

possible to discard large items with both sides longer than Y · 𝑁 . The remaining items have height

or width smaller than Y · 𝑁 (horizontal and vertical items, resp.). Let us delete all items intersecting

a random vertical or horizontal strip of width Y ·𝑁 inside the knapsack. We can pack the remaining

items into 𝑂Y (1) containers by exploiting the PTAS under one-dimensional resource augmentation

for 2𝐷𝐾 in [24]
5
. A vertical strip deletes vertical items with 𝑂 (Y) probability, and horizontal ones

with probability roughly proportional to their width, and symmetrically for a horizontal strip. In

particular, let us call long the items with longer side larger than 𝑁 /2, and short the remaining items.

Then the above argument gives in expectation roughly one half of the profit 𝑜𝑝𝑡𝑙𝑜𝑛𝑔 of long items,

and three quarters of the profit 𝑜𝑝𝑡𝑠ℎ𝑜𝑟𝑡 of short ones. This is already good enough unless 𝑜𝑝𝑡𝑙𝑜𝑛𝑔 is

large compared to 𝑜𝑝𝑡𝑠ℎ𝑜𝑟𝑡 .

3
A function 𝑓 ( ·, ·) is in𝑂Y (1) if, for any Y > 0 constant, it holds that 𝑓 ( ·, Y) ∈ 𝑂 (1) .

4
There can be at most𝑂Y (1) large items in any feasible solution, and if the optimum solution contains only𝑂Y (1) items we

can solve the problem optimally by brute force.

5
Technically this PTAS is not container-based, however in Section C we show that it can be cast in that framework. Our

version of the PTAS simplifies the algorithms and works also in the case with rotations: this might be a handy black-box

tool.
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Fig. 1. (a): An L&C-packing with 4 containers, where the top-left container is packed by means of Next-Fit-
Decreasing-Height. (b): A subset of long items. (c): Such items are shifted into 4 stacks at the sides of the
knapsack, and the top stack is deleted. (d): The final packing into an L-shaped region.

At this point L-packings and our PTAS come into play. We shift long items such that they form

4 stacks at the sides of the knapsack in a ring-shaped region, see Figure 1 (b)-(c): this is possible

since any vertical long item cannot have a horizontal long item both at its left and at its right, and

vice versa. Next we delete the least profitable of these stacks and rearrange the remaining long

items into an L-packing, see Figure 1 (d). Thus using our PTAS for L-packings, we can compute a

solution of profit roughly three quarters of 𝑜𝑝𝑡𝑙𝑜𝑛𝑔. The reader might check that the combination

of these two algorithms gives the claimed approximation factor.

Above we used either 𝑂Y (1) containers or one L-packing: by combining the two approaches

together and with a more sophisticated case analysis we achieve the following result (see Section D).

Theorem 2. There is a polynomial-time 558

325
+ Y < 1.72 approximation algorithm for cardinality

2𝐷𝐾 .

For weighted 2𝐷𝐾 we face severe technical complications for proving that there is a profitable

L&C-packing. One key reason is that in the weighted case we cannot discard large items since

even one such item might contribute a large fraction to the optimal profit. In order to circumvent

these difficulties, we exploit the corridor-partition at the hearth of the QPTAS for 2𝐷𝐾 in [3] (in

turn inspired by prior work in [2]). Roughly speaking, there exists a partition of the knapsack

into 𝑂Y (1) corridors, consisting of the concatenation of 𝑂Y (1) (partially overlapping) rectangular

regions (subcorridors). In [3] the authors partition the corridors into a poly-logarithmic number

of containers. Their main algorithm then guesses these containers in time 𝑛poly(log𝑛) . However,
we can only handle a constant number of containers in polynomial time. Therefore, we present a

different way to partition the corridors into containers: here we lose the profit of a set of thin items,

which in some sense play the role of long items in the previous discussion. These thin items fit in a

very narrow ring at the boundary of the knapsack and we map them to an L-packing in the same

way as in the cardinality case above. Some of the remaining non-thin items are then packed into

𝑂Y (1) containers that are placed in the (large) part of the knapsack not occupied by the L-packing.

Our partition of the corridors is based on a somewhat intricate case analysis that exploits the fact

that long consecutive subcorridors are arranged in the shape of rings or spirals: this is used to show
the existence of a profitable L&C-packing.

Theorem 3. There is a polynomial-time 17

9
+ Y < 1.89 approximation algorithm for (weighted)

2𝐷𝐾 .

Rotation setting. In the variant of 2𝐷𝐾 with rotations (2𝐷𝐾𝑅), we are allowed to rotate any

rectangle 𝑖 by 90 degrees. This means that 𝑖 can also be placed in the knapsack as a rectangle

of the form (𝑙𝑒 𝑓 𝑡 (𝑖), 𝑙𝑒 𝑓 𝑡 (𝑖) + ℎ(𝑖)) × (𝑏𝑜𝑡𝑡𝑜𝑚(𝑖), 𝑏𝑜𝑡𝑡𝑜𝑚(𝑖) +𝑤 (𝑖)). The best known polynomial
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time approximation factor for 2𝐷𝐾𝑅 (even for the cardinality case) is again 2 + Y due to Jansen &

Zhang [28] and the aforementioned QPTAS for the problem [3] works also for this case.

By using the techniques described above and exploiting a few more ideas, we are also able to

improve the approximation factor for 2𝐷𝐾𝑅 (see Section 7 and Section 8 for the cardinality and

general case respectively). The basic idea is that any thin item can now be packed inside a narrow

vertical strip (say at the right edge of the knapsack) by possibly rotating it. This way we do not

lose one quarter of the profit due to the mapping to an L-packing and instead place all items from

the ring into the mentioned strip (while we ensure that their total width is small). The remaining

short items are packed by means of a novel resource contraction lemma: unless there is one huge
item that occupies almost the whole knapsack (a case that we consider separately), we can pack

almost one half of the profit of non-thin items into a reduced knapsack where one of the two sides is

shortened by a factor 1 − Y (hence leaving enough space for the vertical strip). We remark that here

we heavily exploit the possibility to rotate items. Thus, roughly speaking, we obtain either all profit

of non-thin items, or all profit of thin items plus one half of the profit of non-thin items: this gives

a (3/2 + Y)-approximation. A further refinement of this approach yields a 4/3 + Y approximation in

the cardinality case. We remark that, while resource augmentation is a well-established notion in

approximation algorithms, resource contraction seems to be a rather novel direction to explore.

Theorem 4. For any constant Y > 0, there exists a polynomial-time 3

2
+ Y approximation algorithm

for 2𝐷𝐾𝑅.

Theorem 5. For any constant Y > 0, there exists a polynomial-time 4

3
+ Y approximation algorithm

for the cardinality case of 2𝐷𝐾𝑅.

1.2 Other related work
The previously mentioned (2 + Y)-approximation for two-dimensional knapsack [28] works in the

weighted case of the problem. However, in the unweighted case a simpler (2 + Y)-approximation is

known [27]. If one can increase the size of the knapsack by a factor 1 + Y in both dimensions then

one can compute a solution of optimal weight, rather than an approximation, in time 𝑓 (1/Y) · 𝑛𝑂 (1)

where the exponent of 𝑛 does not depend on Y [21] (for some suitable function 𝑓 ). Similarly, for

the case of squares there is a (1 + Y)-approximation algorithm with such a running time, i.e.,

an EPTAS [21]. This improves previous results such as a (5/4 + Y)-approximation [18] and the

mentioned PTAS [25]. More recently, Grandoni et al. [17] considered the parameterized version of

this problem, proving that it is𝑊 [1]-hard (cardinality case in both its variants with and without

rotations) when parameterized by the size of the optimal solution. Furthermore, they provide an

FPT (1 + Y)-approximation for 2𝐷𝐾𝑅.

Two-dimensional knapsack is the separation problem when we want to solve the configuration-

LP for two-dimensional bin-packing. Even though we do not have a PTAS for the former problem,

Bansal et al. [4] show how to solve the latter LP to an (1 + Y)-accuracy using their PTAS for

two-dimensional knapsack for the special case where the profit of each item equals its area. The

best known (asymptotic) result for two-dimensional bin packing is due to Bansal and Khan and it

is based on this configuration-LP, achieving an approximation ratio of 1.405 [6] which improves a

series of previous results [5, 7, 10, 24, 30]. See also the recent surveys in [9] and [31].

Another closely related problem is strip packing. Informally, we are given a knapsack of width 𝑁

and very large height, and we wish to pack all items so that the topmost coordinate is as small as

possible. This problem admits a (5/3 + Y)-approximation [19], and it is hard to approximate below

a factor 3/2 via a simple reduction from Partition. However, strictly better approximation ratios

can be achieved in pseudo-polynomial time (𝑁𝑛)𝑂Y (1)
[16, 23, 34], where there is an algorithm with

approximation ratio (5/4 + Y) which is essentially the best possible result in this regime [20, 22].
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This shows that pseudo-polynomial time can make the difference for rectangle packing problems.

We remark that all the approximation algorithms in this paper run in polynomial time, rather than

pseudo-polynomial time.

1.3 Organization of the article
Section 2 describes some building blocks and known results that will be used along the article.

Then Section 3 describes our basic algorithmic approach. In Section 4 we describe in detail our

PTAS for L-packings. Subsequently we describe our structural results for 2𝐷𝐾 in Section 5 and

Section 6, and for 2𝐷𝐾𝑅 in Section 7 and Section 8. We finish in Section 9 by briefly discussing

open problems and further directions of research. To improve the readability, some of the proofs

are deferred to the Appendix.

2 PRELIMINARIES
Along this article we will assume that Y > 0 is a given small enough constant. In this section we

will review some building blocks used later in the analysis of our algorithms.

2.1 Item classification
We start with a classification of the input items according to their heights and widths. For two

given constants 1 ≥ Y𝑙𝑎𝑟𝑔𝑒 > Y𝑠𝑚𝑎𝑙𝑙 > 0, we classify an item 𝑖 as:

• small if ℎ𝑖 ,𝑤𝑖 ≤ Y𝑠𝑚𝑎𝑙𝑙𝑁 ;

• large if ℎ𝑖 ,𝑤𝑖 > Y𝑙𝑎𝑟𝑔𝑒𝑁 ;

• horizontal if𝑤𝑖 > Y𝑙𝑎𝑟𝑔𝑒𝑁 and ℎ𝑖 ≤ Y𝑠𝑚𝑎𝑙𝑙𝑁 ;

• vertical if ℎ𝑖 > Y𝑙𝑎𝑟𝑔𝑒𝑁 and𝑤𝑖 ≤ Y𝑠𝑚𝑎𝑙𝑙𝑁 ;

• intermediate otherwise (i.e., at least one side has length in (Y𝑠𝑚𝑎𝑙𝑙𝑁, Y𝑙𝑎𝑟𝑔𝑒𝑁 ]).
We also call skewed items that are horizontal or vertical. We let 𝐼𝑠𝑚𝑎𝑙𝑙 , 𝐼𝑙𝑎𝑟𝑔𝑒 , 𝐼ℎ𝑜𝑟 , 𝐼𝑣𝑒𝑟 , 𝐼𝑠𝑘𝑒𝑤 , and 𝐼𝑖𝑛𝑡
be the items which are small, large, horizontal, vertical, skewed, and intermediate, respectively. The

corresponding intersection with𝑂𝑃𝑇 defines the sets𝑂𝑃𝑇𝑠𝑚𝑎𝑙𝑙 ,𝑂𝑃𝑇𝑙𝑎𝑟𝑔𝑒 ,𝑂𝑃𝑇ℎ𝑜𝑟 ,𝑂𝑃𝑇𝑣𝑒𝑟 ,𝑂𝑃𝑇𝑠𝑘𝑒𝑤
and 𝑂𝑃𝑇𝑖𝑛𝑡 respectively.

Notice that |𝑂𝑃𝑇𝑙𝑎𝑟𝑔𝑒 | ≤ 1/Y2
𝑙𝑎𝑟𝑔𝑒

. The next lemma shows that we can neglect𝑂𝑃𝑇𝑖𝑛𝑡 . Throughout

this paper, for any set of items 𝐼 ′ ⊆ 𝐼 we define 𝑝 (𝐼 ′) := ∑
𝑖∈𝐼 ′ 𝑝 (𝑖).

Lemma 6. (Removal of intermediate items) For any constant Y > 0 and positive increasing function
𝑓 (·), 𝑓 (𝑥) > 𝑥 , there exist constant values Y𝑙𝑎𝑟𝑔𝑒 , Y𝑠𝑚𝑎𝑙𝑙 , with Y ≥ Y𝑙𝑎𝑟𝑔𝑒 ≥ 𝑓 (Y𝑠𝑚𝑎𝑙𝑙 ) ∈ ΩY (1) and
Y𝑠𝑚𝑎𝑙𝑙 ∈ ΩY (1) such that the total profit of intermediate rectangles is bounded by Y𝑝 (𝑂𝑃𝑇 ). The pair
(Y𝑙𝑎𝑟𝑔𝑒 , Y𝑠𝑚𝑎𝑙𝑙 ) is one pair from a set of 𝑂Y (1) pairs and this set can be computed in polynomial time.

Proof. Define 𝑘 + 1 = 2/Y + 1 constants Y1, . . . , Y𝑘+1, such that Y = 𝑓 (Y1) and Y𝑖 = 𝑓 (Y𝑖+1) for
each 𝑖 . Consider the 𝑘 ranges of widths and heights of type (Y𝑖+1𝑁, Y𝑖𝑁 ]. By an averaging argument

there exists one index 𝑗 such that the total profit of items in𝑂𝑃𝑇 with at least one side length in the

range (Y 𝑗+1𝑁, Y 𝑗𝑁 ] is at most 2 · Y
2
𝑝 (𝑂𝑃𝑇 ). It is then sufficient to set Y𝑙𝑎𝑟𝑔𝑒 = Y 𝑗 and Y𝑠𝑚𝑎𝑙𝑙 = Y 𝑗+1. □

2.2 Packing items with area guarantees
The following theorem due to Steinberg gives a useful tool to pack items into rectangular regions

and it comes handy when proving existential packing results
6
. Throughout this paper, for a set of

items 𝐼 ′ ⊆ 𝐼 we denote by 𝑎(𝐼 ′) their total area and we define 𝑥+ :=𝑚𝑎𝑥 (𝑥, 0).

6
It is possible to construct the packing from the claim in polynomial time, however we will only use the existential version

of this theorem.
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Theorem 7 (A. Steinberg [36]). We are given a set of rectangles 𝐼 and a box 𝑄 of size 𝑤 × ℎ.
Let 𝑤𝑚𝑎𝑥 ≤ 𝑤 and ℎ𝑚𝑎𝑥 ≤ ℎ be the maximum width and maximum height among the items in 𝐼
respectively. If

2𝑎(𝐼 ) ≤ 𝑤ℎ − (2𝑤𝑚𝑎𝑥 −𝑤)+ (2ℎ𝑚𝑎𝑥 − ℎ)+
then 𝐼 can be packed into 𝑄 .

Another recurring tool in countless results on geometric packing problems is the Next Fit Decreas-

ing Height (NFDH) algorithm, which was originally analyzed in the context of strip packing [29].

Suppose we are given a box𝐶 of size𝑤 ×ℎ, and a set of items 𝐼 each one fitting in the box (without

rotations). NFDH computes in polynomial time a packing 𝐼 ′ ⊆ 𝐼 as follows: It sorts the items 𝑖 ∈ 𝐼
in non-increasing order of height ℎ𝑖 , and considers items in that order 𝑖1, . . . , 𝑖𝑛 . Then the algorithm

works in rounds 𝑗 ≥ 1. At the beginning of round 𝑗 it is given an index 𝑛( 𝑗) and a horizontal

segment 𝐿( 𝑗) going from the left to the right side of 𝐶 . Initially 𝑛(1) = 1 and 𝐿(1) is the bottom
side of 𝐶 . In round 𝑗 the algorithm packs a maximal set of items 𝑖𝑛 ( 𝑗) , . . . , 𝑖𝑛 ( 𝑗+1)−1, with bottom

side touching 𝐿( 𝑗) one next to the other from left to right (a shelf ). The segment 𝐿( 𝑗 + 1) is the
horizontal segment containing the top side of 𝑖𝑛 ( 𝑗) and ranging from the left to the right side of 𝐶 .

The process halts at round 𝑟 when either all items have being packed or 𝑖𝑛 (𝑟+1) does not fit above
𝑖𝑛 (𝑟 ) .

The following theorem summarizes the properties of NFDH in terms of area covered by the

solution, which is useful when the items are small compared to the region where they are packed.

Theorem 8. Let 𝐶 be a rectangular region of height ℎ and width𝑤 . Assume that, for some given
parameter Y ∈ (0, 1), for each 𝑖 ∈ 𝐼 one has𝑤 (𝑖) ≤ Y𝑤 and ℎ(𝑖) ≤ Yℎ. Then NFDH is able to pack in 𝐶
a subset 𝐼 ′ ⊆ 𝐼 of area at least 𝑎(𝐼 ′) ≥ min{𝑎(𝐼 ), (1 − 2Y)𝑤 · ℎ}. In particular, if 𝑎(𝐼 ) ≤ (1 − 2Y)𝑤 · ℎ,
all items in 𝐼 are packed.

Proof. The claim trivially holds if all items are packed. Thus suppose that this is not the case.

Observe that

∑𝑟+1
𝑗=1 ℎ(𝑖𝑛 ( 𝑗) ) > ℎ, otherwise item 𝑖𝑛 (𝑟+1) would fit in the next shelf above 𝑖𝑛 (𝑟 ) ; hence∑𝑟+1

𝑖=2 ℎ(𝑖𝑛 ( 𝑗) ) > ℎ − ℎ(𝑖𝑛 (1) ) ≥ (1 − Y)ℎ. Observe also that the total width of items packed in each

round 𝑗 is at least𝑤 − Y𝑤 = (1 − Y)𝑤 , since 𝑖𝑛 ( 𝑗+1) , of width at most Y𝑤 , does not fit to the right of

𝑖𝑛 ( 𝑗+1)−1. It follows that the total area of items packed in round 𝑗 is at least (𝑤 − Y𝑤)ℎ(𝑛( 𝑗 + 1) − 1),
and thus

𝑎(𝐼 ′) ≥
𝑟∑︁
𝑗=1

(1 − Y)𝑤 · ℎ(𝑛( 𝑗 + 1) − 1) ≥ (1 − Y)𝑤
𝑟+1∑︁
𝑗=2

ℎ(𝑛( 𝑗))

≥ (1 − Y)2𝑤 · ℎ ≥ (1 − 2Y)𝑤 · ℎ.

□

3 OUR BASIC ALGORITHMIC APPROACH
We will use two types of algorithms, which can be described as methods to search for structured

solutions. More in detail, our algorithms will tackle the problem of computing the best possible

packing satisfying that it can be decomposed into a constant number of simple enough subregions.

The first algorithm searches for container packings, which we define in detail shortly after and will

be used for 2𝐷𝐾𝑅, while the second one combines a container packing with an L-packing and will

be used for 2𝐷𝐾 . Both algorithms are in fact PTASs for the problem of computing the best such

packing restricted in a proper way. We will later show that restricted packings of large enough

profit indeed exist for 2𝐷𝐾 (see Section 5 and Section 6) and 2𝐷𝐾𝑅 (see Section 7 and Section 8).
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3.1 Algorithm for 2DKR
Let us first define the concept of Container Packing, which implicitly or explicitly is the main

concept exploited in previous works. A container is a rectangular box labeled either as horizontal,
vertical or area. We say that a feasible solution of a set of items 𝐼 for 2𝐷𝐾 or 2𝐷𝐾𝑅 is a container
packing if the knapsack can be decomposed into a collection of non-overlapping containers, where

each item in 𝐼 is completely contained in one of the containers, satisfying the following properties:

• Items in a horizontal (resp., vertical) container are stacked one on top of the other (resp., one

next to the other).

• Each 𝑖 ∈ 𝐼 packed in an area container of size 𝑎 × 𝑏 must satisfy𝑤𝑖 ≤ Y𝑎 and ℎ𝑖 ≤ Y𝑏.
The main reason to consider this kind of structured solutions is the following standard PTAS

to pack items into a constant number of containers. The same basic approach works also with

rotations. The basic idea is to reduce the problem to an instance of the Maximum Generalized

Assignment Problem (GAP) with one bin per container, and then use a PTAS for the latter problem

plus Next Fit Decreasing Height to repack items into area containers. The proof of the following

lemma can be found in Section A.

Lemma 9. There is a PTAS for the problem of computing a maximum profit packing of a subset
of items of a given set 𝐼 ′ into a given set of containers of constant cardinality, both with and without
rotations.

We say that a given container packing is guessable if it involves 𝑂Y (1) containers and if we are

given a polynomial time algorithm that generates a set L of 𝑛𝑂Y (1)
values so that the sides of the

containers have lengths in the latter set. As the following theorem states, guessable container

packings can be computed almost optimally.

Theorem 10. If a 2𝐷𝐾 or 2𝐷𝐾𝑅 instance admits a guessable container packing of profit at least 𝑝 ,
then there exists a 𝑛𝑂Y (1) time algorithm to compute a container packing of profit at least (1 − Y)𝑝 .

Proof. We guess the set𝐶 of containers in the considered solution, by considering all the possible

𝑛𝑂Y (1)
options. Then we find a packing of 𝐶 into the knapsack in 𝑂Y (1) time. Finally we apply the

PTAS from Lemma 9 to obtain a large profit packing into 𝐶 . □

We will make use of the following result which is a resource augmentation packing lemma

essentially taken from [26]. In Section C we reprove this lemma in a container-based form, rather

than using LP-based arguments, since this is more convenient for our final algorithm. Our version

of the lemma might also be a handy tool for future work.

Lemma 11 (Resource Augmentation Packing Lemma). Let 𝐼 be a collection of items that can be
packed into a box of size 𝑎 × 𝑏, and Y𝑟𝑎 > 0 be a given constant. Then there exists a container packing
of 𝐼 ′ ⊆ 𝐼 inside a box of size 𝑎 × (1 + Y𝑟𝑎)𝑏 (resp., (1 + Y𝑟𝑎)𝑎 × 𝑏) such that:

(1) 𝑝 (𝐼 ′) ≥ (1 −𝑂 (Y𝑟𝑎))𝑝 (𝐼 );
(2) The number of containers is𝑂Y𝑟𝑎 (1) and their sizes belong to a set of cardinality 𝑛𝑂Y𝑟𝑎 (1) that

can be computed in polynomial time.

Remark 1. We will guarantee that, in any application of Lemma 11, the constants Y𝑙𝑎𝑟𝑔𝑒 , Y𝑠𝑚𝑎𝑙𝑙 and
Y𝑟𝑎 are all functions of Y only. Therefore, the corresponding container packings are guessable. We will
exploit this fact several times throughout this paper.
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Fig. 2. Construction from Lemma 12. The highlighted rectangles form a symmetric pair.

3.2 Limitations of containers and the L-packing problem
In the case where rotations are not allowed, as the following lemma shows, there exist instances

where guessable container packings cannot pack substantially more than half of the optimal profit,

preventing us from improving the current best algorithms.

Lemma 12. For any constant 0 < Y < 1

2
, any container packing that provides a 2 − Y approximation

for a cardinality 2𝐷𝐾 instance must use Ω(Y log𝑁 ) containers, where 𝑁 is the width of the knapsack.

Proof. Let 𝑁 be a power of 2. We define 2𝑘 rectangles, 𝑘 = log
2
𝑁 − 1, as follows: For each

𝑗 = 1, . . . , 𝑘 , we have a horizontal rectangle𝐻 𝑗 of height 2
𝑗−1

andwidth𝑁−∑𝑗−1
𝑖=1

2
𝑖−1 = 𝑁−(2𝑗−1−1),

and a vertical rectangle 𝑉𝑗 of height 𝑁 − ∑𝑗

𝑖=1
2
𝑖−1 = 𝑁 − (2𝑗 − 1) and width 2

𝑗−1
. We say that, for

each 𝑗 = 1, . . . , 𝑘 , 𝐻 𝑗 and 𝑉𝑗 form a symmetric pair (see Figure 2 for a depiction).
Notice that it is possible to pack all the 2𝑘 rectangles inside the knapsack in the following way:

First we can place 𝐻1 in the bottom of the knapsack and then𝑉1 on top of it and as much to the left

as possible; this leaves a squared empty region of size (𝑁 − 1) × (𝑁 − 1) in the knapsack where

we can pack in a similar way 𝐻2 and 𝑉2. If we iterate this procedure, we end up placing all the

rectangles as the total height of horizontal rectangles (resp. total width of vertical rectangles) is

2
𝑘 − 1 = 𝑁

2
− 1.

Consider next a container packing using 𝑐 containers. Notice first that any area container cannot

contain rectangles as all of them have height or width at least 𝑁 − (2𝑘 − 1) > 𝑁
2
, so we will assume

from now on that there are only horizontal or vertical containers. Observe that, if a packing contains

𝑠 symmetric pairs, its size is at most 𝑘 + 𝑠 . We next show that, in a packing with 𝑐 containers, it

must hold that 𝑠 ≤ 𝑐 . We can therefore conclude that the best possible approximation ratio with 𝑐

containers is
2𝑘
𝑘+𝑐 . Since 𝑘 = Θ(log𝑁 ), in order to achieve a 2 − Y approximation it must hold that

𝑐 = Ω(Y · log𝑁 ).
In order to prove that 𝑠 ≤ 𝑐 , we describe a mapping that associates each packed symmetric pair

(𝐻 𝑗 ,𝑉𝑗 ) with a distinct container. In more detail, we will prove that 𝐻 𝑗 is the horizontal rectangle

of smallest width in the container 𝐶 𝑗 that contains it. Thus 𝐶 𝑗 is univocally associated with 𝐻 𝑗 ,

hence with the packed symmetric pair (𝐻 𝑗 ,𝑉𝑗 ). To do so, we distinguish two cases:

• 𝐻 𝑗 and 𝑉𝑗 are assigned to the same container 𝐶 𝑗 . Observe that 𝐶 𝑗 cannot be vertical since it

should have width at least𝑁 −(2𝑗−1−1)+2𝑗−1 > 𝑁 . If𝐶 𝑗 also contained a narrower horizontal

rectangle𝐻 𝑗 ′ (hencewith 𝑗
′ > 𝑗 ), then𝐶 𝑗 should have height at least 2

𝑗−1+𝑁−2𝑗+1+2𝑗 ′−1 > 𝑁 ,

a contradiction.

• 𝐻 𝑗 and 𝑉𝑗 are assigned to distinct containers 𝐶 𝑗 and 𝐶
′
𝑗 respectively. The total width of

these containers is at least 𝑁 − (2𝑗−1 − 1) + 2
𝑗−1 > 𝑁 , hence there must exist a vertical line
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intersecting both containers. Assume by contradiction that 𝐶 𝑗 also contains a horizontal

rectangle 𝐻 𝑗 ′ with 𝑗
′ > 𝑗 . Observe that 𝐶 𝑗 must be a horizontal container since the total

width of 𝐻 𝑗 and 𝐻 𝑗 ′ is at least 𝑁 − (2𝑘 − 1) + 𝑁 − (2𝑘−1 − 1) > 𝑁 . Hence the total height of

𝐶 𝑗 and 𝐶
′
𝑗 is at least (2𝑗−1 + 2

𝑗 ′−1) + 𝑁 − 2
𝑗 + 1 > 𝑁 , a contradiction.

□

Because of this reason, as mentioned before, we will bypass this inconvenience by exploiting

a combination of a container packing and a packing into an 𝐿-shaped region (which will indeed

handle the previous problematic case).

Definition 1. In the L-packing problem we are given a set of horizontal items 𝐼ℎ𝑜𝑟 with width
larger than 𝑁 /2, and a set of vertical items 𝐼𝑣𝑒𝑟 with height larger than 𝑁 /2. Furthermore, we
are given an L-shaped region 𝐿 = ( [0, 𝑁 ] × [0, ℎ𝐿]) ∪ ([0,𝑤𝐿] × [0, 𝑁 ]). Our goal is to pack a
subset 𝑂𝑃𝑇 ⊆ 𝐼 := 𝐼ℎ𝑜𝑟 ∪ 𝐼𝑣𝑒𝑟 of maximum total profit 𝑜𝑝𝑡 = 𝑝 (𝑂𝑃𝑇 ) :=

∑
𝑖∈𝑂𝑃𝑇 𝑝 (𝑖), such that

𝑂𝑃𝑇ℎ𝑜𝑟 := 𝑂𝑃𝑇 ∩ 𝐼ℎ𝑜𝑟 is packed inside the horizontal box [0, 𝑁 ] × [0, ℎ𝐿] and 𝑂𝑃𝑇𝑣𝑒𝑟 := 𝑂𝑃𝑇 ∩ 𝐼𝑣𝑒𝑟
is packed inside the vertical box [0,𝑤𝐿] × [0, 𝑁 ]. We call a solution to this problem an L-packing.

We remark that packing horizontal and vertical items independently is not possible due to the

possible overlaps in the intersection of the two boxes: this is what makes this problem non-trivial,

in particular harder than standard (one-dimensional) knapsack. A boundary 𝐿 of width 𝑁 ′
is the

region covered by two boxes of size 𝑁 ′ × 𝑁 and 𝑁 × 𝑁 ′
that are placed on the left and bottom

boundaries of the knapsack. We similarly define a boundary ring of width 𝑁 ′
as the region having

as external boundary the edges of the knapsack and as internal boundary the boundary of a square

box of size (𝑁 − 𝑁 ′) × (𝑁 − 𝑁 ′) in the middle of the knapsack.

Definition 2. In an instance of the L&C-packing problem we are given two integer parameters
𝑁 ′ ∈ [0, 𝑁 /2] and ℓ > 𝑁 /2. We define a boundary 𝐿 of width 𝑁 ′, and a collection of non-overlapping
containers contained in the space not occupied by the boundary 𝐿. We let 𝐼long ⊆ 𝐼 be the items whose
longer side has length longer than ℓ (hence longer than 𝑁 /2), and 𝐼short = 𝐼 \ 𝐼long be the remaining
items. We can pack only items from 𝐼long in the boundary 𝐿, and only items from 𝐼short in the containers
(satisfying the usual container packing constraints).

Remark 2. L&C-packings contain container packings as a special case if we set𝑁 ′ = 0 and ℓ = 𝑁 +1.
We call the corresponding L-packing instance degenerate.

An L&C-packing is depicted in Figure 1. We say that a given L&C-packing is guessable if it
involves 𝑂Y (1) containers and if we are given a polynomial time algorithm that generates a set L
of 𝑛𝑂Y (1)

values so that the sides of the containers and of the 𝐿-shaped region have lengths in L.

Theorem 13. If a 2𝐷𝐾 instance admits a guessable L&C-packing of profit at least 𝑝 , then there
exists a 𝑛𝑂Y (1) time algorithm to compute a packing of profit at least (1 − Y)𝑝 .

Proof. We guess the 𝐿 and the containers 𝐶 of the consider solution in 𝑛𝑂Y (1)
time by trying all

the possibilities, and then pack the pair (𝐿,𝐶) into the knapsack in 𝑂Y (1) time. Then we guess the

parameter ℓ of the 𝐿-packing subproblem by considering all the heights and widths of the input

items that are larger than 𝑁 /2, i.e. at most 2𝑛 values. Let 𝐼long be the items whose longer side has

length at least ℓ (hence longer than 𝑁 /2). We apply the PTAS from Theorem 1 to the resulting

𝐿-packing instance (𝐿, 𝐼long). Finally, we apply the PTAS from Lemma 9 to pack the remaining items

𝐼short = 𝐼 \ 𝐼long into 𝐶 . □
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4 A PTAS FOR L-PACKINGS
In this section we present our main algorithmic tool, which is a PTAS for the problem of finding an

optimal L-packing. As mentioned before, the interaction between vertical and horizontal rectangles

in the 𝐿-shaped region makes this problem interesting and non-trivial.

Observe that in an optimal packing we can assume w.l.o.g. that items in 𝑂𝑃𝑇ℎ𝑜𝑟 are pushed as

far to the right/bottom as possible. Furthermore, the items in 𝑂𝑃𝑇ℎ𝑜𝑟 are packed from bottom to

top in non-increasing order of width. Indeed, it is possible to permute any two items violating this

property while keeping the packing feasible. A symmetric claim holds for 𝑂𝑃𝑇𝑣𝑒𝑟 . See Figure 1 (d)

for an illustration.

Given the above structure, it is relatively easy to define a dynamic program (DP) that computes

an optimal L-packing in pseudo-polynomial time (𝑁𝑛)𝑂 (1)
. The basic idea is to scan items of 𝐼ℎ𝑜𝑟

(resp. 𝐼𝑣𝑒𝑟 ) in decreasing order of width (resp., height), and each time guess if they are part of the

optimal solution 𝑂𝑃𝑇 . At each step either both the considered horizontal item 𝑖 and vertical item 𝑗

are not part of the optimal solution, or there exist a guillotine cut7 separating 𝑖 or 𝑗 from the rest

of 𝑂𝑃𝑇 . Depending on the cases, one can define a smaller L-packing sub-instance, among Θ(𝑁 2)
choices, for which the DP table already contains a solution.

In order to achieve a (1 + Y)-approximation in polynomial time 𝑛𝑂Y (1)
, we show that it is possible

(with a small loss in the profit) to restrict the possible top coordinates of𝑂𝑃𝑇ℎ𝑜𝑟 and right coordinates

of 𝑂𝑃𝑇𝑣𝑒𝑟 to proper polynomial-size subsets T and R, resp. We call such an L-packing (T ,R)-
restricted. By adapting the above DP one obtains:

Lemma 14. An optimal (T ,R)-restricted L-packing can be computed in time polynomial in𝑚 :=

𝑛 + |T | + |R| using dynamic programming.

Proof. For notational convenience we assume 0 ∈ T and 0 ∈ R. Let ℎ1, . . . , ℎ𝑛 (ℎ) be the items

in 𝐼ℎ𝑜𝑟 in decreasing order of width and 𝑣1, . . . , 𝑣𝑛 (𝑣) be the items in 𝐼𝑣𝑒𝑟 in decreasing order of

height (breaking ties arbitrarily). For𝑤 ∈ [0,𝑤𝐿] and ℎ ∈ [0, ℎ𝐿], let 𝐿(𝑤,ℎ) = ( [0,𝑤] × [0, 𝑁 ]) ∪
([0, 𝑁 ] × [0, ℎ]) ⊆ 𝐿. Let also Δ𝐿(𝑤,ℎ) = ( [𝑤,𝑤𝐿] × [ℎ, 𝑁 ]) ∪ ([𝑤, 𝑁 ] × [ℎ,ℎ𝐿]) ⊆ 𝐿. Note that

𝐿 = 𝐿(𝑤,ℎ) ∪ Δ𝐿(𝑤,ℎ).
We define a dynamic program table 𝐷𝑃 indexed by 𝑖 ∈ {1, ..., 𝑛(ℎ)} and 𝑗 ∈ {1, ..., 𝑛(𝑣)}, by a top

coordinate 𝑡 ∈ T , and a right coordinate 𝑟 ∈ R. The value of 𝐷𝑃 (𝑖, 𝑡, 𝑗, 𝑟 ) is the maximum profit of

a (T ,R)-restricted packing of a subset of {ℎ𝑖 , . . . , ℎ𝑛 (ℎ) } ∪ {𝑣 𝑗 , . . . , 𝑣𝑛 (𝑣) } inside Δ𝐿(𝑟, 𝑡). The value
of 𝐷𝑃 (1, 0, 1, 0) is the value of the optimum solution we are searching for. Note that the number of

table entries is upper bounded by𝑚4
.

We fill in𝐷𝑃 according to the partial order induced by vectors (𝑖, 𝑡, 𝑗, 𝑟 ), processing larger vectors
first. The base cases are given by (𝑖, 𝑗) = (𝑛(ℎ) + 1, 𝑛(𝑣) + 1) and (𝑟, 𝑡) = (𝑤𝐿, ℎ𝐿), in which case

the table entry has value 0.

In order to compute any other table entry 𝐷𝑃 (𝑖, 𝑡, 𝑗, 𝑟 ), with optimal solution 𝑂𝑃𝑇 ′
, we take the

maximum of the following few values:

• If 𝑖 ≤ 𝑛(ℎ), the value 𝐷𝑃 (𝑖 + 1, 𝑡, 𝑗, 𝑟 ). This covers the case that ℎ𝑖 ∉ 𝑂𝑃𝑇 ′
;

• If 𝑗 ≤ 𝑛(𝑣), the value 𝐷𝑃 (𝑖, 𝑡, 𝑗 + 1, 𝑟 ). This covers the case that 𝑣 𝑗 ∉ 𝑂𝑃𝑇 ′
;

• Assume that there exists 𝑡 ′ ∈ T such that 𝑡 ′ − ℎ(ℎ𝑖 ) ≥ 𝑡 and that 𝑤 (ℎ𝑖 ) ≤ 𝑁 − 𝑟 . Then for

the minimum such 𝑡 ′ we consider the value 𝑝 (ℎ𝑖 ) + 𝐷𝑃 (𝑖 + 1, 𝑡 ′, 𝑗, 𝑟 ). This covers the case
that ℎ𝑖 ∈ 𝑂𝑃𝑇 ′

, and there exists a (horizontal) guillotine cut separating ℎ𝑖 from 𝑂𝑃𝑇 ′ \ {ℎ𝑖 }.

7
A guillotine cut is an infinite, axis-parallel line ℓ that partitions the items in a given packing in two subsets without

intersecting any item.

ACM Trans. Algor., Vol. 1, No. 1, Article 1. Publication date: January 2021.



1:12 Gálvez et al.

Fig. 3. Illustration of the delete&shift procedure with 𝑟ℎ𝑜𝑟 = 2. The dashed lines indicate the value of the
new baselines in the different stages of the algorithm. (Left) The starting packing. Dark and light grey items
denote the growing sequences for the calls with 𝑟 = 2 and 𝑟 = 1, resp. (Middle) The shift of items at the end
of the recursive calls with 𝑟 = 1. Note that light grey items are all deleted, and dark grey items are not shifted.
(Right) The shift of items at the end of the process. Here we assume that the middle dark grey item is deleted.

• Assume that there exists 𝑟 ′ ∈ R such that 𝑟 ′ −𝑤 (𝑣 𝑗 ) ≥ 𝑟 and that ℎ(𝑣 𝑗 ) ≤ 𝑁 − 𝑡 . Then for

the minimum such 𝑟 ′ we consider the value 𝑝 (𝑣 𝑗 ) + 𝐷𝑃 (𝑖, 𝑡, 𝑗 + 1, 𝑟 ′). This covers the case
that 𝑣 𝑗 ∈ 𝑂𝑃𝑇 ′

, and there exists a (vertical) guillotine cut separating 𝑣 𝑗 from 𝑂𝑃𝑇 ′ \ {𝑣 𝑗 }.
We observe that the above cases (which can be explored in polynomial time) cover all the possible

configurations in𝑂𝑃𝑇 ′
. Indeed, if the first two cases do not apply, we have that ℎ𝑖 , 𝑣 𝑗 ∈ 𝑂𝑃𝑇 ′

. Then

either the line containing the right side of 𝑣 𝑗 does not intersect ℎ𝑖 (hence any other item in𝑂𝑃𝑇 ′
) or

the line containing the top side of ℎ𝑖 does not intersect 𝑣 𝑗 (hence any other item in 𝑂𝑃𝑇 ′
). Indeed,

the only remaining case is that 𝑣 𝑗 and ℎ𝑖 overlap, which is impossible since they both belong to

𝑂𝑃𝑇 ′
. □

We will show that there exists a (T ,R)-restricted L-packing with the desired properties.

Lemma 15. There exists a (T ,R)-restricted L-packing solution of profit at least (1 − 2Y)𝑜𝑝𝑡 , where
the sets T and R have cardinality at most 𝑛𝑂 (1/Y1/Y ) and can be computed in polynomial time based
on the input (without knowing 𝑂𝑃𝑇 ).

Lemma 14 and Lemma 15 together immediately imply a PTAS for L-packings (showing Theorem 1).

The rest of this section is devoted to the proof of Lemma 15.

We will describe a way to delete a subset of items 𝐷ℎ𝑜𝑟 ⊆ 𝑂𝑃𝑇ℎ𝑜𝑟 with 𝑝 (𝐷ℎ𝑜𝑟 ) ≤ 2Y𝑝 (𝑂𝑃𝑇ℎ𝑜𝑟 ),
and shift down the remaining items 𝑂𝑃𝑇ℎ𝑜𝑟 \ 𝐷ℎ𝑜𝑟 so that their top coordinate belongs to a set T
with the desired properties. Symmetrically, we will delete a subset of items 𝐷𝑣𝑒𝑟 ⊆ 𝑂𝑃𝑇𝑣𝑒𝑟 with

𝑝 (𝐷𝑣𝑒𝑟 ) ≤ 2Y𝑝 (𝑂𝑃𝑇𝑣𝑒𝑟 ), and shift to the left the remaining items 𝑂𝑃𝑇𝑣𝑒𝑟 \ 𝐷𝑣𝑒𝑟 so that their right
coordinate belongs to a set R with the desired properties. We remark that shifting down (resp.

to the left) items of 𝑂𝑃𝑇ℎ𝑜𝑟 (resp., 𝑂𝑃𝑇𝑣𝑒𝑟 ) cannot create any overlap with items of 𝑂𝑃𝑇𝑣𝑒𝑟 (resp.,

𝑂𝑃𝑇ℎ𝑜𝑟 ). This allows us to reason on each such set separately.

We next focus on 𝑂𝑃𝑇ℎ𝑜𝑟 only: the construction for 𝑂𝑃𝑇𝑣𝑒𝑟 is symmetric. For notational conve-

nience we let 1, . . . , 𝑛ℎ𝑜𝑟 be the items of 𝑂𝑃𝑇ℎ𝑜𝑟 in non-increasing order of width and from bottom

to top in the starting optimal packing. We remark that this sequence is not necessarily sorted

(increasingly or decreasingly) in terms of item heights: this makes our construction much more

complicated.

Let us first introduce some useful notation. Consider any subsequence 𝐵 = {𝑏𝑠𝑡𝑎𝑟𝑡 , . . . , 𝑏𝑒𝑛𝑑 } of
consecutive items (interval). For any 𝑖 ∈ 𝐵, we define 𝑡𝑜𝑝𝐵 (𝑖) :=

∑
𝑘∈𝐵,𝑘≤𝑖 ℎ(𝑘) and 𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑖) =

𝑡𝑜𝑝𝐵 (𝑖) −ℎ(𝑖). Intuitively, 𝑡𝑜𝑝𝐵 (𝑖) (respectively, 𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑖)) would be the top (respectively, bottom)
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coordinate of 𝑖 , assuming that items of 𝐵 are packed as low as possible one on top of the other,

respecting the given order and starting from bottom coordinate 0. The growing subsequence 𝐺 =

𝐺 (𝐵) = {𝑔1, . . . , 𝑔ℎ} of 𝐵 (with possibly non-contiguous items) is defined as follows. We initially

set 𝑔1 = 𝑏𝑠𝑡𝑎𝑟𝑡 . Given the item 𝑔𝑖 , 𝑔𝑖+1 is the smallest-index (i.e., lowest) item in {𝑔𝑖 + 1, . . . , 𝑏𝑒𝑛𝑑 }
such that ℎ(𝑔𝑖+1) ≥ ℎ(𝑔𝑖 ). We halt the construction of 𝐺 when we cannot find a proper 𝑔𝑖+1. For
notational convenience, define 𝑔ℎ+1 = 𝑏𝑒𝑛𝑑 + 1. We let 𝐵𝐺𝑖 := {𝑔𝑖 + 1, . . . , 𝑔𝑖+1 − 1} for 𝑖 = 1, . . . , ℎ.

In other words, 𝐵𝐺𝑖 is the subsequence of 𝐵 contained between items 𝑔𝑖 and 𝑔𝑖+1 of the growing
sequence (or after item 𝑔𝑖 for 𝑖 = ℎ). Observe that the sets 𝐵

𝐺
𝑖 partition 𝐵 \𝐺 . We will crucially

exploit the following simple property.

Lemma 16. For any 𝑔𝑖 ∈ 𝐺 and any 𝑗 ∈ {𝑏𝑠𝑡𝑎𝑟𝑡 , . . . , 𝑔𝑖+1 − 1}, ℎ( 𝑗) ≤ ℎ(𝑔𝑖 ).
Proof. The items 𝑗 ∈ 𝐵𝐺𝑖 = {𝑔𝑖 + 1, . . . , 𝑔𝑖+1 − 1} satisfy ℎ( 𝑗) < ℎ(𝑔𝑖 ). Indeed, any such 𝑗 with

ℎ( 𝑗) ≥ ℎ(𝑔𝑖 ) would have been added to 𝐺 , a contradiction.

Consider next any 𝑗 ∈ {𝑏𝑠𝑡𝑎𝑟𝑡 , . . . 𝑔𝑖 − 1}. If 𝑗 ∈ 𝐺 the claim is trivially true by construction of

𝐺 . Otherwise, one has 𝑗 ∈ 𝐵𝐺
𝑘
for some 𝑔𝑘 ∈ 𝐺 , 𝑔𝑘 < 𝑔𝑖 . Hence, by the previous argument and by

construction of 𝐺 , ℎ( 𝑗) < ℎ(𝑔𝑘 ) ≤ ℎ(𝑔𝑖 ). □

The intuition behind our construction is as follows (see Figure 3). Consider the growing sequence

𝐺 = 𝐺 (𝑂𝑃𝑇ℎ𝑜𝑟 ), and suppose that 𝑝 (𝐺) ≤ Y · 𝑝 (𝑂𝑃𝑇ℎ𝑜𝑟 ). Then we might simply delete 𝐺 , and shift

the remaining items 𝑂𝑃𝑇ℎ𝑜𝑟 \𝐺 = ∪𝑗𝐵𝐺𝑗 as follows. Let ⌈𝑥⌉𝑦 denote the smallest multiple of 𝑦 not

smaller than 𝑥 . We consider each set 𝐵𝐺𝑗 separately. For each such set, we define a baseline vertical

coordinate 𝑏𝑎𝑠𝑒 𝑗 = ⌈𝑏𝑜𝑡𝑡𝑜𝑚(𝑔 𝑗 )⌉ℎ (𝑔𝑗 )/2, where 𝑏𝑜𝑡𝑡𝑜𝑚(𝑔 𝑗 ) is the bottom coordinate of 𝑔 𝑗 in the

original packing. We next round up the height of 𝑖 ∈ 𝐵𝐺𝑗 to
ˆℎ(𝑖) := ⌈ℎ(𝑖)⌉ℎ (𝑔𝑗 )/(2𝑛) , and pack the

rounded items of 𝐵𝐺𝑗 as low as possible above the baseline. The reader might check that the possible

top coordinates for rounded items fall in a polynomial size set (using Lemma 16). It is also not hard

to check that items are not shifted up.

We use recursion in order to handle the case 𝑝 (𝐺) > Y · 𝑝 (𝑂𝑃𝑇ℎ𝑜𝑟 ). Rather than deleting 𝐺 , we

consider each 𝐵𝐺𝑗 and build a new growing subsequence for each such set. We repeat the process

recursively for 𝑟ℎ𝑜𝑟 many rounds. Let G𝑟 be the union of all the growing subsequences in the

recursive calls of level 𝑟 . Since the sets G𝑟 are disjoint by construction, there must exist a value

𝑟ℎ𝑜𝑟 ≤ 1

Y
such that 𝑝 (G𝑟ℎ𝑜𝑟 ) ≤ Y · 𝑝 (𝑂𝑃𝑇ℎ𝑜𝑟 ). Therefore we can apply the same shifting argument

to all growing subsequences of level 𝑟ℎ𝑜𝑟 (in particular we delete all of them). In the remaining

growing subsequences we can afford to delete 1 out of 1/Y consecutive items (with a small loss of

the profit), and then apply a similar shifting argument.

We next describe our approach in more detail. We exploit a recursive procedure delete&shift.
This procedure takes as input two parameters: an interval 𝐵 = {𝑏𝑠𝑡𝑎𝑟𝑡 , . . . , 𝑏𝑒𝑛𝑑 }, and an integer

round parameter 𝑟 ≥ 1. Procedure delete&shift returns a set 𝐷 (𝐵) ⊆ 𝐵 of deleted items, and

a shift function 𝑠ℎ𝑖 𝑓 𝑡 : 𝐵 \ 𝐷 (𝐵) → N. Intuitively, 𝑠ℎ𝑖 𝑓 𝑡 (𝑖) is the value of the top coordinate

of 𝑖 in the shifted packing w.r.t. a proper baseline value which is implicitly defined. We initially

call delete&shift(𝑂𝑃𝑇ℎ𝑜𝑟 , 𝑟ℎ𝑜𝑟 ), for a proper 𝑟ℎ𝑜𝑟 ∈ {1, . . . , 1
Y
} to be fixed later. Let (𝐷, 𝑠ℎ𝑖 𝑓 𝑡)

be the output of this call. The desired set of deleted items is 𝐷ℎ𝑜𝑟 = 𝐷 , and in the final packing

𝑡𝑜𝑝 (𝑖) = 𝑠ℎ𝑖 𝑓 𝑡 (𝑖) for any 𝑖 ∈ 𝑂𝑃𝑇ℎ𝑜𝑟 \ 𝐷ℎ𝑜𝑟 (the right coordinate of any such 𝑖 is 𝑁 ).

The procedure behaves differently in the cases 𝑟 = 1 and 𝑟 > 1. If 𝑟 = 1, we compute the

growing sequence 𝐺 = 𝐺 (𝐵) = {𝑔1 = 𝑏𝑠𝑡𝑎𝑟𝑡 , . . . , 𝑔ℎ}, and set 𝐷 (𝐵) = 𝐺 (𝐵). Consider any set

𝐵𝐺𝑗 = {𝑔 𝑗 +1, . . . , 𝑔 𝑗+1−1}, 𝑗 = 1, . . . , ℎ. Let 𝑏𝑎𝑠𝑒 𝑗 := ⌈𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑔 𝑗 )⌉ℎ (𝑔𝑗 )/2. We define for any 𝑖 ∈ 𝐵𝐺𝑗 ,

𝑠ℎ𝑖 𝑓 𝑡 (𝑖) = 𝑏𝑎𝑠𝑒 𝑗 +
∑︁

𝑘∈𝐵𝐺
𝑗
,𝑘≤𝑖

⌈ℎ(𝑘)⌉ℎ (𝑔𝑗 )/(2𝑛) .
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Observe that 𝑠ℎ𝑖 𝑓 𝑡 is fully defined since ∪ℎ𝑗=1𝐵𝐺𝑗 = 𝐵 \ 𝐷 (𝐵).
If instead 𝑟 > 1, we start by computing the growing sequence 𝐺 = 𝐺 (𝐵) = {𝑔1 = 𝑏𝑠𝑡𝑎𝑟𝑡 , . . . , 𝑔ℎ}.

We next delete a subset of items 𝐷 ′ ⊆ 𝐺 . If ℎ < 1

Y
, we let 𝐷 ′ = 𝐷 ′(𝐵) = ∅. Otherwise, let𝐺𝑘 = {𝑔 𝑗 ∈

𝐺 : 𝑗 = 𝑘 (mod 1/Y)} ⊆ 𝐺 , for 𝑘 ∈ {0, . . . , 1/Y − 1}. We set 𝐷 ′ = 𝐷 ′(𝐵) = {𝑑1, . . . , 𝑑𝑝 } = 𝐺𝑥 where
𝑥 = argmin𝑘∈{0,...,1/Y−1} 𝑝 (𝐺𝑘 ).

Proposition 17. It holds that 𝑝 (𝐷 ′) ≤ Y · 𝑝 (𝐺). Furthermore, any subsequence of 𝐺 , namely
{𝑔𝑥 , 𝑔𝑥+1, . . . , 𝑔𝑦}, with at least 1/Y items contains at least one item from 𝐷 ′.

Consider each set 𝐵𝐺𝑗 = {𝑔 𝑗 +1, . . . , 𝑔 𝑗+1−1}, where 𝑗 = 1, . . . , ℎ: We run delete&shift(𝐵𝐺𝑗 , 𝑟 −1).
Let (𝐷 𝑗 , 𝑠ℎ𝑖 𝑓 𝑡 𝑗 ) be the output of the latter procedure, and 𝑠ℎ𝑖 𝑓 𝑡𝑚𝑎𝑥𝑗 be the maximum value of 𝑠ℎ𝑖 𝑓 𝑡 𝑗 .

We set the output set of deleted items to 𝐷 (𝐵) = 𝐷 ′ ∪ (∪ℎ𝑗=1𝐷 𝑗 ).
It remains to define the function 𝑠ℎ𝑖 𝑓 𝑡 . Consider any set 𝐵𝐺𝑗 , and let 𝑑𝑞 be the deleted item in 𝐷 ′

with largest index (hence in topmost position) in {𝑏𝑠𝑡𝑎𝑟𝑡 , . . . , 𝑔 𝑗 }. Let 𝑏𝑎𝑠𝑒𝑞 = ⌈𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑑𝑞)⌉ℎ (𝑑𝑞 )/2,
where if there is no such 𝑑𝑞 , we let 𝑑𝑞 = 0 and 𝑏𝑎𝑠𝑒𝑞 = 0. For any 𝑖 ∈ 𝐵𝐺𝑗 we set:

𝑠ℎ𝑖 𝑓 𝑡 (𝑖) = 𝑏𝑎𝑠𝑒𝑞 +
∑︁

𝑔𝑘 ∈𝐺,𝑑𝑞<𝑔𝑘 ≤𝑔𝑗

ℎ(𝑔𝑘 ) +
∑︁

𝑔𝑘 ∈𝐺,𝑑𝑞 ≤𝑔𝑘<𝑔𝑗

𝑠ℎ𝑖 𝑓 𝑡𝑚𝑎𝑥
𝑘

+ 𝑠ℎ𝑖 𝑓 𝑡 𝑗 (𝑖).

Analogously, if 𝑔 𝑗 ≠ 𝑑𝑞 , we set

𝑠ℎ𝑖 𝑓 𝑡 (𝑔 𝑗 ) = 𝑏𝑎𝑠𝑒𝑞 +
∑︁

𝑔𝑘 ∈𝐺,𝑑𝑞<𝑔𝑘 ≤𝑔𝑗

ℎ(𝑔𝑘 ) +
∑︁

𝑔𝑘 ∈𝐺,𝑑𝑞 ≤𝑔𝑘<𝑔𝑗

𝑠ℎ𝑖 𝑓 𝑡𝑚𝑎𝑥
𝑘

.

This concludes the description of delete&shift. We next show that the final packing has the

desired properties. Next lemma shows that the total profit of deleted items is small for a proper

choice of the starting round parameter 𝑟ℎ𝑜𝑟 .

Lemma 18. There is a choice of 𝑟ℎ𝑜𝑟 ∈ {1, . . . , 1
Y
} such that the final set𝐷ℎ𝑜𝑟 of deleted items satisfies

𝑝 (𝐷ℎ𝑜𝑟 ) ≤ 2Y · 𝑝 (𝑂𝑃𝑇ℎ𝑜𝑟 ).
Proof. Let G𝑟 denote the union of the sets 𝐺 (𝐵) computed by all the recursive calls with input

round parameter 𝑟 . Observe that by construction these sets are disjoint. Let also D𝑟
be the union

of the sets 𝐷 ′(𝐵) on those calls (the union of sets 𝐷 (𝐵) for 𝑟 = 𝑟ℎ𝑜𝑟 ). By Proposition 17 and the

disjointness of sets G𝑟 one has
𝑝 (𝐷ℎ𝑜𝑟 ) =

∑︁
1≤𝑟 ≤𝑟ℎ𝑜𝑟

𝑝 (D𝑟 ) ≤ Y ·
∑︁
𝑟<𝑟ℎ𝑜𝑟

𝑝 (G𝑟 ) + 𝑝 (D𝑟ℎ𝑜𝑟 ) ≤ Y · 𝑝 (𝑂𝑃𝑇ℎ𝑜𝑟 ) + 𝑝 (D𝑟ℎ𝑜𝑟 ).

Again by the disjointness of sets G𝑟 (hence D𝑟
), there must exist a value of 𝑟ℎ𝑜𝑟 ∈ {1, . . . , 1

Y
} such

that 𝑝 (D𝑟ℎ𝑜𝑟 ) ≤ Y · 𝑝 (𝑂𝑃𝑇ℎ𝑜𝑟 ). The claim follows. □

Next lemma shows that, intuitively, items are only shifted down w.r.t. the initial packing.

Lemma 19. Let (𝐷, 𝑠ℎ𝑖 𝑓 𝑡) be the output of an execution of delete&shift(𝐵, 𝑟 ). Then, for any
𝑖 ∈ 𝐵 \ 𝐷 , 𝑠ℎ𝑖 𝑓 𝑡 (𝑖) ≤ 𝑡𝑜𝑝𝐵 (𝑖).

Proof. We prove the claim by induction on 𝑟 . Consider first the case 𝑟 = 1. In this case, for any

𝑖 ∈ 𝐵𝐺𝑗 :

𝑠ℎ𝑖 𝑓 𝑡 (𝑖) = ⌈𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑔 𝑗 )⌉ℎ (𝑔𝑗 )/2 +
∑︁

𝑘∈𝐵𝐺
𝑗
,𝑘≤𝑖

⌈ℎ(𝑘)⌉ℎ (𝑔𝑗 )/(2𝑛)

≤ 𝑡𝑜𝑝𝐵 (𝑔 𝑗 ) −
1

2

ℎ(𝑔 𝑗 ) +
∑︁

𝑘∈𝐵𝐺
𝑗
,𝑘≤𝑖

ℎ(𝑘) + 𝑛 ·
ℎ(𝑔 𝑗 )
2𝑛

= 𝑡𝑜𝑝𝐵 (𝑖).
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Assume next that the claim holds up to round parameter 𝑟 − 1 ≥ 1, and consider round 𝑟 . For any

𝑖 ∈ 𝐵𝐺𝑗 with 𝑏𝑎𝑠𝑒𝑞 = ⌈𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑑𝑞)⌉ℎ (𝑑𝑞 )/2, one has

𝑠ℎ𝑖 𝑓 𝑡 (𝑖) = ⌈𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑑𝑞)⌉ℎ (𝑑𝑞 )/2 +
∑︁
𝑔𝑘 ∈𝐺

𝑑𝑞<𝑔𝑘 ≤𝑔𝑗

ℎ(𝑔𝑘 ) +
∑︁
𝑔𝑘 ∈𝐺

𝑑𝑞 ≤𝑔𝑘<𝑔𝑗

𝑠ℎ𝑖 𝑓 𝑡𝑚𝑎𝑥
𝑘

+ 𝑠ℎ𝑖 𝑓 𝑡 𝑗 (𝑖)

≤ 𝑡𝑜𝑝𝐵 (𝑑𝑞) +
∑︁
𝑔𝑘 ∈𝐺

𝑑𝑞<𝑔𝑘 ≤𝑔𝑗

ℎ(𝑔𝑘 ) +
∑︁
𝑔𝑘 ∈𝐺

𝑑𝑞 ≤𝑔𝑘<𝑔𝑗

𝑡𝑜𝑝𝐵𝐺
𝑘
(𝑔𝑘+1 − 1) + 𝑡𝑜𝑝𝐵𝐺

𝑗
(𝑖)

= 𝑡𝑜𝑝𝐵 (𝑖).
An analogous chain of inequalities shows that 𝑠ℎ𝑖 𝑓 𝑡 (𝑔 𝑗 ) ≤ 𝑡𝑜𝑝𝐵 (𝑔 𝑗 ) for any 𝑔 𝑗 ∈ 𝐺 \ 𝐷 ′

. A similar

proof works for the special case 𝑏𝑎𝑠𝑒𝑞 = 0. □

It remains to show that the final set of values of 𝑡𝑜𝑝 (𝑖) = 𝑠ℎ𝑖 𝑓 𝑡 (𝑖) has the desired properties. This
is the most delicate part of our analysis. We define a set T 𝑟

of candidate top coordinates recursively

in 𝑟 . Set T 1
contains, for any item 𝑗 ∈ 𝐼ℎ𝑜𝑟 , and any integer 1 ≤ 𝑎 ≤ 4𝑛2, the value 𝑎 · ℎ ( 𝑗)

2𝑛
. Set

T 𝑟
, for 𝑟 > 1 is defined recursively w.r.t. to T 𝑟−1

. For any item 𝑗 , any integer 0 ≤ 𝑎 ≤ 2𝑛 − 1, any

tuple of 𝑏 ≤ 1/Y − 1 items 𝑗 (1), . . . , 𝑗 (𝑏), and any tuple of 𝑐 ≤ 1/Y values 𝑠 (1), . . . , 𝑠 (𝑐) ∈ T 𝑟−1
, T 𝑟

contains the sum 𝑎 · ℎ ( 𝑗)
2

+ ∑𝑏
𝑘=1

ℎ( 𝑗 (𝑘)) + ∑𝑐
𝑘=1

𝑠 (𝑘). Note that sets T 𝑟
can be computed based on

the input only (without knowing𝑂𝑃𝑇 ). It is easy to show that T 𝑟
has polynomial size for 𝑟 = 𝑂Y (1).

Lemma 20. For any integer 𝑟 ≥ 1, |T 𝑟 | ≤ (2𝑛)
𝑟+2+(𝑟−1)Y

Y𝑟−1 .

Proof. We prove the claim by induction on 𝑟 . The claim is trivially true for 𝑟 = 1 since there

are 𝑛 choices for item 𝑗 and 4𝑛2 choices for the integer 𝑎, hence altogether at most 𝑛 · 4𝑛2 < 8𝑛3

choices. For 𝑟 > 1, the number of possible values of T 𝑟
is at most

𝑛 · 2𝑛 ·
(
1/Y−1∑︁
𝑏=0

𝑛𝑏

)
·
(
1/Y∑︁
𝑐=0

|T 𝑟−1 |𝑐
)

≤ 4𝑛2 · 𝑛 1

Y
−1 · |T 𝑟−1 | 1Y

≤ (2𝑛) 1

Y
+1 ((2𝑛)

𝑟+1+(𝑟−2)Y
Y𝑟−2 ) 1

Y

≤ (2𝑛)
𝑟+2+(𝑟−1)Y

Y𝑟−1 .

□

Next lemma shows that the values of 𝑠ℎ𝑖 𝑓 𝑡 returned by delete&shift for round parameter 𝑟

belong to T 𝑟
, hence the final top coordinates belong to T := T 𝑟ℎ𝑜𝑟

.

Lemma 21. Let (𝐷, 𝑠ℎ𝑖 𝑓 𝑡) be the output of an execution of delete&shift(𝐵, 𝑟 ). Then, for any
𝑖 ∈ 𝐵 \ 𝐷 , 𝑠ℎ𝑖 𝑓 𝑡 (𝑖) ∈ T 𝑟 .

Proof. We prove the claim by induction on 𝑟 . For the case 𝑟 = 1, recall that for any 𝑖 ∈ 𝐵𝐺𝑗 one

has

𝑠ℎ𝑖 𝑓 𝑡 (𝑖) = ⌈𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑔 𝑗 )⌉ℎ (𝑔𝑗 )/2 +
∑︁

𝑘∈𝐵𝐺
𝑗
,𝑘≤𝑖

⌈ℎ(𝑘)⌉ℎ (𝑔𝑗 )/(2𝑛) .

By Lemma 16, it holds that 𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑔 𝑗 ) =
∑
𝑘∈𝐵,𝑘<𝑔𝑗 ℎ(𝑘) ≤ (𝑛 − 1) · ℎ(𝑔 𝑗 ). By the same lemma,∑

𝑘∈𝐵𝐺
𝑗
,𝑘≤𝑖 ℎ(𝑘) ≤ (𝑛 − 1) · ℎ(𝑔 𝑗 ). It follows that

𝑠ℎ𝑖 𝑓 𝑡 (𝑖) ≤ 2(𝑛 − 1) · ℎ(𝑔 𝑗 ) +
ℎ(𝑔 𝑗 )
2

+ (𝑛 − 1) ·
ℎ(𝑔 𝑗 )
2𝑛

≤ 4𝑛2 ·
ℎ(𝑔 𝑗 )
2𝑛

.
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1:16 Gálvez et al.

Hence 𝑠ℎ𝑖 𝑓 𝑡 (𝑖) = 𝑎 · ℎ (𝑔𝑗 )
2𝑛

for some integer 1 ≤ 𝑎 ≤ 4𝑛2, and 𝑠ℎ𝑖 𝑓 𝑡 (𝑖) ∈ T 1
for 𝑗 = 𝑔 𝑗 and for a

proper choice of 𝑎.

Assume next that the claim is true up to 𝑟 − 1 ≥ 1, and consider the case 𝑟 . Consider any 𝑖 ∈ 𝐵𝐺𝑗 ,
and assume 0 < 𝑏𝑎𝑠𝑒𝑞 = ⌈𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑑𝑞)⌉ℎ (𝑑𝑞 )/2. One has:

𝑠ℎ𝑖 𝑓 𝑡 (𝑖) = ⌈𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑑𝑞)⌉ℎ (𝑑𝑞 )/2 +
∑︁
𝑔𝑘 ∈𝐺

𝑑𝑞<𝑔𝑘 ≤𝑔𝑗

ℎ(𝑔𝑘 ) +
∑︁
𝑔𝑘 ∈𝐺

𝑑𝑞 ≤𝑔𝑘<𝑔𝑗

𝑠ℎ𝑖 𝑓 𝑡𝑚𝑎𝑥
𝑘

+ 𝑠ℎ𝑖 𝑓 𝑡 𝑗 (𝑖).

By Lemma 16, 𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑑𝑞) ≤ (𝑛 − 1)ℎ(𝑑𝑞), therefore ⌈𝑏𝑜𝑡𝑡𝑜𝑚𝐵 (𝑑𝑞)⌉ℎ (𝑑𝑞 )/2 = 𝑎 · ℎ (𝑑𝑞 )
2

for some

integer 1 ≤ 𝑎 ≤ 2(𝑛 − 1) + 1. By Proposition 17, |{𝑔𝑘 ∈ 𝐺,𝑑𝑞 < 𝑔𝑘 ≤ 𝑔 𝑗 }| ≤ 1/Y − 1.

Hence

∑
𝑔𝑘 ∈𝐺,𝑑𝑞<𝑔𝑘 ≤𝑔𝑗 ℎ(𝑔𝑘 ) is a value contained in the set of sums of 𝑏 ≤ 1/Y − 1 item heights.

By inductive hypothesis 𝑠ℎ𝑖 𝑓 𝑡𝑚𝑎𝑥
𝑘

, 𝑠ℎ𝑖 𝑓 𝑡 𝑗 (𝑖) ∈ T 𝑟−1
. Hence by a similar argument the value of∑

𝑔𝑘 ∈𝐺,𝑑𝑞 ≤𝑔𝑘<𝑔𝑗 𝑠ℎ𝑖 𝑓 𝑡
𝑚𝑎𝑥
𝑘

+ 𝑠ℎ𝑖 𝑓 𝑡 𝑗 (𝑖) is contained in the set of sums of 𝑐 ≤ 1/Y − 1 + 1 values taken

from T 𝑟−1
. Altogether, 𝑠ℎ𝑖 𝑓 𝑡 (𝑖) ∈ T 𝑟

. A similar argument, without the term 𝑠ℎ𝑖 𝑓 𝑡 𝑗 (𝑖), shows that
𝑠ℎ𝑖 𝑓 𝑡 (𝑔 𝑗 ) ∈ T 𝑟

for any 𝑔 𝑗 ∈ 𝐺 \ 𝐷 ′
. The proof works similarly in the case 𝑏𝑎𝑠𝑒𝑞 = 0 by setting

𝑎 = 0. The claim follows. □

Proof of Lemma 15. We apply the procedure delete&shift to𝑂𝑃𝑇ℎ𝑜𝑟 as described before, and
a symmetric procedure to𝑂𝑃𝑇𝑣𝑒𝑟 . In particular the latter procedure computes a set𝐷𝑣𝑒𝑟 ⊆ 𝑂𝑃𝑇𝑣𝑒𝑟 of
deleted items, and the remaining items are shifted to the left so that their right coordinate belongs to

a set R := R𝑟𝑣𝑒𝑟 , defined analogously to the case of T := T 𝑟ℎ𝑜𝑟
, for some integer 𝑟𝑣𝑒𝑟 ∈ {1, . . . , 1/Y}

(possibly different from 𝑟ℎ𝑜𝑟 , though by averaging this is not critical).

It is not difficult to see that the profit of non-deleted items satisfies the claim by Lemma 18 and

its symmetric version. Similarly, the sets T and R satisfy the claim by Lemma 20 and Lemma 21,

and their symmetric versions. Finally, w.r.t. the original packing, non-deleted items in 𝑂𝑃𝑇ℎ𝑜𝑟 and

𝑂𝑃𝑇𝑣𝑒𝑟 can be only shifted to the bottom and to the left, resp., by Lemma 19 and its symmetric

version. This implies that the overall packing is feasible. □

This concludes the proof of Theorem 1.

5 2DK (WITHOUT ROTATIONS): CARDINALITY CASE
In this section we consider the cardinality case of 2𝐷𝐾 , and show that there exists a guessable

L&C-packing of large enough profit.

We start by presenting a simple improved approximation. The argumentation was already

sketched in Section 1.1 but now we give the proof in full detail. Notice first that, regarding large

rectangles, we can assume that the optimal solution 𝑂𝑃𝑇 ⊆ 𝐼 satisfies that |𝑂𝑃𝑇 | ≥ 1/Y3 since
otherwise we can solve the problem optimally by brute force in time 𝑛𝑂 (1/Y3)

. Therefore, we can

discard from the input all large items with both sides larger than Y · 𝑁 : any feasible solution can

contain at most 1/Y2 such items, and discarding them decreases the cardinality of𝑂𝑃𝑇 at most by a

factor 1 − Y. Let 𝑂𝑃𝑇 denote this slightly sub-optimal solution obtained by removing large items.

We will need the following technical lemma, that holds also in the weighted case (see also

Figure 1 (b)-(d)). Intuitively, it shows that very long items, taken in isolation, can be pushed into a

boundary ring that can be then converted into an 𝐿-shaped packing with a loss of one quarter of

the profit.

Lemma 22. Let 𝐻 and𝑉 be given subsets of items from some feasible solution with width and height
strictly larger than 𝑁 /2, respectively. Let ℎ𝐻 and𝑤𝑉 be the total height and width of items of 𝐻 and𝑉 ,
respectively. Then there exists an 𝐿-packing of a set 𝐴𝑃𝑋 ⊆ 𝐻 ∪𝑉 with 𝑝 (𝐴𝑃𝑋 ) ≥ 3

4
(𝑝 (𝐻 ) + 𝑝 (𝑉 ))

into the area 𝐿 = ( [0, 𝑁 ] × [0, ℎ𝐻 ]) ∪ ([0,𝑤𝑉 ] × [0, 𝑁 ]).
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Proof. Let us consider the packing of 𝐻 ∪ 𝑉 . Consider each 𝑖 ∈ 𝐻 that has no 𝑗 ∈ 𝑉 to its

top (resp., to its bottom) and shift it up (resp. down) until it hits another 𝑖 ′ ∈ 𝐻 or the top (resp,

bottom) side of the knapsack. Note that, since ℎ( 𝑗) > 𝑁 /2 for any 𝑗 ∈ 𝑉 , one of the two cases

above always applies. We iterate this process as long as possible to move any such 𝑖 . We perform a

symmetric process on 𝑉 . At the end of the process all items in 𝐻 ∪𝑉 are stacked on the 4 sides of

the knapsack
8
.

Next we remove the least profitable of the 4 stacks: by a simple permutation argument we can

guarantee that this is the top or right stack. We next discuss the case that it is the top one, the other

case being symmetric. We show how to repack the remaining items in a boundary 𝐿 of the desired

size by permuting items in a proper order. In more detail, suppose that the items packed on the left

(resp., right and bottom) have a total width of𝑤𝑙 (resp., total width of𝑤𝑟 and total height of ℎ𝑏 ). We

next show that there exists a packing into 𝐿′ = ( [0, 𝑁 ] × [0, ℎ𝑏]) ∪ ([0,𝑤𝑙 +𝑤𝑟 ] × [0, 𝑁 ]). We prove

the claim by induction. Suppose that we have proved it for all packings into left, right and bottom

stacks with parameters𝑤 ′
𝑙
,𝑤 ′

𝑟 , and ℎ
′
such that ℎ′ < ℎ𝑏 or𝑤

′
𝑙
+𝑤 ′

𝑟 < 𝑤𝑙 +𝑤𝑟 or𝑤 ′
𝑙
+𝑤 ′

𝑟 = 𝑤𝑙 +𝑤𝑟
and𝑤 ′

𝑟 < 𝑤𝑟 .

In the considered packing we can always find a guillotine cut ℓ , such that one side of the cut

contains precisely one lonely item among the leftmost, rightmost and bottommost items. Let ℓ be

such a cut. First assume that the lonely item 𝑗 is the bottommost one. Then by induction the claim

is true for the part above ℓ since the part of the packing above ℓ has parameters𝑤𝑙 ,𝑤𝑟 , and ℎ −ℎ( 𝑗).
Thus, it is also true for the entire packing. A similar argument applies if the lonely item 𝑗 is the

leftmost one.

It remains to consider the case that the lonely item 𝑗 is the rightmost one.We remove 𝑗 temporarily

and move all other items by𝑤 ( 𝑗) to the right. Then we insert 𝑗 at the left (in the space freed by the

previous shifting). By induction, the claim is true for the resulting packing since it has parameters

𝑤𝑙 +𝑤 ( 𝑗),𝑤𝑟 −𝑤 ( 𝑗), and ℎ, resp. □

For our algorithm, we consider the following three packings. The first uses an 𝐿 that occupies

the full knapsack, i.e.,𝑤𝐿 = ℎ𝐿 = 𝑁 . Let 𝑂𝑃𝑇𝑙𝑜𝑛𝑔 ⊆ 𝑂𝑃𝑇 be the items in 𝑂𝑃𝑇 with height or width

strictly larger than 𝑁 /2 and define 𝑂𝑃𝑇𝑠ℎ𝑜𝑟𝑡 = 𝑂𝑃𝑇 \𝑂𝑃𝑇𝑙𝑜𝑛𝑔 . We apply Lemma 22 to 𝑂𝑃𝑇𝑙𝑜𝑛𝑔 and

hence obtain a packing for this 𝐿 with a profit of at least
3

4
𝑝 (𝑂𝑃𝑇𝑙𝑜𝑛𝑔).

For the other two packings we will employ one-sided resource augmentation PTAS (Lemma 11).

We apply it to the slightly reduced knapsacks [0, 𝑁 ] × [0, 𝑁 /(1+Y)] and [0, 𝑁 /(1+Y)] × [0, 𝑁 ] such
that in both cases it outputs a solution that fits in the full knapsack [0, 𝑁 ]×[0, 𝑁 ] and whose profit is
at least 1−𝑂 (Y) times the profit of the optimal solution for the respective reduced knapsacks. Wewill

prove that one of these solutions yields a profit of at least ( 1
2
−𝑂 (Y))𝑝 (𝑂𝑃𝑇 )+ ( 1

4
−𝑂 (Y))𝑝 (𝑂𝑃𝑇𝑠ℎ𝑜𝑟𝑡 )

and hence one of our packings yields a ( 16
9
+ Y)-approximation.

Lemma 23. There exists a guessable L&C-packing that has profit at least ( 9

16
− Y)𝑂𝑃𝑇 for the

cardinality case of 2𝐷𝐾 .

Proof. Let𝑂𝑃𝑇 be the considered optimal solution with 𝑜𝑝𝑡 = 𝑝 (𝑂𝑃𝑇 ). Recall that there are no
large items. Let also Ver ⊆ 𝑂𝑃𝑇 be the (vertical) items with height more than Y · 𝑁 (hence with

width at most Y · 𝑁 ), and Hor = 𝑂𝑃𝑇 \ Ver (horizontal items). Note that with this definition both

sides of a horizontal item might have a length of at most Y · 𝑁 (i.e., it could be a small item in the

sense that we mentioned before). We let 𝑜𝑝𝑡𝑙𝑜𝑛𝑔 = 𝑝 (𝑂𝑃𝑇𝑙𝑜𝑛𝑔) and 𝑜𝑝𝑡𝑠ℎ𝑜𝑟𝑡 = 𝑝 (𝑂𝑃𝑇𝑠ℎ𝑜𝑟𝑡 ).
As mentioned above, we already know that the best L-packing has a total profit of at least

( 3
4
−𝑂 (Y))𝑜𝑝𝑡𝑙𝑜𝑛𝑔 which can be seen by applying Lemma (Lemma 22)with𝐻 = 𝑂𝑃𝑇𝑙𝑜𝑛𝑔∩Hor and𝑉 =

8
It is possible to permute items in the left stack so that items appear from left to right in non-increasing order of height, and

symmetrically for the other stacks. This is not crucial for this proof, but we implemented this permutation in Figure 1 (c).
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𝑂𝑃𝑇𝑙𝑜𝑛𝑔 ∩ Ver. In order to show that the other two packings yield a good profit, consider a random
horizontal strip 𝑆 = [0, 𝑁 ] × [𝑎, 𝑎 + Y · 𝑁 ] (fully contained in the knapsack) where 𝑎 ∈ [0, (1 − Y)𝑁 )
is chosen uniformly at random. We remove all items of 𝑂𝑃𝑇 intersecting 𝑆 . Each item in Hor and

𝑂𝑃𝑇𝑠ℎ𝑜𝑟𝑡∩Ver is deleted with probability at most 3Y and 1

2
+2Y, respectively. Therefore the total profit

of the remaining items is in expectation at least (1−3Y)𝑝 (Hor) + ( 1
2
−2Y)𝑝 (𝑂𝑃𝑇𝑠ℎ𝑜𝑟𝑡 ∩Ver). Observe

that the resulting solution can be packed into a restricted knapsack of size [0, 𝑁 ] × [0, 𝑁 /(1 + Y)]
by shifting down the items above the horizontal strip. Therefore, when we apply the Resource

Augmentation Lemma (Lemma 11) to the knapsack [0, 𝑁 ] × [0, 𝑁 /(1 + Y)], up to a factor 1 − Y,
we show that a container packing of at least the same profit exists, and this profit is at least

(1 − 4Y)𝑝 (Hor) + ( 1
2
− 5

2
Y)𝑝 (𝑂𝑃𝑇𝑠ℎ𝑜𝑟𝑡 ∩ Ver).

By a symmetric argument, we show that a container packing of profit at least (1 − 4Y)𝑝 (Ver) +
( 1
2
− 5

2
Y)𝑝 (𝑂𝑃𝑇𝑠ℎ𝑜𝑟𝑡 ∩Hor) exists when we apply Lemma 11 to the knapsack [0, 𝑁 /(1+ Y)] × [0, 𝑁 ].

Thus the best of the latter two solutions has profit at least ( 1
2
− 2Y)𝑜𝑝𝑡𝑙𝑜𝑛𝑔 + ( 3

4
− 13

4
Y)𝑜𝑝𝑡𝑠ℎ𝑜𝑟𝑡 = ( 1

2
−

2Y)𝑜𝑝𝑡 + ( 1
4
− 5

4
Y)𝑜𝑝𝑡𝑠ℎ𝑜𝑟𝑡 . The best of our three solutions has therefore value at least ( 9

16
−𝑂 (Y))𝑜𝑝𝑡

where the worst case is achieved for roughly 𝑜𝑝𝑡𝑙𝑜𝑛𝑔 = 3 · 𝑜𝑝𝑡𝑠ℎ𝑜𝑟𝑡 .
Observe that any application of Lemma 11 leads to a guessable container packing. The same holds

for the 𝐿-packing instance obtained via Lemma 22. Thus the final L&C-packing in guessable. □

The following theorem is directly implied by Lemma 23 and Theorem 13.

Theorem 24. There exists a
(
16

9
+ Y

)
-approximation for the cardinality case of 2𝐷𝐾 .

In the above result we use either an L-packing or a container packing. If we also consider

solutions that combine both kind of packings it is possible to obtain an improved approximation

ratio as stated in Theorem 2. In particular, we consider configurations were long items (or a subset

of them) can be packed into a relatively small L, and pack part of the remaining short items in the

complementary rectangular region using Steinberg’s Theorem (Theorem 7) and related techniques.

This proof is deferred to Section D; it is based on an involved case analysis but does not introduce

substantially new ideas.

6 2DK (WITHOUT ROTATIONS): WEIGHTED CASE
In this section we consider the weighted case of 2𝐷𝐾 . Our main goal is to prove the following

lemma:

Lemma 25. There exists a guessable L&C-packing that has profit at least ( 9

17
− Y)𝑂𝑃𝑇 for (the

weighted case of) 2𝐷𝐾 .

In order to prove Lemma 25 we decompose the optimal solution into simpler substructures.

To this end, we build on a partition of the knapsack into corridors as used in [3]. We define an

open corridor to be a face on the 2D-plane bounded by a simple rectilinear polygon with 2𝑘 edges

𝑒0, . . . , 𝑒2𝑘−1 for some integer 𝑘 ≥ 2, such that for each pair of horizontal (resp., vertical) edges

𝑒𝑖 , 𝑒2𝑘−𝑖 , 𝑖 ∈ {1, ..., 𝑘 − 1} there exists a vertical (resp., horizontal) line segment ℓ𝑖 such that both 𝑒𝑖
and 𝑒2𝑘−𝑖 intersect ℓ𝑖 and ℓ𝑖 does not intersect any other edge. Note that 𝑒0 and 𝑒𝑘 are not required

to satisfy this property: we call them the boundary edges of the corridor. Similarly a closed corridor
(or cycle) is a face on the 2D-plane bounded by two simple rectilinear polygons defined by edges

𝑒0, . . . , 𝑒𝑘−1 and 𝑒
′
0
, . . . , 𝑒 ′

𝑘−1 such that the second polygon is contained inside the first one, and for

each pair of horizontal (resp., vertical) edges 𝑒𝑖 , 𝑒
′
𝑖 , 𝑖 ∈ {0, ..., 𝑘 − 1}, there exists a vertical (resp.,

horizontal) line segment ℓ𝑖 such that both 𝑒𝑖 and 𝑒
′
𝑖 intersect ℓ𝑖 and ℓ𝑖 does not intersect any other

edge (see Figure 4 for examples). Let us focus on minimum length such ℓ𝑖 ’s: then the width 𝛼 of

the corridor is the maximum length of any such ℓ𝑖 . We say that an open (resp., closed) corridor of

ACM Trans. Algor., Vol. 1, No. 1, Article 1. Publication date: January 2021.



Approximating Geometric Knapsack via L-packings 1:19

Fig. 4. Left: Illustration of two specific types of corridors: spirals (A) and rings (B). Right: Example of a closed
corridor that is not a ring.

the above kind has 𝑘 − 2 (resp., 𝑘) bends. A corridor partition is a partition of the knapsack into

corridors.

The following lemma summarizes the properties of a corridor decomposition we can get for

𝑂𝑃𝑇𝑠𝑘𝑒𝑤 as presented in [3].

Lemma 26 (Adamaszek &Wiese [3]). Let 𝐼 be a set of rectangles that can be packed inside a given
rectangular region K of height and width 𝑁 . If every rectangle in 𝐼 has height or width at least 𝛿𝑁 for
a given constant 𝛿 > 0, then there exists a corridor partition and a set 𝐼𝑐𝑜𝑟𝑟 ⊆ 𝐼 such that:

(1) there is a subset 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 ⊆ 𝐼𝑐𝑜𝑟𝑟 with |𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 | ∈ 𝑂Y (1) such that each item 𝑖 ∈ 𝐼𝑐𝑜𝑟𝑟 \ 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 is

fully contained in some corridor,

(2) 𝑝 (𝐼𝑐𝑜𝑟𝑟 ) ≥ (1 −𝑂 (Y))𝑝 (𝐼 ),
(3) the number of corridors is𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 (1) and each corridor has width at most Y𝑙𝑎𝑟𝑔𝑒𝑁 and has at

most 1/Y bends.
Here we present an enhanced version of the previous lemma which allows us to include small

items in the decomposition, and also gives us the possibility to ensure that a constant number

of items are not deleted (which in turn we can use to include large items inside the corridor

decomposition). This last fact will be helpful in the weighted setting to avoid deleting sets of

constant number of items having significant profit. Since this proof is not so relevant for the

purpose of the article, we will just provide a sketch of the proof with the main ideas that will be

useful later. A detailed proof can be found in Section B.

Lemma 27 (Corridor Decomposition Lemma). Let 𝐼 be a set of items that can be packed inside a
given rectangular region K of height and width 𝑁 . Let also 𝐼 ′ ⊆ 𝐼 be a given set of untouchable items,
|𝐼 ′ | ∈ 𝑂Y (1). Then, there exists a corridor partition of K and a set of items 𝐼𝑐𝑜𝑟𝑟 ⊆ 𝐼 satisfying:
(1) There exists a set of items 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 ⊆ 𝐼𝑐𝑜𝑟𝑟 such that each item in 𝐼𝑐𝑜𝑟𝑟 \ 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 is completely

contained in some corridor of the partition. Furthermore, we have that 𝐼 ′ ⊆ 𝐼𝑐𝑜𝑟𝑟 \ 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 ,
𝑎(𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 ∩ 𝐼𝑠𝑚𝑎𝑙𝑙 ) ≤ Y3 · 𝑎(K) and |𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 \ 𝐼𝑠𝑚𝑎𝑙𝑙 | ∈ 𝑂Y (1).

(2) 𝑝 (𝐼𝑐𝑜𝑟𝑟 ) ≥ (1 −𝑂 (Y))𝑝 (𝐼 ).
(3) The number of corridors is 𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 (1) and each corridor has at most 1

Y
bends and width at

most Y𝑙𝑎𝑟𝑔𝑒𝑁 , except possibly for the corridors containing items from 𝐼 ′ which correspond to
rectangular regions matching exactly the size of these items.

Sketch of the proof. We start by defining a non-uniform grid 𝐺 . The 𝑥-coordinates (resp.

𝑦-coordinates) of the grid cells will correspond to the 𝑥-coordinates (resp. 𝑦-coordinates) of the

items in 𝐼 ′ in the packing. This yields a partition of the knapsack into𝑂Y (1) rectangular cells, where
each item from 𝐼 ′ completely covers one or multiple cells. Note that items might intersect many

cells.
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Fig. 5. Circumventing the untouchable items 𝐼 ′, shown in black. The connected components between the
dashed lines show the resulting new corridors.

We will now classify the rectangles, similarly as in Section 2.1, but now according to the in-

teraction between the items and the cells. We define constants 1 ≥ Y ′
𝑙𝑎𝑟𝑔𝑒

≥ Y ′
𝑠𝑚𝑎𝑙𝑙

≥ ΩY (1) and
denote by 𝐼 (𝐶) the set of rectangles that intersect 𝐶 in 𝐼 for each cell 𝐶 . Furthermore, ℎ(𝐶) and
𝑤 (𝐶) denote the height and the width of the cell 𝐶 respectively, and𝑤 (𝑖 ∩𝐶) and ℎ(𝑖 ∩𝐶) denote
the height and the width of the intersection of the rectangle 𝑖 with the cell 𝐶 , respectively. We can

then partition 𝐼 (𝐶) into 𝐼𝑠𝑚𝑎𝑙𝑙 (𝐶), 𝐼𝑙𝑎𝑟𝑔𝑒 (𝐶), 𝐼ℎ𝑜𝑟 (𝐶), and 𝐼𝑣𝑒𝑟 (𝐶) as follows:
• 𝐼𝑠𝑚𝑎𝑙𝑙 (𝐶) contains all items 𝑖 ∈ 𝐼 (𝐶) with ℎ(𝑖 ∩𝐶) ≤ Y ′

𝑠𝑚𝑎𝑙𝑙
ℎ(𝐶) and𝑤 (𝑖 ∩𝐶) ≤ Y ′

𝑠𝑚𝑎𝑙𝑙
𝑤 (𝐶),

• 𝐼𝑙𝑎𝑟𝑔𝑒 (𝐶) contains all items 𝑖 ∈ 𝐼 (𝐶) with ℎ(𝑖 ∩𝐶) > Y ′
𝑙𝑎𝑟𝑔𝑒

ℎ(𝐶) and𝑤 (𝑖 ∩𝐶) > Y ′
𝑙𝑎𝑟𝑔𝑒

𝑤 (𝐶),
• 𝐼ℎ𝑜𝑟 (𝐶) contains all items 𝑖 ∈ 𝐼 (𝐶) with ℎ(𝑖 ∩ 𝐶) ≤ Y ′

𝑠𝑚𝑎𝑙𝑙
ℎ(𝐶) and 𝑤 (𝑖 ∩ 𝐶) > Y ′

𝑙𝑎𝑟𝑔𝑒
𝑤 (𝐶),

and

• 𝐼𝑣𝑒𝑟 (𝐶) contains all items 𝑖 ∈ 𝐼 (𝐶) with ℎ(𝑖 ∩𝐶) > Y ′
𝑙𝑎𝑟𝑔𝑒

ℎ(𝐶) and𝑤 (𝑖 ∩𝐶) ≤ Y ′
𝑠𝑚𝑎𝑙𝑙

𝑤 (𝐶).
Analogously to Lemma 6, we can choose Y ′

𝑠𝑚𝑎𝑙𝑙
and Y ′

𝑙𝑎𝑟𝑔𝑒
in such a way that the items not falling

in any of these categories for any cell𝐶 have negligible total profit, and hence we can safely discard

them. For each cell𝐶 that is not entirely covered by some item in 𝐼 we add all rectangles in 𝐼𝑙𝑎𝑟𝑔𝑒 (𝐶)
that are not contained in 𝐼 ′ to 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 .

Based on the items 𝐼𝑠𝑘𝑒𝑤 (C) \ 𝐼 ′ := (∪𝐶∈C𝐼ℎ𝑜𝑟 (𝐶) ∪ 𝐼𝑣𝑒𝑟 (𝐶)) \ 𝐼 ′ (i.e. by temporarily removing

𝐼 ′ and items which are small for every cell they intersect) we create a corridor decomposition.

Imagine that we first stretch the non-uniform grid into a uniform [0, 1] × [0, 1] grid. After this
operation, for each cell 𝐶 and for each item in 𝐼ℎ𝑜𝑟 (𝐶) ∪ 𝐼𝑣𝑒𝑟 (𝐶) \ 𝐼 ′ we know that its height or

width is at least Y𝑙𝑎𝑟𝑔𝑒 · 1

1+2 |𝐼 ′ | . We can then apply Lemma 26 on this set of rectangles which yields a

decomposition of the [0, 1] × [0, 1] square into at most 𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 (1) corridors. The decomposition

for the stretched [0, 1] × [0, 1] square corresponds to the decomposition for the original knapsack,

and we can see that no new item is intersected by doing this.

We add all rectangles in 𝐼𝑠𝑘𝑒𝑤 (C) that are not contained in a corridor (at most 𝑂Y (1) many) to

𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 , and notice that items in 𝐼𝑐𝑜𝑟𝑟 do not overlap the items in 𝐼 ′ if we place them back. However,

there can be items 𝑖 ∈ 𝐼 ′ that overlap some corridor, but we can prove that it is possible to circumvent

them while adding only 𝑂Y𝑙𝑎𝑟𝑔𝑒 ,Y (1) extra lines (see Figure 5 for a depiction).
Now if we include back the small items that were temporarily removed before, some of them

might not be completely contained in some corridor. We add all such rectangles to 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 and it is

not difficult to see that, if Y ′
𝑠𝑚𝑎𝑙𝑙

is chosen to be small enough, their total area satisfies the claim as

the total number of lines defining the corridors depends solely on Y ′
𝑙𝑎𝑟𝑔𝑒

and Y. □
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Fig. 6. The subcorridors 𝑆1 and 𝑆3 are vertical, 𝑆2 and 𝑆4 are horizontal. The subcorridor 𝑆3 is on the top-right
of 𝑆2. The curve on the bottom left shows the boundary curve between 𝑆1 and 𝑆2. The pair (𝑆3, 𝑆4) forms a
clockwise bend and the pair (𝑆2, 𝑆3) forms a counter-clockwise bend. The triple (𝑆1, 𝑆2, 𝑆3) forms a𝑈 -bend
and the triple (𝑆2, 𝑆3, 𝑆4) forms a 𝑍 -bend.

Suppose we apply our Corridor Decomposition Lemma to some optimal solution𝑂𝑃𝑇 , obtaining

𝑂𝑃𝑇𝑐𝑜𝑟𝑟 . We next identify some structural properties of the corridors that are later exploited in

our analysis. Observe that an open (resp., closed) corridor of the above type is the union of 𝑘 − 1

(resp., 𝑘) boxes, that we next call subcorridors (see also Figure 6). Each such box is a maximally large

rectangle that is contained in the corridor. The subcorridor 𝑆𝑖 of an open (resp., closed) corridor of

the above kind is the one containing edges 𝑒𝑖 , 𝑒2𝑘−𝑖 (resp., 𝑒𝑖 , 𝑒𝑖′) on its boundary. The length of 𝑆𝑖 is

the length of the shortest such edge. We say that a subcorridor is long if its length is more than

𝑁 /2, and short otherwise. The partition of subcorridors into short and long will be crucial in our

analysis.

We call a subcorridor horizontal (resp., vertical) if the corresponding edges are so. Note that each
rectangle in𝑂𝑃𝑇𝑐𝑜𝑟𝑟 ∩𝑂𝑃𝑇𝑠𝑘𝑒𝑤 is univocally associated with the only subcorridor that fully contains

it: indeed, the longer side of a skewed rectangle is longer than the width of any corridor. Consider

the sequence of consecutive subcorridors 𝑆1, . . . , 𝑆𝑘′ of an open or closed corridor. Consider two

consecutive corridors 𝑆𝑖 and 𝑆𝑖′ , with 𝑖
′ = 𝑖 + 1 in the case of an open corridor and 𝑖 ′ = (𝑖 + 1)

(mod 𝑘 ′) otherwise. First assume that 𝑆𝑖′ is horizontal. We say that 𝑆𝑖′ is to the right (resp., left)

of 𝑆𝑖 if the right-most (left-most) boundary of 𝑆𝑖′ is to the right (left) of the right-most (left-most)

boundary of 𝑆𝑖 . If instead 𝑆𝑖′ is vertical, then 𝑆𝑖 must be horizontal and we say that 𝑆𝑖′ is to the

right (left) of 𝑆𝑖 if 𝑆𝑖 is to the left (right) of 𝑆𝑖′ . Similarly, if 𝑆𝑖′ is vertical, we say that 𝑆𝑖′ is above

(below) 𝑆𝑖 if the top (bottom) boundary of 𝑆𝑖′ is above (below) the top (bottom) boundary of 𝑆𝑖 . If

𝑆𝑖′ is horizontal, we say that it is above (below) 𝑆𝑖 if 𝑆𝑖 (which is vertical) is below (above) 𝑆𝑖′ . We

say that the pair (𝑆𝑖 , 𝑆𝑖′) forms a clockwise bend if 𝑆𝑖 is horizontal and 𝑆𝑖′ is to its bottom-right

or top-left, and the complementary cases if 𝑆𝑖 is vertical. In all the other cases the pairs form a

counter-clockwise bend. Consider a triple (𝑆𝑖 , 𝑆𝑖′, 𝑆𝑖′′) of consecutive subcorridors in the above

sense. It forms a 𝑈 -bend if (𝑆𝑖 , 𝑆𝑖′) and (𝑆𝑖′, 𝑆𝑖′′) are both clockwise or counterclockwise bends.

Otherwise it forms a 𝑍 -bend. In both cases 𝑆𝑖′ is the center of the bend, and 𝑆𝑖 , 𝑆𝑖′′ its sides. An open

corridor whose bends are all clockwise (resp., counter-clockwise) is a spiral. A closed corridor with

𝑘 ′ = 4 is a ring. Note that in a ring all bends are clockwise or counter-clockwise, hence in some

sense it is the closed analogue of a spiral. We remark that a corridor whose subcorridors are all

long is a spiral or a ring
9
. As we will see, spirals and rings play a crucial role in our analysis. In

particular, we will exploit the following simple fact.

Lemma 28. The following properties hold:
(1) The two sides of a 𝑍 -bend cannot be long. In particular, an open corridor whose subcorridors are

all long is a spiral.
9
We leave the simple proof for the ring case to the reader since we do not explicitly need this claim.
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(2) A closed corridor contains at least 4 distinct (possibly overlapping)𝑈 -bends.

Proof. (1) By definition of long subcorridors and 𝑍 -bend, the 3 subcorridors of the 𝑍 -bend

would otherwise have total width or height larger than 𝑁 . (2) Consider the left-most and right-

most vertical subcorridords, and the top-most and bottom-most horizontal subcorridors. These 4

subcorridors exist, are distinct, and are centers of a𝑈 -bend. □

Finally, the following definition characterizes more in detail the interaction between neighboring

subcorridors. Given two consecutive subcorridors 𝑆𝑖 and 𝑆𝑖′ , we define the boundary curve among

them as follows (see also Figure 6). Suppose that 𝑆𝑖′ is to the top-right of 𝑆𝑖 , the other cases

being symmetric. Let 𝑆𝑖,𝑖′ = 𝑆𝑖 ∩ 𝑆𝑖′ be the rectangular region shared by the two subcorridors.

Then the boundary curve among them is any simple rectilinear polygon inside 𝑆𝑖,𝑖′ that decreases

monotonically from its top-left corner to its bottom-right one and that does not cut any rectangle

in these subcorridors. For a boundary horizontal (resp., vertical) subcorridor of an open corridor

(i.e., a subcorridor containing 𝑒0 or 𝑒2𝑘−1) we define a dummy boundary curve given by the vertical

(resp., horizontal) side of the subcorridor that coincides with a (boundary) edge of the corridor.

Remark 3. Each subcorridor has two boundary curves (possibly dummy ones). Furthermore, all
its skewed items are fully contained in the region delimited by such curves plus the two edges of the
corridor associated with the subcorridor (private region).

6.1 Partitioning Corridors into Rectangular Boxes
In order to prove Lemma 25 we will first describe a method to “process” corridors from Lemma 27

and further decompose them into rectangular boxes with items inside, and then analyze different

candidate packings to prove the desired bound.

The overall argumentation, as in the proof of Theorem 1 in Section 4, involves a recursion of

constant depth in order to ensure that a properly chosen set of items can be safely discarded at a

negligible cost (for instance, any application of our Corridor Decomposition Lemma (Lemma 27)

leaves outside a constant number of skewed items whose profit might be relevant). In the following,

we pretend that it is possible to drop any set of𝑂Y (1) items at no cost, which is justified if the items

we drop happen to have a profit of at most Y𝑝 (𝑂𝑃𝑇 ). Later, we will explain how to handle the case

where these items have considerable profit (larger than Y𝑝 (𝑂𝑃𝑇 )).
Notice first that, thanks to our previous assumption and since |𝑂𝑃𝑇𝑙𝑎𝑟𝑔𝑒 | ≤ 𝑂 (1/Y2

𝑙𝑎𝑟𝑔𝑒
), we can

delete the large rectangles in the instance. Then we apply our Corridor Decomposition Lemma

(Lemma 27) with 𝐼 ′ = ∅ (the set of untouchable items), which leaves outside a set of items𝑂𝑃𝑇 𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 .

We discard the skewed items in this set since we pretend that we can drop constantly many items.

For the moment, we will keep aside the small ones and include them back later.

We now describe a routine to partition the corridors into rectangular boxes such that each item

is contained in one such box. We remark that to achieve this partitioning we sometimes have to

sacrifice a large fraction of𝑂𝑃𝑇𝑐𝑜𝑟𝑟 , hence we do not achieve a 1+ Y approximation as in the QPTAS

from Adamaszek and Wiese [3]. On the positive side, we generate only a constant (rather than

polylogarithmic) number of boxes. This is crucial to obtain polynomial time algorithms in the later

steps.

Recall that each 𝑖 ∈ 𝑂𝑃𝑇𝑐𝑜𝑟𝑟 ∩𝑂𝑃𝑇𝑠𝑘𝑒𝑤 is univocally associated with the only subcorridor that

fully contains it. We say that we delete a sub-corridor, when we delete all rectangles univocally

associated with the subcorridor (including small ones). Note that in the deletion of a sub-corridor

we do not delete neither rectangles that are partially contained in that subcorridor but completely

contained in a neighbor sub-corridor, nor small items contained in more than one subcorridor.

Given a corridor, we sometimes delete some of its subcorridors, and consider the residual corridors
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Fig. 7. Our operation that divides a corridor into 𝑂Y (1) boxes and 𝑂Y (1) shorter corridors. The dark gray
items show thin items that are removed in this operation. The light gray items are fat items that are shifted
to the box below their respective original box. The value 𝛼 denotes the width of the depicted corridor.

(possibly more than one) given by the union of the remaining subcorridors. Note that removing

any subcorridor from a closed corridor turns it into an open corridor. We implicitly assume that

items associated with a deleted subcorridor are also removed (and consequently the corresponding

area can be used to pack other items).

Given a corridor, we partition its area into a constant number of boxes as follows (see also

Figure 7, and [3] for a more detailed description of an analogous construction). Let 𝑆 be one of

its boundary subcorridors (if any), or the central subcorridor of a 𝑈 -bend. Note that one such 𝑆

must exist (trivially for an open corridor, otherwise by Lemma 28). In the corridor partition, there

might be several subcorridors fulfilling the latter condition. We will explain later in which order to

process the subcorridors, here we explain only how to apply our routine to one subcorridor, which
we call processing the subcorridor.

Suppose that 𝑆 is horizontal with height 𝑏, with the shorter horizontal associated edge being the

top one. The other cases are symmetric. Let Y𝑏𝑜𝑥 > 0 be a sufficiently small constant to be defined

later. If 𝑆 is the only subcorridor in the considered corridor, 𝑆 forms a box and all its items are

marked as fat. Otherwise, we draw 1/Y𝑏𝑜𝑥 horizontal lines that partition the private region of 𝑆

into subregions of height Y𝑏𝑜𝑥𝑏. We mark as thin the items of the bottom-most (i.e., the widest)

such subregion, and as killed the items of the subcorridor cut by these horizontal lines. All the

remaining items of the subcorridor are marked as fat. Again, we will ignore for the moment killed

items which are small and argue how to include them back later, and notice that there are only

𝑂Y (1) killed items which are skewed. So we can discard them due to our assumption.

For each such subregion, we define an associated (horizontal) box as the largest axis-aligned

box that is contained in the subregion. Given these boxes, we partition the rest of the corridor into

1/Y𝑏𝑜𝑥 corridors as follows. Let 𝑆 ′ be a corridor next to 𝑆 , say to its top-right. Let 𝑃 be the set of

corners of the boxes contained in the boundary curve between 𝑆 and 𝑆 ′. We project 𝑃 vertically

on the boundary curve of 𝑆 ′ not shared with 𝑆 , hence getting a set 𝑃 ′
of 1/Y𝑏𝑜𝑥 points. We iterate

the process on the pair (𝑆 ′, 𝑃 ′). At the end of the process, we obtain a set of 1/Y𝑏𝑜𝑥 boxes from the

starting subcorridor 𝑆 , plus a collection of 1/Y𝑏𝑜𝑥 new (open) corridors each one having at least

one less bend with respect to the original corridor. Later, we will also apply this process on the

latter corridors. Each newly created corridor will have at least one bend less than the original

corridor and thus this process eventually terminates. Note that, since initially there are 𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 (1)
corridors each one with 𝑂 (1/Y) bends, the final number of boxes is 𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 ,Y𝑏𝑜𝑥 (1). See Figure 7 for
an illustration.

Remark 4. Assume that we execute the above procedure on the subcorridors until there is no
subcorridor left on which we can apply it. Then we obtain a partition of 𝑂𝑃𝑇𝑐𝑜𝑟𝑟 into disjoint sets
𝑂𝑃𝑇𝑡ℎ𝑖𝑛 ,𝑂𝑃𝑇𝑓 𝑎𝑡 , and𝑂𝑃𝑇𝑘𝑖𝑙𝑙 of thin, fat, and killed items, respectively. Note that each order to process
the subcorridors leads to different such partition. We will define this order carefully in our analysis.
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Remark 5. By moving the items in 𝑂𝑃𝑇 suitably there exists a packing of 𝑂𝑃𝑇𝑓 𝑎𝑡 into the boxes.
Intuitively, in the above construction each subregion is fully contained in the box associated with the
subregion immediately below (when no lower subregion exists, the corresponding items are thin).

We will from now on assume that the shifting of items as described in Remark 5 has been

done. The following lemma summarizes some of the properties of the boxes and of the associated

partition of 𝑂𝑃𝑇𝑐𝑜𝑟𝑟 (independently from the way ties are broken). Let 𝐼ℎ𝑜𝑟 and 𝐼𝑣𝑒𝑟 denote the set

of horizontal and vertical input items, respectively.

Lemma 29. The following properties hold:
(1) |𝑂𝑃𝑇𝑘𝑖𝑙𝑙 \𝑂𝑃𝑇𝑠𝑚𝑎𝑙𝑙 | = 𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 ,Y𝑏𝑜𝑥 (1);
(2) For any given constant Y𝑟𝑖𝑛𝑔 > 0, there is a sufficiently small Y𝑏𝑜𝑥 > 0 such that the total height

(resp., width) of items in 𝑂𝑃𝑇𝑡ℎ𝑖𝑛 ∩ 𝐼ℎ𝑜𝑟 (resp., 𝑂𝑃𝑇𝑡ℎ𝑖𝑛 ∩ 𝐼𝑣𝑒𝑟 ) is at most Y𝑟𝑖𝑛𝑔𝑁 .

Proof. (1) Each horizontal (resp., vertical) line in the construction can kill at most 1/Y𝑙𝑎𝑟𝑔𝑒
skewed items, since those items must be horizontal (resp., vertical). Hence we kill 𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 ,Y𝑏𝑜𝑥 (1)
items in total.

(2) The mentioned total height/width is at most Y𝑏𝑜𝑥𝑁 times the number of subcorridors, which

is 𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 (1). The claim follows for Y𝑏𝑜𝑥 small enough. □

6.2 A profitable L&C-packing
In this section we prove that there exists an L&C-packing with enough profit. Note that in the

previous processing of the corridors we did not specify in which order we partition the subcorridors

into boxes. In this section, we give several such orders which will then result in different packings.

Additionally, we will employ a packing that is obtained in a different way and that contains an L-

shaped region. Into this region we insert thin items that were removed in the process of partitioning

the corridors into containers in the other packings. Afterwards, we will show that one of the

resulting packings will yield an approximation ratio of 17/9 + Y.
In the remainder of this section we prove Lemma 25, but as mentioned before assuming that we

can drop𝑂Y (1) items at no cost. Hence, formally we will prove that there is an L&C-packing 𝐼 ′ and
a set of 𝑂Y (1) items 𝐼drop such that 𝑝 (𝐼 ′) + 𝑝 (𝐼drop) ≥ ( 9

17
−𝑂 (Y))𝑝 (𝑂𝑃𝑇 ). Subsequently, we will

prove Lemma 25 in full generality (without dropping items for free).

The proof of Lemma 25 involves some case analysis. Recall that we classify subcorridors into

short and long, and horizontal and vertical. We further partition short subcorridors as follows:

let 𝑆1, . . . , 𝑆𝑘′ be the subcorridors of a given corridor, and let 𝑆𝑠
1
, . . . , 𝑆𝑠

𝑘′′ be the subsequence of all

short subcorridors among 𝑆1, . . . , 𝑆𝑘′ (if any). Mark 𝑆𝑠𝑖 as even if 𝑖 is so, and odd otherwise. Note

that corridors are subdivided into several other corridors during the box construction process (see

Figure 7), and these new corridors might have fewer subcorridors than the initial corridor. However,

the marking of the subcorridors (short, long, even, odd, horizontal, vertical) is inherited from the

marking of the original subcorridor.

We will describe now 7 different ways to partition the subcorridors into boxes, where for some

of them we delete some of the subcorridors. Each of these different processing orders will give

different sets 𝑂𝑃𝑇𝑡ℎ𝑖𝑛,𝑂𝑃𝑇𝑘𝑖𝑙𝑙 and 𝑂𝑃𝑇𝑓 𝑎𝑡 , and based on these, we will partition the items into

three sets. We will then prove three different lower bounds on the profit of the best L&C-packing,

𝑝 (𝑂𝑃𝑇𝐿&𝐶 ), w.r.t. the sizes of these three sets using averaging arguments about the seven cases.

Cases 1a, 1b, 2a, 2b: Short horizontal/short vertical subcorridors. We delete either all vertical short

(case 1) or all horizontal short subcorridors (case 2). We first process all remaining short subcorridors,

then either all vertical (subcases a) or horizontal long ones (subcases b), and finally the remaining

(horizontal or vertical, resp.) long ones. Indeed, we can process any remaining short corridor since
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Fig. 8. Depiction of Cases 1 and 2. The knapsack on the left contains two corridors, where short subcorridors are
colored light grey and long subcorridors are colored dark grey. In Case 1, we delete vertical short subcorridors
and then consider two processing orders in subcases a and b. In Case 2, we delete horizontal short subcorridors
and again consider two processing orders in subcases a and b.

such a corridor cannot be the center of a 𝑍 -bend by Lemma 28 since its two sides would be long,

hence it must be boundary or the center of a𝑈 -bend. After processing short subcorridors, by the

same argument the residual (long) subcorridors are the boundary or the center of a 𝑈 -bend. So we

can process the long subcorridors in any order. This gives in total four cases (see Figure 8 for a

depiction of these cases).

Cases 3a, 3b: Even/odd short subcorridors. We delete the odd (or even) short subcorridors and then

process even (resp., odd) short subcorridors last. We exploit the fact that each residual corridor

contains at most one short subcorridor. Then, if there is another (long) subcorridor, there is also

one which is boundary (trivially for an open corridor) or the center of a𝑈 -bend (by Lemma 28).

Hence we can always process some long subcorridor leaving the unique short subcorridor as last

one. This gives two cases.

Case 4: Fat only. Do not delete any short subcorridor. Process subcorridors in any feasible order.
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In each of the cases, we apply the following lemma that allows us to partition each box into

𝑂Y (1) containers, generating a set of discarded skewed items of constant cardinality and a set of

discarded small items of small area.

Lemma 30. Consider a rectangular box of height 𝑎 ≤ 𝑁 and width 𝑏 ≤ 𝑁 containing a set of
items 𝐼𝑏𝑜𝑥 which are only horizontal (resp. only vertical) or small. Then there exist two disjoint sets
𝐼 ′
𝑏𝑜𝑥
, 𝐼 ′′
𝑏𝑜𝑥

⊆ 𝐼𝑏𝑜𝑥 such that:

• 𝑝 (𝐼 ′
𝑏𝑜𝑥

) + 𝑝 (𝐼 ′′
𝑏𝑜𝑥

) ≥ (1 −𝑂 (Y))𝑝 (𝐼𝑏𝑜𝑥 ),
• There exists a guessable container packing for 𝐼 ′

𝑏𝑜𝑥
contained inside the original box, satisfying

that the total area of the containers is at most (1 − 2Y)𝑎𝑏, and
• The number of skewed items in 𝐼 ′′

𝑏𝑜𝑥
is 𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 (1), and the total area of small items in 𝐼 ′′

𝑏𝑜𝑥
is at

most Y𝑠𝑚𝑎𝑙𝑙

Y
𝑁 2.

Proof. Let us assume that the items are horizontal or small, the other case being analogous. We

start first by removing all the rectangles from 𝐼𝑏𝑜𝑥 that have height larger than Y𝑎 and add them to

𝐼 ′′
𝑏𝑜𝑥

. Notice that the number of skewed items deleted this way is at most 𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 (1) as their height
is larger than Y𝑎 and their width is larger than Y𝑙𝑎𝑟𝑔𝑒𝑁 ≥ Y𝑙𝑎𝑟𝑔𝑒𝑏. Furthermore, if some small item is

deleted this way, this implies that 𝑏 <
Y𝑠𝑚𝑎𝑙𝑙

Y
𝑁 , which in turn implies that the area of the box (and

thus of the small items in 𝐼 ′′
𝑏𝑜𝑥

) is at most
Y𝑠𝑚𝑎𝑙𝑙

Y
𝑁 2

.

Now every item in 𝐼𝑏𝑜𝑥 \ 𝐼 ′′𝑏𝑜𝑥 has height at most Y𝑎. Via a simple shifting argument we can draw

a strip of height 3Y𝑎 such that the total profit of the items intersecting the strip is at most 6Y𝑝 (𝐼𝑏𝑜𝑥 ),
which we remove from the packing. Now, due to the Resource Augmentation Lemma (Lemma 11),

there is a container packing for a set 𝐼 ′
𝑏𝑜𝑥

⊆ 𝐼𝑏𝑜𝑥 \𝐼 ′′𝑏𝑜𝑥 inside a box of height (1+Y) (1−3Y)𝑎 ≤ (1−2Y)𝑎
and width 𝑏 contained in the original box, having total profit at least (1 −𝑂 (Y))𝑝 (𝐼𝑏𝑜𝑥 ). □

By applying this lemma to each box we obtain 𝑂Y (1) containers plus some removed items. Since

the skewed ones are constantly many, we can safely discard them due to our assumption, while the

small ones we will keep aside by now and explain later how to include them back together with

the rest of so far removed small items. Let 𝑂𝑃𝑇 𝑐𝑜𝑛𝑡
𝑓 𝑎𝑡

be the set of fat rectangles packed inside the

containers.

We next label items as follows. Consider the classification of items into 𝑂𝑃𝑇 𝑐𝑜𝑛𝑡
𝑓 𝑎𝑡

, 𝑂𝑃𝑇𝑡ℎ𝑖𝑛 , and

𝑂𝑃𝑇𝑘𝑖𝑙𝑙 in each one of the 7 cases above. Then:

• 𝑂𝑃𝑇𝑇 is the set of items which are in 𝑂𝑃𝑇𝑡ℎ𝑖𝑛 in at least one case;
• 𝑂𝑃𝑇𝐾 is the set of items which are in 𝑂𝑃𝑇𝑘𝑖𝑙𝑙 in at least one case;
• 𝑂𝑃𝑇𝐹 is the set of items which are in 𝑂𝑃𝑇 𝑐𝑜𝑛𝑡

𝑓 𝑎𝑡
in all the cases.

Remark 6. Consider the subcorridor of a given corridor that is processed last in any of the above
cases. None of its items are assigned to𝑂𝑃𝑇𝑡ℎ𝑖𝑛 in that case and thus essentially all its items are packed
in one of the constructed containers. In particular, for an item in set 𝑂𝑃𝑇𝑇 , in some of the above cases
it might be in such a subcorridor and thus marked fat and packed into a container.

Lemma 31. It holds that

𝑝 (𝑂𝑃𝑇𝐹 ∪𝑂𝑃𝑇𝑇 ) + 𝑝 (𝑂𝑃𝑇𝐾 ) + 𝑝 (𝑂𝑃𝑇𝑙𝑎𝑟𝑔𝑒 ) + 𝑝 (𝑂𝑃𝑇 𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 ) ≥ (1 −𝑂 (Y))𝑝 (𝑂𝑃𝑇 ).

Proof. Let us initialize 𝑂𝑃𝑇𝐹 = 𝑂𝑃𝑇 𝑐𝑜𝑛𝑡
𝑓 𝑎𝑡

, 𝑂𝑃𝑇𝑇 = 𝑂𝑃𝑇𝑡ℎ𝑖𝑛 , and 𝑂𝑃𝑇𝐾 = 𝑂𝑃𝑇𝑘𝑖𝑙𝑙 by considering

one of the above cases. Next we consider the aforementioned cases, hence moving some items in

𝑂𝑃𝑇𝐹 to either 𝑂𝑃𝑇𝑇 or 𝑂𝑃𝑇𝐾 . Note that initially 𝑝 (𝑂𝑃𝑇𝐹 ∪ 𝑂𝑃𝑇𝑇 ) + 𝑝 (𝑂𝑃𝑇𝑘𝑖𝑙𝑙 ) + 𝑝 (𝑂𝑃𝑇𝑙𝑎𝑟𝑔𝑒 ) +
𝑝 (𝑂𝑃𝑇 𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 ) ≥ (1 −𝑂 (Y))𝑝 (𝑂𝑃𝑇 ) by Lemma 27 and hence we keep this property. □
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Let 𝐼lc and 𝐼sc denote the items in long and short corridors, respectively. We also let 𝑂𝑃𝑇𝐿𝐹 =

𝐼l𝑐 ∩𝑂𝑃𝑇𝐹 , and define analogously 𝑂𝑃𝑇𝑆𝐹 , 𝑂𝑃𝑇𝐿𝑇 , and 𝑂𝑃𝑇𝐿𝐹 . The next three lemmas provide a

lower bound on the case of a degenerate L.

Lemma 32. 𝑝 (𝑂𝑃𝑇𝐿&𝐶 ) ≥ 𝑝 (𝑂𝑃𝑇𝐿𝐹 ) + 𝑝 (𝑂𝑃𝑇𝑆𝐹 ).

Proof. Follows immediately since we pack a superset of 𝑂𝑃𝑇𝐹 in case 4. □

Lemma 33. 𝑝 (𝑂𝑃𝑇𝐿&𝐶 ) ≥ 𝑝 (𝑂𝑃𝑇𝐿𝐹 ) + 𝑝 (𝑂𝑃𝑇𝐿𝑇 )
2

+ 𝑝 (𝑂𝑃𝑇𝑆𝐹 )
2

.

Proof. Consider the sum of the profit of the packed items corresponding to the four subcases

of cases 1 and 2. Each 𝑖 ∈ 𝑂𝑃𝑇𝐿𝐹 appears 4 times in the sum (as items in 𝑂𝑃𝑇𝐹 are fat in all cases

and all long subcorridors get processed), and each 𝑖 ∈ 𝑂𝑃𝑇𝐿𝑇 at least twice by Remark 6: If a long

subcorridor 𝔏 neighbors a short subcorridor, the short subcorridor is either deleted or processed

first. Furthermore, all neighboring long subcorridors are processed first in case 1a and 2a (if 𝔏

is horizontal, then its neighbors are vertical) or 1b and 2b (if 𝔏 is vertical and its neighbors are

horizontal). Thus, 𝔏 is the last processed subcorridor in at least two cases. Additionally, each item

𝑖 ∈ 𝑂𝑃𝑇𝑆𝐹 also appears twice in the sum, as it gets deleted either in case 1 (if it is vertical) or in

case 2 (if it is horizontal) and is fat otherwise.

The claim follows by an averaging argument. □

Lemma 34. 𝑝 (𝑂𝑃𝑇𝐿&𝐶 ) ≥ 𝑝 (𝑂𝑃𝑇𝐿𝐹 ) + 𝑝 (𝑂𝑃𝑇𝑆𝐹 )
2

+ 𝑝 (𝑂𝑃𝑇𝑆𝑇 )
2

.

Proof. Consider the sum of the number of packed items corresponding to cases 3a and 3b.

Each 𝑖 ∈ 𝑂𝑃𝑇𝐿𝐹 appears twice in the sum as it is fat and all long subcorridors get processed. Each

𝑖 ∈ 𝑂𝑃𝑇𝑆𝐹 ∪𝑂𝑃𝑇𝑆𝑇 appears at least once in the sum by Remark 6: An item 𝑖 ∈ 𝑂𝑃𝑇𝑆𝐹 is deleted in

one of the two cases (depending on whether it is in an even or odd subcorridor) and otherwise fat.

An item 𝑖 ∈ 𝑂𝑃𝑇𝑆𝑇 is also deleted in one of the two cases and otherwise its subcorridor is processed

last. The claim follows by an averaging argument. □

There is one last (and slightly more involving) case to be considered, corresponding to a non-

degenerate 𝐿.

Lemma 35. 𝑝 (𝑂𝑃𝑇𝐿&𝐶 ) ≥ 3

4
𝑝 (𝑂𝑃𝑇𝐿𝑇 ) + 𝑝 (𝑂𝑃𝑇𝑆𝑇 ) + 1−𝑂 (Y)

2
𝑝 (𝑂𝑃𝑇𝑆𝐹 ).

Proof. Recall that Y𝑙𝑎𝑟𝑔𝑒𝑁 is the maximum width of a corridor. We consider an execution of the

algorithm with boundary 𝐿 width 𝑁 ′ = Y𝑟𝑖𝑛𝑔𝑁 , and threshold length ℓ = ( 1
2
+ 2Y𝑙𝑎𝑟𝑔𝑒 )𝑁 . We remark

that this length guarantees that items in 𝐼long are not contained in short subcorridors.

By Lemma 22, we can pack a subset of 𝑂𝑃𝑇𝑇 ∩ 𝐼long of profit at least
3

4
𝑝 (𝑂𝑃𝑇𝑇 ∩ 𝐼long) in a

boundary 𝐿 of width Y𝑟𝑖𝑛𝑔𝑁 . By Lemma 29 the remaining items in 𝑂𝑃𝑇𝑇 can be packed in two

containers of size ℓ × Y𝑟𝑖𝑛𝑔𝑁 and Y𝑟𝑖𝑛𝑔𝑁 × ℓ that we place on the two sides of the knapsack not

occupied by the boundary 𝐿.

In the free area we can identify a square region 𝐾 ′′
with side length (1 − Y)𝑁 . We next show

that there exists a feasible solution 𝑂𝑃𝑇 ′
𝑆𝐹

⊆ 𝑂𝑃𝑇𝑆𝐹 with 𝑝 (𝑂𝑃𝑇 ′
𝑆𝐹
) ≥ (1 −𝑂 (Y))𝑝 (𝑂𝑃𝑇𝑆𝐹 )/2 that

can be packed in a square of side length (1 − 3Y)𝑁 . We can then apply the Resource Augmentation

Lemma (Lemma 11) to obtain a container packing of 𝑂𝑃𝑇 ′′
𝑆𝐹

⊆ 𝑂𝑃𝑇 ′
𝑆𝐹

having profit 𝑝 (𝑂𝑃𝑇 ′′
𝑆𝐹
) ≥

(1 −𝑂 (Y))𝑝 (𝑂𝑃𝑇 ′
𝑆𝐹
) inside a central square region of side length (1 − 3Y) (1 + Y𝑟𝑎)𝑁 ≤ (1 − 2Y)𝑁 .

Consider the packing of 𝑂𝑃𝑇𝑆𝐹 as in the optimal solution. Choose a random vertical (resp.,

horizontal) strip in the knapsack of width (resp., height) 3Y𝑁 . Delete from 𝑂𝑃𝑇𝑆𝐹 all the items

intersecting the vertical and horizontal strips: clearly the remaining items 𝑂𝑃𝑇 ′
𝑆𝐹

can be packed

into a square of side length (1 − 3Y)𝑁 . Consider any 𝑖 ∈ 𝑂𝑃𝑇𝑆𝐹 , and assume 𝑖 is horizontal (the

vertical case being symmetric). Recall that it has height at most Y𝑠𝑚𝑎𝑙𝑙𝑁 ≤ Y𝑁 and width at most
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ℓ ≤ 1/2 + 2Y. Therefore 𝑖 intersects the horizontal strip with probability at most 5Y and the vertical

strip with probability at most 1/2+ 8Y. Thus by the union bound 𝑖 ∈ 𝑂𝑃𝑇 ′
𝑆𝐹

with probability at least

1/2 − 13Y. The claim follows by linearity of expectation. □

Combining Lemmas 31, 32, 33, 34 and 35 we achieve the desired approximation factor under two

assumptions:

• The 𝑂Y (1) dropped items have a total profit of at most Y · 𝑝 (𝑂𝑃𝑇 ), and
• The so far ignored small items can be packed into a constant number of containers together

with the current solution.

In what follows we will show how to include back the small items, and how to handle the case

when the 𝑂Y (1) dropped items have a total profit that is larger than 𝜖 · 𝑝 (𝑂𝑃𝑇 ). Notice that, in
the derived bound for the approximation ratio, the worst case is obtained (up to 1 −𝑂 (Y) factors)
for 𝑝 (𝑂𝑃𝑇𝐿𝑇 ) = 𝑝 (𝑂𝑃𝑇𝑆𝐹 ) = 𝑝 (𝑂𝑃𝑇𝑆𝑇 ) and 𝑝 (𝑂𝑃𝑇𝐿𝐹 ) = 5𝑝 (𝑂𝑃𝑇𝐿𝑇 )/4. This gives 𝑝 (𝑂𝑃𝑇𝐿𝑇 ) =

4/17 · 𝑝 (𝑂𝑃𝑇𝑇 ∪𝑂𝑃𝑇𝐹 ) and a total profit of 9/17 · 𝑝 (𝑂𝑃𝑇𝑇 ∪𝑂𝑃𝑇𝐹 ).

6.2.1 Packing of Small Items. Consider now the set of small items we have left aside in the previous

procedure, which we will call C𝑠𝑚𝑎𝑙𝑙 . These items correspond to the ones removed when applying

our Corridor Decomposition Lemma (Lemma 27), the small items in𝑂𝑃𝑇𝐾 (i.e. the ones intersected

by some line when partitioning corridors into boxes as described in Section 6.1) and the small items

removed when turning the boxes into containers according to Lemma 30. We will prove first that, if

Y𝑠𝑚𝑎𝑙𝑙 is chosen to be small enough, the total area of these items is very small. Then, we will prove

that all the packings described in the previous section leave enough space outside of the containers

to pack essentially all these small items, and it is actually possible to do it in such a way that the

obtained solution is a guessable container packing.

Proposition 36. The total area of the items in C𝑠𝑚𝑎𝑙𝑙 is at most Y2𝑁 2.

Proof. Notice first that the total area of the small rectangles removed by our Corridor Decompo-

sition Lemma (Lemma 27) is at most Y3 · 𝑁 2
. For the case of small items in 𝑂𝑃𝑇𝐾 , since the number

𝐾 ′
of lines defining the boxes and corridors is a function only of Y and Y𝑙𝑎𝑟𝑔𝑒 , we have that the

total area of such items is of the form Y𝑠𝑚𝑎𝑙𝑙 · 𝐾 ′ · 𝑁 2
. Finally, the items removed when applying

Lemma 30 have total area
Y𝑠𝑚𝑎𝑙𝑙

Y
· 𝐾 ′′ · 𝑁 2

, where 𝐾 ′′
is the number of boxes where this lemma is

applied, and again it depends solely on Y𝑙𝑎𝑟𝑔𝑒 and Y. If Y𝑠𝑚𝑎𝑙𝑙 is chosen to be small enough, we can

ensure that the sum of these three areas is at most Y2𝑁 2
. □

The following lemma allows us to cover any of the candidate solutions with a constant number

of rectangular regions that leave enough area outside to pack C𝑠𝑚𝑎𝑙𝑙 . This is useful as it gives a way
to decompose this extra area into a constant number of containers where C𝑠𝑚𝑎𝑙𝑙 can be included.

Lemma 37. In the solutions obtained thanks to Lemmas 32, 33, 34 and 35, it is possible to cover the
items in the solution using 𝑂Y (1) rectangular regions of total area at most (1 − 2Y)𝑁 2.

Proof. In the cases of Lemmas 32, 33 and 34 the rectangular regions correspond to the containers

and the required guarantees follow directly from Lemma 30.

On the other hand, in the case of Lemma 35, we add to the containers coming from Lemma 30

four rectangular regions: one of size Y𝑟𝑖𝑛𝑔𝑁 × 𝑁 plus another of size 𝑁 × Y𝑟𝑖𝑛𝑔𝑁 to cover the

boundary L, and the two containers of size Y𝑟𝑖𝑛𝑔𝑁 × ℓ and ℓ × Y𝑟𝑖𝑛𝑔𝑁 to pack items from 𝑂𝑃𝑇𝑇 .

Notice that there is a region not occupied by the boundary 𝐿 nor by the containers of area at least

4Y𝑁 2 − 4Y2𝑁 2 − 4Y𝑟𝑖𝑛𝑔𝑁
2 ≥ 2Y𝑁 2

for Y𝑟𝑖𝑛𝑔 small enough, e.g., Y𝑟𝑖𝑛𝑔 ≤ Y2 suffices. Hence the bound

on the area follows. □
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Now we have all the required ingredients to pack C𝑠𝑚𝑎𝑙𝑙 . Let us first draw a uniform grid on

the knapsack, where each cell of the grid has height and width equal to Y ′ := Y𝑠𝑚𝑎𝑙𝑙

Y
𝑁 . We will

delete any cell of the grid that overlaps with any of the rectangular regions coming from Lemma 37,

and call the remaining cells free. The new area containers will be the free cells. Let 𝑘 denotes the

number of rectangular regions covering the solution. Since 𝑘 ∈ 𝑂Y (1), the total area of the deleted
grid cells is at most

(1 − 2Y)𝑁 2 + 4𝑁𝑘
1

Y ′𝑁
· (Y ′𝑁 )2 ≤ (1 − Y)𝑁 2,

assuming that Y𝑠𝑚𝑎𝑙𝑙 is small enough.

This implies that the total area of the free cells is at least Y𝑁 2
. Since the total area of the items in

C𝑠𝑚𝑎𝑙𝑙 is at most Y2𝑁 2 ≤ (1− 2Y)Y𝑁 2
and free cells are by a factor 1/Y larger in each dimension than

each small item, they can be fully packed into the free cells using the classical Next Fit Decreasing

Height algorithm (NFDH) according to Theorem 8.

6.3 Dropped items having large profit
We remove now the assumption that we can drop 𝑂Y (1) items from 𝑂𝑃𝑇 . We will add a couple of

shifting steps to the argumentation above to prove Lemma 25 in its full generality.

It is no longer true that we can neglect the large rectangles 𝑂𝑃𝑇𝑙𝑎𝑟𝑔𝑒 since they might contribute

a large amount towards the objective, even though their total number is guaranteed to be small.

Also, in the process of constructing the boxes, we killed up to 𝑂Y (1) rectangles (the rectangles in
𝑂𝑃𝑇𝑘𝑖𝑙𝑙 ). Similarly, we can no longer drop the constantly many items in 𝑂𝑃𝑇 𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 .

We next describe a way to circumvent this issue. We describe a polynomial-time procedure to

iteratively construct𝑂Y (1) size subsets of items 𝐾 (0), 𝐾 (1), ..., 𝐾 (𝑘). We will guarantee that 𝑘 < 1/Y
and that 𝑝 (𝐾 (𝑘)) < Y · 𝑝 (𝑂𝑃𝑇 ). Intuitively, 𝐾 (𝑘) plays the role of the set of discarded items in the

previous construction (but, unlike before, we can now afford to discard 𝐾 (𝑘) since it has small

profit).

In more detail, the set 𝐾 (0) is given by the items that are deleted in the argumentation described

in the previous sections (i.e. the items removed by our Corridor Decomposition Lemma, the skewed

items dropped when decomposing the corridors into containers and the large items). Given 𝐾 (𝑡),
𝑡 ≥ 0, if 𝑝 (𝐾 (𝑡)) ≤ Y · 𝑝 (𝑂𝑃𝑇 ) we halt the process. Otherwise we create 𝐾 (𝑡 + 1) as follows. Let
K(𝑡) := ⋃𝑡

𝑗=0 𝐾 (𝑡). We apply our Corridor Decomposition Lemma (Lemma 27) with K(𝑡) as the
set of untouchable items (set 𝐼 ′ in the statement of the Lemma). Then we apply again the whole

decomposition process described before in Section 6.1 and Section 6.2. This again generates a

constant number of items that we need to remove: those items form 𝐾 (𝑡 + 1).
Observe that by construction 𝐾 (𝑡) is disjoint from all previous 𝐾 ( 𝑗), 𝑗 < 𝑡 . In other words, the

sets𝐾 (0), 𝐾 (1), ..., 𝐾 (𝑘) are pairwise disjoint. As a consequence, the condition 𝑝 (𝐾 (𝑡)) > Y ·𝑝 (𝑂𝑃𝑇 )
can happen strictly less than 1/Y times, hence 𝑘 < 1/Y as required. There is one extra technical
complication that we need to face. In all the iterations we must be careful with the small items

that are removed in the process in order to be packed in the end. In the first iteration, through

Lemma 30 we ensured that there is enough space outside the containers for the remaining small

items by removing some strip of items from the boxes. However, now there are some containers

with untouchable items in which we cannot create space as we cannot afford to remove these items.

In the next section we will argue that it is still possible to include back the remaining small items

without deleting any untouchable item, and this will conclude the proof of Lemma 25.

6.3.1 Handling Small Items. Assume we are in round 𝑡 of the aforementioned procedure, i.e., we

defined 𝐾 (𝑡) in the previous step (unless 𝑡 = 0, then 𝐾 (𝑡) is defined as specified above) and assume

that 𝑝 (𝐾 (𝑡)) > Y · 𝑝 (𝑂𝑃𝑇 ). We then apply our Corridor Decomposition Lemma (Lemma 27) setting

ACM Trans. Algor., Vol. 1, No. 1, Article 1. Publication date: January 2021.



1:30 Gálvez et al.

K(𝑡) as the untouchable items, implying that a container of matching size is assigned to each such

item. In order to properly bound the area of small items that must be repacked in the final part of

our argumentation, we need to recall a bit of notation and properties of our Corridor Decomposition

as described above.

When building our Corridor Decomposition, we started by defining a non-uniform grid, where

the coordinates of the grid cells are defined by the coordinates of the items in K(𝑡). Then we

classified the rectangles according to their intersections with the grid cells, in particular defining

small items as the ones whose intersection with each cell 𝐶 (which is a rectangular region) has

height (resp. width) at most Y𝑠𝑚𝑎𝑙𝑙ℎ(𝐶) (resp. Y𝑠𝑚𝑎𝑙𝑙𝑤 (𝐶)). Now we can temporarily remove these

small items and obtain a Corridor Decomposition for the rest that does not remove any rectangle

from K(𝑡), and when we include back the small rectangles we can ensure not only that they are

small with respect to the cells they intersect, but also that inside each cell the total area of small

rectangles pierced by some line of our Corridor Decomposition is negligible (since the number of

such lines depends solely on Y𝑙𝑎𝑟𝑔𝑒 while the heights and widths of small items depends on Y𝑠𝑚𝑎𝑙𝑙 ).

These items we temporarily keep aside.

After obtaining our Corridor Decomposition, we can apply the same argumentation as in Sec-

tion 6.1 in order to decompose the corridors into boxes, where again we temporarily remove the

small rectangles that are intersected by any line of some box. Then, as in Section 6.2, we apply

Lemma 30 to each box in order to obtain containers and also to leave some empty space for the small

items in the future. This process however is not applied to the special containers for untouchable

items as we cannot delete them. Hence, now we may not be able to show that there is globally

enough free area outside of the containers to pack the remaining small items, but instead we will

prove that inside each grid cell there is enough free space.

Lemma 38. Let 𝐶 be a cell. The total area of 𝐶 occupied by containers is at most (1 − 2Y)𝑎(𝐶).

Proof. In our construction of the boxes we moved some of the items (within a corridor). In

particular, it can happen that we moved some items into 𝐶 that were originally in some other

grid cell 𝐶 ′
. This reduces the empty space in 𝐶 . Assume that there is a horizontal subcorridor 𝐻

intersecting 𝐶 such that some items or parts of items within 𝐻 were moved into 𝐶 that were not in

𝐶 before. Then such items were moved vertically and the corridor containing 𝐻 must intersect the

upper or lower boundary of 𝐶 . The part of this subcorridor lying within 𝐶 has a height of at most

Y𝑙𝑎𝑟𝑔𝑒 · ℎ(𝐶). Thus, the total area of 𝐶 lost in this way is bounded by 𝑂 (Y𝑙𝑎𝑟𝑔𝑒𝑎(𝐶)) which includes

analogous vertical subcorridors.

Due to Lemma 37 we are removing in each horizontal box of size 𝑎 × 𝑏 a horizontal strip of

height 3Y𝑏 and then the created containers lie in a box of height (1 − 3Y) (1 + Y𝑟𝑎)𝑏. In particular,

if the box does not intersect the top or bottom edge of 𝐶 , then within 𝐶 its containers use only a

box of dimension 𝑎′ × (1 − 3Y) (1 + Y𝑟𝑎)𝑏 where 𝑎′ denotes the width of the box within 𝐶 , i.e., the

width of the intersection of the box with 𝐶 . If the box intersects the top or bottom edge of 𝐶 then

we cannot guarantee that the free space lies within 𝐶 . However, the total area of such boxes is

bounded by 𝑂 (Y𝑙𝑎𝑟𝑔𝑒𝑎(𝐶)). We can apply a symmetric argument to vertical boxes. Then, the total

area of 𝐶 used by containers is at most (1 − 3Y) (1 + Y𝑟𝑎)𝑎(𝐶) +𝑂 (Y𝑙𝑎𝑟𝑔𝑒𝑎(𝐶)) ≤ (1 − 2Y)𝑎(𝐶). This
gives the claim of the lemma. □

Now we will assign the so far ignored small items into this free space. This set of items, which

we will call C𝑡
𝑠𝑚𝑎𝑙𝑙

, consists of small items that in the original packing intersect a line segment

of the Corridor Decomposition (i.e. the small items put aside by Lemma 27) or the boundary of

a box (including small items removed from Lemma 30). We assign first each item 𝑖 ∈ C𝑡
𝑠𝑚𝑎𝑙𝑙

to

the cell 𝐶 that maximizes the area of the intersection between item 𝑖 and 𝐶 . Consider now a grid
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cell 𝐶 and the small items from C𝑡
𝑠𝑚𝑎𝑙𝑙

assigned to 𝐶 . Since the number of boxes and boundary

curves intersecting 𝐶 depends solely on Y𝑙𝑎𝑟𝑔𝑒 and Y, if we choose Y𝑠𝑚𝑎𝑙𝑙 to be sufficiently small, we

can ensure that the total area of these small rectangles is at most Y2𝑎(𝐶). At this point, thanks to
Theorem 8, we can pack these rectangles into the free space within 𝐶 using NFDH analogously as

in Section 6.2.1, and apply this argumentation to each grid cell independently.

In order to ensure that the obtained solution is guessable, the following lemma shows that the

possible sizes of these last area containers (in principle arbitrarily many since they depend on the

sizes of the cells in the non-uniform grid) can be reduced to polynomially many options only.

Lemma 39. Let 𝐾 be an area container and 𝐼 (𝐾) be the items assigned to 𝐾 . There exists a set
𝐼 ′ ⊆ 𝐼 (𝐾) of total profit at least (1 −𝑂 (Y)𝑝 (𝐼 (𝐾)) and a new area container 𝐾 ′ satisfying that:

• The height (resp. width) of every rectangle in 𝐼 ′ is at most Y
1−Yℎ(𝐾

′) (resp. Y
1−Yℎ(𝐾

′)).
• 𝐼 ′ can be packed into 𝐾 ′ using NFDH.
• The dimensions on 𝐾 ′ belong to a set that can be computed in polynomial time based on 𝐼
without knowing 𝐼 (𝐾).

• The height/width of 𝐾 ′ is upper bounded by the height/width of 𝐾 .

Proof. Without loss of generality, we can assume that 𝑤 (𝐾) ≤ 𝑛𝑤𝑚𝑎𝑥 (𝐼 (𝐾)) and ℎ(𝐾) ≤
𝑛ℎ𝑚𝑎𝑥 (𝐼 (𝐾)), where ℎ𝑚𝑎𝑥 (𝐼 (𝐾)) and 𝑤𝑚𝑎𝑥 (𝐼 (𝐾)) denote the maximum height and width of an

item in 𝐼 (𝐾), respectively. If not, we can first shrink 𝐾 so that these conditions are satisfied, and all

the rectangles still fit in 𝐾 .

Define a container 𝐾 ′
satisfying that 𝑤 (𝐾 ′) := 𝑤𝑚𝑎𝑥 (𝐼 (𝐾)) ⌊𝑤 (𝐾)/𝑤𝑚𝑎𝑥 (𝐼 (𝐾))⌋ and ℎ(𝐾 ′) :=

ℎ𝑚𝑎𝑥 (𝐼 (𝐾)) ⌊ℎ(𝐾)/ℎ𝑚𝑎𝑥 (𝐼 (𝐾))⌋, that is, 𝐾 ′
is obtained by shrinking 𝐾 to the closest integer multi-

ples of𝑤𝑚𝑎𝑥 (𝐼 (𝐾)) and ℎ𝑚𝑎𝑥 (𝐼 (𝐾)). Observe that𝑤 (𝐾 ′) ≥ 𝑤 (𝐾) −𝑤𝑚𝑎𝑥 (𝐼 (𝐾)) ≥ 𝑤 (𝐾) −Y𝑤 (𝐾) =
(1 − Y)𝑤 (𝐾), and similarly ℎ(𝐾 ′) ≥ (1 − Y)ℎ(𝐾 ′). Hence 𝑎(𝐾 ′) ≥ (1 − Y)2𝑎(𝐾) ≥ (1 − 2Y)𝑎(𝐾).
Since items are smaller than 𝐾 at least by a factor Y, now the items are smaller than 𝐾 ′

at least by a

factor
Y

1−Y .
We now select a set 𝐼 ′ ⊆ 𝐼 (𝐾) by greedily choosing elements from 𝐼 (𝐾) in non-increasing order of

profit/area ratio, adding as many elements as possible without exceeding a total area of (1−2Y)𝑎(𝐾).
Since each element of 𝐼 (𝐾) has area at most Y2𝑎(𝐾), then either all elements are selected (and then

𝑝 (𝐼 ′) = 𝑝 (𝐼 (𝐾))), or the total area of the selected elements is at least (1−2Y−Y2)𝑎(𝐾) ≥ (1−3Y)𝑎(𝐾).
By the greedy choice, we have that 𝑝 (𝐼 ′) ≥ (1 − 3Y)𝑝 (𝐼 (𝐾)).
Since each rectangle in 𝐼 ′ is small compared to 𝐾 ′

, thanks to the previous area guarantees

we know that they can be packed into 𝐾 ′
using NFDH (Theorem 8). Finally, consider the sets

�̃� := {𝑘 ·ℎ(𝑖) |𝑘 ∈ {0, 1, . . . , 𝑛}, 𝑖 ∈ 𝐼 } and �̃� := {𝑘 ·𝑤 (𝑖) |𝑘 ∈ {0, 1, . . . , 𝑛}, 𝑖 ∈ 𝐼 }. It is not difficult to

see that the height (resp. width) 𝐾 ′
belongs to �̃� (resp. �̃� ), that both sets have polynomial size and

can be computed in polynomial time based on 𝐼 . □

6.3.2 L&C-packings. We iterate the previous construction, obtaining then pairwise disjoint sets

𝐾 (1), 𝐾 (2), ... until we find a set 𝐾 (𝑡) such that 𝑝 (𝐾 (𝑡)) ≤ Y · 𝑝 (𝑂𝑃𝑇 ). Since the sets 𝐾 (0), 𝐾 (1), ...
are pairwise disjoint there must be such a value 𝑡 with 𝑡 ≤ 1/Y. Thus, |K(𝑡 − 1) | ≤ 𝑂Y (1). As
described above we define the corridor partition, the partition of the corridors into boxes (with the

different orders to process the subcorridors as described in Section 6.1) and finally into containers.

We consider the candidate packings presented in Section 6.2. For each of the six candidate

packings with a degenerate 𝐿 we can pack almost all small items of the original packing. We

define 𝐼lc and 𝐼sc the sets of items in long and short subcorridors in the initial corridor partition,

respectively. Recall that a subcorridor is long if it is longer than 𝑁 /2 and short otherwise. As

before we divide the items into fat and thin items and define the sets 𝑂𝑃𝑇𝑆𝐹 , 𝑂𝑃𝑇𝐿𝑇 , and 𝑂𝑃𝑇𝑆𝑇
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accordingly. However, this time we define the set 𝑂𝑃𝑇𝐿𝐹 to contain all items in 𝐼lc that are fat in all

candidate packings plus the items in K(𝑡 − 1).
Thus, we obtain again the respective claims of Lemmas 32, 33 and 34 in the weighted setting. For

the candidate packing falling in the non-degenerate-𝐿 case (Lemma 35 in Section 6.2), we first add

the small items as described above, and remove the items in K(𝑘 − 1). Then, like in the proof of

Lemma 35, with a random shift we delete items touching a horizontal and a vertical strip of width

3Y𝑁 . Each item 𝑖 is still contained in the resulting solution with probability 1/2 − 15Y (note that we

cannot make such a claim for the items in K(𝑘 − 1) if they were still there), and we can even argue

that each small item is still contained in the resulting solution with probability 1−𝑂 (Y) since those
items are small in both dimensions. We proceed with the construction of the boundary 𝐿 and the

assignment of the items into it, hence recovering the claim of Lemma 35.

We can then conclude that 𝑝 (𝑂𝑃𝑇𝐿&𝐶 ) ≥ (17/9 +𝑂 (Y))𝑝 (𝑂𝑃𝑇 ), which completes the proof of

Lemma 25, and consequently the proof of Theorem 3.

7 2DKR: CARDINALITY CASE
In this section we will focus on the cardinality version of 2𝐷𝐾𝑅. Our goal is to prove (see Section 7.2)

that there exists a guessable container packing of profit at least (3/4 − Y) times the optimal profit.

To that aim, we will exploit a resource contraction lemma (see Section 7.1).

We will assume again w.l.o.g. that Y > 0 is a sufficiently small constant, and also that ℎ(𝑖) ≥ 𝑤 (𝑖)
for all items 𝑖 in the input. By𝑂𝑃𝑇 we will denote an optimal solution for 2𝐷𝐾𝑅, with an associated

packing in the knapsack.

7.1 Resource Contraction in the Cardinality Case
We next show that it is possible to obtain a feasible solution of large profit even if we need to leave

a small portion of the knapsack unused. For the following proof we will assume that Y ′ > 0 is a

sufficiently small constant.

Lemma 40. (Cardinality Resource Contraction Lemma) Suppose that there exists a feasible packing
of a set of items 𝐼 , with |𝐼 | ≥ 1/Y ′3, into a rectangular region of height and width 𝑁 . Then it is possible
to pack a subset 𝐼 ′ ⊆ 𝐼 of cardinality at least 2

3
(1−𝑂 (Y)) |𝐼 | into a reduced rectangular region of width

𝑁 and height
(
1 − Y 1

2Y
+1

)
𝑁 if rotations are allowed.

The remainder of this subsection is devoted to prove Lemma 40. Let us first remove from the set

of items 𝐼 all the ones having both height and width larger than Y ′𝑁 . Let 𝐼2 be the resulting set:

observe that |𝐼2 | ≥ (1 − Y ′) |𝐼 | since the removed items are at most 1/Y ′2 many and by assumption

|𝐼 | ≥ 1/Y ′3. We next show how to remove from 𝐼2 a set of cardinality at most Y |𝐼2 | such that the

remaining items 𝐼𝑓 𝑖𝑛𝑎𝑙 are either very tall (taller than (1 − Y𝑖+1)𝑁 ) or quite a bit smaller (smaller

than ((1 − 2Y𝑖 )𝑁 ) for some 𝑖 .

Lemma 41. There exists a value 𝑖 ∈ {1, . . . , ⌈1/(2Y)⌉} such that the set 𝐾𝑖 of items from 𝐼2 having
height ℎ(𝑖) ∈ ((1 − 2Y𝑖 )𝑁, (1 − Y𝑖+1)𝑁 ] has cardinality at most Y |𝐼2 |.

Proof. For each 𝑖 = 1, . . . , ⌈1/(2Y)⌉, let𝐾𝑖 be the set of items in 𝐼2 with height in ((1−2Y𝑖 )𝑁, (1−
Y𝑖+1)𝑁 ]. An item can belong to at most two such sets if Y is small enough. Thus, the smallest such

set has cardinality at most Y |𝐼2 |. □

We remove from 𝐼2 the elements from the set 𝐾𝑖 guaranteed by Lemma 41, and let 𝐼𝑓 𝑖𝑛𝑎𝑙 be the

resulting set. We also define Y𝑠 = Y
𝑖
for the same 𝑖 . Thus, Y𝑠 ≥ Y1/2Y > Y ′/Y. Note that the items in

𝐼𝑓 𝑖𝑛𝑎𝑙 have height either at most (1 − 2Y𝑠 )𝑁 or more than (1 − Y · Y𝑠 )𝑁 .
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𝛾𝑁

𝛿𝑁

𝛽𝑁𝛼𝑁

𝑆𝐵,𝛿

𝑆𝐿,𝛼 𝑆𝑅,𝛽

𝑆𝑇,𝛾

(a) Strips 𝑆𝐿,𝛼 , 𝑆𝑅,𝛽 , 𝑆𝐵,𝛿 , 𝑆𝑇,𝛾 in the knap-
sack.

𝛼𝑁

𝑆𝐿,𝛼

(b) 𝐶𝐿,𝛼 , 𝐷𝐿,𝛼 are dark and light gray respec-
tively.

Fig. 9. Definitions for cardinality 2DK with rotations.

We introduce some technical definitions. For any 𝛿 > 0we denote the strips of width𝑁 and height

𝛿𝑁 at the top and bottom of the knapsack by 𝑆𝑇,𝛿 := [0, 𝑁 ]×[(1−𝛿)𝑁, 𝑁 ] and 𝑆𝐵,𝛿 := [0, 𝑁 ]×[0, 𝛿𝑁 ]
respectively. Similarly, we denote the strips of height 𝑁 and width 𝛿𝑁 to the left and right of the

knapsack by 𝑆𝐿,𝛿 := [0, 𝛿𝑁 ] × [0, 𝑁 ] and 𝑆𝑅,𝛿 := [(1−𝛿)𝑁, 𝑁 ] × [0, 𝑁 ] respectively (see Figure 9 (a)).
For 𝐾 ∈ {𝑇, 𝐵, 𝐿, 𝑅} the set of items in 𝐼final intersected by a strip 𝑆𝐾,𝛿 are denoted by 𝐸𝐾,𝛿 and the

set of items fully contained in such a strip are denoted by 𝐶𝐾,𝛿 . Obviously 𝐶𝐾,𝛿 ⊆ 𝐸𝐾,𝛿 , and we

define, 𝐷𝐾,𝛿 = 𝐸𝐾,𝛿 \𝐶𝐾,𝛿 (see Figure 9(b)).
To prove the resource contraction lemma we will make use of the following technical lemmas

which provide area guarantees for the items intersected by some of the strips and a way to pack

them in a slightly reduced knapsack.

Lemma 42. It holds that either 𝑎(𝐸𝐿,Y𝑠 ∪ 𝐸𝑅,Y𝑠 ) ≤
(1+8Y𝑠 )

2
𝑁 2 or 𝑎(𝐸𝑇,Y𝑠 ∪ 𝐸𝐵,Y𝑠 ) ≤

(1+8Y𝑠 )
2

𝑁 2.

Proof. Let us define 𝑉 := 𝐸𝐿,Y𝑠 ∪ 𝐸𝑅,Y𝑠 the set of items intersected by at least one of the vertical

strips of width Y𝑠𝑁 and𝐻 := 𝐸𝑇,Y𝑠 ∪𝐸𝐵,Y𝑠 the set of items intersected by at least one of the horizontal

strips of height Y𝑠𝑁 . Note that, 𝑎(𝑉 ) +𝑎(𝐻 ) = 𝑎(𝑉 ∪𝐻 ) +𝑎(𝑉 ∩𝐻 ). Clearly 𝑎(𝑉 ∪𝐻 ) ≤ 𝑁 2
since all

items fit inside the knapsack. On the other hand, except for possibly four items (the ones intersected

by a vertical and a horizontal strip at the same time), all other items in𝑉 ∩𝐻 lie entirely within the

union of the four strips. Thus 𝑎(𝑉 ∩𝐻 ) ≤ 4Y𝑠𝑁
2 + 4Y ′𝑁 2 ≤ 8Y𝑠𝑁

2
, as Y ′ ≤ Y𝑠 . We can conclude that

min{𝑎(𝑉 ), 𝑎(𝐻 )} ≤ 𝑎(𝑉 ) + 𝑎(𝐻 )
2

=
𝑎(𝑉 ∪ 𝐻 ) + 𝑎(𝑉 ∩ 𝐻 )

2

≤ (1 + 8Y𝑠 )
2

𝑁 2 .

□

Lemma 43. Let 0 < Y𝑎 < 1/2 be a constant and 𝐼 := {1, . . . , 𝑘} a set of items satisfying𝑤 (𝑖) ≤ Y ′𝑁
for all 𝑖 ∈ 𝐼 . If 𝑎(𝐼 ) ≤ (1/2 + Y𝑎)𝑁 2, then there exists a set of items 𝑆 ⊆ 𝐼 of cardinality at least
(1 − 2Y𝑠 − 2Y𝑎) |𝐼 | that can be packed into [0, (1 − Y𝑠 )𝑁 ] × [0, 𝑁 ].
Proof. Let us assume that the items in 𝐼 are given in non-decreasing order according to their area.

Note that 𝑎(𝑖) ≤ Y ′𝑁 2 ≤ Y𝑠
2
𝑁 2

for any 𝑖 ∈ 𝐼 . Let us choose 𝑗 such that the set 𝑆 := {1, . . . , 𝑗} satisfies
(1−2Y𝑠 )

2
𝑁 2 ≤ ∑𝑗

𝑖=1
𝑎(𝑖) ≤ (1−Y𝑠 )

2
𝑁 2

and

∑𝑗+1
𝑖=1

𝑎(𝑖) > (1−Y𝑠 )
2

𝑁 2
. Then by using Steinberg’s theorem

(Theorem 7), 𝑆 can be packed into [0, (1 − Y𝑠 )𝑁 ] × [0, 𝑁 ]. As we considered items sorted non-

decreasingly by area, we have that
|𝑆 |
|𝐼 | ≥

( 1

2
−Y𝑠)

( 1

2
+Y𝑎) . Thus, |𝑆 | ≥

(
1 − (Y𝑎+Y𝑠 )

( 1

2
+Y𝑎)

)
|𝐼 | > (1−2Y𝑎−2Y𝑠 ) |𝐼 |. □
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Y𝑖+1

Y𝑖

(a) .......

𝑁 −𝑤 (𝑋 ) 2|𝑋 |/3

𝐶𝑇,Y𝑖+1 rotated
𝐶𝐵,Y𝑖+1 rotated

(b) ..............

Fig. 10. Case A in the proof of Lemma 40. Dark gray rectangles are 𝑋 , light gray rectangles are 𝑍 , gray
rectangles plus hatched rectangles are 𝑌 , hatched rectangles are 𝐶𝑇,Y𝑖+1 and 𝐶𝐵,Y𝑖+1 . (a): original packing in
𝑁 × 𝑁 . (b): modified packing leaving space for resource contraction on the right.

Now we have all the required elements to proceed with the proof of Lemma 40.

Proof of Lemma 40. Let us assume that 𝑎(𝐸𝑇,Y𝑠 ∪ 𝐸𝐵,Y𝑠 ) ≤
(1+8Y𝑠 )

2
𝑁 2

thanks to Lemma 42 (the

other case being symmetric). Let us partition 𝐼final into three sets in order to bound the profit

of our candidate solutions: Let 𝑋 be the set of items in 𝐼final intersecting both horizontal strips

𝑆𝑇,Y𝑠 and 𝑆𝐵,Y𝑠 , 𝑌 := (𝐸𝑇,Y𝑠 ∪ 𝐸𝐵,Y𝑠 ) \ 𝑋 the items intersecting only one of the horizontal strips and

𝑍 := 𝐼final \ (𝑋 ∪ 𝑌 ) be the remaining items (see Figure 10 (a) and Figure 11 (a) for examples). Now

let us consider the following two cases.

• Case A:𝑤 (𝑋 ) ≥ 12Y · Y𝑠𝑁 .

From Lemma 41, all items in 𝑋 must intersect also 𝑆𝑇,Y ·Y𝑠 and 𝑆𝐵,Y ·Y𝑠 . This implies that the

removal of𝑋∪𝐶𝑇,Y ·Y𝑠∪𝐶𝐵,Y ·Y𝑠 creates a set of empty strips of height𝑁 and total width𝑤 (𝑋 ). By
a simple permutation argument, all items in𝑌 ∪𝑍 can be packed inside [0, 𝑁 −𝑤 (𝑋 )] × [0, 𝑁 ],
leaving an empty vertical strip of width 𝑤 (𝑋 ) in the right side of the knapsack. Next we

rotate 𝐶𝑇,Y ·Y𝑠 and 𝐶𝐵,Y ·Y𝑠 and pack them in two vertical strips, each one having width Y · Y𝑠𝑁 .

Note that𝑤 (𝑖) ≤ Y · Y𝑠𝑁 for all 𝑖 ∈ 𝑋 . Now pick items from 𝑋 , sorted non-decreasingly by

width, until their total width lies in the interval [𝑤 (𝑋 ) − 4Y · Y𝑠𝑁,𝑤 (𝑋 ) − 3Y · Y𝑠𝑁 ] and pack

them into another vertical strip. The cardinality of this set is at least
(𝑤 (𝑋 )−4Y ·Y𝑠𝑁 )

𝑤 (𝑋 ) |𝑋 | ≥ 2

3
|𝑋 |,

where the last inequality follows by our assumption on𝑤 (𝑋 ) (see Figure 10 for a depiction
of the final packing). Hence, at least

2

3
|𝑋 | + |𝑌 | + |𝑍 | ≥ 2

3
|𝐼final | items can be packed into

[0, (1 − Y · Y𝑠 )𝑁 ] × [0, 𝑁 ].
• Case B:𝑤 (𝑋 ) < 12Y · Y𝑠𝑁 .

Observe that 𝑌 = (𝐸𝑇,Y𝑠 \𝑋 ) ¤∪(𝐸𝐵,Y𝑠 \𝑋 ), hence |𝑌 | = |𝐸𝑇,Y𝑠 \𝑋 | + |𝐸𝐵,Y𝑠 \𝑋 |. Assume w.l.o.g.

that |𝐸𝐵,Y𝑠 \ 𝑋 | ≥ |𝑌 |/2 ≥ |𝐸𝑇,Y𝑠 \ 𝑋 |. We first remove 𝐸𝑇,Y𝑠 and then se can pack 𝑋 on top of

𝐼 \ 𝐸𝑇,Y𝑠 as 12Y · Y𝑠 ≤ Y𝑠 − Y · Y𝑠 for Y small enough. This gives a packing of |𝑋 | + |𝑍 | + |𝑌 |
2

many

items. On the other hand, as 𝑎(𝑋 ∪ 𝑌 ) = 𝑎(𝐸𝑇,Y𝑠 ∪ 𝐸𝐵,Y𝑠 ) ≤
(1+8Y𝑠 )

2
𝑁 2

, by using Lemma 43 it

is possible to pack at least (1 − 2Y𝑠 − 8Y𝑠 ) |𝑋 ∪ 𝑌 | ≥ (1 − 10Y𝑠 ) ( |𝑋 | + |𝑌 |) many items into

[0, (1 − Y · Y𝑠 )𝑁 ] × [0, 𝑁 ].
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Y𝑖+1

Y𝑖

(a) ......

𝑋 rotated

(b) .............

Fig. 11. Case B in the proof of Lemma 40. Dark gray rectangles are 𝑋 , light gray rectangles are 𝑍 , gray
rectangles plus hatched rectangles are 𝑌 , hatched rectangles are 𝐶𝑇,Y𝑖+1 and 𝐶𝑇,Y𝑖+1 . (a): original packing. (b):
modified packing leaving space for resource contraction on the top.

Thus we can always pack a set of items having cardinality at least

max

{
(1 − 10Y𝑠 ) ( |𝑋 | + |𝑌 |), |𝑋 | + |𝑍 | + |𝑌 |

2

}
≥ 1

3

(1 − 10Y𝑠 ) ( |𝑋 | + |𝑌 |) + 2

3

(
|𝑋 | + |𝑍 | + |𝑌 |

2

)
≥ 2

3

(1 − 10Y𝑠 ) ( |𝑋 | + |𝑌 | + |𝑍 |)

=
2

3

(1 − 10Y𝑠 ) |𝐼𝑓 𝑖𝑛𝑎𝑙 |.

This concludes the proof of Lemma 40 as |𝐼𝑓 𝑖𝑛𝑎𝑙 | ≥ (1 −𝑂 (Y)) |𝐼 |. □

7.2 Existence of a Profitable Packing
As in the case without rotations, we will show the existence of a container packing that packs a

good fraction of the items from the optimal solution. More in detail we will prove the following

result.

Lemma 44. There exists a guessable container packing of total profit at least
(
3

4
−𝑂 (Y)

)
|𝑂𝑃𝑇 | for

the cardinality case of 2𝐷𝐾𝑅.

Proof. As in Section 5, we assume that there are no large items. Furthermore, we can ensure

that the cardinality of the set of intermediate items is negligible thanks to Lemma 6 and hence we

can safely discard them. We start with our Corridor Decomposition (Lemma 27) and also define the

sets 𝑂𝑃𝑇𝑇 ,𝑂𝑃𝑇𝐹 and 𝑂𝑃𝑇𝐾 according to the procedure described in Sections 6.1 and 6.2. Items in

𝑂𝑃𝑇𝐾 can be safely discarded since they are only 𝑂Y (1) many as stated in Lemma 29, while again

small removed items we will keep aside temporarily. Analogously as in Section 6.2.1, we will argue

that they can be packed on the space left outside of the constructed containers as their total area is

very small.

The first lower bound for the best guessable container packing that we consider is (1 − Y) |𝑂𝑃𝑇𝐹 |:
After the removal of𝑂𝑃𝑇𝑇 , we can get a container packing for almost all items in𝑂𝑃𝑇𝐹 as discussed

in Lemma 32 in Section 6.
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The second lower bound that we consider is (1 −𝑂 (Y)) ( |𝑂𝑃𝑇𝑇 | + 2

3
|𝑂𝑃𝑇𝐹 |), and to prove it we

will make use of Lemma 40. First of all, thanks to Lemma 29 we can ensure that the total height of

rectangles in 𝑂𝑃𝑇𝑇 is at most
Y

1

2Y
+1
𝑁

4
, and hence we can pack them in a single vertical container of

width
Y

1

2Y
+1
𝑁

4
by rotating horizontal rectangles in 𝑂𝑃𝑇𝑇 .

Now we consider two possible cases: if |𝑂𝑃𝑇𝐹 | ≥ 1

Y3
𝑙𝑎𝑟𝑔𝑒

, then we apply Lemma 40 with Y ′ = Y𝑙𝑎𝑟𝑔𝑒

to show that there exists a subset of 𝑂𝑃𝑇𝐹 of cardinality at least
2

3
(1 − 𝑂 (Y)) |𝑂𝑃𝑇𝐹 | that can be

packed inside 𝐾 ′
:= [0,

(
1 − Y 1

2Y
+1

)
𝑁 ] × [0, 𝑁 ]. Then we can use the Resource Augmentation PTAS

(Lemma 11) to get a container packing of (2/3 − 𝑂 (Y)) |𝑂𝑃𝑇𝐹 | many rectangles inside the area

𝐾 ′′
:= [0,

(
1 − Y 1

2Y
+1/2

)
𝑁 ] × [0, 𝑁 ] and pack the vertical container for items in𝑇 to the right of 𝐾 ′′

in the area [
(
1 − Y 1

2Y
+1/2

)
𝑁,

(
1 − Y 1

2Y
+1/4

)
𝑁 ] × [0, 𝑁 ]. If Y𝑠𝑚𝑎𝑙𝑙 is small enough, the so far removed

small rectangles can be included back into the remaining free area next to the container for 𝑇 by

means of NFDH (Theorem 8). This already proves the claim in this first case.

In the second case, namely |𝑂𝑃𝑇𝐹 | < 1

Y3
𝑙𝑎𝑟𝑔𝑒

, we can consider two subcases: if |𝑂𝑃𝑇𝑇 | < 1

Y4
𝑙𝑎𝑟𝑔𝑒

, we

can pack |𝑂𝑃𝑇𝐹 ∪𝑂𝑃𝑇𝑇 | < 2

Y4
𝑙𝑎𝑟𝑔𝑒

items by brute-force, and if |𝑂𝑃𝑇𝑇 | ≥ 1

Y4
𝑙𝑎𝑟𝑔𝑒

≥ |𝑂𝑃𝑇𝐹 |/Y𝑙𝑎𝑟𝑔𝑒 , we
can safely discard𝑂𝑃𝑇𝐹 and obtain a solution of cardinality |𝑂𝑃𝑇𝑇 | ≥ (1−𝑂 (Y)) ( |𝑂𝑃𝑇𝑇 | + |𝑂𝑃𝑇𝐹 |).
In both subcases we pack at least (1−𝑂 (Y)) ( |𝑂𝑃𝑇𝑇 | + 2

3
|𝑂𝑃𝑇𝐹 |) items as required, and furthermore

these items can be packed inside a vertical container of height 𝑁 and width Y𝑁 if Y𝑠𝑚𝑎𝑙𝑙 is small

enough. Since the total area of the remaining small items can be ensured to be at most Y2𝑁 2
, they

can be packed in the free area outside of the previous container using NFDH (Theorem 8).

By combining both candidate solutions, the claimed bound on the profit of the best container

packing holds. Up to a factor (1 −𝑂 (Y)), the worst case is obtained when |𝑂𝑃𝑇𝐹 | = 3|𝑂𝑃𝑇𝑇 | which
gives a total profit of 3/4 · |𝑂𝑃𝑇 |.
By construction the containers used in the different cases define a guessable set. □

Proof of Theorem 5. Follows directly from Lemma 44 and Theorem 10. □

8 2DKR: WEIGHTED CASE
In this section we will focus on the weighted version of 2𝐷𝐾𝑅. Similarly to the cardinality case,

one of the tools that we use is a resource contraction lemma (see Lemma 46). We will show the

following existential result, which combined with Theorem 10 implies a (3/2 + Y)-approximation.

Lemma 45. There is a guessable container packing of total profit at least (2/3 −𝑂 (Y))𝑝 (𝑂𝑃𝑇 ) for
(the weighted case of) 2𝐷𝐾𝑅.

In the proof of Lemma 45 we distinguish two main cases, depending on whether 𝑂𝑃𝑇 contains

or not a massive item 𝑖 , with𝑤 (𝑖) ≥ (1 − Y)𝑁 and ℎ(𝑖) ≥ (1 − Y)𝑁 . The two cases are discussed in

Sections 8.1 and 8.2 respectively.

We will assume that Y > 0 is a sufficiently small constant.

8.1 No Massive Item Case
We start by proving the following Resource Contraction lemma which is an analogue of Lemma 40,

however working in the weighted case provided that there is no massive item in the solution.

Lemma 46. (Weighted Resource Contraction Lemma) If a set of items 𝐼 does not contain a massive
item and can be packed into a box of size 𝑁 × 𝑁 , then it is possible to pack a set 𝐼 ′ of profit at least
1

2
𝑝 (𝐼 ) into a box of size 𝑁 × (1 − Y

2
)𝑁 (into a box of size (1 − Y

2
)𝑁 × 𝑁 resp.) if rotations are allowed.
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𝑖

(𝑥𝑖, 𝑦𝑖)

(𝑥′𝑖 , 𝑦′𝑖 )

𝑤𝑖

ℎ𝑖

𝐿𝑒 𝑓 𝑡 (𝑖) 𝑅𝑖𝑔ℎ𝑡 (𝑖)

𝐵𝑜𝑡𝑡𝑜𝑚(𝑖)

𝑇𝑜𝑝 (𝑖)

Fig. 12. 𝐵𝑜𝑡𝑡𝑜𝑚(𝑖),𝑇𝑜𝑝 (𝑖), 𝐿𝑒 𝑓 𝑡 (𝑖), 𝑅𝑖𝑔ℎ𝑡 (𝑖) are represented by vertical, horizontal, north east and north west
stripes respectively.

Proof. Let Y𝑠 = Y/2. We will consider different cases in order to partition 𝐼 into two sets 𝐼1, 𝐼 \ 𝐼1
and show that each such set can be packed into the reduced knapsack 𝑁 × (1 − Y𝑠 )𝑁 . Clearly one

of the two sets will have profit at least
1

2
𝑝 (𝐼 ).

Recall that for an item 𝑖 embedded in position (𝑙𝑒 𝑓 𝑡 (𝑖), 𝑏𝑜𝑡𝑡𝑜𝑚(𝑖)), we have that 𝑟𝑖𝑔ℎ𝑡 (𝑖) =

𝑙𝑒 𝑓 𝑡 (𝑖) +𝑤 (𝑖) and 𝑡𝑜𝑝 (𝑖) := 𝑏𝑜𝑡𝑡𝑜𝑚(𝑖) + ℎ(𝑖). In a packing of a set of items 𝐼 , for item 𝑖 we define

the sets

• Left (𝑖) := {𝑘 ∈ 𝐼 : 𝑟𝑖𝑔ℎ𝑡 (𝑘) ≤ 𝑙𝑒 𝑓 𝑡 (𝑖)},
• Right (𝑖) := {𝑘 ∈ 𝐼 : 𝑙𝑒 𝑓 𝑡 (𝑘) ≥ 𝑟𝑖𝑔ℎ𝑡 (𝑖)},
• Top(𝑖) := {𝑘 ∈ 𝐼 : 𝑏𝑜𝑡𝑡𝑜𝑚(𝑘) ≥ 𝑡𝑜𝑝 (𝑖)}, and
• Bottom(𝑖) := {𝑘 ∈ 𝐼 : 𝑡𝑜𝑝 (𝑘) ≤ 𝑏𝑜𝑡𝑡𝑜𝑚(𝑖)}.

In other words, these sets are the items that lie completely to the left, right, above and below of 𝑖

respectively (see Figure 12).

We also consider the following four strips 𝑆𝑇,3Y𝑠 , 𝑆𝐵,Y𝑠 , 𝑆𝐿,Y𝑠 , 𝑆𝑅,Y𝑠 (see Figure 13). Recall that for

any 𝛿 > 0 we denote the strips of width 𝑁 and height 𝛿𝑁 at the top and bottom of the knapsack by

𝑆𝑇,𝛿 := [0, 𝑁 ] × [(1 − 𝛿)𝑁, 𝑁 ] and 𝑆𝐵,𝛿 := [0, 𝑁 ] × [0, 𝛿𝑁 ] respectively. Similarly, we denote the

strips of height 𝑁 and width 𝛿𝑁 to the left and right of the knapsack by 𝑆𝐿,𝛿 := [0, 𝛿𝑁 ] × [0, 𝑁 ]
and 𝑆𝑅,𝛿 := [(1 − 𝛿)𝑁, 𝑁 ] × [0, 𝑁 ] respectively. The set of items in the solution intersected by a

strip 𝑆𝐾,𝛿 are denoted by 𝐸𝐾,𝛿 , the set of items fully contained in such a strip are denoted by 𝐶𝐾,𝛿 ,

and also 𝐷𝐾,𝛿 = 𝐸𝐾,𝛿 \𝐶𝐾,𝛿 .
Now we will analyze the different possible cases (see Figure 13 for a depiction of the cases).

Case 1: No item intersects both 𝑆𝐵,Y𝑠 and 𝑆𝑇,3Y𝑠 .

Let us define in this case 𝐼1 := 𝐸𝑇,3Y𝑠 . As items in 𝐼1 do not intersect 𝑆𝐵,Y𝑠 , 𝐼1 can be packed into a

(𝑁, 𝑁 (1 − Y𝑠 )) bin. On the other hand, if we keep 𝐼 \ (𝐼1 ∪𝐶𝐿,Y𝑠 ∪𝐶𝑅,Y𝑠 ) in its position, rotate 𝐶𝐿,Y𝑠
and 𝐶𝑅,Y𝑠 and pack them on top of the previous packing using two strips of height Y𝑠𝑁 and width

𝑁 , we get a packing of total height at most (1 − 3Y𝑠 + 2Y𝑠 )𝑁 ≤ (1 − Y𝑠 )𝑁 .

ACM Trans. Algor., Vol. 1, No. 1, Article 1. Publication date: January 2021.



1:38 Gálvez et al.

3Y𝑠𝑁

Y𝑠𝑁

Y𝑠𝑁Y𝑠𝑁

𝑆𝐵,Y𝑠

𝑆𝐿,Y𝑠 𝑆𝑅,Y𝑠

𝑆𝑇,3Y𝑠

(a) Case 1:
𝐷𝐵,Y𝑠 ∩ 𝐷𝑇,3Y𝑠 = ∅.

𝑖

(b) Case 2A: 𝑖 does not intersect
𝑆𝐿,Y𝑠 or 𝑆𝑅,Y𝑠 .

𝑖

(c) Case 2B: 𝑖 intersects both 𝑆𝐿,Y𝑠
and 𝑆𝑅,Y𝑠 .

𝑖

(d) Case 2C: 𝑖 ∈ 𝐷𝐿,Y𝑠 and
𝑥 ′
𝑖
≤ 𝑁 /2.

𝑖

(e) Case 2C: 𝑖 ∈ 𝐷𝐿,Y𝑠 and
𝑥 ′
𝑖
> 𝑁 /2.

𝑖

(f) Case 2C:
𝑖 ∈ 𝐶𝐿,Y𝑠 .

Fig. 13. Cases for Resource Contraction Lemma (Lemma 46).

Case 2: There is some item 𝑖 intersecting both 𝑆𝐵,Y𝑠 and 𝑆𝑇,3Y𝑠 . In this case we distinguish three

subcases:

Case 2A: Item 𝑖 does not intersect neither 𝑆𝐿,Y𝑠 nor 𝑆𝑅,Y𝑠 .

In this case item 𝑖 partitions 𝐼1 \ (𝐶𝑇,3Y𝑠 ∪𝐶𝐵,Y𝑠 ∪ {𝑖}) into two sets: Left (𝑖) and Right (𝑖). W.l.o.g.,

assume left(𝑖) ≤ 1/2. If we let 𝐼1 = Right (𝑖) ∪ {𝑖}, as item 𝑖 does not intersect the strip 𝑆𝐿,Y𝑠 , we can

pack 𝐼1 into a box of height 𝑁 and width (1 − Y𝑠 )𝑁 . On the other hand, we can pack 𝐼 \ 𝐼1 in the

reduced knapsack as follows: we can rotate 𝐶𝑇,3Y𝑠 and 𝐶𝐵,Y𝑠 and pack them to the right of Left (𝑖).
This packing of 𝐼 \ 𝐼1 takes height 𝑁 and width 𝑙𝑒 𝑓 𝑡 (𝑖) + 4Y𝑠𝑁 ≤ ( 1

2
+ 4Y𝑠 )𝑁 ≤ (1 − Y𝑠 )𝑁 if Y𝑠 is

small enough.

Case 2B: Item 𝑖 intersects both 𝑆𝐿,Y𝑠 and 𝑆𝑅,Y𝑠 .

Let 𝐼1 to be 𝐶𝐿,Y𝑠 ∪𝐶𝑅,Y𝑠 ∪ Top(𝑖). We can pack Top(𝑖) and then rotate 𝐶𝐿,Y𝑠 and 𝐶𝑅,Y𝑠 to be packed

on top. These items can be packed into height (1− 𝑡𝑜𝑝 (𝑖) + 2Y𝑠 )𝑁 ≤ 5Y𝑠𝑁 ≤ (1− Y𝑠 )𝑁 if Y𝑠 is small

enough. On the other hand, as there is no massive item, 𝐼 \ 𝐼1 can be packed using height (1 − Y𝑠 )𝑁
and width 𝑁 .

Case 2C: Item 𝑖 intersects only 𝑆𝐿,Y𝑠 (symmetrically only 𝑆𝑅,Y𝑠 ).
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Consider first the case 𝑖 ∈ 𝐷𝐿,Y𝑠 . If right(𝑖) ≤ 𝑁 /2, let 𝐼1 := Right (𝑖) which can be packed into a

box of width (1 − Y𝑠 )𝑁 and height 𝑁 . On the other hand, we can pack 𝐼 \ (𝐼1 ∪𝐶𝑇,3Y𝑠 ∪𝐶𝐵,Y𝑠 ) in its

original position and 𝐶𝑇,3Y𝑠 ∪𝐶𝐵,Y𝑠 on its side by rotating them. The total width of this packing is

at most (1/2 + 3Y𝑠 + Y𝑠 )𝑁 ≤ (1 − Y𝑠 )𝑁 if Y𝑠 is small enough.

On the other hand, if right(𝑖) > 𝑁 /2, let 𝐼1 := Left (𝑖) ∪ 𝑖 which can clearly be packed into a reduced

knapsack as 𝑖 does not intersect 𝑆𝑅,Y𝑠 . Now, consider 𝐼 \ (𝐼1 ∪𝐶𝑇,3Y𝑠 ∪𝐶𝐵,Y𝑠 ), rotate 𝐶𝑇,3Y𝑠 ∪𝐶𝐵,Y𝑠
and pack them on its left. The total width of this packing is at most (1/2 + 4Y𝑠 )𝑁 ≤ (1 − Y𝑠 )𝑁 .

Finally, if the previous case does not hold, then every item intersecting both 𝑆𝐵,Y𝑠∩𝑆𝑇,3Y𝑠 is completely

contained in 𝑆𝐿,Y𝑠 . Thus, we can consider 𝐼1 = 𝐸𝑇,3Y𝑠 \ (𝐶𝐿,Y𝑠 ∪𝐶𝑅,Y𝑠 ) which can be packed in the

reduced knapsack as items do not intersect 𝑆𝐵,Y𝑠 . In order to pack 𝐼 \ 𝐼1 we can rotate𝐶𝐿,Y𝑠 and𝐶𝑅,Y𝑠
and pack them on top of 𝐼 \ (𝐼1 ∪𝐶𝐿,Y𝑠 ∪𝐶𝑅,Y𝑠 ) as in Case 1. The claim follows. □

Existence of a Profitable Container Packing. We will now use Lemma 46 to derive new lower

bounds for the optimal profit, which together with some of the previously used bounds lead to the

claimed result when there is no massive item in the solution.

Lemma 47. Suppose that there is no massive item in 𝑂𝑃𝑇 . Then, there exists a guessable container
packing having profit at least

(
2

3
−𝑂 (Y)

)
𝑝 (𝑂𝑃𝑇 ).

Proof. First, we consider our Corridor Decomposition Lemma (Lemma 27) and the classification

of items as in Section Section 6.2 to define sets 𝐿𝐹, 𝑆𝐹, 𝐿𝑇 , 𝑆𝑇 and 𝑂𝑃𝑇𝑠𝑚𝑎𝑙𝑙 . Let 𝑇 := 𝐿𝑇 ∪ 𝑆𝑇 be

the set of thin items. We consider two different solutions.

Similarly to Lemma 32 and what was later described in Section 6.3, it is possible to pack a subset

𝐴𝑃𝑋 of items having profit 𝑝 (𝐴𝑃𝑋 ) ≥ (1 − Y) (𝑝 (𝐿𝐹 ) + 𝑝 (𝑆𝐹 ) + 𝑝 (𝑂𝑃𝑇𝑠𝑚𝑎𝑙𝑙 )) into a guessable set

of containers. Being this the case, we have that,

𝑝 (𝐴𝑃𝑋 ) ≥ (1 − Y)𝑝 (𝑂𝑃𝑇 ) − 𝑝 (𝑇 ). (1)

In the second case, thanks to ourWeighted Resource Contraction Lemma (Lemma 46), it is possible

to pack a subset of 𝑂𝑃𝑇 \𝑇 of profit at least 𝑝 (𝑂𝑃𝑇 \𝑇 )/2 into a knapsack of size 𝑁 × (1 − Y/2)𝑁 .

Therefore, by Lemma 11, we can pack an almost equally large profit subset of 𝑂𝑃𝑇 \𝑇 in the box

[0, 𝑁 ] × [0, (1− Y/4)𝑁 ] using a guessable set of containers. Since a proper choice of the parameters

allows to ensure that the total height of items in 𝑇 is at most
Y
4
𝑁 (see Lemma 29), 𝑇 can be packed

in the complementary box [0, 𝑁 ] × [(1 − Y/4)𝑁, 𝑁 ]. So we get a solution 𝐴𝑃𝑋 of profit

𝑝 (𝐴𝑃𝑋 ) ≥ 𝑝 (𝑇 ) + (1 − Y) (𝑝 (𝑂𝑃𝑇 ) − 𝑝 (𝑇 ))/2. (2)

Altogether, up to a (1 −𝑂 (Y)) factor, there exists a guessable container packing of profit at least
max{(𝑝 (𝑇 ) + 𝑝 (𝑂𝑃𝑇 \𝑇 )/2), 𝑝 (𝑂𝑃𝑇 \𝑇 )} ≥ 2/3 · 𝑝 (𝑂𝑃𝑇 ). □

8.2 Massive item case
Now we analyze the case where the optimal solution has a massive item𝑚. We will assume, without

loss of generality, that 1/(3Y) is an integer number.

Lemma 48. Suppose that there is a massive item𝑚 ∈ 𝑂𝑃𝑇 . Then, there exists a guessable container
packing having profit at least

(
2

3
−𝑂 (Y)

)
𝑝 (𝑂𝑃𝑇 ).

Proof. Wewill consider three candidate solutions. Consider first the items in𝑂𝑃𝑇 \ {𝑚}. Clearly
each one of them has width or height at most Y𝑁 ; moreover, 𝑎(𝑂𝑃𝑇 \ {𝑚}) ≤ (1 − (1 − Y)2)𝑁 2 =

(2Y−Y2)𝑁 2 ≤ 𝑁 2

2(1+Y) ; thus, by possibly rotating each element so that its height becomes smaller than

Y𝑁 , we can use Steinberg’s Theorem (Theorem 7) to prove that it is possible to pack all the items in

𝑂𝑃𝑇 \ {𝑚} into a rectangular region of size 𝑁 × 𝑁
1+Y . Then, by applying the Resource Augmentation
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𝑚

𝑉 𝑉

𝐻

𝐻

𝑀𝑉

𝑀𝐻

Fig. 14. Massive item case. Items intersecting strips𝑀𝐻 and𝑀𝑉 (hatched rectangles) cross them completely.

PTAS (Lemma 11), we obtain a guessable container packing for a subset of 𝑂𝑃𝑇 \ {𝑚} of profit at
least (1 −𝑂 (Y))𝑝 (𝑂𝑃𝑇 \ {𝑚}).
For the other two solutions we start with 𝑂𝑃𝑇 . From the definition of massive item, the region

[Y𝑁, (1 − Y)𝑁 ]2 is entirely contained inside the massive item𝑚. Let us partition the region with

𝑥-coordinate between Y𝑁 and (1 − Y)𝑁 into 𝑘 = 1/(3Y) strips of width 3Y (1 − 2Y)𝑁 ≥ 2Y𝑁 and

height 𝑁 , which we denote by 𝑆1, . . . , 𝑆𝑘 . Let 𝐼 (𝑆𝑖 ) be the set of items in 𝑂𝑃𝑇 satisfying that their

left or right edge (or both) is contained in the interior of strip 𝑆𝑖 . Since each item belongs to at

most two of these sets, there exists 𝑖 such that 𝑝 (𝐼 (𝑆𝑖 )) ≤ 6Y𝑝 (𝑂𝑃𝑇 ). Symmetrically, we define

𝑘 horizontal strips 𝑇1, . . . ,𝑇𝑘 , obtaining an index 𝑗 such that 𝑝 (𝐼 (𝑇𝑗 )) ≤ 6Y𝑝 (𝑂𝑃𝑇 ). If we remove

from the solution these two sets (𝑅(𝑆𝑖 ) ∪ 𝑅(𝑇𝑗 )), obtaining 𝑂𝑃𝑇 ′
, every remaining item has no

side contained in the interior of 𝑆𝑖 or 𝑇𝑗 , and 𝑝 (𝑂𝑃𝑇 ′) ≥ (1 − 12Y)𝑝 (𝑂𝑃𝑇 ). Let 𝑀𝑉 be the set of

items in 𝑂𝑃𝑇 ′ \ {𝑚} that overlap 𝑇𝑗 , and let𝑀𝐻 be the set of items in 𝑂𝑃𝑇 ′ \ {𝑚} that overlap 𝑆𝑖
(see Figure 14). Clearly, the items in𝑀𝐻 can be packed in a horizontal container with width 𝑁 and

height 𝑁 − ℎ(𝑚), and the items in 𝑀𝑉 can be packed in a vertical container of width 𝑁 −𝑤 (𝑚)
and height 𝑁 .

Let 𝐻 be the set of items from 𝑂𝑃𝑇 ′ \ 𝑀𝐻 that are completely above the massive item 𝑚 or

completely below it; symmetrically, let 𝑉 be the set of items of 𝑂𝑃𝑇 ′ \ 𝑀𝑉 that are completely

to the left or completely to the right of𝑚. We will now show that there is a container packing

for 𝑀𝐻 ∪ 𝑉 ∪ {𝑚}. Since all the elements overlapping 𝑇𝑗 have been removed, 𝑉 can be packed

into a rectangular region of size (𝑁 −𝑤 (𝑚)) × (1 − 2Y)𝑁 by a simple shifting argument. Since

(1− 2Y)𝑁 · (1+ Y) < (1− Y)𝑁 ≤ ℎ(𝑚), we can use the Resource Augmentation PTAS (Lemma 11) to

obtain a container packing for a subset of𝑉 with profit at least (1−𝑂 (Y))𝑝 (𝑉 ) in a rectangular region
of size (𝑁 −𝑤 (𝑚)) ×ℎ(𝑚). By adding a horizontal container of the same size as𝑚 and a horizontal

container of size 𝑁 × (𝑁 − ℎ(𝑚)), we obtain a guessable container packing for 𝑀𝐻 ∪ 𝑉 ∪ {𝑚}
having profit at least (1 −𝑂 (Y))𝑝 (𝑀𝐻 ∪𝑉 ∪ {𝑚}). Symmetrically, there is a guessable container

packing for a subset of𝑀𝑉 ∪ 𝐻 ∪ {𝑚} having profit at least (1 −𝑂 (Y))𝑝 (𝑀𝑉 ∪ 𝐻 ∪ {𝑚}).
Recall that 𝑂𝑃𝑇 ′ = {𝑚} ∪𝑀𝐻 ∪𝐻 ∪𝑀𝑉 ∪𝑉 . From the previous discussion, there is a guessable

container packing having profit at least (1−𝑂 (Y))max{𝑝 (𝑂𝑃𝑇 ′ \ {𝑚}), 𝑝 (𝑀𝐻 ∪𝑉 ∪ {𝑚}), 𝑝 (𝑀𝑉 ∪
𝐻 ∪ {𝑚})}. Since each element in𝑂𝑃𝑇 ′

is contained in at least two of the above solutions, it follows

that the profit of the best guessable container packing is at least

(
2

3
−𝑂 (Y)

)
𝑝 (𝑂𝑃𝑇 ). □

By merging the analyses of both cases (i.e. with or without massive item) we can conclude the

desired result.
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Proof of Lemma 45. It follows directly from Lemmas 48 and 47. □

Proof of Theorem 4. It follows directly from Lemma 45 and Theorem 10. □

9 OPEN PROBLEMS
The main problem that remains open is to find a PTAS, if any, for 2𝐷𝐾 and 2𝐷𝐾𝑅. This would

be interesting even in the cardinality case. We believe that a better understanding of natural

generalizations of L-packings might be useful. For example, is there a PTAS for ring-packing
instances arising from shifting of long items? This would directly lead to an improved approximation

factor for 2𝐷𝐾 (though not to a PTAS). Is there a PTAS for L-packings with rotations? Our improved

approximation algorithms for 2𝐷𝐾𝑅 are indeed based on a different approach. Is there a PTAS for

2𝐷𝐾 if the packing area are 𝑂 (1) given L-shapes, rather than only one L-shape? This might be an

important intermediate step towards the design of improved approximation algorithms and finally

of a PTAS.

REFERENCES
[1] Anna Adamaszek, Tomasz Kociumaka, Marcin Pilipczuk, and Michal Pilipczuk. 2017. Hardness of Approximation for

Strip Packing. ACM Trans. Comput. Theory 9, 3 (2017), 14:1–14:7. https://doi.org/10.1145/3092026

[2] Anna Adamaszek and Andreas Wiese. 2013. Approximation Schemes for Maximum Weight Independent Set of

Rectangles. In Proceedings of the 54th Annual IEEE Symposium on Foundations of Computer Science (FOCS). IEEE
Computer Society, 400–409. https://doi.org/10.1109/FOCS.2013.50

[3] Anna Adamaszek and Andreas Wiese. 2015. A quasi-PTAS for the Two-Dimensional Geometric Knapsack Problem.

In Proceedings of the Twenty-Sixth Annual ACM-SIAM Symposium on Discrete Algorithms (SODA). SIAM, 1491–1505.

https://doi.org/10.1137/1.9781611973730.98

[4] Nikhil Bansal, Alberto Caprara, Klaus Jansen, Lars Prädel, and Maxim Sviridenko. 2009. A Structural Lemma in

2-Dimensional Packing, and Its Implications on Approximability. In Proceedings of the 20th International Symposium on
Algorithms and Computation (ISAAC), Vol. 5878. Springer, 77–86. https://doi.org/10.1007/978-3-642-10631-6_10

[5] Nikhil Bansal, Alberto Caprara, and Maxim Sviridenko. 2009. A New Approximation Method for Set Covering

Problems, with Applications to Multidimensional Bin Packing. SIAM J. Comput. 39, 4 (2009), 1256–1278. https:

//doi.org/10.1137/080736831

[6] Nikhil Bansal and Arindam Khan. 2014. Improved Approximation Algorithm for Two-Dimensional Bin Packing. In

Proceedings of the Twenty-Fifth Annual ACM-SIAM Symposium on Discrete Algorithms (SODA). SIAM, 13–25. https:

//doi.org/10.1137/1.9781611973402.2

[7] Alberto Caprara. 2002. Packing 2-Dimensional Bins in Harmony. In Proceedings of the 43rd Symposium on Foundations
of Computer Science (FOCS). IEEE Computer Society, 490–499. https://doi.org/10.1109/SFCS.2002.1181973

[8] Chandra Chekuri and Sanjeev Khanna. 2005. A Polynomial Time Approximation Scheme for the Multiple Knapsack

Problem. SIAM J. Comput. 35, 3 (2005), 713–728. https://doi.org/10.1137/S0097539700382820

[9] Henrik I. Christensen, Arindam Khan, Sebastian Pokutta, and Prasad Tetali. 2017. Approximation and online algorithms

for multidimensional bin packing: A survey. Comput. Sci. Rev. 24 (2017), 63–79. https://doi.org/10.1016/j.cosrev.2016.

12.001

[10] Fan Chung, Michael R. Garey, and David S. Johnson. 1982. On packing two-dimensional bins. SIAM Journal on
Algebraic Discrete Methods 3 (1982), 66–76. https://doi.org/10.1137/0603007

[11] Uriel Feige and Jan Vondrák. 2006. Approximation algorithms for allocation problems: Improving the factor of 1 - 1/e.

In Proceedings of the 47th Annual IEEE Symposium on Foundations of Computer Science (FOCS). IEEE Computer Society,

667–676. https://doi.org/10.1109/FOCS.2006.14

[12] Aleksei V. Fishkin, Olga Gerber, and Klaus Jansen. 2005. On Efficient Weighted Rectangle Packing with Large

Resources. In Proceedings of the 16th International Symposium on Algorithms and Computation (ISAAC), Vol. 3827.
Springer, 1039–1050. https://doi.org/10.1007/11602613_103

[13] Aleksei V. Fishkin, Olga Gerber, Klaus Jansen, and Roberto Solis-Oba. 2005. Packing Weighted Rectangles into a Square.

In Proceedings of the 30th International Symposium on Mathematical Foundations of Computer Science (MFCS), Vol. 3618.
Springer, 352–363. https://doi.org/10.1007/11549345_31

[14] Lisa Fleischer, Michel X. Goemans, Vahab S. Mirrokni, and Maxim Sviridenko. 2011. Tight Approximation Algorithms

for Maximum Separable Assignment Problems. Math. Oper. Res. 36, 3 (2011), 416–431. https://doi.org/10.1287/moor.

1110.0499

ACM Trans. Algor., Vol. 1, No. 1, Article 1. Publication date: January 2021.

https://doi.org/10.1145/3092026
https://doi.org/10.1109/FOCS.2013.50
https://doi.org/10.1137/1.9781611973730.98
https://doi.org/10.1007/978-3-642-10631-6_10
https://doi.org/10.1137/080736831
https://doi.org/10.1137/080736831
https://doi.org/10.1137/1.9781611973402.2
https://doi.org/10.1137/1.9781611973402.2
https://doi.org/10.1109/SFCS.2002.1181973
https://doi.org/10.1137/S0097539700382820
https://doi.org/10.1016/j.cosrev.2016.12.001
https://doi.org/10.1016/j.cosrev.2016.12.001
https://doi.org/10.1137/0603007
https://doi.org/10.1109/FOCS.2006.14
https://doi.org/10.1007/11602613_103
https://doi.org/10.1007/11549345_31
https://doi.org/10.1287/moor.1110.0499
https://doi.org/10.1287/moor.1110.0499


1:42 Gálvez et al.

[15] Waldo Gálvez, Fabrizio Grandoni, Sandy Heydrich, Salvatore Ingala, Arindam Khan, and Andreas Wiese. 2017. Ap-

proximating Geometric Knapsack via L-Packings. In Proceedings of the 58th IEEE Annual Symposium on Foundations of
Computer Science (FOCS). IEEE Computer Society, 260–271. https://doi.org/10.1109/FOCS.2017.32

[16] Waldo Gálvez, Fabrizio Grandoni, Salvatore Ingala, and Arindam Khan. 2016. Improved Pseudo-Polynomial-Time

Approximation for Strip Packing. In Proceedings of the 36th IARCS Annual Conference on Foundations of Software
Technology and Theoretical Computer Science (FSTTCS), Vol. 65. Schloss Dagstuhl - Leibniz-Zentrum für Informatik,

9:1–9:14. https://doi.org/10.4230/LIPIcs.FSTTCS.2016.9

[17] Fabrizio Grandoni, Stefan Kratsch, and Andreas Wiese. 2019. Parameterized Approximation Schemes for Independent

Set of Rectangles and Geometric Knapsack. In Proceedings of the 27th Annual European Symposium on Algorithms (ESA),
Vol. 144. Schloss Dagstuhl - Leibniz-Zentrum für Informatik, 53:1–53:16. https://doi.org/10.4230/LIPIcs.ESA.2019.53

[18] Rolf Harren. 2006. Approximating the Orthogonal Knapsack Problem for Hypercubes. In Proceedings of the 33rd
International Colloquium ib Automata, Languages and Programming (ICALP), Vol. 4051. Springer, 238–249. https:

//doi.org/10.1007/11786986_22

[19] Rolf Harren, Klaus Jansen, Lars Prädel, and Rob van Stee. 2014. A (5/3 + Y)-approximation for strip packing. Comput.
Geom. 47, 2 (2014), 248–267. https://doi.org/10.1016/j.comgeo.2013.08.008

[20] Sören Henning, Klaus Jansen, Malin Rau, and Lars Schmarje. 2020. Complexity and Inapproximability Results for

Parallel Task Scheduling and Strip Packing. Theory Comput. Syst. 64, 1 (2020), 120–140. https://doi.org/10.1007/s00224-

019-09910-6

[21] Sandy Heydrich and Andreas Wiese. 2019. Faster Approximation Schemes for the Two-Dimensional Knapsack Problem.

ACM Trans. Algorithms 15, 4 (2019), 47:1–47:28. https://doi.org/10.1145/3338512

[22] Klaus Jansen and Malin Rau. 2019. Closing the Gap for Pseudo-Polynomial Strip Packing. In Proceedings of the
27th Annual European Symposium on Algorithms (ESA), Vol. 144. Schloss Dagstuhl - Leibniz-Zentrum für Informatik,

62:1–62:14. https://doi.org/10.4230/LIPIcs.ESA.2019.62

[23] Klaus Jansen and Malin Rau. 2019. Improved approximation for two dimensional Strip Packing with polynomial

bounded width. Theor. Comput. Sci. 789 (2019), 34–49. https://doi.org/10.1016/j.tcs.2019.04.002

[24] Klaus Jansen and Roberto Solis-Oba. 2007. New Approximability Results for 2-Dimensional Packing Problems. In

Proceedings of the 32nd International Symposium on Mathematical Foundations of Computer Science (MFCS), Vol. 4708.
Springer, 103–114. https://doi.org/10.1007/978-3-540-74456-6_11

[25] Klaus Jansen and Roberto Solis-Oba. 2008. A Polynomial Time Approximation Scheme for the Square Packing Problem.

In Proceedings of the 13th International Conference on Integer Programming and Combinatorial Optimization (IPCO),
Vol. 5035. Springer, 184–198. https://doi.org/10.1007/978-3-540-68891-4_13

[26] Klaus Jansen and Roberto Solis-Oba. 2009. Rectangle packing with one-dimensional resource augmentation. Discret.
Optim. 6, 3 (2009), 310–323. https://doi.org/10.1016/j.disopt.2009.04.001

[27] Klaus Jansen and Guochuan Zhang. 2004. Maximizing the Number of Packed Rectangles. In Proceedings of the 9th
Scandinavian Workshop on Algorithm Theory (SWAT), Vol. 3111. Springer, 362–371. https://doi.org/10.1007/978-3-540-

27810-8_31

[28] Klaus Jansen and Guochuan Zhang. 2004. On rectangle packing: maximizing benefits. In Proceedings of the Fifteenth
Annual ACM-SIAM Symposium on Discrete Algorithms (SODA). SIAM, 204–213. http://dl.acm.org/citation.cfm?id=

982792.982822

[29] Edward G. Coffman Jr., M. R. Garey, David S. Johnson, and Robert Endre Tarjan. 1980. Performance Bounds for Level-

Oriented Two-Dimensional Packing Algorithms. SIAM J. Comput. 9, 4 (1980), 808–826. https://doi.org/10.1137/0209062

[30] Claire Kenyon and Eric Rémila. 2000. A Near-Optimal Solution to a Two-Dimensional Cutting Stock Problem. Math.
Oper. Res. 25, 4 (2000), 645–656. https://doi.org/10.1287/moor.25.4.645.12118

[31] Arindam Khan. 2016. Approximation algorithms for multidimensional bin packing. Ph.D. Dissertation. Georgia Institute
of Technology, Atlanta, GA, USA. http://hdl.handle.net/1853/54371

[32] Jan Karel Lenstra, David B. Shmoys, and Éva Tardos. 1990. Approximation Algorithms for Scheduling Unrelated

Parallel Machines. Math. Program. 46 (1990), 259–271. https://doi.org/10.1007/BF01585745

[33] Joseph Y.-T. Leung, Tommy W. Tam, C. S. Wong, Gilbert H. Young, and Francis Y. L. Chin. 1990. Packing Squares into a

Square. J. Parallel Distributed Comput. 10, 3 (1990), 271–275. https://doi.org/10.1016/0743-7315(90)90019-L

[34] Giorgi Nadiradze and Andreas Wiese. 2016. On approximating strip packing with a better ratio than 3/2. In Proceedings
of the Twenty-Seventh Annual ACM-SIAM Symposium on Discrete Algorithms (SODA). SIAM, 1491–1510. https:

//doi.org/10.1137/1.9781611974331.ch102

[35] David B. Shmoys and Éva Tardos. 1993. An approximation algorithm for the generalized assignment problem. Math.
Program. 62 (1993), 461–474. https://doi.org/10.1007/BF01585178

[36] A. Steinberg. 1997. A Strip-Packing Algorithm with Absolute Performance Bound 2. SIAM J. Comput. 26, 2 (1997),
401–409. https://doi.org/10.1137/S0097539793255801

ACM Trans. Algor., Vol. 1, No. 1, Article 1. Publication date: January 2021.

https://doi.org/10.1109/FOCS.2017.32
https://doi.org/10.4230/LIPIcs.FSTTCS.2016.9
https://doi.org/10.4230/LIPIcs.ESA.2019.53
https://doi.org/10.1007/11786986_22
https://doi.org/10.1007/11786986_22
https://doi.org/10.1016/j.comgeo.2013.08.008
https://doi.org/10.1007/s00224-019-09910-6
https://doi.org/10.1007/s00224-019-09910-6
https://doi.org/10.1145/3338512
https://doi.org/10.4230/LIPIcs.ESA.2019.62
https://doi.org/10.1016/j.tcs.2019.04.002
https://doi.org/10.1007/978-3-540-74456-6_11
https://doi.org/10.1007/978-3-540-68891-4_13
https://doi.org/10.1016/j.disopt.2009.04.001
https://doi.org/10.1007/978-3-540-27810-8_31
https://doi.org/10.1007/978-3-540-27810-8_31
http://dl.acm.org/citation.cfm?id=982792.982822
http://dl.acm.org/citation.cfm?id=982792.982822
https://doi.org/10.1137/0209062
https://doi.org/10.1287/moor.25.4.645.12118
http://hdl.handle.net/1853/54371
https://doi.org/10.1007/BF01585745
https://doi.org/10.1016/0743-7315(90)90019-L
https://doi.org/10.1137/1.9781611974331.ch102
https://doi.org/10.1137/1.9781611974331.ch102
https://doi.org/10.1007/BF01585178
https://doi.org/10.1137/S0097539793255801


Approximating Geometric Knapsack via L-packings 1:43

A MAXIMUM GENERALIZED ASSIGNMENT PROBLEM
In this section we show that there is a PTAS for the Maximum Generalized Assignment Problem

(GAP) if the number of bins is constant. In GAP, we are given a set of 𝑘 bins with capacity constraints

and a set of 𝑛 items that have a possibly different size and profit for each bin and the goal is to pack

a maximum-profit subset of items into the bins. Let us assume that if item 𝑖 is packed in bin 𝑗 , then

it requires size 𝑠𝑖 𝑗 ∈ Z and has profit 𝑝𝑖 𝑗 ∈ Z.
GAP is known to be APX-hard and the best known polynomial time approximation algorithm

has ratio (1− 1/𝑒 + Y) [11, 14]. In fact, for any arbitrarily small constant 𝛿 > 0 (which can even be a

function of 𝑛) GAP remains APX-hard even on the following instances: bin capacities are identical,

and for each item 𝑖 and bin 𝑗 , 𝑝𝑖 𝑗 = 1, and 𝑠𝑖 𝑗 = 1 or 𝑠𝑖 𝑗 = 1 + 𝛿 [8]. The complementary case, where

item sizes do not vary across bins but profits do, is also APX-hard [8]. However, when all profits

and sizes are the same across all bins (i.e., 𝑝𝑖 𝑗 = 𝑝𝑖𝑘 and 𝑠𝑖 𝑗 = 𝑠𝑖𝑘 for all bins 𝑗, 𝑘), the problem is

known as multiple knapsack problem (MKP) and it admits a PTAS [8].

On the other hand, for our purposes we only need instances where 𝑘 ∈ 𝑂 (1). A PTAS for GAP for

a constant number of bins follows from extending known techniques from previous work [32, 35].

However, we did not find an explicit proof in the literature and thus, for the sake of completeness,

in this section we present a full, self-contained description of such an algorithm.

Let 𝐶 𝑗 be the capacity of bin 𝑗 for 𝑗 ∈ [𝑘]. Let 𝑝 (𝑂𝑃𝑇 ) be the cost of the optimal assignment.

Lemma 49. There is a 𝑂
( (

1+Y
Y

)𝑘
𝑛𝑘+1

)
time algorithm for the maximum generalized assignment

problem with 𝑘 bins, which returns a solution with profit at least 𝑝 (𝑂𝑃𝑇 ) if we are allowed to augment
the bin capacities by a (1 + Y)-factor for any fixed Y > 0.

Proof. The algorithm is a dynamic program. For each 𝑖 ∈ [𝑛] and 𝑐 𝑗 ∈ [𝐶 𝑗 ] for 𝑗 ∈ [𝑘],
let 𝑆𝑖,𝑐1,𝑐2,...,𝑐𝑘 denote a subset of the set of items {1, 2, . . . , 𝑖} packed into the bins such that the

profit is maximized and capacity of bin 𝑗 is at most 𝑐 𝑗 . Let 𝑃 [𝑖, 𝑐1, 𝑐2, . . . , 𝑐𝑘 ] denote the profit of
𝑆𝑖,𝑐1,𝑐2,...,𝑐𝑘 . Clearly 𝑃 [1, 𝑐1, 𝑐2, . . . , 𝑐𝑘 ] is known for all 𝑐 𝑗 ∈ [𝐶 𝑗 ] for 𝑗 ∈ [𝑘]. Moreover, we define

𝑃 [𝑖, 𝑐1, 𝑐2, . . . , 𝑐𝑘 ] = 0 if 𝑐 𝑗 < 0 for any 𝑗 ∈ [𝑘]. We can compute the value of 𝑃 [𝑖, 𝑐1, 𝑐2, . . . , 𝑐𝑘 ] by
using a dynamic program (DP), that exploits the following recurrence:

𝑃 [𝑖, 𝑐1, 𝑐2, . . . , 𝑐𝑘 ] = max{ 𝑃 [𝑖 − 1, 𝑐1, 𝑐2, . . . , 𝑐𝑘 ],
max

𝑗
{𝑝𝑖 𝑗 + 𝑃 [𝑖 − 1, 𝑐1, . . . , 𝑐 𝑗 − 𝑠𝑖 𝑗 , . . . , 𝑐𝑘 ]}}

With a similar recurrence, we can easily compute a corresponding set 𝑆𝑖,𝑐1,𝑐2,...,𝑐𝑘 .

The running time of the above program is 𝑂

(
𝑛

𝑘∏
𝑗=1

𝐶 𝑗

)
. If each 𝐶 𝑗 is polynomially bounded, then

this running time is polynomial. Therefore, we now create a modified instance where each bin size

is polynomially bounded.

Let ` 𝑗 =
Y𝐶 𝑗

𝑛
. For item 𝑖 and bin 𝑗 , define the modified size 𝑠 ′𝑖 𝑗 =

⌈
𝑠𝑖 𝑗

` 𝑗

⌉
=

⌈
𝑛𝑠𝑖 𝑗

Y𝐶 𝑗

⌉
and𝐶 ′

𝑗 =

⌊
(1+Y)𝐶 𝑗

` 𝑗

⌋
.

Note that 𝐶 ′
𝑗 =

⌊
(1+Y)𝑛
Y

⌋
≤ (1+Y)𝑛

Y
, so the above DP requires time at most 𝑂

(
𝑛 ·

(
(1+Y)𝑛
Y

)𝑘 )
The above DP finds the optimal solution 𝑂𝑃𝑇𝑚𝑜𝑑𝑖 𝑓 𝑖𝑒𝑑 for the modified instance. Now consider

the optimal solution for the original instance (i.e., with original item sizes and bin sizes)𝑂𝑃𝑇𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 .

If we show the same assignment of items to the bins is a feasible solution (with modified bin sizes

and item sizes) for the modified instance, we get 𝑂𝑃𝑇𝑚𝑜𝑑𝑖 𝑓 𝑖𝑒𝑑 ≥ 𝑂𝑃𝑇𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 and that will conclude

the proof.
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Let 𝑆 𝑗 be the set of items packed in bin 𝑗 in the 𝑂𝑃𝑇𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 . So,
∑
𝑖∈𝑆 𝑗 𝑠𝑖 𝑗 ≤ 𝐶 𝑗 . Hence,∑︁

𝑖∈𝑆 𝑗
𝑠 ′𝑖 𝑗 ≤


∑︁
𝑖∈𝑆 𝑗

(
𝑠𝑖 𝑗

` 𝑗
+ 1

) ≤

1

` 𝑗

©«
∑︁
𝑖∈𝑆 𝑗

𝑠𝑖 𝑗 + |𝑆 𝑗 |` 𝑗
ª®¬


≤
⌊
1

` 𝑗
(𝐶 𝑗 + 𝑛` 𝑗 )

⌋
≤

⌊ (1 + Y)𝐶 𝑗
` 𝑗

⌋
= 𝐶 ′

𝑗 .

Thus 𝑂𝑃𝑇𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 is a feasible solution for the modified instance and the DP will return a packing

with profit at least 𝑝 (𝑂𝑃𝑇 ) under Y-resource augmentation. □

Now we can show how to use this result to obtain a feasible solution with an almost optimal

profit using the original bin capacities.

Lemma 50. There exists an algorithm for the maximum generalized assignment problem with 𝑘 bins
that runs in time 𝑂

( (
1+Y
Y

)𝑘
𝑛𝑘/Y

2+𝑘+1
)
and returns a solution that has profit at least (1 − 3Y)𝑝 (𝑂𝑃𝑇 ),

for any fixed Y > 0.

Proof. First, we claim the following:

Claim 1. If a set of items 𝑅 𝑗 is packed in a bin 𝐵 𝑗 with capacity𝐶 𝑗 , then there exists a set of at most
𝑂 (1/Y2) items 𝑋 𝑗 , and a set of items 𝑌𝑗 with 𝑝 (𝑌𝑗 ) ≤ Y𝑝 (𝑅 𝑗 ) such that each item in 𝑅 𝑗 \ (𝑋 𝑗 ∪𝑌𝑗 ) has
size at most Y (𝐶 𝑗 −

∑
𝑖∈𝑋 𝑗

𝑠𝑖 𝑗 ).

Proof. Let𝑄1 be the set of items 𝑖 with 𝑠𝑖 𝑗>Y𝐶 𝑗 . If 𝑝 (𝑄1) ≤ Y𝑝 (𝑅 𝑗 ), we are done by taking𝑌𝑗 = 𝑄1

and 𝑋 𝑗 = 𝜙 . Otherwise, define 𝑋 𝑗 := 𝑄1 and we continue the next iteration with the remaining

items. Let𝑄2 be the items with size greater than Y (𝐶 𝑗 −
∑
𝑖∈𝑋 𝑗

𝑠𝑖 𝑗 ) in 𝑅 𝑗 \𝑋 𝑗 . If 𝑝 (𝑄2) ≤ Y𝑝 (𝑅 𝑗 ), we
are done by taking 𝑌𝑗 = 𝑄2. Otherwise define𝑋 𝑗 := 𝑄1∪𝑄2 and we continue with further iterations

until we get a set 𝑄𝑡 with 𝑝 (𝑄𝑡 ) ≤ Y𝑝 (𝑅 𝑗 ). Note that we need at most
1

Y
iterations since the sets 𝑄𝑖

are disjoint. Otherwise, 𝑝 (𝑅 𝑗 ) ≥
1/Y∑︁
𝑖=1

𝑝 (𝑄𝑖 ) >
1/Y∑︁
𝑖=1

Y𝑝 (𝑅 𝑗 ) ≥ 𝑝 (𝑅 𝑗 ), which is a contradiction. Thus,

consider 𝑌𝑗 = 𝑄𝑡 and 𝑋 𝑗 =
⋃𝑡−1
𝑙=1

𝑄𝑙 . One has |𝑋 𝑗 | ≤ 1/Y2 and 𝑝 (𝑌𝑗 ) ≤ Y𝑝 (𝑅 𝑗 ). On the other hand,

after removing 𝑄𝑡 , the remaining items have size < Y (𝐶 𝑗 −
∑
𝑖∈𝑋 𝑗

𝑠𝑖 𝑗 ). □

Now consider a bin with bin capacity of (𝐶 𝑗 −
∑
𝑖∈𝑋 𝑗

𝑠𝑖 𝑗 ) where all packed items 𝑅′
𝑗 have sizes

< Y (𝐶 𝑗 −
∑
𝑖∈𝑋 𝑗

𝑠𝑖 𝑗 ), then we can divide the bin into 1/Y equal sized intervals 𝑆 𝑗,1, 𝑆 𝑗,2, . . . , 𝑆 𝑗,1/Y of
lengths Y (𝐶 𝑗 −

∑
𝑖∈𝑋 𝑗

𝑠𝑖 𝑗 ). Let 𝑅′
𝑗,𝑙
be the set of items intersecting the interval 𝑆 𝑗,𝑙 . As each packed

item can belong to at most two such intervals, the cheapest set 𝑅′′
among {𝑅′

𝑗,1, . . . , 𝑅
′
𝑗,1/Y } has

profit at most 2Y𝑝 (𝑅′
𝑗 ). Thus we can remove this set 𝑅′′

and reduce the bin size by a factor of (1− Y).
Now consider the packing of 𝑘 bins 𝐵 𝑗 in the optimal packing 𝑂𝑃𝑇 . Let 𝑅 𝑗 be the set of items

packed in bin 𝐵 𝑗 in 𝑂𝑃𝑇 . Now the algorithm first guesses all 𝑋 𝑗 ’s, a constant number of items, in

all 𝑘 bins. We assign them to the corresponding bins in 𝑂 (𝑛𝑘/Y2 ) time. Then for bin 𝑗 we are left

with capacity 𝑟 𝑗 := 𝐶 𝑗 −
∑
𝑖∈𝑋 𝑠𝑖 𝑗 . From the previous discussion, we know that there is packing of

𝑅′′
𝑗 ⊆ 𝑅 𝑗 \𝑋 𝑗 of profit (1−2Y)𝑝 (𝑅 𝑗 \𝑋 𝑗 ) in a bin with capacity (1−Y)𝐶 𝑗 . Thus we can use the resource

augmentation algorithm for GAP (Lemma 49) to pack remaining items in 𝑘 bins where for bin 𝑗 we

use original capacity to be (1 − Y)𝐶 𝑗 for 𝑗 ∈ [𝑘] before the resource augmentation. As Lemma 49

returns the optimal packing on this modified bin sizes we get total profit ≥ (1 − 3Y)𝑝 (𝑂𝑃𝑇 ). □

We can now prove Lemma 9.
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Proof of Lemma 9. Let C1, . . . , C𝑘 be the given containers, where container C𝑗 has width𝑤 (𝐶 𝑗 )
and height ℎ(𝐶 𝑗 ), and let 𝑂𝑃𝑇 be the optimal container packing. We build an instance of GAP as

follows. We define an item 𝑅𝑖 per rectangle 𝑖 ∈ 𝐼 , with profit 𝑝 (𝑖). For each horizontal container

C𝑗 , we create a bin 𝑗 of size 𝐶 𝑗 := ℎ(C𝑗 ). Furthermore, we define the size 𝑠 (𝑅𝑖 , 𝑗) of item 𝑅𝑖 w.r.t.

knapsack 𝑗 as ℎ(𝑖) if ℎ(𝑖) ≤ ℎ(C𝑗 ) and 𝑤 (𝑖) ≤ 𝑤 (C𝑗 ). Otherwise 𝑠 (𝑅𝑖 , 𝑗) = +∞ (meaning that 𝑖

does not fit in C𝑗 ). The construction for vertical containers is symmetric. For each area container

C𝑗 we create a knapsack 𝑗 of size 𝐶 𝑗 = 𝑤 (C𝑗 ) × ℎ(C𝑗 ) and define the size 𝑠 (𝑅𝑖 , 𝑗) of item 𝑅𝑖 w.r.t.

knapsack 𝑗 as 𝑎(𝑖) if ℎ(𝑖) ≤ Yℎ(C𝑗 ) and𝑤 (𝑖) ≤ Y𝑤 (C𝑗 ), setting 𝑏 (𝑅𝑖 , 𝑗) = +∞ otherwise (meaning

that the rectangle is not small enough with respect to the dimensions of the container).

We next apply Lemma 50 to this instance, so as to obtain a solution R ′′
to GAP of profit at

least 𝑝 (R ′′) ≥ (1 − 3Y)𝑝 (𝑂𝑃𝑇 ). We build a feasible packing of R ′ ⊆ R ′′
into the containers as

follows. Let R 𝑗 be the items packed into bin 𝑗 . If C𝑗 is vertical, we pack rectangles R 𝑗 into this

container from left to right one next to the other in any order, starting at the bottom-left corner

of the container. By definition all rectangles R 𝑗 will fit. A symmetric construction works if C𝑗 is
horizontal. If C𝑗 is an area container, we will choose a subset R ′

𝑗 of R 𝑗 and pack it using NFDH. If

𝑎(R 𝑗 ) ≤ (1 − 2Y)𝑎(C𝑗 ), then we define R ′
𝑗 = R 𝑗 and we know NFDH will completely pack it inside

the container thanks to Theorem 8. If it is not the case, we proceed as follows: Let us consider

the items in arbitrary order and partition them into groups of total area at least 2Y𝑎(C𝑗 ), meaning

that we iteratively pick items into a group until their total area becomes at least 2Y𝑎(C𝑗 ), then we

restart the procedure to create another group (the last group may have a smaller total area). It is

not difficult to see that the total area of each group is at most (2Y + Y2)𝑎(C𝑗 ), implying that the

number of groups of total area at least 2Y𝑎(C𝑗 ) obtained is at least
1−2Y
2Y+Y2 ≥ 1

6Y
(for Y small enough).

Let R ′
𝑗 be the set of items after deleting the group of smallest total profit among the ones with

total area at least 2Y𝑎(R 𝑗 ). Since the groups are disjoint, we have that 𝑝 (R ′
𝑗 ) ≥ (1 − 6Y)𝑝 (R 𝑗 ) and

𝑎(R ′
𝑗 ) ≤ (1 − 2Y)𝑎(C𝑗 ), meaning that R ′

𝑗 is packed completely by NFDH thanks to Theorem 8.

Altogether, we obtain a container packing of total profit at least (1−6Y)𝑝 (R ′′) ≥ (1−10Y)𝑝 (𝑂𝑃𝑇 ),
which yields the desired claim by properly scaling Y. □

B PROOF OF THE CORRIDOR DECOMPOSITION LEMMA (LEMMA 27)
In this section we present a detailed proof of our new Corridor Decomposition Lemma (Lemma 27),

which is an enhancement of the decomposition presented first by Adamaszek &Wiese [3]. More in

detail, we are proving the following.

Lemma 51 (Corridor Decomposition Lemma). Let 𝐼 be a set of items that can be packed inside a
given rectangular region K of height and width 𝑁 . Let also 𝐼 ′ ⊆ 𝐼 be a given set of untouchable items,
|𝐼 ′ | ∈ 𝑂Y (1). Then, there exists a corridor partition of K and a set of items 𝐼𝑐𝑜𝑟𝑟 ⊆ 𝐼 satisfying:

(1) There exists a set of items 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 ⊆ 𝐼𝑐𝑜𝑟𝑟 such that each item in 𝐼𝑐𝑜𝑟𝑟 \ 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 is completely
contained in some corridor of the partition. Furthermore, we have that 𝐼 ′ ⊆ 𝐼𝑐𝑜𝑟𝑟 \ 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 ,
𝑎(𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 ∩ 𝐼𝑠𝑚𝑎𝑙𝑙 ) ≤ Y3 · 𝑎(K) and |𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 \ 𝐼𝑠𝑚𝑎𝑙𝑙 | ∈ 𝑂Y (1).

(2) 𝑝 (𝐼𝑐𝑜𝑟𝑟 ) ≥ (1 −𝑂 (Y))𝑝 (𝐼 ).
(3) The number of corridors is 𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 (1) and each corridor has at most 1

Y
bends and width at

most Y𝑙𝑎𝑟𝑔𝑒𝑁 , except possibly for the corridors containing items from 𝐼 ′ which correspond to
rectangular regions matching exactly the size of these items.

Proof. Let us first define a non-uniform grid 𝐺 and its induced partition of the knapsack into

a collection of cells C. The 𝑥-coordinates (resp. 𝑦-coordinates) of the grid cells correspond to the

𝑥-coordinates (resp. 𝑦-coordinates) of the items in 𝐼 ′. This yields a partition of the knapsack into
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𝑂Y (1) rectangular cells, such that each item of 𝐼 ′ covers one or multiple cells. Note that an item

might intersect many cells.

Similarly to Lemma 6, we define constants 1 ≥ Y𝑙𝑎𝑟𝑔𝑒 ≥ Y𝑠𝑚𝑎𝑙𝑙 ≥ ΩY (1) and apply a shifting step

ensuring that for each item 𝑖 ∈ 𝐼 touching some cell 𝐶 we have that𝑤 (𝑖 ∩𝐶) ∈ (0, Y𝑠𝑚𝑎𝑙𝑙𝑤 (𝐶)] ∪
(Y𝑙𝑎𝑟𝑔𝑒𝑤 (𝐶),𝑤 (𝐶)] and ℎ(𝑖∩𝐶) ∈ (0, Y𝑠𝑚𝑎𝑙𝑙ℎ(𝐶)] ∪ (Y𝑙𝑎𝑟𝑔𝑒ℎ(𝐶), ℎ(𝐶)], where ℎ(𝐶) and𝑤 (𝐶) denote
the height and the width of the cell𝐶 respectively, and𝑤 (𝑖 ∩𝐶) and ℎ(𝑖 ∩𝐶) denote the height and
the width of the intersection of the rectangle 𝑖 with the cell 𝐶 , respectively. For a cell 𝐶 denote by

𝐼 (𝐶) the set of rectangles that intersect𝐶 in 𝐼 . We obtain a partition of 𝐼 (𝐶) into 𝐼𝑠𝑚𝑎𝑙𝑙 (𝐶), 𝐼𝑙𝑎𝑟𝑔𝑒 (𝐶),
𝐼ℎ𝑜𝑟 (𝐶), and 𝐼𝑣𝑒𝑟 (𝐶) as follows:

• 𝐼𝑠𝑚𝑎𝑙𝑙 (𝐶) contains all items 𝑖 ∈ 𝐼 (𝐶) with ℎ(𝑖 ∩𝐶) ≤ Y𝑠𝑚𝑎𝑙𝑙ℎ(𝐶) and𝑤 (𝑖 ∩𝐶) ≤ Y𝑠𝑚𝑎𝑙𝑙𝑤 (𝐶),
• 𝐼𝑙𝑎𝑟𝑔𝑒 (𝐶) contains all items 𝑖 ∈ 𝐼 (𝐶) with ℎ(𝑖 ∩𝐶) > Y𝑙𝑎𝑟𝑔𝑒ℎ(𝐶) and𝑤 (𝑖 ∩𝐶) > Y𝑙𝑎𝑟𝑔𝑒𝑤 (𝐶),
• 𝐼ℎ𝑜𝑟 (𝐶) contains all items 𝑖 ∈ 𝐼 (𝐶) with ℎ(𝑖 ∩ 𝐶) ≤ Y𝑠𝑚𝑎𝑙𝑙ℎ(𝐶) and 𝑤 (𝑖 ∩ 𝐶) > Y𝑙𝑎𝑟𝑔𝑒𝑤 (𝐶),
and

• 𝐼𝑣𝑒𝑟 (𝐶) contains all items 𝑖 ∈ 𝐼 (𝐶) with ℎ(𝑖 ∩𝐶) > Y𝑙𝑎𝑟𝑔𝑒ℎ(𝐶) and𝑤 (𝑖 ∩𝐶) ≤ Y𝑠𝑚𝑎𝑙𝑙𝑤 (𝐶).
We call a rectangle 𝑖 intermediate if there is a cell𝐶 satisfying that𝑤 (𝑖∩𝐶) ∈ (Y𝑠𝑚𝑎𝑙𝑙𝑤 (𝐶), Y𝑙𝑎𝑟𝑔𝑒𝑤 (𝐶)]
or ℎ(𝑖 ∩𝐶) ∈ (Y𝑠𝑚𝑎𝑙𝑙𝑤 (𝐶), Y𝑙𝑎𝑟𝑔𝑒𝑤 (𝐶)]. Note that a rectangle 𝑖 is intermediate if and only if the last

condition is satisfied for one of the at most four cells that contain a corner of 𝑖 . As in Section 2.1 it

is possible to define Y𝑠𝑚𝑎𝑙𝑙 and Y𝑙𝑎𝑟𝑔𝑒 so that intermediate items can be discarded at negligible cost.

For each cell 𝐶 that is not entirely covered by some item in 𝐼 we add all rectangles in 𝐼𝑙𝑎𝑟𝑔𝑒 (𝐶)
that are not contained in 𝐼 ′ to 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 . Note that here we are not removing small items from the

packing but taking them into consideration.

Based on the items 𝐼𝑠𝑘𝑒𝑤 (C) := ∪𝐶∈C𝐼ℎ𝑜𝑟 (𝐶) ∪ 𝐼𝑣𝑒𝑟 (𝐶) we create a corridor decomposition and

consequently a box decomposition of the knapsack. To make this decomposition clearer, we assume

that we first stretch the non-uniform grid into a uniform [0, 1] × [0, 1] grid. After this operation,
for each cell 𝐶 and for each element of 𝐼ℎ𝑜𝑟 (𝐶) ∪ 𝐼𝑣𝑒𝑟 (𝐶) we know that its height or width is at

least Y𝑙𝑎𝑟𝑔𝑒 · 1

1+2 |𝐼 ′ | . We apply Lemma 26 on the set 𝐼𝑠𝑘𝑒𝑤 (C) which yields a decomposition of the

[0, 1] × [0, 1] square into at most 𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 (1) corridors, where each horizontal subcorridor has

height at most Y𝑙𝑎𝑟𝑔𝑒 · 1

1+2 |𝐼 ′ | and each vertical subcorridor has width at most Y𝑙𝑎𝑟𝑔𝑒 · 1

1+2 |𝐼 ′ | . The

decomposition for the stretched [0, 1] × [0, 1] square corresponds to the decomposition for the

original knapsack, with the same items being intersected. Since we can assume that all items of

𝐼 are placed within the knapsack so that they have integer coordinates, we can assume that the

corridors of the decomposition also have integer coordinates. We can do that, because shifting the

edges of the decomposition to the closest integral coordinate will not make the decomposition

worse, i.e., no new items of 𝐼 will be intersected. Note that each item in 𝐼 ′ overlaps the boundary of

a corridor but it is not contained inside a corridor.

We add to 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 all rectangles in 𝐼 \ 𝐼 ′ that are not contained in a corridor (notice that at most

𝑂Y (1) many of them are skewed). in 𝐼 ′. The corridor partition has the following useful property:

we started with a fixed placement of the items 𝐼 . Then we considered the items in 𝐼𝑠𝑘𝑒𝑤 (C) and
obtained the sets 𝐼𝑐𝑜𝑟𝑟 and 𝐼

𝑐𝑟𝑜𝑠𝑠
𝑐𝑜𝑟𝑟 ⊆ 𝐼𝑐𝑜𝑟𝑟 . With the mentioned fixed placement, apart from the items

in 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 , each item in 𝐼𝑐𝑜𝑟𝑟 is contained in one corridor. In particular, the items in 𝐼 ′ can be placed

back into their original positions without overlapping any item in 𝐼𝑐𝑜𝑟𝑟 . We now build, for each item

in 𝐼 ′, a corridor corresponding to a rectangular region matching exactly its size. This new corridors

may overlap the previously obtained corridors (see Figure 5), but we can solve this problem by

applying the following lemma on each such corridor.

Lemma 52. Let 𝑆 be an open corridor with 𝑏 (𝑆) bends. Let 𝐼 ′′ ⊆ 𝐼 be a collection of items which
intersect the boundary of 𝑆 with 𝐼 ′′∩ 𝐼𝑠𝑘𝑒𝑤 (C) = ∅. Then there is a collection of |𝐼 ′′ | ·𝑏 (𝑆) line segments
L within 𝑆 which partition 𝑆 into corridors with at most 𝑏 (𝑆) bends each such that no item from 𝐼 ′′ is
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intersected by L and there are at most 𝑂Y ( |𝐼 ′′ | · 𝑏 (𝑆)) items of 𝐼𝑠𝑘𝑒𝑤 (C) intersected by line segments
in L.

Proof. Let 𝑖 ∈ 𝐼 ′′ and assume w.l.o.g. that 𝑖 lies within a horizontal subcorridor 𝑆𝑖 of the corridor

𝑆 . If the top or bottom edge 𝑒 of 𝑖 lies within 𝑆𝑖 , we define a horizontal line segment ℓ which contains

the edge 𝑒 and which is maximally long so that it does not intersect the interior of any item in 𝐼 ′′,
and such that it does not cross the boundary curve between 𝑆𝑖 and an adjacent subcorridor, or an

edge of the boundary of 𝑆 (we can assume w.l.o.g. that 𝑒 does not intersect the boundary curve

between 𝑆𝑖 and some adjacent subcorridor). We say that ℓ crosses a boundary curve 𝑐 (or an edge 𝑒

of the boundary of 𝑆) if 𝑐 \ ℓ (or 𝑒 \ ℓ) has two connected components.

We now “extend” each end-point of ℓ which does not lie at the boundary of some other item

of 𝐼 ′′ or at the boundary of 𝑆 , we call such an end point a loose end. For each loose end 𝑥 of ℓ

lying on the boundary curve 𝑐𝑖 𝑗 partitioning the subcorridors 𝑆𝑖 and 𝑆 𝑗 , we introduce a new line ℓ ′

perpendicular to ℓ , starting at 𝑥 and crossing the subcorridor 𝑆 𝑗 such that the end point of ℓ ′ is
maximally far away from 𝑥 subject to the constraint that ℓ ′ does not cross an item in 𝐼 ′′, another
boundary curve inside 𝑆 , or the boundary of 𝑆 . We continue iteratively; since the corridor has 𝑏 (𝑆)
bends, after at most 𝑏 (𝑆) iterations this operation will finish. We repeat the above operation for

every item 𝑖 ∈ 𝐼 ′′, and we denote by L the resulting set of line segments, see Figure 5 for a sketch.

Notice that |L| = 𝑏 (𝑆) · |𝐼 ′′ |. By construction, if an item 𝑖 ∈ 𝐼𝑠𝑘𝑒𝑤 (C) is intersected by a line in

L then it is intersected parallel to its longer edge. Thus, each line segment in L can intersect at

most𝑂Y (1) items of 𝐼𝑠𝑘𝑒𝑤 (C). Thus, in total there are at most𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 ( |𝐼 ′′ | ·𝑏 (𝑆)) items of 𝐼𝑠𝑘𝑒𝑤 (C)
intersected by line segments in L. □

We apply Lemma 52 to each open corridor that intersects an item in 𝐼 ′ where 𝐼 ′′ are defined
to be the items in 𝐼 ′ that intersect the respective corridor. We add all items of 𝐼 currently packed

that are intersected by line segments in L to 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 . This adds 𝑂Y (1) skewed items in total to 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟

since |𝐼 ′ | ∈ 𝑂Y (1) and 𝑏 (𝑆) ≤ 1/Y for each corridor 𝑆 . For closed corridors we have the following

analogous lemma.

Lemma 53. Let 𝑆 be a closed corridor with 𝑏 (𝑆) bends. Let 𝐼𝑠𝑘𝑒𝑤 (𝑆) denote the items in 𝐼𝑠𝑘𝑒𝑤 (C)
that are contained in 𝑆 . Let 𝐼 ′′ ⊆ 𝐼 be a collection of items which intersect the boundary of 𝑆 with
𝐼 ′′ ∩ 𝐼𝑠𝑘𝑒𝑤 (C) = ∅. Then there is a collection of 𝑂Y ( |𝐼 ′′ |2/Y) line segments L within 𝑆 which partition
𝑆 into a collection of closed corridors with at most 1/Y bends each and possibly an open corridor with
𝑏 (𝑆) bends such that no item from 𝐼 ′′ is intersected by L and there is a set of items 𝐼 ′

𝑠𝑘𝑒𝑤
(𝑆) ⊆ 𝐼𝑠𝑘𝑒𝑤 (𝑆)

with |𝐼 ′
𝑠𝑘𝑒𝑤

(𝑆) | ≤ 𝑂Y ( |𝐼 ′′ |2) such that the items in 𝐼𝑠𝑘𝑒𝑤 (𝑆) \ 𝐼 ′𝑠𝑘𝑒𝑤 (𝑆) intersected by line segments in
L have a total profit of at most 𝑂 (Y) · 𝑝 (𝐼𝑠𝑘𝑒𝑤 (C)).
Proof. Similarly as for the case of open corridors, we take each item 𝑖 ∈ 𝐼 ′′ whose edge 𝑒 is

contained in 𝑆 , and we create a path containing 𝑒 that partitions 𝑆 . Here the situation is a bit more

complicated, as our newly created paths could extend over more than
1

Y
bends inside 𝑆 . In this case

we will have to do some shortcutting, i.e., some items contained in 𝑆 will be crossed parallel to

their shorter edge and we cannot guarantee that their total number will be small. However, we will

ensure that the total profit of such items is small. We proceed as follows (see Figure 5 for a sketch).

Consider any item 𝑖 ∈ 𝐼 ′′ and assume w.l.o.g. that 𝑖 intersects a horizontal subcorridor 𝑆𝑖 of the

closed corridor 𝑆 . Let 𝑒 be the edge of 𝑖 within 𝑆𝑖 . For each endpoint of 𝑒 we create a path 𝑝 as for the

case of closed corridors. If after at most 𝑏 (𝑆) ≤ 1/Y bends the path hits an item of 𝐼 ′′ (possibly the

same item 𝑖), the boundary of 𝑆 or another path created earlier, we stop the construction of the path.

Otherwise, if 𝑝 is the first path inside of 𝑆 that did not finish after at most 𝑏 (𝑆) bends, we proceed
with the construction of the path, only now at each bend we check the total profit of the items of

𝐼𝑠𝑘𝑒𝑤 (𝑆) that would be crossed parallel to their shorter edge, if, instead of bending, the path would
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continue at the bend to hit itself. From the construction of the boundary curves in the intersection

of two subcorridors we know that for two bends of the constructed path, the sets of items that

would be crossed at these bends of the path are pairwise disjoint. Thus, after 𝑂 ( |𝐼 ′′ |/Y) bends we
encounter a collection of items 𝐼 ′′

𝑠𝑘𝑒𝑤
(𝑆) ⊆ 𝐼𝑠𝑘𝑒𝑤 (𝑆) such that 𝑝 (𝐼 ′′𝑠𝑘𝑒𝑤 (𝑆)) ≤

Y
|𝐼 ′′ |𝑝 (𝐼𝑠𝑘𝑒𝑤 (𝑆)), and we

end the path 𝑝 by crossing the items of 𝐼 ′′
𝑠𝑘𝑒𝑤

(𝑆). This operation creates an open corridor with up to

𝑂 ( |𝐼 ′′ |/Y) bends. We divide it into up to 𝑂 ( |𝐼 ′′ |) corridors with up to 1/Y bends each. Via a shifting
argument we can argue that this loses at most a factor of 1+ Y in the profit due to these items. When

we perform this operation for each item 𝑖 ∈ 𝐼 ′′ the total profit of items intersected parallel to their

shorter edge (i.e., due to the above shortcutting) is bounded by |𝐼 ′′ | · Y
|𝐼 ′′ |𝑝 (𝐼𝑠𝑘𝑒𝑤 (𝑆)) = Y ·𝑝 (𝐼𝑠𝑘𝑒𝑤 (𝑆)).

This way, we introduce at most 𝑂 ( |𝐼 ′′ |2/Y) line segments, which we denote by L. They intersect at

most 𝑂Y ( |𝐼 ′′ |2) items parallel to their respective longer edge, denote them by 𝐼 ′
𝑠𝑘𝑒𝑤

(𝑆). Thus, the
set L satisfies the claim of the lemma. □

Similarly as for Lemma 52 we apply Lemma 53 to each closed corridor. We add all items in the re-

spective set 𝐼 ′
𝑠𝑘𝑒𝑤

(𝑆) to the set 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 which yields𝑂Y (1) many items. The items in 𝐼𝑠𝑘𝑒𝑤 (𝑆)\𝐼 ′𝑠𝑘𝑒𝑤 (𝑆)
are removed from the instance, as their total profit is small.

Let us now argue about the set of small items that in the original packing intersect a line segment

of the corridor partition (these items we add to 𝐼𝑐𝑟𝑜𝑠𝑠𝑐𝑜𝑟𝑟 ). The total number of line segments in the

partition is𝑂Y,Y𝑙𝑎𝑟𝑔𝑒 (1) and, in particular, this quantity does not depend on Y𝑠𝑚𝑎𝑙𝑙 . Hence, by choosing
Y𝑠𝑚𝑎𝑙𝑙 sufficiently small, we can ensure that the total area of these small items is at most Y3𝑎(K).
This concludes the proof. □

C PACKING RECTANGLES WITH RESOURCE AUGMENTATION
In this section we prove that it is possible to pack a high profit subset of rectangles into boxes, if

we are allowed to augment one side of a knapsack by a small fraction. The result is essentially

proved in [26], although we introduced some modifications and extensions to obtain the additional

properties relative to packing into containers. For the sake of completeness, we provide a full proof,

which follows in spirit the proof of the original result, from which we also borrow part of the

notation.

We say that a container 𝐶 ′
is smaller than a container 𝐶 if 𝑤 (𝐶 ′) ≤ 𝑤 (𝐶) and ℎ(𝐶 ′) ≤ ℎ(𝐶).

Given a container 𝐶 and a positive Y < 1, we say that a rectangle 𝑅 𝑗 is Y-small for 𝐶 if𝑤 𝑗 ≤ Y𝑤 (𝐶)
and ℎ 𝑗 ≤ Yℎ(𝐶). From now on, this section is devoted to prove Lemma 11 which we restate here.

Lemma 54. Let 𝐼 ′ be a collection of rectangles that can be packed into a box of size 𝑎×𝑏, and Y𝑟𝑎 > 0

be a given constant. Then there exists a guessable container packing of 𝐼 ′′ ⊆ 𝐼 ′ inside a box of size
𝑎 × (1 + Y𝑟𝑎)𝑏 (resp., (1 + Y𝑟𝑎)𝑎 × 𝑏) such that:

(1) the number of containers is 𝑂Y𝑟𝑎 (1) and their sizes belong to a set of cardinality 𝑛𝑂Y𝑟𝑎 (1) that
can be computed in polynomial time;

In this result, we assume that rectangles in an area container 𝐶 are Y𝑟𝑎-small for 𝐶 .

Note that we do not allow rotations, that is, rectangles are packed with the same orientation as in

the original packing. However, as an existential result we can apply it also to the case with rotations.

Moreover, since Lemma 9 gives a PTAS for approximating container packings, this implies a simple

algorithm that does not need to solve any LP to find the solution, in both the cases with and without

rotations.

For simplicity, in this section we assume that widths and heights are positive real numbers in

(0, 1], and 𝑎 = 𝑏 = 1: in fact, all elements, container and boxes can be rescaled without affecting the

property of a packing of being a container packing with the above conditions. Thus, without loss of

generality, we prove the statement for the augmented box of size 1 × (1 + Y𝑟𝑎).
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Let Y ′𝑟𝑎 = Y𝑟𝑎/2 < Y𝑟𝑎 . We will first obtain a packing where all the elements of each area container

𝐶 are Y ′𝑟𝑎-small for 𝐶 , and in Section C.6 we will obtain the final packing, where the sizes of each

container are taken from a polynomially sized set of choices.

We will use the following Lemma, that follows from the analysis in [30].

Lemma 55 (Kenyon & Rémila [30]). Let Y > 0, and let Q be a set of rectangles, each of height
and width at most 1. Let L ⊆ Q be the set of rectangles of width at least Y, and let 𝑂𝑃𝑇𝑆𝑃 (L) be the
minimum width such that the rectangles inL can be packed in a box of size𝑂𝑃𝑇𝑆𝑃 (L)×1. It is possible
to pack Q into a box of height 1 and width �̃� ≤ max{𝑂𝑃𝑇𝑆𝑃 (L) + 18

Y2
𝑤max, 𝑎(Q)(1 + Y) + 19

Y2
𝑤max} in

polynomial time, where𝑤max is the maximum width of rectangles in Q. Furthermore, all the rectangles
with both width and height less than Y are packed into at most 9

Y2
boxes, and all the remaining rectangles

into at most 27

Y3
vertical containers.

Note that the boxes containing the rectangles that are smaller than Y are not necessarily packed

as containers.

We need the following technical lemma:

Lemma 56. Let Y > 0 and let 𝑓 (·) be any positive increasing function such that 𝑓 (𝑥) < 𝑥 for all
𝑥 . Then, there exist positive constant values 𝛿, ` ∈ ΩY (1), with 𝑓 (Y) ≥ 𝛿 and 𝑓 (𝛿) ≥ ` such that the
total profit of all the rectangles whose width or height lies in (`, 𝛿] is at most Y · 𝑝 (𝐼 ′).

Proof. Define 𝑘 + 1 = 2/Y + 1 constants Y1, . . . , Y𝑘+1, with Y1 = 𝑓 (Y) and Y𝑖 = 𝑓 (Y𝑖+1) for each 𝑖 .
Consider the 𝑘 ranges of widths and heights of type (Y𝑖+1, Y𝑖 ]. By an averaging argument there

exists one index 𝑗 such that the total profit of the rectangles in 𝐼 ′ with at least one side length in

the range (Y 𝑗+1𝑁, Y 𝑗𝑁 ] is at most 2
Y
2
𝑝 (𝐼 ′). It is then sufficient to set 𝛿 = Y 𝑗 and ` = Y 𝑗+1. □

We use this lemma with Y = Y ′𝑟𝑎 , and we will specify the function 𝑓 later. By properly choosing

the function 𝑓 , in fact, we can enforce constraints on the value of ` with respect to 𝛿 , which will be

useful several times; the exact constraints will be clear from the analysis. Thus, we remove from 𝐼 ′

the rectangles that have at least one side length in (`, 𝛿].
We call a rectangle 𝑅𝑖 wide if𝑤𝑖 > 𝛿 , high if ℎ𝑖 > 𝛿 , short if𝑤𝑖 ≤ ` and narrow if ℎ𝑖 ≤ `.10 From

now on, we will assume that we start with the optimal packing of the rectangles in 𝐼 ′, and we

will modify it until we obtain a packing with the desired properties. We remove from 𝐼 ′ all the
short-narrow rectangles, initially obtaining a packing. We will show in Section C.5 how to use the

residual space to pack them, with a negligible loss of profit.

As a first step, we round up the widths of all the wide rectangles in 𝐼 ′ to the nearest multiple of

𝛿2; moreover, we shift them horizontally so that their starting coordinate is an integer multiple

of 𝛿2 (note that, in this process, we might have to shift also the other rectangles in order to make

space). Since the width of each wide rectangle is at least 𝛿 and
1

𝛿
· 2𝛿2 = 2𝛿 , it is easy to see that it

is sufficient to increase the width of the box to 1 + 2𝛿 to perform such a rounding.

C.1 Containers for short-high rectangles
We draw vertical lines across the 1× (1+ 2𝛿) region spaced by 𝛿2, splitting it into𝑀 := 1+2𝛿

𝛿2
vertical

strips (see Figure 15). Consider each maximal rectangular region which is contained in one such

strip and does not overlap any wide rectangle; we define a box for each such region that contains

at least one short-high rectangle, and we denote the set of such boxes by B.

Note that some short rectangles might intersect the vertical edges of the boxes, but in this case

they overlap with exactly two boxes. Using a standard shifting technique, we can assume that no

10
Note that the classification of the items in this section is different from the ones used in the main results of this paper,

although similar in spirit.
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Fig. 15. An example of a packing after the short-narrow rectangles have been removed, and the wide rectangles
(in dark grey) have been aligned to the𝑀 vertical strips. Note that the short-high rectangles (in light gray)
are much smaller than the vertical strips.

rectangle is cut by the boxes by losing profit at most Y ′𝑟𝑎𝑝 (𝐼 ′): first, we assume that the rectangles

intersecting two boxes belong to the leftmost of those boxes. For each box 𝐵 ∈ B (which has width

𝛿2 by definition), we divide it into vertical strips of width `. Since there are 𝛿2

`
> 2/Y ′𝑟𝑎 strips and

each rectangle overlaps with at most 2 such strips, there must exist one of them such that the

profit of the rectangles intersecting it is at most 2`𝑝 (𝐵) ≤ Y ′𝑟𝑎𝑝 (𝐵), where 𝑝 (𝐵) is the profit of all
the rectangles that are contained in or belong to 𝐵. We can remove all the rectangles overlapping

such strip, creating in 𝐵 an empty vertical gap of width `, and then we can move all the rectangles

intersecting the right boundary of 𝐵 to the empty space (see Figure 16).

Proposition 57. The number of boxes in B is at most 1+2𝛿
𝛿2

· 1

𝛿
≤ 2

𝛿3
.

First, by a shifting argument similar to above, we can reduce the width of each box to 𝛿2 − 𝛿4
while losing only an Y ′𝑟𝑎 fraction of the profit of the rectangles in 𝐵. Then, for each 𝐵 ∈ B, since

the maximum width of the rectangles in 𝐵 is at most `, by applying Lemma 55 with Y = 𝛿2/2 we
obtain that the rectangles packed inside 𝐵 can be repacked into a box 𝐵′

of height ℎ(𝐵) and width at

most𝑤 ′(𝐵) ≤ max{𝛿2 − 𝛿4 + 72

𝛿4
`, (𝛿2 − 𝛿4) (1 + 𝛿2

2
) + 76

𝛿4
`} ≤ 𝛿2, which is true if we make sure that

` ≤ 𝛿10/76. Furthermore, the short-high rectangles in 𝐵 are packed into at most

216

𝛿6
≤ 1

𝛿7
vertical

containers if 𝛿 is small enough. Note that all the rectangles are packed into vertical containers,

because rectangles that have both width and height smaller than Y are short-narrow and we already

removed them. Summarizing:

Proposition 58. There is a set 𝐼+ ⊆ 𝐼 ′ of rectangles with total profit at least (1 −𝑂 (Y ′𝑟𝑎)) · 𝑝 (𝐼 ′)
and a corresponding packing for them in a 1 × (1 + 2𝛿) region such that:

• every wide rectangle in 𝐼+ has its length rounded up to the nearest multiple of 𝛿2 and it is
positioned so that its left side is at a position 𝑥 which is a multiple of 𝛿2, and

• each box 𝐵 ∈ B storing at least one short-high rectangle has width 𝛿2, and the rectangles inside
are packed into at most 1/𝛿7 vertical containers.

C.2 Fractional packing with O(1) containers
Let us consider now the set of rectangles 𝐼+ and an almost optimal packing 𝑆+ for them according to

Proposition 58. We remove the rectangles assigned to boxes in B and consider each box 𝐵 ∈ B as a

single pseudoitem. Thus, in the new almost optimal solution there are just pseudoitems from B and
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Fig. 16. For each vertical box, we can remove a low profit subset of rectangles (red in the picture), to make
space for short-high rectangles that cross the right edge of the box (blue).

wide rectangles with right and left coordinates that are multiples of 𝛿2. We will now show that we

can derive a fractional packing with the same profit, and such that the rectangles and pseudoitems

can be (fractionally) assigned to a constant number of containers. By fractional packing we mean a

packing where horizontal rectangles are allowed to be sliced horizontally (but not vertically); we

can think of the profit as being split proportionally to the heights of the slices.

Let K be a subset of the horizontal rectangles of size 𝐾 that will be specified later. By extending

horizontally the top and bottom edges of the rectangles inK and the pseudoitems in B, we partition

the knapsack into at most 2( |𝐾 | + |B|) + 1 ≤ 2(𝐾 + 2

𝛿3
) + 1 ≤ 2(𝐾 + 3

𝛿3
) horizontal stripes.

Let us focus on the (possibly sliced) rectangles contained in one such stripe of height ℎ. For any

vertical coordinate 𝑦 ∈ [0, ℎ] we can define the configuration at coordinate 𝑦 as the set of positions

where the horizontal line at distance 𝑦 from the bottom cuts a vertical edge of a horizontal rectangle

which is not in K . There are at most 2
𝑀−1

possible configurations in a stripe.

We can further partition the stripe in maximal contiguous regions with the same configuration.

Note that the number of such regions is not bounded, since configurations can be repeated. But

since the rectangles are allowed to be sliced, we can rearrange the regions so that all the ones with

the same configuration appear next to each other; see Figure 17 for an example. After this step is

completed, we define up to𝑀 horizontal containers per each configuration, where we repack the

sliced horizontal rectangles. Clearly, all sliced rectangles are repacked.

Thus, the number of horizontal containers that we defined per each stripe is bounded by𝑀2
𝑀−1

,

and the total number overall is at most

2

(
𝐾 + 3

𝛿3

)
𝑀2

𝑀−1 =

(
𝐾 + 3

𝛿3

)
𝑀2

𝑀 .

C.3 Existence of an integral packing
We will now show the existence of an integral packing, at a small loss of profit.

Consider a fractional packing into𝑁 containers. Since each rectangle slice is packed in a container

of exactly the same width, it is possible to pack all but at most 𝑁 rectangles integrally by a simple

greedy algorithm: choose a container, and greedily pack in it rectangles of the same width, until

either there are no rectangles left for that width, or the next rectangle does not fit in the current

container. In this case, we discard this rectangle and close the container, meaning that we do not
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Fig. 17. Rearranging the rectangles in a horizontal stripe. On the right, rectangles are repacked so that regions
with the same configuration appear next to each other. Note that the yellow rectangle has been sliced, since
it partakes in two regions with different configurations.

use it further. Clearly, at most one rectangle per container is discarded, and no rectangle is left

unpacked.

The only problem is that the total profit of the discarded rectangles can be large. To solve this

problem, we use the following shifting argument. Let K0 = ∅ and 𝐾0 = 0. For convenience, let us

define 𝑓 (𝐾) =
(
𝐾 + 3

𝛿3

)
𝑀2

𝑀
.

First, consider the fractional packing obtained by choosing K = K0, so that 𝐾 = 𝐾0 = 0. Let K1

be the set of discarded rectangles obtained by the greedy algorithm, and let 𝐾1 = |K1 |. Clearly,
by the above reasoning, the number of discarded rectangles is bounded by 𝑓 (𝐾0). If the profit

𝑝 (K1) of the discarded rectangles is at most Y ′𝑟𝑎𝑝 (𝑂𝑃𝑇 ), then we remove them and there is nothing

else to prove. Otherwise, consider the fractional packing obtained by fixing K = K0 ∪ K1. Again,

we will obtain a set K2 of discarded rectangles such that 𝐾2 := |K2 | ≤ 𝑓 (𝐾0 + 𝐾1). Since the sets
K1,K2, . . . that we obtain are all disjoint, the process must stop after at most 1/Y ′𝑟𝑎 iterations.

Setting 𝑝 := 𝑀2
𝑀

and 𝑞 := 3

𝛿3
𝑀2

𝑀
, we have that 𝐾𝑖+1 ≤ 𝑝 (𝐾0 + 𝐾1 + . . . 𝐾𝑖 ) + 𝑞 for each 𝑖 ≥ 0.

Crudely bounding it as 𝐾𝑖+1 ≤ 𝑖 · 𝑝𝑞 · 𝐾𝑖 , we immediately obtain that 𝐾𝑖 ≤ (𝑝𝑞)𝑖 . Thus, in the

successful iteration, the size of K is at most 𝐾1/Y′𝑟𝑎−1 and the number of containers is at most

𝐾1/Y′𝑟𝑎 ≤ (𝑝𝑞)1/Y′𝑟𝑎 = ( 3

𝛿2
𝑀2

2
2𝑀 )1/Y′𝑟𝑎 = 𝑂Y′𝑟𝑎,𝛿 (1).

C.4 Rounding down horizontal and vertical containers
As per the above analysis, the total number of horizontal containers is at most ( 3

𝛿2
𝑀2

2
2𝑀 )1/Y′𝑟𝑎 and

the total number of vertical containers is at most
2

𝛿3
· 1

𝛿7
= 2

𝛿10
.

We will now show that, at a small loss of profit, it is possible to replace each horizontal and each

vertical container defined so far with a constant number of smaller containers, so that the total

area of the new containers is at most as big as the total area of the rectangles originally packed in

the container. Note that in each container we consider the rectangles with the original widths (not

rounded up). We use the following lemma:

Lemma 59. Let 𝐶 be a horizontal (resp. vertical) container defined above, and let 𝐼𝐶 be the set of
rectangles packed in 𝐶 . Then, it is possible to pack a set 𝐼 ′

𝐶
⊆ 𝐼𝐶 of profit at least (1 − 3Y ′𝑟𝑎)𝑝 (𝐼𝐶 ) in a

set of at most
⌈
log

1+Y′𝑟𝑎 (
1

𝛿
)
⌉
/Y ′2𝑟𝑎 horizontal (resp. vertical) containers that can be packed inside 𝐶 and

such that their total area is at most 𝑎(𝐼𝐶 ).

Proof. Without loss of generality, we prove the result only for the case of a horizontal container.

Since 𝑤𝑖 ≥ 𝛿 for each rectangle 𝑅𝑖 ∈ 𝐼𝐶 , we can partition the rectangles in 𝐼𝐶 into at most⌈
log

1+Y′𝑟𝑎 (
1

𝛿
)
⌉
groups 𝐼1, 𝐼2, . . . , so that in each 𝐼 𝑗 the widest rectangle has width bigger than the

smallest by a factor at most 1 + Y ′𝑟𝑎 ; we can then define a container 𝐶 𝑗 for each group 𝐼 𝑗 that has
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the width of the widest rectangle it contains and height equal to the sum of the heights of the

contained rectangles.

Consider now one such𝐶 𝑗 and the set of rectangles 𝐼 𝑗 that it contains, and let 𝑃 := 𝑝 (𝐼 𝑗 ). Clearly,
𝑤 (𝐶 𝑗 ) ≤ (1 + Y ′𝑟𝑎)𝑤𝑖 for each 𝑅𝑖 ∈ 𝐼 𝑗 , and so 𝑎(𝐶 𝑗 ) ≤ (1 + Y ′𝑟𝑎)𝑎(𝐼 𝑗 ). If all the rectangles in 𝐼 𝑗 have
height at most Y ′𝑟𝑎ℎ(𝐶 𝑗 ), then we can remove a set of rectangles with total height at least Y ′𝑟𝑎ℎ(𝐶)
and profit at most 2Y ′𝑟𝑎𝑝 (𝐼 𝑗 ). Otherwise, let Q be the set of rectangles of height larger than Y ′𝑟𝑎ℎ(𝐶 𝑗 ),
and note that 𝑎(𝑄) ≥ Y ′𝑟𝑎ℎ(𝐶 𝑗 )𝑤 (𝐶 𝑗 )/(1+ Y ′𝑟𝑎). If 𝑝 (Q) ≤ Y ′𝑟𝑎𝑃 , then we remove the rectangles in Q
from the container 𝐶 𝑗 and reduce its height as much as possible, obtaining a smaller container 𝐶 ′

𝑗 ;

since 𝑎(𝐶 ′
𝑗 ) ≤ 𝑎(𝐶 𝑗 ) − Y ′𝑟𝑎𝑎(𝐶 𝑗 ) = (1 − Y ′𝑟𝑎)𝑎(𝐶 𝑗 ) ≤ (1 − Y ′𝑟𝑎) (1 + Y ′𝑟𝑎)𝑎(𝐼 𝑗 ) < 𝑎(𝐼 𝑗 ), then the proof

is finished. Otherwise, we define one container for each of the rectangles in Q (which are at most

1/Y ′𝑟𝑎) of exactly the same size, and we still shrink the container with the remaining rectangles

as before; note that there is no lost area for each of the newly defined container. Since at every

non-terminating iteration a set of rectangles with profit larger than Y ′𝑟𝑎𝑃 is removed, the process

must end within 1/Y ′𝑟𝑎 iterations.
Note that the total number of containers that we produce for each initial container 𝐶 𝑗 is at most

1/Y ′2𝑟𝑎 , and this concludes the proof. □

Thus, by applying the above lemma to each horizontal and each vertical container, we obtain a

modified packing where the total area of the horizontal and vertical containers is at most the area

of the rectangles of 𝐼 ′ (without the short-narrow rectangles, which we will take into account in the

next subsection), while the number of containers increases at most by a factor

⌈
log

1+Y′𝑟𝑎 (
1

𝛿
)
⌉
/Y ′2𝑟𝑎 .

C.5 Packing short-narrow rectangles
Consider the integral packing obtained from the previous subsection, which has at most 𝐾 ′

:=(
2

𝛿10
+ ( 3

𝛿2
𝑀2

2
2𝑀 )Y′𝑟𝑎

) ⌈
log

1+Y′𝑟𝑎 (
1

𝛿
)
⌉
/Y ′2𝑟𝑎 containers. We can create a non-uniform grid extending

each side of the containers until they hit another container or the boundary of the knapsack.

Moreover, we also add horizontal and vertical lines spaced at distance Y ′𝑟𝑎 . We call a free cell each
face defined by the above lines that does not overlap a container of the packing; by construction, no

free cell has a side bigger than Y ′𝑟𝑎 . The number of free cells in this grid plus the existing containers

is bounded by 𝐾𝑇𝑂𝑇𝐴𝐿 = (2𝐾 ′ + 1/Y ′𝑟𝑎)2 = 𝑂Y′𝑟𝑎,𝛿 (1). We crucially use the fact that this number does

not depend on the value of `.

Note that the total area of the free cells is no less than the total area of the short-narrow rectangles,

as a consequence of the guarantees on the area of the containers introduced so far. We will pack

the short-narrow rectangles into the free cells of this grid using NFDH, but we only use cells that

have width and height at least
8`

Y′𝑟𝑎
; thus, each short-narrow rectangle will be assigned to a cell

whose width (resp. height) is larger by at least a factor 8/Y ′𝑟𝑎 than the width (resp. height) of the

rectangle. Each discarded cell has area at most
8`

Y′𝑟𝑎
, which implies that the total area of discarded

cells is at most
8`𝐾𝑇𝑂𝑇𝐴𝐿

Y′𝑟𝑎
. Now we consider the selected cells in an arbitrary order and pack short

narrow rectangles into them using NFDH, defining a new area container for each cell that is used.

Thanks to Theorem 8, we know that each new container 𝐶 (except maybe the last one) that is used

by NFDH contains rectangles for a total area of at least (1 − Y ′𝑟𝑎/4)𝑎(𝐶). Thus, if all rectangles
are packed, we remove the last container opened by NFDH, and we call 𝑆 the set of rectangles

inside, that we will repack elsewhere; note that 𝑎(𝑆) ≤ Y ′2𝑟𝑎 ≤ Y ′𝑟𝑎/3, since all the rectangles in 𝑆
were packed in a free cell. Instead, if not all rectangles are packed by NFDH, let 𝑆 be the residual

rectangles. In this case, the area of the unpacked rectangles is 𝑎(𝑆) ≤ 8`𝐾𝑇𝑂𝑇𝐴𝐿

Y′𝑟𝑎
+ Y ′𝑟𝑎/4 ≤ Y ′𝑟𝑎/3,

assuming that ` ≤ Y′2𝑟𝑎
96𝐾𝑇𝑂𝑇𝐴𝐿

.
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In order to repack the rectangles of 𝑆 , we define a new area container 𝐶𝑆 of height 1 and width

Y ′𝑟𝑎/2. Since 𝑎(𝐶𝑆 ) = Y ′𝑟𝑎/2 ≥ (Y ′𝑟𝑎/3)/(1 − 2Y ′𝑟𝑎), all elements from 𝑆 are packed in 𝐶𝑆 by NFDH,

and the container can be added to the knapsack by further enlarging its width from 1 + 2𝛿 to

1 + 2𝛿 + Y ′𝑟𝑎/2 < 1 + Y ′𝑟𝑎 .
Note that the constraints on ` and 𝛿 that we imposed are ` ≤ 𝛿10

76
(from Section C.1), and

` ≤ Y′2𝑟𝑎
96𝐾𝑇𝑂𝑇𝐴𝐿

. It is easy to check that both of them are satisfied if we choose 𝑓 (𝑥) = (Y ′𝑟𝑎𝑥)𝐶 for a

big enough constant 𝐶 that depends only on 𝛿 and Y ′𝑟𝑎 .

C.6 Rounding containers to a polynomial set of sizes
In this subsection we show that it is possible to round down the size of each horizontal, vertical

or area container so that the computed solution becomes guessable while incurring in a marginal

loss of profit. For a set 𝐼 of rectangles, we define𝑊𝐼𝐷𝑇𝐻𝑆 (𝐼 ) = {𝑤 𝑗 | 𝑅 𝑗 ∈ 𝐼 } and 𝐻𝐸𝐼𝐺𝐻𝑇𝑆 (𝑅) =
{ℎ 𝑗 | 𝑅 𝑗 ∈ 𝐼 }. Given a finite set 𝑃 of real numbers and a fixed natural number 𝑘 , we define the set

𝑃 (𝑘) = {(𝑝1 + 𝑝2 + · · · + 𝑝𝑙 ) + 𝑖𝑝𝑙+1 | 𝑝 𝑗 ∈ 𝑃 ∀ 𝑗, 𝑙 ≤ 𝑘, 0 ≤ 𝑖 ≤ 𝑛, 𝑖 integer}; note that if |𝑃 | = 𝑂 (𝑛),
then |𝑃 (𝑘) | = 𝑂 (𝑛𝑘+2). Moreover, if 𝑃 ⊆ 𝑄 , then obviously 𝑃 (𝑘) ⊆ 𝑄 (𝑘)

, and if 𝑘 ′ ≤ 𝑘 ′′, then
𝑃 (𝑘′) ⊆ 𝑃 (𝑘′′)

.

Lemma 60. Let Y > 0, and let 𝐼 ′ be a set of rectangles packed in a horizontal or vertical container 𝐶 .
Then, for any 𝑘 ≥ 1/Y, there is a set 𝐼 ′′ ⊆ 𝐼 ′ with profit 𝑝 (𝐼 ′′) ≥ (1 − Y)𝑝 (𝐼 ′) that can be packed in a
container 𝐶 ′ smaller than 𝐶 such that𝑤 (𝐶 ′) ∈𝑊𝐼𝐷𝑇𝐻𝑆 (𝐼 ′) (𝑘) and ℎ(𝐶 ′) ∈ 𝐻𝐸𝐼𝐺𝐻𝑇𝑆 (𝐼 ′) (𝑘) .

Proof. Without loss of generality, we prove the thesis for an horizontal container 𝐶; the proof

for vertical containers is symmetric. Clearly, the width of 𝐶 can be reduced to 𝑤𝑚𝑎𝑥 (𝐼 ′), and it

holds that𝑤𝑚𝑎𝑥 (𝐼 ′) ∈𝑊𝐼𝐷𝑇𝐻𝑆 (𝐼 ′) ⊆𝑊𝐼𝐷𝑇𝐻𝑆 (𝐼 ′) (𝑘) .
If |𝐼 ′ | ≤ 1/Y, then∑

𝑅𝑖 ∈𝐼 ′ ℎ𝑖 ∈ 𝐻𝐸𝐼𝐺𝐻𝑇𝑆 (𝐼 ′) (𝑘) and there is no need to round the height of𝐶 down.

Otherwise, let 𝐼 ′
𝑇𝐴𝐿𝐿

be the set of the 1/Y rectangles in 𝐼 ′with largest height (breaking ties arbitrarily),
let 𝑅 𝑗 be the least profitable of them, and let 𝐼 ′′ = 𝐼 ′ \ {𝑅 𝑗 }. Clearly, 𝑝 (𝐼 ′′) ≥ (1− Y)𝑝 (𝐼 ′). Since each
element of 𝐼 ′′ \ 𝐼 ′

𝑇𝐴𝐿𝐿
has height at most ℎ 𝑗 , it follows that ℎ(𝐼 ′ \ 𝐼 ′𝑇𝐴𝐿𝐿) ≤ (𝑛 − 1/Y)ℎ 𝑗 . Thus, letting

𝑖 =
⌈
ℎ(𝐼 ′′ \ 𝐼 ′

𝑇𝐴𝐿𝐿
)/ℎ 𝑗

⌉
≤ 𝑛, all the rectangles in 𝐼 ′′ fit in a container𝐶 ′

of width𝑤𝑚𝑎𝑥 (𝐼 ′) and height
ℎ(𝐶 ′) := ℎ(𝐼 ′

𝑇𝐴𝐿𝐿
) + 𝑖ℎ 𝑗 ∈ 𝐻𝐸𝐼𝐺𝐻𝑇𝑆 (𝐼 ′) (𝑘) . Since ℎ(𝐼 ′𝑇𝐴𝐿𝐿) + 𝑖ℎ 𝑗 ≤ ℎ(𝐼 ′𝑇𝐴𝐿𝐿) + ℎ(𝐼 ′′ \ 𝐼 ′𝑇𝐴𝐿𝐿) + ℎ 𝑗 =

ℎ(𝐼 ) ≤ ℎ(𝐶), which proves the result. □

Lemma 61. Let Y > 0, and let 𝐼 ′ be a set of rectangles that are assigned to an area container𝐶 . Then
there exists a subset 𝐼 ′′ ⊆ 𝐼 ′ with profit 𝑝 (𝐼 ′′) ≥ (1 − 3Y)𝑝 (𝐼 ′) and a container 𝐶 ′ smaller than 𝐶
such that: 𝑎(𝐼 ′′) ≤ 𝑎(𝐶), 𝑤 (𝐶 ′) ∈𝑊𝐼𝐷𝑇𝐻𝑆 (𝐼 ′) (0) , ℎ(𝐶 ′) ∈ 𝐻𝐸𝐼𝐺𝐻𝑇𝑆 (𝐼 ′) (0) , and each 𝑅 𝑗 ∈ 𝐼 ′′ is
Y

1−Y -small for 𝐶 ′.

Proof. Without loss of generality, we can assume that 𝑤 (𝐶) ≤ 𝑛𝑤𝑚𝑎𝑥 (𝐼 ′) and that ℎ(𝐶) ≤
𝑛ℎ𝑚𝑎𝑥 (𝐼 ′): if not, we can first shrink 𝐶 so that these conditions are satisfied, and all the rectangles

still fit in 𝐶 .

Define a container𝐶 ′
so that it has width𝑤 (𝐶 ′) = 𝑤𝑚𝑎𝑥 (𝐼 ′) ⌊𝑤 (𝐶)/𝑤𝑚𝑎𝑥 (𝐼 ′)⌋ and heightℎ(𝐶 ′) =

ℎ𝑚𝑎𝑥 (𝐼 ′) ⌊ℎ(𝐶)/ℎ𝑚𝑎𝑥 (𝐼 ′)⌋, that is, 𝐶 ′
is obtained by shrinking 𝐶 to the closest integer multiples

of 𝑤𝑚𝑎𝑥 (𝐼 ′) and ℎ𝑚𝑎𝑥 (𝐼 ′). Observe that 𝑤 (𝐶 ′) ∈ 𝑊𝐼𝐷𝑇𝐻𝑆 (𝐼 ′) (0) and ℎ(𝐶 ′) ∈ 𝐻𝐸𝐼𝐺𝐻𝑇𝑆 (𝐼 ′) (0) .
Clearly, it holds that 𝑤 (𝐶 ′) ≥ 𝑤 (𝐶) − 𝑤𝑚𝑎𝑥 (𝐼 ′) ≥ 𝑤 (𝐶) − Y𝑤 (𝐶) = (1 − Y)𝑤 (𝐶) and similarly

ℎ(𝐶 ′) ≥ (1 − Y)ℎ(𝐶 ′). Hence 𝑎(𝐶 ′) ≥ (1 − Y)2𝑎(𝐶) ≥ (1 − 2Y)𝑎(𝐶).
We now select a set 𝐼 ′′ ⊆ 𝐼 ′ by greedily choosing elements from 𝐼 ′ in non-increasing order of

profit/area ratio, adding as many elements as possible without exceeding a total area of (1−2Y)𝑎(𝐶).
Since each element of 𝐼 ′ has area at most Y2𝑎(𝐶), then either all elements are selected (and then
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𝑝 (𝐼 ′′) = 𝑝 (𝐼 ′)), or the total area of the selected elements is at least (1− 2Y − Y2)𝑎(𝐶) ≥ (1− 3Y)𝑎(𝐶).
By the greedy choice, we have that 𝑝 (𝐼 ′′) ≥ (1 − 3Y)𝑝 (𝐼 ′).
Since each rectangle in 𝐼 ′ is Y

1−Y -small for 𝐶 ′
, this proves the thesis. □

By applying Lemmas 60 and 61 with Y = Y ′𝑟𝑎 to all the containers and noting that
Y′𝑟𝑎

1−Y′𝑟𝑎 ≤ Y𝑟𝑎 , we
completed the proof of the Resource Augmentation Packing Lemma (Lemma 11).

Remark 7. Note that in the above, the size of the container is rounded to a family of sizes that depends
on the rectangles inside; of course, they are not known in advance in an algorithm that enumerates
over all the container packings. On the other hand, if the instance is a set I of 𝑛 rectangles, then
for any natural number 𝑘 we have that𝑊𝐼𝐷𝑇𝐻𝑆 (𝐼 ) (𝑘) ⊆𝑊𝐼𝐷𝑇𝐻𝑆 (I) (𝑘) and 𝐻𝐸𝐼𝐺𝐻𝑇𝑆 (𝐼 ) (𝑘) ⊆
𝑊𝐼𝐷𝑇𝐻𝑆 (I) (𝑘) for any 𝐼 ⊆ I; clearly,𝑊𝐼𝐷𝑇𝐻𝑆 (I) (𝑘) × 𝐻𝐸𝐼𝐺𝐻𝑇𝑆 (I) (𝑘) has a polynomial size
and can be computed explicitly.
Similarly, when finding container packings for the case with rotations, one can compute the

set 𝑆𝐼𝑍𝐸𝑆 (I) := 𝑊𝐼𝐷𝑇𝐻𝑆 (I) ∪ 𝐻𝐸𝐼𝐺𝐻𝑇𝑆 (I), and consider containers of width and height in
𝑆𝐼𝑍𝐸𝑆 (I) (𝑘) for a sufficiently high constant 𝑘 .

D A REFINED APPROXIMATION ALGORITHM FOR CARDINALITY 2DK
In this section, we present a refined approximation algorithm for the cardinality case of 2𝐷𝐾 (when

rotations are not allowed). More in detail, we prove the following result.

Theorem 62. There is a polynomial-time 558

325
+ Y < 1.72 approximation algorithm for cardinality

2𝐷𝐾 .

Along this section, since the profit of each item is equal to 1, instead of 𝑝 (𝐼 ′) for a set of items 𝐼 ′

we will just write |𝐼 ′ |. We will use most of the notation defined in Section 6. Recall that for two

given constants 0 < Y𝑠𝑚𝑎𝑙𝑙 < Y𝑙𝑎𝑟𝑔𝑒 ≤ 1, we partition the instance into:

• 𝐼𝑠𝑚𝑎𝑙𝑙 , the set of rectangles with ℎ𝑖 ,𝑤𝑖 ≤ Y𝑠𝑚𝑎𝑙𝑙𝑁 , and we denote them as small rectangles;
• 𝐼𝑙𝑎𝑟𝑔𝑒 , the set of rectangles with ℎ𝑖 ,𝑤𝑖 > Y𝑙𝑎𝑟𝑔𝑒𝑁 , and we denote them as large rectangles;
• 𝐼ℎ𝑜𝑟 , the set of rectangles with 𝑤𝑖 > Y𝑙𝑎𝑟𝑔𝑒𝑁 and ℎ𝑖 ≤ Y𝑠𝑚𝑎𝑙𝑙𝑁 , and we denote them as

horizontal rectangles;
• 𝐼𝑣𝑒𝑟 , the set of rectangles with ℎ𝑖 > Y𝑙𝑎𝑟𝑔𝑒𝑁 and𝑤𝑖 ≤ Y𝑠𝑚𝑎𝑙𝑙𝑁 , and we denote them as vertical
rectangles;

• 𝐼𝑖𝑛𝑡 , the set of remaining rectangles, and we denote them as intermediate rectangles.

The corresponding intersection with 𝑂𝑃𝑇 defines the sets 𝑂𝑃𝑇𝑠𝑚𝑎𝑙𝑙 , 𝑂𝑃𝑇𝑙𝑎𝑟𝑔𝑒 , 𝑂𝑃𝑇ℎ𝑜𝑟 , 𝑂𝑃𝑇𝑣𝑒𝑟

and𝑂𝑃𝑇𝑖𝑛𝑡 , respectively. As discussed in Section 5, since any feasible solution contains at most
1

Y2
𝑙𝑎𝑟𝑔𝑒

large rectangles, we can assume in this case that 𝑂𝑃𝑇𝑙𝑎𝑟𝑔𝑒 = ∅. Furthermore, thanks to Lemma 6,

Y𝑠𝑚𝑎𝑙𝑙 and Y𝑙𝑎𝑟𝑔𝑒 can be chosen in such a way that Y𝑠𝑚𝑎𝑙𝑙 ≤ Y𝑙𝑎𝑟𝑔𝑒 ≤ Y, Y𝑠𝑚𝑎𝑙𝑙 differs from Y𝑙𝑎𝑟𝑔𝑒 by a

large factor and |𝑂𝑃𝑇𝑖𝑛𝑡 | ≤ Y |𝑂𝑃𝑇 |. Building upon our Corridors Decomposition (Lemma 27), we

will again consider 𝑂𝑃𝑇𝑇 (thin rectangles), 𝑂𝑃𝑇𝐹 (fat rectangles) and 𝑂𝑃𝑇𝐾 (killed rectangles) as

defined in Section 6.2. Thanks to Lemma 29, |𝑂𝑃𝑇𝐾 | = 𝑂Y (1) and all the involved parameters can be

fixed in such a way that the total height (resp. width) of𝑂𝑃𝑇𝑇 ∩ 𝐼ℎ𝑜𝑟 (resp.𝑂𝑃𝑇𝑇 ∩ 𝐼𝑣𝑒𝑟 ) is at most Y𝑁 .

Recall that a subcorridor is called long if its shortest edge has length at least
𝑁
2
and short otherwise.

In the analysis of the algorithm we will again use sets 𝑂𝑃𝑇𝐿𝐹 , 𝑂𝑃𝑇𝐿𝑇 , 𝑂𝑃𝑇𝑆𝐹 and 𝑂𝑃𝑇𝑆𝑇 as defined

in Section 6.1, corresponding to rectangles from 𝑂𝑃𝑇𝐹 inside long corridors, rectangles from 𝑂𝑃𝑇𝑇
inside long corridors, rectangles from𝑂𝑃𝑇𝐹 inside short corridors and rectangles from𝑂𝑃𝑇𝑇 inside

short corridors respectively. For ℓ :=
(
1

2
+ 2Y𝑙𝑎𝑟𝑔𝑒

)
· 𝑁 (similar as in the proof of Lemma 35) we

let 𝐼𝑙𝑜𝑛𝑔 ⊆ 𝐼 be the rectangles whose longest side has length longer than ℓ and 𝐼𝑠ℎ𝑜𝑟𝑡 = 𝐼 \ 𝐼𝑙𝑜𝑛𝑔.
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That way we make sure that no long rectangle belongs to a short subcorridor (however it is worth

remarking that long corridors may contain short rectangles).

Let us define 𝑂𝑃𝑇long := 𝐼long ∩ 𝑂𝑃𝑇 , 𝑂𝑃𝑇short := 𝐼short ∩ 𝑂𝑃𝑇 and also Y𝐿 :=
√
Y. Note that

Y𝐿 ≥ Y ≥ Y𝑙𝑎𝑟𝑔𝑒 ≥ Y𝑠𝑚𝑎𝑙𝑙 . For simplicity and readability of the section, sometimes we will slightly

abuse notation and for any small constant depending on Y, Y𝑙𝑎𝑟𝑔𝑒 , Y𝑠𝑚𝑎𝑙𝑙 , we will just use𝑂 (Y𝐿). Now
we give a brief informal overview of the refinement and the cases before we go into the details.

Overview of the refined packing. For the refined packing we will consider several L&C-packings.

Some of the packings are just extensions of previous constructions (such as from Theorem 24 and

Section 6.2). Then we consider several new L&C-packings where an L-shaped region is packed with

items from 𝐼long and the remaining region is used for packing items from 𝐼short using Steinberg’s

theorem (See Theorem 7). Note that in the definition of L&C-packing in Section 3.2, we assumed

the height of the horizontal part of the L-region and the width of the vertical part of L-region to

be the same. However, for these new packings we will consider L-regions where the height of the

horizontal part and width of vertical part may differ. Now several cases arise depending on the

structure and profit of the L-region. To pack items in 𝑂𝑃𝑇short we have three options:

(1) We can pack items in 𝐼short using Steinberg’s theorem into one rectangular region. Then we

need both sides of the region to be greater than
1

2
+ 2Y𝑙𝑎𝑟𝑔𝑒 .

(2) We can pack items in 𝐼short using Steinberg’s theorem such that vertical and horizontal items

are packed separately into different vertical and horizontal rectangular regions inside the

knapsack.

(3) If 𝑎(𝑂𝑃𝑇short) is large, we might use only a small region for items in 𝑂𝑃𝑇long, and use the

remaining larger space in the knapsack to pack a significant fraction of profit from 𝑂𝑃𝑇short.

We will consider several different cases based on the dimensions of the L-region we will use and

on 𝑎(𝑂𝑃𝑇short). If the L-region has very small width and height, we have case (1). If the L-region has

very large width (or height), we have case (2B), where we pack nearly
1

2
|𝑂𝑃𝑇long | in the L-region

and then pack items from 𝐼short in one large rectangular region. Otherwise, we have case (2A),

where either we pack only items from𝑂𝑃𝑇long ∩𝑂𝑃𝑇𝑇 (See Lemma 64, used in case: (2Ai)) or nearly

(3/4) |𝑂𝑃𝑇long | (See Lemma 65, used in cases (2Aii), (2Aiiia)) or in another case, we pack the vertical

and horizontal items in 𝑂𝑃𝑇short in two different regions through a more complicated packing (See

case (2Aiiib)).

Now first, we start with some extensions of previously developed lower bounds. Note that by

using analogous arguments as in the proof of Theorem 24, we can derive the following inequalities

leading to a

(
16

9
+𝑂 (Y𝐿)

)
-approximation algorithm.

|𝑂𝑃𝑇𝐿&𝐶 | ≥ 3

4

|𝑂𝑃𝑇long | (3)

|𝑂𝑃𝑇𝐿&𝐶 | ≥
(
1

2

−𝑂 (Y𝐿)
)
|𝑂𝑃𝑇long | +

(
3

4

−𝑂 (Y𝐿)
)
|𝑂𝑃𝑇short | (4)

Now from Lemma 29, items in𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 can be packed into two containers of size ℓ × Y𝑁
and Y𝑁 × ℓ . We can adapt part of the results in Section 6.2 to obtain the following inequalities.

Lemma D.1. The following inequalities hold:

|𝑂𝑃𝑇𝐿&𝐶 | ≥ (1 −𝑂 (Y𝐿)) ( |𝑂𝑃𝑇long \𝑂𝑃𝑇𝑇 | + |𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |) . (5)

|𝑂𝑃𝑇𝐿&𝐶 | ≥ (1 −𝑂 (Y𝐿)) ( |𝑂𝑃𝑇long \𝑂𝑃𝑇𝑇 | + |𝑂𝑃𝑇long ∩𝑂𝑃𝑇𝑇 |) (6)

+
(
1

2

−𝑂 (Y𝐿)
)
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |.
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Proof. Inequality (5) follows directly from Lemma 32 and our procedure to include back small

items described in Section 6.2.1 since𝑂𝑃𝑇𝐿𝐹 ∪𝑂𝑃𝑇𝑆𝐹 ∪𝑂𝑃𝑇𝑠𝑚𝑎𝑙𝑙 = (𝑂𝑃𝑇long \𝑂𝑃𝑇𝑇 ) ∪ (𝑂𝑃𝑇short \
𝑂𝑃𝑇𝑇 ) and both sets are disjoint. Inequality (6) follows from Lemma 33: if we consider the sum

of the number of packed rectangles corresponding to the 4 subcases associated with the case

“short horizontal/short vertical”, then every 𝑖 ∈ 𝑂𝑃𝑇long \𝑂𝑃𝑇𝑇 ⊆ 𝑂𝑃𝑇𝐿𝐹 appears four times, every

𝑖 ∈ 𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝐿𝐹 appears four times, every 𝑖 ∈ 𝑂𝑃𝑇𝑆𝐹 appears twice and every 𝑖 ∈ 𝑂𝑃𝑇long ∩
𝑂𝑃𝑇𝑇 appears twice. After including a (1 − 𝑂 (Y𝐿)) fraction of 𝑂𝑃𝑇𝑠𝑚𝑎𝑙𝑙 , and since (𝑂𝑃𝑇short ∩
𝑂𝑃𝑇𝐿𝐹 ) ∪𝑂𝑃𝑇𝑆𝐹 ∪𝑂𝑃𝑇𝑠𝑚𝑎𝑙𝑙 = 𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 , the inequality follows by taking average of the four
packings. □

Steinberg’s theorem (Theorem 7) will be useful to pack items from 𝑂𝑃𝑇short in order to obtain

better solutions. The following is a simple corollary of the theorem which will be useful for our

purposes.

Corollary 63. Let 𝐼 ′ be a set of items such that max

𝑖∈𝐼 ′
ℎ(𝑖) ≤

(
1

2

+ 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁 and max

𝑖∈𝐼 ′
𝑤 (𝑖) ≤(

1

2

+ 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁 . Then for any 𝛼, 𝛽 ≤ 1

2
− 2Y𝑙𝑎𝑟𝑔𝑒 , all of 𝐼 ′ can be packed into a knapsack of width

(1 − 𝛼)𝑁 and height (1 − 𝛽)𝑁 if

𝑎(𝐼 ′) ≤
(
1

2

− (𝛼 + 𝛽)
(
1

2

+ 2Y𝑙𝑎𝑟𝑔𝑒

)
− 8Y2

𝑙𝑎𝑟𝑔𝑒

)
𝑁 2.

Now we prove a more general version of Lemma 35 which holds for the cardinality case.

Lemma 64. If 𝑎(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 ) ≤ 𝛾𝑁 2 for any 𝛾 ≤ 1, then

|𝑂𝑃𝑇𝐿&𝐶 | ≥ 3

4

|𝑂𝑃𝑇long ∩𝑂𝑃𝑇𝑇 | + |𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 |

+min

{
1,
1 −𝑂 (Y𝐿)

2𝛾

}
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |.

Proof. As in Lemma 35, we can pack
3

4
|𝑂𝑃𝑇long ∩𝑂𝑃𝑇𝑇 | + |𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 | many rectangles

in a boundary 𝐿-region plus two boxes on the other two sides of the knapsack and then a free

square region with side length (1 − 3Y)𝑁 can be used to pack items from 𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 . From
Lemma 63, any subset of rectangles of𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 with total area at most (1−𝑂 (Y𝐿))𝑁 2/2 can
be packed into that square region of length (1−3Y)𝑁 . Thus we sort rectangles from𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇
in the order of non-decreasing area and iteratively pick them until their total area reaches (1 −
𝑂 (Y𝐿) − Y𝑠𝑚𝑎𝑙𝑙 )𝑁 2/2. Using Steinberg’s theorem, there exists a packing of the selected rectangles. If

2𝛾 ≤ 1 −𝑂 (Y𝐿) − Y𝑠𝑚𝑎𝑙𝑙 then the profit of this packing is |𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |, and otherwise the total

profit is at least
1−𝑂 (Y𝐿)

2𝛾
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |. The packing coming from Steinberg’s theorem may not

be container-based, but we can then use resource augmentation as in Lemma 35 to obtain an L&C

packing. □

Now the following lemma will be useful when 𝑎(𝑂𝑃𝑇short) is large.

Lemma 65. If 𝑎(𝑂𝑃𝑇short) > 𝛾𝑁 2 for any 𝛾 ≥ 3

4
+ Y + Y𝑙𝑎𝑟𝑔𝑒 , then

|𝑂𝑃𝑇𝐿&𝐶 | ≥
3

4

|𝑂𝑃𝑇long | +
(3𝛾 − 1 −𝑂 (Y𝐿))

4𝛾
|𝑂𝑃𝑇short |.

Proof. Similarly to Lemma 22 in Section 5, we start from the optimal packing and move all

rectangles in 𝑂𝑃𝑇long to the boundary such that all of them are contained in a boundary ring. Note
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that unlike the case when we only pack 𝑂𝑃𝑇long ∩ 𝑂𝑃𝑇𝑇 in the boundary region, the boundary

ring formed by 𝑂𝑃𝑇long may have width or height ≫ Y𝑁 . Let us call the 4 stacks in the ring to be

subrings. Let us assume that left and right subrings have width 𝛼𝑙𝑒 𝑓 𝑡𝑁 and 𝛼𝑟𝑖𝑔ℎ𝑡𝑁 respectively

and bottom and top subrings have height 𝛽𝑏𝑜𝑡𝑡𝑜𝑚𝑁 and 𝛽𝑡𝑜𝑝𝑁 respectively. By possibly killing

one of the long rectangles, subrings can be arranged such that 𝛼𝑙𝑒 𝑓 𝑡 , 𝛼𝑟𝑖𝑔ℎ𝑡 , 𝛽𝑏𝑜𝑡𝑡𝑜𝑚, 𝛽𝑡𝑜𝑝 ≤ 1/2: If
no vertical rectangle intersects the vertical line 𝑥 = 𝑁

2
and no horizontal rectangle intersects the

horizontal line 𝑦 = 𝑁
2
this property holds directly. If one of the previous cases is not satisfied, by

deleting such rectangle we can ensure the desired property at a negligible loss of profit, and notice

that it is not possible that both cases happen at the same time since rectangles are long.

As 𝑎(𝑂𝑃𝑇short) > 𝛾𝑁 2
, then 𝑎(𝑂𝑃𝑇long) < (1 − 𝛾)𝑁 2

. Let us define 𝛼 = 𝛼𝑙𝑒 𝑓 𝑡 + 𝛼𝑟𝑖𝑔ℎ𝑡 and
𝛽 = 𝛽𝑏𝑜𝑡𝑡𝑜𝑚 + 𝛽𝑡𝑜𝑝 . Then (𝛼 + 𝛽)𝑁 · 𝑁

2
≤ 𝑎(𝑂𝑃𝑇long), which implies that

𝛼+𝛽
2

< 1 − 𝛾 . Hence, we
get the following two inequalities:

(𝛼 + 𝛽) ≤ 2(1 − 𝛾); (7)

𝑎(𝑂𝑃𝑇short) ≤ 𝑁 2 − 𝑎(𝑂𝑃𝑇𝑙𝑜𝑛𝑔) ≤
(
1 − (𝛼 + 𝛽)

2

)
𝑁 2. (8)

Now consider the case when we remove the top horizontal subring and construct a boundary

L-region as in Lemma 22. We will assume that rectangles in the 𝐿-region are pushed to the left and

bottom as much as possible. Then, the boundary 𝐿-region has width (𝛼𝑙𝑒 𝑓 𝑡 + 𝛼𝑟𝑖𝑔ℎ𝑡 )𝑁 and height

𝛽𝑏𝑜𝑡𝑡𝑜𝑚𝑁 . We will use Steinberg’s theorem to show the existence of a packing of rectangles from

𝑂𝑃𝑇short in a subregion of the remaining space with width 𝑁 − (𝛼𝑙𝑒 𝑓 𝑡 + 𝛼𝑟𝑖𝑔ℎ𝑡 + Y)𝑁 and height

𝑁 − (𝛽𝑏𝑜𝑡𝑡𝑜𝑚 + Y)𝑁 , and use the rest of the area for resource augmentation to get an L&C-packing.

Since 𝛾 ≥ 3

4
+ Y + Y𝑙𝑎𝑟𝑔𝑒 , we have from Inequality (7) that 𝛼 + 𝛽 + 2Y ≤ 2(1 − 𝛾) + 2Y ≤ 1/2 − 2Y𝑙𝑎𝑟𝑔𝑒 .

So 𝛼 + Y ≤ 1/2 − 2Y𝑙𝑎𝑟𝑔𝑒 and 𝛽 + Y ≤ 1/2 − 2Y𝑙𝑎𝑟𝑔𝑒 . Thus from Lemma 63, in the region with width

𝑁 − (𝛼𝑙𝑒 𝑓 𝑡 +𝛼𝑟𝑖𝑔ℎ𝑡 +Y)𝑁 and height 𝑁 (1− 𝛽𝑏𝑜𝑡𝑡𝑜𝑚 −Y) we can pack rectangles from𝑂𝑃𝑇short of total

area at most

(
1

2
− (𝛼𝑙𝑒 𝑓 𝑡+𝛼𝑟𝑖𝑔ℎ𝑡+𝛽𝑏𝑜𝑡𝑡𝑜𝑚)

2
−𝑂 (Y𝐿)

)
𝑁 2

. Hence, we can take the rectangles in𝑂𝑃𝑇short in the

order of nondecreasing area until their total area reaches

(
1

2
− (𝛼𝑙𝑒 𝑓 𝑡+𝛼𝑟𝑖𝑔ℎ𝑡+𝛽𝑏𝑜𝑡𝑡𝑜𝑚)

2
−𝑂 (Y𝐿)−Y𝑠𝑚𝑎𝑙𝑙

)
𝑁 2

and pack at least |𝑂𝑃𝑇short | ·
( 1
2
−

(𝛼𝑙𝑒𝑓 𝑡 +𝛼𝑟𝑖𝑔ℎ𝑡 +𝛽𝑏𝑜𝑡𝑡𝑜𝑚 )
2

−𝑂 (Y𝐿)−Y𝑠𝑚𝑎𝑙𝑙 )
(1− (𝛼+𝛽 )

2
)

using Steinberg’s theorem. If we

now consider all the four different cases corresponding to removal of the four different subrings

and take the average of profits obtained in each case, we pack at least

3

4

|𝑂𝑃𝑇long | + |𝑂𝑃𝑇short | ·
(
( 1
2
− 3

8
(𝛼𝑙𝑒 𝑓 𝑡 + 𝛼𝑟𝑖𝑔ℎ𝑡 + 𝛽𝑏𝑜𝑡𝑡𝑜𝑚 + 𝛽𝑡𝑜𝑝 ) −𝑂 (Y𝐿)

(1 − (𝛼+𝛽)
2

)

)
=

3

4

|𝑂𝑃𝑇long | + |𝑂𝑃𝑇short | ·
(
( 1
2
− 3

8
(𝛼 + 𝛽) −𝑂 (Y𝐿))

(1 − (𝛼+𝛽)
2

)

)
≥ 3

4

|𝑂𝑃𝑇long | + |𝑂𝑃𝑇short | ·
3𝛾 − 1 −𝑂 (Y𝐿)

4𝛾
,

where the last inequality follows from Inequality (7) and the fact that the expression is decreasing

as a function of (𝛼 + 𝛽).

□

Now we start with the proof of Theorem 62.

ACM Trans. Algor., Vol. 1, No. 1, Article 1. Publication date: January 2021.



Approximating Geometric Knapsack via L-packings 1:59

Fig. 18. Summary of the cases arising in the proof of Theorem 62.

Proof of Theorem 62. In the refined analysis, we will consider different solutions and show

that the best of them always achieves the claimed approximation guarantee. We will pack some

rectangles in a boundary 𝐿-region (either a subset of 𝑂𝑃𝑇long ∩𝑂𝑃𝑇𝑇 or a subset of only 𝑂𝑃𝑇long)

using the PTAS for 𝐿-packings described in Section 4, and in the remaining area of the knapsack

(outside of the boundary 𝐿-region), we will pack a subset of rectangles from 𝑂𝑃𝑇short.

Consider the ring as constructed in the beginning of the proof of Lemma 65. Then we re-

move the least profitable subring and repack the remaining rectangles from 𝑂𝑃𝑇long in a bound-

ary 𝐿-region. W.l.o.g. assume that the horizontal top subring was the least profitable subring.

The other cases are analogous. We will use the same notation as in Lemma 65, and also define

𝑤𝐿 = (𝛼𝑙𝑒 𝑓 𝑡 + 𝛼𝑟𝑖𝑔ℎ𝑡 ), ℎ𝐿 = 𝛽𝑏𝑜𝑡𝑡𝑜𝑚 . Now let us consider two cases (see Figure 18 for an overview of

the subcases of case 2).

• Case 1.𝑤𝐿 ≤ Y𝐿, ℎ𝐿 ≤ Y𝐿 .
In this case, following the proof of Lemma 64 (using 𝛾 = 1), we can pack

3

4
|𝑂𝑃𝑇long | + |𝑂𝑃𝑇short ∩

𝑂𝑃𝑇𝑇 | + 1−𝑂 (Y𝐿)
2

|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |. This along with Inequalities (4), (5) and (6) will give us a solution

with good enough approximation factor. Check Table 1 for details.

• Case 2.𝑤𝐿 > Y𝐿 or ℎ𝐿 > Y𝐿 .
Let 𝑉1−2Y𝐿 be the set of vertical rectangles having height strictly larger than (1 − 2Y𝐿)𝑁 , and Let us

define𝑤 (𝑉1−2Y𝐿 ) =
∑
𝑖∈𝑉1−2Y𝐿 𝑤 (𝑖). Similarly, let 𝐻1−2Y𝐿 be the set of horizontal rectangles of width

strictly larger than (1 − 2Y𝐿)𝑁 and ℎ(𝐻1−2Y𝐿 ) =
∑
𝑖∈𝐻1−2Y𝐿

ℎ(𝑖).
^ Case 2A.

(
𝑤𝐿 > Y𝐿 and ℎ𝐿 > Y𝐿

)
or

(
𝑤𝐿 > Y𝐿, ℎ𝐿 ≤ Y𝐿, and 𝑤 (𝑉1−2Y𝐿 ) ≤

(
1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁

)
or(

ℎ𝐿 > Y𝐿,𝑤𝐿 ≤ Y𝐿 , and ℎ(𝐻1−2Y𝐿 ) ≤
(
1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁

)
.

We will show that if any of the above three conditions is met, then we can pack
3(1−𝑂 (Y))

4
|𝑂𝑃𝑇long | +

|𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 | in a boundary 𝐿-region of width close to𝑤𝐿𝑁 and height close to ℎ𝐿𝑁 , and then

in the remaining area we will pack some rectangles from𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 using Steinberg’s theorem

and resource augmentation.

Packing a subset of rectangles from 𝑂𝑃𝑇long ∪ (𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 ) into the 𝐿-region.
If (𝑤𝐿 > Y𝐿 and ℎ𝐿 > Y𝐿), we partition the vertical part of the 𝐿-region into consecutive strips of

width Y𝑁 . Consider the strip that intersects the least number of vertical rectangles from 𝑂𝑃𝑇long
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(a) Packing of 𝐿-region using rectangles from𝑂𝑃𝑇
long

.
Striped strips are cheapest Y𝑁 -width and cheapest
Y𝑁 -height.

(b) Packing of rectangles in 𝑂𝑃𝑇
long

∪ (𝑂𝑃𝑇
short

∩
𝑂𝑃𝑇𝑇 ). Dark gray rectangles are from 𝑂𝑃𝑇

short
∩

𝑂𝑃𝑇𝑇 .

Fig. 19. The case for𝑤𝐿 > Y𝐿 and ℎ𝐿 > Y𝐿 .

(a) Packing of 𝐿-region using rectangles from𝑂𝑃𝑇
long

.
The highlighted strip corresponds to the cheapest Y𝑁 -
width strip.

(b) Packing of rectangles in 𝑂𝑃𝑇
long

∪ (𝑂𝑃𝑇
short

∩
𝑂𝑃𝑇𝑇 ). Dark gray rectangles are from 𝑂𝑃𝑇

short
∩

𝑂𝑃𝑇𝑇 .

Fig. 20. The case for𝑤𝐿 > Y𝐿 and ℎ𝐿 ≤ Y𝐿 .

among all strips, and we call it to be the cheapest Y𝑁 -width vertical strip (See Figure 19a). Clearly the
cheapest Y𝑁 -width vertical strip intersects at most a

Y+2Y𝑠𝑚𝑎𝑙𝑙

Y𝐿
≤ 3Y𝐿 fraction of the rectangles in the

vertical part of the 𝐿-region, so we can remove all such vertical rectangles intersected by that strip

at a small loss of profit. Similarly, we remove the horizontal rectangles intersected by the cheapest

Y𝑁 -height horizontal strip in the boundary 𝐿-region. We now pack the horizontal container for

𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 in the free region left by the removed horizontal strip, and the vertical container

for 𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 in the free region left by the removed vertical strip. Similarly to the proof of

Lemma 22 we can sort rectangles in the vertical (resp. horizontal) pile of the 𝐿-region according to

their height (resp. width), obtaining a feasible L&C-packing (see Figure 19b).

In the other case (𝑤𝐿 > Y𝐿, ℎ𝐿 ≤ Y𝐿 and𝑤 (𝑉1−2Y𝐿 ) ≤
(
1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁 ), we can again remove the

cheapest Y𝑁 -width vertical strip in the boundary 𝐿-region and pack the vertical container for
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𝑂𝑃𝑇short∩𝑂𝑃𝑇𝑇 there (see Figure 20a). Now we show how to pack horizontal items from𝑂𝑃𝑇short∩
𝑂𝑃𝑇𝑇 . In the packing of the boundary 𝐿-region, we can assume that the vertical rectangles are sorted

non-increasingly by height from left to right and pushed upwards until they touch the top boundary.

Then, since𝑤 (𝑉1−2Y𝐿 ) ≤
(
1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁 and ℎ𝐿 ≤ Y𝐿 , the region

[ (
1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁, 𝑁

]
× [Y𝐿𝑁, 2Y𝐿𝑁 ]

will be completely empty and thus we will have enough space to pack the horizontal container

for 𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 on top of the horizontal part of the 𝐿-region (see Figure 20b). This leads to a

packing in a boundary 𝐿-region of width at most𝑤𝐿𝑁 and height at most (ℎ𝐿 + Y𝐿)𝑁 with total

profit at least
3(1−𝑂 (Y))

4
|𝑂𝑃𝑇long | + |𝑂𝑃𝑇short ∩ 𝑂𝑃𝑇𝑇 |. The last case, when 𝑤𝐿 ≤ Y𝐿 , is analogous,

leading to a packing into a boundary 𝐿-region of width at most (𝑤𝐿 + Y𝐿)𝑁 and height at most ℎ𝐿𝑁

with at least the same profit. Thus,

|𝑂𝑃𝑇𝐿&𝐶 | ≥
3(1 −𝑂 (Y𝐿))

4

|𝑂𝑃𝑇long | + |𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 | (9)

Packing of a subset of rectangles from 𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 into the remaining region.
Note that after packing at least

3(1−𝑂 (Y))
4

|𝑂𝑃𝑇long | + |𝑂𝑃𝑇short ∩ 𝑂𝑃𝑇𝑇 | many rectangles in the

boundary 𝐿-region, the remaining rectangular region of width (1−𝑤𝐿 − Y𝐿)𝑁 and height (1−ℎ𝐿 −
Y𝐿)𝑁 is completely empty. Now we will show the existence of a packing of some rectangles from

𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 in the remaining space of the packing (even using some space from the 𝐿-boundary

region). Let (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 := ((𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 ) ∩ 𝐼ℎ𝑜𝑟 ) ∪ ((𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 ) ∩ 𝐼𝑠𝑚𝑎𝑙𝑙 ) and
(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 := (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 ) ∩ 𝐼𝑣𝑒𝑟 . Let us assume w.l.o.g. that vertical rectangles are

shifted as much as possible to the left and top of the knapsack and horizontal ones are pushed as

much as possible to the right and bottom. We divide the analysis in three subcases depending on

𝑎(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 ).
− Subcase (i). If 𝑎(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 ) ≤ 3

5
𝑁 2

, from Inequalities (4), (5), (6), (9) and Lemma 64, we get

a solution with good enough approximation factor. Check Table 1 for details.

− Subcase (ii). If 𝑎(𝑂𝑃𝑇short \ 𝑂𝑃𝑇𝑇 ) > ( 3
4
+ Y + Y𝑙𝑎𝑟𝑔𝑒 )𝑁 2

, from Inequalities (4), (5), (6), (9) and

Lemma 65, we get a solution with good enough approximation factor. Check Table 1 for details.

− Subcase (iii). Finally, if 3

5
𝑁 2 ≤ 𝑎(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 ) ≤ ( 3

4
+ Y + Y𝑙𝑎𝑟𝑔𝑒 )𝑁 2

, from Inequality (7) we

get 𝛼 + 𝛽 ≤ 2(1 − 3

5
) = 4

5
. Now we consider two subcases.

⊙ Subcase (iii a): 𝑤𝐿 ≤ 1

2
and ℎ𝐿 ≤ 1

2
. Note that in this case if 𝑤𝐿 ≥ 1

2
− 2Y𝑙𝑎𝑟𝑔𝑒 − 2Y𝐿 (resp.,

ℎ𝐿 ≥ 1

2
− 2Y𝑙𝑎𝑟𝑔𝑒 − 2Y𝐿), we can remove the cheapest 2(Y𝐿 + Y𝑙𝑎𝑟𝑔𝑒 )𝑁 -width vertical (resp., horizontal)

strip from the 𝐿-region by removing 𝑂 (Y𝐿) fraction of rectangles in 𝑂𝑃𝑇long. Otherwise we have

𝑤𝐿 < 1

2
− 2Y𝑙𝑎𝑟𝑔𝑒 − 2Y𝐿 and ℎ𝐿 < 1

2
− 2Y𝑙𝑎𝑟𝑔𝑒 − 2Y𝐿 . So there is a free rectangular region that

has both side lengths at least 𝑁 ( 1
2
+ 2Y𝑙𝑎𝑟𝑔𝑒 + Y𝐿); we will keep Y𝐿𝑁 width and Y𝐿𝑁 height for

resource augmentation and use the rest of the rectangular region (with both sides length at least(
1

2
+ 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁 ) for showing existence of a packing using Steinberg’s theorem.

Note that this free rectangular region has area at least 𝑁 2 (1 −𝑤𝐿 − 2Y𝐿) (1 − ℎ𝐿 − 2Y𝐿). Now
consider rectangles from (𝑂𝑃𝑇short \ 𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 (by sorting them non-decreasingly according to

their area and picking them iteratively) until their total area becomes at least𝑚𝑖𝑛{𝑎((𝑂𝑃𝑇short \
𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 ), 𝑁

2 (1−𝑤𝐿−2Y𝐿) (1−ℎ𝐿−2Y𝐿)
2

− Y𝑠𝑚𝑎𝑙𝑙𝑁 2}. Notice that in this case their total area is at most

𝑁 2 (1−𝑤𝐿−2Y𝐿) (1−ℎ𝐿−2Y𝐿)
2

as the area of any rectangle in (𝑂𝑃𝑇short\𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 is at most Y𝑠𝑚𝑎𝑙𝑙𝑁
2
. Hence,

from Steinberg’s theorem, we can pack these rectangles in the free rectangular region. Similarly,

we can pack there rectangles from (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 with total area at least min{𝑎((𝑂𝑃𝑇short \
𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 ), 𝑁

2 (1−𝑤𝐿−2Y𝐿) (1−ℎ𝐿−2Y𝐿)
2

− Y𝑠𝑚𝑎𝑙𝑙𝑁 2}.
Due to the fact that the rectangles are sorted non-decreasingly by area, the total profit of

these packings will be at leastmin{1,
(

(1−𝑤𝐿) (1−ℎ𝐿)
2𝑎 ( (𝑂𝑃𝑇

short
\𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 ) −𝑂 (Y𝐿)

)
𝑁 2}|(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 | and

ACM Trans. Algor., Vol. 1, No. 1, Article 1. Publication date: January 2021.



1:62 Gálvez et al.

min{1,
(

(1−𝑤𝐿) (1−ℎ𝐿)
2𝑎 ( (𝑂𝑃𝑇

short
\𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 ) −𝑂 (Y𝐿)

)
𝑁 2}|(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 | respectively. We claim that if we

keep the best of the two packings, then it is always possible to pack at least

(
7

48
−𝑂 (Y𝐿)

)
|𝑂𝑃𝑇short \

𝑂𝑃𝑇𝑇 | many rectangles. To show this we will analyze the four possible cases:

• If min{1,
(

(1−𝑤𝐿) (1−ℎ𝐿)
2𝑎 ( (𝑂𝑃𝑇

short
\𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 ) −𝑂 (Y𝐿)

)
𝑁 2} = min{1,

(
(1−𝑤𝐿) (1−ℎ𝐿)

2𝑎 ( (𝑂𝑃𝑇
short

\𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 ) −𝑂 (Y𝐿)
)
𝑁 2} =

1, then by an averaging argument the best among the two packings has profit at least

1

2
( | (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 | + |(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 |) = 1

2
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |.

• If

(
(1−𝑤𝐿) (1−ℎ𝐿)

2𝑎 ( (𝑂𝑃𝑇
short

\𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 ) −𝑂 (Y𝐿)
)
𝑁 2 < 1 and

(
(1−𝑤𝐿) (1−ℎ𝐿)

2𝑎 ( (𝑂𝑃𝑇
short

\𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 ) −𝑂 (Y𝐿)
)
𝑁 2 < 1, then by

an averaging argument we pack at least

𝑁 2

2

(
(1 −𝑤𝐿) (1 − ℎ𝐿)

2𝑎((𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 )
−𝑂 (Y𝐿)

)
| (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 |

+𝑁
2

2

(
(1 −𝑤𝐿) (1 − ℎ𝐿)

2𝑎((𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 )
−𝑂 (Y𝐿)

)
| (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 |

≥ 𝑁 2

2

(
(1 −𝑤𝐿) (1 − ℎ𝐿)

2𝑎(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )
−𝑂 (Y𝐿)

)
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |,

where the inequality follows from the fact that
𝑎
𝑏
+ 𝑐
𝑑

≥ (𝑎+𝑐)
(𝑏+𝑑) for 𝑎, 𝑏, 𝑐, 𝑑 ≥ 0. Since

𝑎(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 ) ≤ (𝑁 2 −𝑎(𝑂𝑃𝑇long)) ≤ (1− 𝛼
2
− 𝛽

2
)𝑁 2 ≤ (1− 𝑤𝐿

2
− ℎ𝐿

2
)𝑁 2

and𝑤𝐿 +ℎ𝐿 ≤
𝛼 + 𝛽 ≤ 4

5
, the amount of rectangles we are packing from 𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 is bounded below

by the minimum of

𝑓 (ℎ𝐿,𝑤𝐿) =
(
(1 −𝑤𝐿) (1 − ℎ𝐿)
(4 − 2𝑤𝐿 − 2ℎ𝐿)

−𝑂 (Y𝐿)
)
𝑁 2 |𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |

over the domain {𝑤𝐿 + ℎ𝐿 ≤ 4

5
, 0 ≤ 𝑤𝐿 ≤ 1

2
, 0 ≤ ℎ𝐿 ≤ 1

2
}. Since 𝜕𝑓 (ℎ𝐿,𝑤𝐿)

𝜕ℎ𝐿
=

−2(1−𝑤𝐿)2
(4−2𝑤𝐿−2ℎ𝐿)2 ≤ 0

and
𝜕𝑓 (ℎ𝐿,𝑤𝐿)

𝜕𝑤𝐿
=

−2(1−ℎ𝐿)2
(4−2𝑤𝐿−2ℎ𝐿)2 ≤ 0, the function is decreasingwith respect to both its arguments,

implying that the minimum value must be attained when ℎ𝐿 +𝑤𝐿 = 4

5
. This in turn implies

that the amount of rectangles from 𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 we are packing is bounded below by the

minimum of 𝑓 (ℎ𝐿, 4
5
− ℎ𝐿) over the interval [ 3

10
, 1
2
]. Since

𝑓 (ℎ𝐿,
4

5

− ℎ𝐿) =
(
5

12

(1 − ℎ𝐿) (
1

5

− ℎ𝐿) −𝑂 (Y𝐿)
)
𝑁 2 |𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |

describes a parabola centered at ℎ𝐿 = 2

5
, the minimum value on the aforementioned interval is

attained at both boundaries ℎ𝐿 = 3

10
and ℎ𝐿 = 1

2
with a value of

(
7

48
−𝑂 (Y𝐿)

)
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |.
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Fig. 21. Case 2A(iii)b in the proof of Theorem 62

• If min{1,
(

(1−𝑤𝐿) (1−ℎ𝐿)
2𝑎 ( (𝑂𝑃𝑇

short
\𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 ) −𝑂 (Y𝐿)

)
𝑁 2} = 1 and

(
(1−𝑤𝐿) (1−ℎ𝐿)

2𝑎 ( (𝑂𝑃𝑇
short

\𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 ) −𝑂 (Y𝐿)
)
𝑁 2 < 1

(the remaining case being analogous), then we are packing at least

𝑁 2

2

(
(1 −𝑤𝐿) (1 − ℎ𝐿)

2𝑎((𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 )
−𝑂 (Y𝐿)

)
| (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 |

+1
2

| (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 |

≥ 𝑁 2

2

(
(1 −𝑤𝐿) (1 − ℎ𝐿)

2𝑎((𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 )
−𝑂 (Y𝐿)

)
| (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 |

+𝑁
2

2

(
(1 −𝑤𝐿) (1 − ℎ𝐿)

2𝑎((𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 )
−𝑂 (Y𝐿

)
| (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 |

≥ 𝑁 2

2

(
(1 −𝑤𝐿) (1 − ℎ𝐿)

2𝑎(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )
−𝑂 (Y𝐿)

)
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |

≥
(
7

48

−𝑂 (Y𝐿)
)
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |,

where the last inequality comes from the analysis of the previous case.

From this we conclude that

|𝑂𝑃𝑇𝐿&𝐶 | ≥ 3(1 −𝑂 (Y𝐿))
4

|𝑂𝑃𝑇𝑙𝑜𝑛𝑔 | + |𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 |

+
(
7

48

−𝑂 (Y𝐿)
)
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |.

This together with Inequalities (4), (5), (6) and Lemma 64 gives us a solution with good enough

approximation factor. Check Table 1 for details.

⊙ Subcase (iii b): 𝑤𝐿 > 1

2
(thus from Inequality (7) we get that ℎ𝐿 ≤ 3

10
). Note that 𝑎(𝑂𝑃𝑇long) ≤

(1 − 3

5
)𝑁 2 = 2

5
𝑁 2

.

Let us define some parameters from the current packing to simplify the calculations. Let _𝑁 be the

height of the rectangle in the packing that intersects or touches the vertical line 𝑥 =
(
1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁

(if two rectangles touch such line, we choose the tallest one among them) and 𝛾𝑁 be the total
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width of vertical rectangles having height greater than (1 − ℎ𝐿)𝑁 . We define also the following

three regions in the knapsack: A, the rectangular region of width 𝑤𝐿𝑁 and height
1

2
𝑁 in the

top left corner of the knapsack; B, the rectangular region of width 𝑤𝐿𝑁 and height (_ − 1

2
)𝑁

below A and left-aligned with the knapsack; and C, the rectangular region of width 𝑁 and height

ℎ𝐿𝑁 touching the bottom boundary of the knapsack. Notice that A is fully occupied by vertical

rectangles, B is almost fully occupied by vertical rectangles except for the right region of width

𝑤𝐿𝑁 −
(
1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁 , and at least half of C is occupied by horizontal rectangles (some vertical

rectangles may overlap with this region). Our goal is to pack some rectangles from𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇
in the L-shaped region outside A ∪ B ∪ C. Let𝜓 ∈ [_, 1 − ℎ𝐿] be a parameter to be fixed later. We

will use, when possible, the following regions for packing items from 𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 : Region 1 on

the top right corner of the knapsack with width 𝑁 (1 −𝑤𝐿) and height𝜓𝑁 and Region 2 which is

the rectangular region [0, 𝑁 ] × [ℎ𝐿𝑁, (1 −𝜓 ) · 𝑁 ] (see Figure 21). Region 1 is completely free but

Region 2 may overlap with vertical rectangles.

We will now divide Region 2 into a constant number of boxes such that: they do not overlap

with vertical rectangles, the total area inside Region 2 which is neither overlapping with vertical

rectangles nor covered by boxes is at most𝑂 (Y𝐿)𝑁 2
and each box has width at least

(
1

2
+ 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁

and height at least Y𝑁 . That way we will be able to pack rectangles from (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 into
the box defined by Region 1 and rectangles from (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 into the boxes defined inside
Region 2 using almost completely its free space. In order to create the boxes inside Region 2 we

first create a monotone chain by doing the following: Let (𝑥1, 𝑦1) = (𝛾𝑁,ℎ𝐿). Starting from position

(𝑥1, 𝑦1), we draw an horizontal line of length Y𝐿𝑁 and then a vertical line from bottom to top until

it touches a vertical rectangle, reaching position (𝑥2, 𝑦2). From (𝑥2, 𝑦2) we start again the same

procedure and iterate until we reach the vertical line 𝑥 =
(
1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁 or the horizontal line

𝑦 = (1 −𝜓 )𝑁 . Notice that the area above the monotone chain and below 𝑦 = (1 −𝜓 )𝑁 that is not

occupied by vertical rectangles, is at most

∑
𝑖 Y𝐿𝑁 (𝑦𝑖+1 − 𝑦𝑖 ) ≤ Y𝐿𝑁 2

. The number of points (𝑥𝑖 , 𝑦𝑖 )
defined in the previous procedure is at most 1/Y𝐿 . By drawing an horizontal line starting from each

(𝑥𝑖 , 𝑦𝑖 ) up to (𝑁,𝑦𝑖 ), together with the drawn lines from the monotone chain and the right limit of

the knapsack, we define 𝑘 ≤ 1/Y𝐿 boxes. We discard the boxes having height less than Y𝑁 , whose

total area is at most
Y
Y𝐿
𝑁 2 = Y𝐿𝑁

2
, and have all the desired properties for the boxes.

Note that the area that is occupied for sure by rectangles in𝑂𝑃𝑇long in the regions A,B and C is

at least ( 1
2
𝑤𝐿 + (_ − 1

2
) ( 1

2
− 2Y𝑙𝑎𝑟𝑔𝑒 ) + 1

2
ℎ𝐿)𝑁 2

. Since the total area of rectangles from 𝑂𝑃𝑇long is at

most
2

5
𝑁 2

, the total area occupied by rectangles in 𝑂𝑃𝑇long in Region 2 is at most 𝑁 2 ( 2
5
− 1

2
𝑤𝐿 −

(_ − 1

2
) ( 1

2
− 2Y𝑙𝑎𝑟𝑔𝑒 ) − 1

2
ℎ𝐿) ≤ 𝑁 2 ( 13

20
− 𝑤𝐿

2
− _

2
− ℎ𝐿

2
+ Y𝑙𝑎𝑟𝑔𝑒 ). This implies that the total area of the

horizontal boxes is at least 𝑁 2 (1 −𝜓 − ℎ𝐿) − 𝑁 2 ( 13
20

− 𝑤𝐿

2
− _

2
− ℎ𝐿

2
) −𝑂 (Y𝐿)𝑁 2

and the area of the

vertical box is (1 −𝑤𝐿)𝜓𝑁 2
. Ignoring the 𝑂 (Y𝑙𝑎𝑟𝑔𝑒 )-term, these two areas become equal if we set

𝜓 =
7+10(𝑤𝐿+_−ℎ𝐿)

40−20𝑤𝐿
. It is not difficult to verify that in this case𝜓 ≤ 1 − ℎ𝐿 . If 7+10(𝑤𝐿+_−ℎ𝐿)

40−20𝑤𝐿
≥ _, then

we set𝜓 =
7+10(𝑤𝐿+_−ℎ𝐿)

40−20𝑤𝐿
. Otherwise we set𝜓 = _.

First, consider the case 𝜓 =
7+10(𝑤𝐿+_−ℎ𝐿)

40−20𝑤𝐿
. Since 𝜓 ≥ _, boxes inside Region 2 have width at

least

(
1

2
+ 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁 and height at least Y𝑁 ≫ Y𝑠𝑚𝑎𝑙𝑙𝑁 (recall that Y𝑠𝑚𝑎𝑙𝑙 differs by a large factor

from Y𝑙𝑎𝑟𝑔𝑒 ≤ Y), and the box in Region 1 has height at least

(
1

2
+ 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁 and width at least

1

5
𝑁 ≫ Y𝑠𝑚𝑎𝑙𝑙𝑁 . By using Steinberg’s theorem, we can always pack in these boxes at least

(
min

{
1,

1

2
(𝑁−𝑤𝐿𝑁 )𝜓𝑁

𝑎 ( (𝑂𝑃𝑇
short

\𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 ) − Y𝑠𝑚𝑎𝑙𝑙𝑁
2

})
| (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )ℎ𝑜𝑟 |

+
(
min

{
1,

1

2
(𝑁−𝑤𝐿𝑁 )𝜓𝑁

𝑎 ( (𝑂𝑃𝑇
short

\𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 ) − Y𝑠𝑚𝑎𝑙𝑙𝑁
2

})
| (𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )𝑣𝑒𝑟 |.
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(a) Packing into the 𝐿-region using rectangles from
𝑂𝑃𝑇

long
. Striped rectangles are removed from the so-

lution.

(b) Packing of rectangles in 𝑂𝑃𝑇
long

∪ (𝑂𝑃𝑇
short

∩
𝑂𝑃𝑇𝑇 ). Dark gray rectangles are from 𝑂𝑃𝑇

short
∩

𝑂𝑃𝑇𝑇 .

Fig. 22. The case 2B.

Note that from each box 𝐵′
of height ℎ(≥ Y𝑁 ), we can remove the cheapest Yℎ-horizontal strip

and use resource augmentation to get a container based packing with nearly the same profit as 𝐵′
.

Thus by performing a similar analysis to the one done in Subcase (iii a), and using the fact that

𝑎(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 ) ≤ 𝑁 2 − ( 𝛼
2
+ (_ − 1

2
) 1
2
+ 𝛽

2
)𝑁 2 ≤ 𝑁 2 −𝑁 2 ( 𝑤𝐿

2
+ (_ − 1

2
) 1
2
+ ℎ𝐿

2
), we can minimize

the whole expression over the domain {𝑤𝐿

2
+ (_ − 1

2
) 1
2
+ ℎ𝐿

2
≤ 2

5
, _ ≤ 𝜓, 1

2
≤ 𝑤𝐿 ≤ 4

5
, 1
2
≤ _ ≤ 1, 0 ≤

ℎ𝐿 ≤ 3

10
} and prove that this solution packs at least(

3−𝑂 (Y𝐿)
4

)
|𝑂𝑃𝑇long | + |𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 | (10)

+
(
5

36
−𝑂 (Y𝐿)

)
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |.

Thus, using the above inequality along with Inequalities (4), (5), (6) and Lemma 64, we get a solution

with good enough approximation factor. Check Table 1 for details.

Finally, if 𝜓 = _ >
7+10(𝑤𝐿+_−ℎ𝐿)

40−20𝑤𝐿
, the bound for the area of horizontal boxes will not be equal

to the area of the vertical box constructed to pack rectangles from 𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 . In this case

we change the width of the box inside Region 1 to be 𝑤 ′
𝐿
< 𝑁 (1 −𝑤𝐿) fixed in such a way that

the area of this box is equal to the bound we have for the area of the boxes in Region 2, i.e.,

𝑁 2 (1 − _ − ℎ𝐿) − ( 13
20

− 𝑤𝐿

2
− ℎ𝐿

2
− _

2
+𝑂 (Y𝐿))𝑁 2

. Performing the same analysis as before, it can be

shown that in this case we pack at least(
(1 − _ − ℎ𝐿)𝑁 2 − ( 13

20
− 𝑤𝐿

2
− ℎ𝐿

2
− _

2
)𝑁 2

2𝑎(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 )
−𝑂 (Y𝐿)𝑁 2

)
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |,

which is at least ( 1
6
− 𝑂 (Y𝐿)) |𝑂𝑃𝑇short \ 𝑂𝑃𝑇𝑇 | over the domain {𝑤𝐿

2
+ (_ − 1

2
) 1
2
+ ℎ𝐿

2
≤ 2

5
, 1
2
≤

𝑤𝐿 ≤ 4

5
,
7+10(𝑤𝐿+_−ℎ𝐿)

40−20𝑤𝐿
< _ ≤ 1, 0 ≤ ℎ𝐿 ≤ 3

10
} (and this solution leads to a better bound than

Inequality (10)).

^ Case 2B.
(
ℎ𝐿 ≤ Y𝐿 and𝑤𝐿𝑁 ≥ 𝑤 (𝑉1−2Y𝐿 ) >

(
1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁

)
or

(
𝑤𝐿 ≤ Y𝐿 and ℎ𝐿𝑁 ≥ ℎ(𝐻1−2Y𝐿 ) >(

1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁

)
.

ACM Trans. Algor., Vol. 1, No. 1, Article 1. Publication date: January 2021.



1:66 Gálvez et al.

In the first case, we have that 𝑎(𝑉1−2Y𝐿 ) >
(
1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
(1 − 2Y𝐿)𝑁 2

. The remaining rectangles in

𝑂𝑃𝑇long have area at least (𝑤𝐿− 1

2
+2Y𝑙𝑎𝑟𝑔𝑒 )𝑁 · 𝑁

2
. So, 𝑎(𝑂𝑃𝑇long) >

(
1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
(1−2Y𝐿)𝑁 2+ (𝑤𝐿−

1

2
)𝑁 · 𝑁

2
≥ ( 1

4
+𝑤𝐿

2
−Y𝐿−2Y𝑙𝑎𝑟𝑔𝑒 )𝑁 2

. Thus𝑎(𝑂𝑃𝑇short\𝑂𝑃𝑇𝑇 ) ≤ 𝑎(𝑂𝑃𝑇short) < ( 3
4
−𝑤𝐿

2
+Y𝐿+2Y𝑙𝑎𝑟𝑔𝑒 )𝑁 2

.

Consider the vertical rectangles in the boundary 𝐿-region sorted non-increasingly by width and

pick them iteratively until their total width crosses ( 𝑤𝐿

2
+ 3Y𝐿 + 2Y𝑙𝑎𝑟𝑔𝑒 )𝑁 . Remove these rectangles

and push the remaining vertical rectangles in the 𝐿-region to the left as much as possible. This

modified 𝐿-region will have profit at least ( 1
2
−𝑂 (Y𝐿)) |𝑂𝑃𝑇long |. Now we can put an Y𝑁 -strip for

the vertical items from 𝑂𝑃𝑇short ∩ 𝑂𝑃𝑇𝑇 next to the vertical part of the 𝐿-region. On the other

hand, the horizontal items of 𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 can be placed on top of the horizontal part of the

𝐿-region. The remaining space will be a free rectangular region of height at least (1 − 2Y𝐿)𝑁 and

width (1 − 𝑤𝐿

2
+ 2Y𝐿 + 2Y𝑙𝑎𝑟𝑔𝑒 )𝑁 . We will use a part of this rectangular region of height (1 − 3Y𝐿)𝑁

and width (1 − 𝑤𝐿

2
+ Y𝐿)𝑁 to pack rectangles from 𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 and the rest of the region for

resource augmentation. Since
𝑤𝐿

2
− Y𝐿 ≤ 1

2
− Y𝑙𝑎𝑟𝑔𝑒 , we can use Lemma 63 to pack short rectangles in

this region with profit at least

( (1−𝑤𝐿
2
)/2

3

4
−𝑤𝐿

2

−𝑂 (Y𝐿)
)
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 | ≥ ( 3

4
−𝑂 (Y𝐿)) |𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |

as the expression is increasing with respect to𝑤𝐿 and𝑤𝐿 > 1

2
− 2Y𝑙𝑎𝑟𝑔𝑒 . Thus, we get

|𝑂𝑃𝑇𝐿&𝐶 | ≥
(
1

2

−𝑂 (Y𝐿)
)
|𝑂𝑃𝑇long | + |𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 | (11)

+
(
3

4

−𝑂 (Y𝐿)
)
|𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |.

On the other hand, as 𝑎(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 ) ≤ ( 3
4
− 𝑤𝐿

2
+ Y𝐿 + 2Y𝑙𝑎𝑟𝑔𝑒 )𝑁 2

and𝑤𝐿 > 1

2
− 2Y𝑙𝑎𝑟𝑔𝑒 , we get

𝑎(𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 ) ≤ ( 1
2
+ 3Y𝑙𝑎𝑟𝑔𝑒 + Y𝐿)𝑁 2

and thus from Lemma 64 we get

|𝑂𝑃𝑇𝐿&𝐶 | ≥ 3

4

|𝑂𝑃𝑇long ∩𝑂𝑃𝑇𝑇 | + |𝑂𝑃𝑇short ∩𝑂𝑃𝑇𝑇 | (12)

+(1 −𝑂 (Y𝐿)) |𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |

≥ 3

4

|𝑂𝑃𝑇long ∩𝑂𝑃𝑇𝑇 | + (1 −𝑂 (Y𝐿)) |𝑂𝑃𝑇short |.

From Inequalities (3), (5), (6), (11) and (12) we get a solution with good enough approximation

factor. Check Table 1 for details.

Consider the last case when 𝑤𝐿 ≤ Y𝐿 and ℎ𝐿𝑁 ≥ ℎ(𝐻1−2Y𝐿 ) >
(
1

2
− 2Y𝑙𝑎𝑟𝑔𝑒

)
𝑁 . Note that as we

assumed the cheapest subring was the top subring, after removing it we might be left with only

|𝑂𝑃𝑇long ∩ 𝐼ℎ𝑜𝑟 |/2 profit in the horizontal part of the 𝐿-region. Thus, further removal of items from

the horizontal part might not give us a good solution. Thus we show an alternate good packing.

We restart with the ring packing and delete the cheapest vertical subring instead of the cheapest

subring (i.e., the top subring) and create a new boundary 𝐿-region. Here, consider the horizontal

rectangles in the boundary 𝐿-region in non-increasing order of height and take them until their

total height crosses ( 𝛽𝑏𝑜𝑡𝑡𝑜𝑚+𝛽𝑡𝑜𝑝
2

+ Y𝑠𝑚𝑎𝑙𝑙 + Y)𝑁 . Remove these rectangles and push the remaining

horizontal rectangles to the bottom as much as possible. Then, following similar arguments as

before, we will obtain the same bounds for the constructed solution.

D.1 Bounding the approximation factor
In each one of the cases listed before we are developing a set of different solutions in order to

achieve a good approximation factor. Let 𝑧 = |𝑂𝑃𝑇𝐿&𝐶 |/|𝑂𝑃𝑇 |, 𝑥1 = |𝑂𝑃𝑇long ∩ 𝑂𝑃𝑇𝑇 |/|𝑂𝑃𝑇 |,
𝑥2 = |𝑂𝑃𝑇long \𝑂𝑃𝑇𝑇 |/|𝑂𝑃𝑇 |, 𝑥3 = |𝑂𝑃𝑇short∩𝑂𝑃𝑇𝑇 |/|𝑂𝑃𝑇 | and 𝑥4 = |𝑂𝑃𝑇short \𝑂𝑃𝑇𝑇 |/|𝑂𝑃𝑇 |. The
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following list enumerates all the obtained inequalities in this section, and it is worth remarking

that not all of them hold simultaneously.

(1) 𝑧 ≥ 3

4
𝑥1 + 3

4
𝑥2 + 𝑥3 +

(
1

2
−𝑂 (Y𝐿)

)
𝑥4;

(2) 𝑧 ≥ 3

4
𝑥1 + 3

4
𝑥2;

(3) 𝑧 ≥
(
1

2
−𝑂 (Y𝐿)

)
(𝑥1 + 𝑥2) +

(
3

4
−𝑂 (Y𝐿)

)
(𝑥3 + 𝑥4);

(4) 𝑧 ≥ (1 −𝑂 (Y𝐿)) (𝑥2 + 𝑥4);
(5) 𝑧 ≥ (1 −𝑂 (Y𝐿))

(
1

2
𝑥1 + 𝑥2 + 1

2
𝑥4

)
;

(6) 𝑧 ≥
(
3

4
−𝑂 (Y𝐿)

)
(𝑥1 + 𝑥2) + 𝑥3;

(7) 𝑧 ≥ 3

4
𝑥1 + 𝑥3 +

(
5

6
−𝑂 (Y𝐿)

)
𝑥4;

(8) 𝑧 ≥ 3

4
(𝑥1 + 𝑥2) +

(
5

12
−𝑂 (Y𝐿)

)
(𝑥3 + 𝑥4);

(9) 𝑧 ≥ 3

4
𝑥1 + 𝑥3 +

(
2

3
−𝑂 (Y𝐿)

)
𝑥4;

(10) 𝑧 ≥ 3

4
(𝑥1 + 𝑥2) + 𝑥3 +

(
7

48
−𝑂 (Y𝐿)

)
𝑥4;

(11) 𝑧 ≥
(
3

4
−𝑂 (Y𝐿)

)
(𝑥1 + 𝑥2) + 𝑥3 +

(
5

36
−𝑂 (Y𝐿)

)
𝑥4;

(12) 𝑧 ≥
(
1

2
−𝑂 (Y𝐿)

)
(𝑥1 + 𝑥2) + 𝑥3 +

(
3

4
−𝑂 (Y𝐿)

)
𝑥4;

(13) 𝑧 ≥ 3

4
𝑥1 + (1 −𝑂 (Y𝐿)) (𝑥3 + 𝑥4).

For each case 𝑖 , let A𝑖 be the set of indexes of valid inequalities for case 𝑖 . Then we can write the

following linear program to compute the obtained approximation factor in that case:

min 𝑧

𝑠.𝑡 . Inequalities indexed by A𝑖
4∑︁
𝑖=1

𝑥𝑖 = 1

𝑧, 𝑥𝑖 ≥ 0 for 𝑖 = 1, 2, 3, 4.

Let 𝑐 𝑗,𝑘 be the coefficient accompanying 𝑥𝑘 in the constraint 𝑗 ∈ A𝑖 , 𝑘 = 1, 2, 3, 4. The dual of the

program for case 𝑖 has the form

max −𝑤
𝑠.𝑡 .

∑︁
𝑗 ∈A𝑖

𝑦 𝑗 ≤ 1∑︁
𝑗 ∈A𝑖

𝑐 𝑗,𝑘𝑦 𝑗 +𝑤 ≥ 0 for 𝑘 = 1, 2, 3, 4

𝑦 𝑗 ≥ 0 for 𝑗 ∈ A𝑖

𝑤 ∈ R
Any feasible solution for the dual program of case 𝑖 is a lower bound on the fraction of 𝑂𝑃𝑇

packed in that case. Table 1 summarizes the analysis described along this section for all the cases,

stating the valid inequalities and the approximation factor obtained in each one of them, together

with a dual feasible solution. It is not difficult to see that the worst case is 2A(iii)b, implying that

|𝑂𝑃𝑇𝐿&𝐶 | ≥ ( 325
558

−𝑂 (Y𝐿)) |𝑂𝑃𝑇 |. By applying the PTAS for L&C-packings (Theorem 13) we conclude

the proof of Theorem 62. □
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Case Valid inequalities Dual feasible solution

Fraction of OPT

packed (𝑤)
1 1, 3, 4, 5 𝑦1 =

1

2
, 𝑦3 =

1

2
, 𝑦4 = 0, 𝑦5 = 0

5

8
−𝑂 (Y𝐿)

2𝐴(𝑖) 3, 4, 5, 6, 7 𝑦3 =
17

54
, 𝑦4 = 0, 𝑦5 =

1

3
, 𝑦6 =

7

54
, 𝑦7 =

2

9

127

216
−𝑂 (Y𝐿)

2𝐴(𝑖𝑖) 3, 4, 5, 6, 8 𝑦3 =
4

7
, 𝑦4 = 0, 𝑦5 = 0, 𝑦6 = 0, 𝑦8 =

3

7

17

28
−𝑂 (Y𝐿)

2𝐴(𝑖𝑖𝑖)𝑎 3, 4, 5, 9, 10 𝑦3 =
124

369
, 𝑦4 = 0, 𝑦5 =

1

3
, 𝑦9 =

2

9
, 𝑦10 =

40

369

215

369
−𝑂 (Y𝐿)

2𝐴(𝑖𝑖𝑖)𝑏 3, 4, 5, 9, 11 𝑦3 =
94

279
, 𝑦4 = 0, 𝑦5 =

1

3
, 𝑦9 =

2

9
, 𝑦11 =

10

93

325

558
−𝑂 (Y𝐿)

2𝐵 2, 4, 5, 12, 13 𝑦2 =
8

41
, 𝑦4 = 0, 𝑦5 =

9

41
, 𝑦12 =

18

41
, 𝑦13 =

6

41

24

41
−𝑂 (Y𝐿)

Table 1. Summary of the case analysis in Theorem 62.
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