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ABSTRACT

In the classical NP-hard (metric) k-median problem, we are given
a set of n clients and centers with metric distances between them,
along with an integer parameter k > 1. The objective is to select
a subset of k open centers that minimizes the total distance from
each client to its closest open center.

In their seminal work, Jain, Mahdian, Markakis, Saberi, and Vazi-
rani presented the Greedy algorithm for facility location, which
implies a 2-approximation algorithm for k-median that opens k
centers in expectation. Since then, substantial research has aimed at
narrowing the gap between their algorithm and the best achievable
approximation by an algorithm guaranteed to open exactly k cen-
ters, as required in the k-median problem. During the last decade,
all improvements have been achieved by leveraging their algorithm
(or a small improvement thereof), followed by a second step called
bi-point rounding, which inherently adds an additional factor to
the approximation guarantee.

Our main result closes this gap: for any ¢ > 0, we present a
(2+ ¢)-approximation algorithm for the k-median problem, improv-
ing the previous best-known approximation factor of 2.613. Our
approach builds on a combination of two key algorithms. First, we
present a non-trivial modification of the Greedy algorithm that oper-
ates with only O(log n/¢?) adaptive phases. Through a novel walk-
between-solutions approach, this enables us to construct a (2 + ¢)-
approximation algorithm for k-median that consistently opens at
most k+O(log n/e?) centers: via known results, this already implies
a (2 + ¢)-approximation algorithm that runs in quasi-polynomial
time. Second, we develop a novel (2 + ¢)-approximation algorithm
tailored for stable instances, where removing any center from an
optimal solution increases the cost by at least an Q(¢3/log n) frac-
tion. Achieving this involves several ideas, including a sampling
approach inspired by the k-means++ algorithm and a reduction
to submodular optimization subject to a partition matroid. This
allows us to convert the previous result into a polynomial time
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1 INTRODUCTION

Given a collection D of n points, a clustering is a partition of the
points into (typically) disjoint subsets (the clusters) such that points
in the same cluster are similar and points in different clusters are
dissimilar. One of the classical and best-studied clustering problems
is k-median (see also Table 1). Here, in addition to the set D (points
are also called clients in this framework), we are given an integer
parameter k > 0 and a set F! (the facilities or centers), with metric
distances d(a, b) for a,b € D U F. Our goal is to select k centers
S C F (open centers) so as to minimize the sum of the distances
from each client to the closest open center. In other words, the goal
is to minimize the following objective function

cost(S) = ]ZD mind(i, j).

The k-clustering induced by S is obtained by considering, for each
¢ € S, the subset of points that have c as a closest center in S
(breaking ties arbitrarily). We use opt; to denote the optimal cost,
and simply use opt when k is clear from the context.

For most clustering variants, it is NP-hard to compute an optimal
clustering and metric k-median is no exception. For this reason a
lot of effort was devoted to the design of (polynomial-time) approx-
imation algorithms for this problem, i.e., algorithms that compute a
feasible solution S whose cost is provably within some factor & > 1
of opt (the approximation factor or approximation ratio/guarantee).

1Sometimes in the literature one assumes F = D or D C F. We consider the more
general case and make no such assumption.
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Most of the best-known approximation algorithms for k-median,
including the current-best one [21, 29], are based on the following
high-level approach (see Section 1.2 for alternative approaches in
the literature). One considers the associated facility location prob-
lem, where instead of k we are given a (uniform) facility opening
cost f. In this problem a feasible solution S can contain an arbitrary
number of centers/facilities (rather than k), however in the objec-
tive function, besides the connection cost cost(S), one has to pay
also the opening cost f|S|. Then one uses a Lagrangian Multiplier
Preserving (LMP) oy prp-approximation for the problem (formal def-
inition in Section 2) to construct a bi-point solution for k-median,
i.e., a convex combination of a solution S; (opening fewer than k
centers) and a solution Sz (opening more than k centers), that opens
exactly k centers in a fractional sense. In particular, sampling one
of the two solutions according to the respective coefficients would
give a solution of expected cost aypp - opt that opens k centers
in expectation. Finally, a bi-point rounding algorithm is used to de-
rive a feasible k-median solution, while losing another factor agpr
in the approximation. The product aryp - @ppr gives the overall
approximation factor. We remark that the state of the art leaves
a significant gap between the approximation factor for a solution
with k centers in expectation and a true k-median solution.

In more detail, for the LMP stage, [37] gave a 3-approximation al-
gorithm which was subsequently improved to 2 by [35, 36], and then
to 2 - for some > 2.25-1077 by [21]. [37] also presented a factor
2 algorithm for the bi-point rounding stage. [44] subsequently im-
proved this to a factor %5 ~ 1.366 when allowing to use k + O(1)
many centers?, and also gave a polynomial-time algorithm for ob-
taining a proper k-median clustering from a k + O(1) clustering
essentially without any loss in the approximation ratio. This ap-
proach was further refined by [11] who gave a 1.337-approximate
bi-point rounding algorithm and also showed that no LP-based

rounding algorithm can do better than 1+2\/§ . The state of the art for
rounding methods is due to [29] who gave a 1.306-approximation

algorithm, while showing that no algorithm can do better than

\/a ~ 1.272, where ¢ = HT\E is the golden ratio.

Unfortunately, there is an inherent limitation to this approach.
No approximation algorithm for the LMP stage can do better than
1+ 2/e [35, 36], and using the lower bound for bi-point round-
ing algorithms by [29], the best possible analysis cannot yield
an approximation factor better than (1 + 2/ e)\/g ~ 2.207. This
leaves a significant gap to the inapproximability lower bound of
(1+2/e) ~ 1.735 [35, 36], and even to the best-known approxi-
mation algorithm that opens k-centers in expectation [21], which
achieves an approximation guarantee of 2 — r for some small n > 0.

1.1 Our Results

Our main result is stated as follows. (As commonly done, we use
"with high probability" to mean that an event occurs with probabil-
ity at least 1 — 1/poly(n).)

THEOREM 1.1. For every ¢ > 0, there is a randomized polynomial-
time algorithm for k-median that returns a solution with cost at most
(2 + &) opt with high probability.

ZSolutions opening slightly more than k centers are sometimes called pseudo-solutions
in the literature.
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The algorithm in our main theorem combines two novel algo-
rithms. First, we address the limitations of the bi-point rounding
method by introducing a non-trivial variant of the classic Greedy
algorithm [35, 36]. The Greedy algorithm can be highly adaptive in
that tiny changes to the opening cost f may lead to vastly different
solutions S and S’, where |S| < k and |S’| > k, forcing previous bi-
point rounding approaches to incur a large additional factor in the
approximation guarantee. We resolve this high-adaptivity by pre-
senting a low-adaptivity version, which makes adaptive decisions
in only O(log(n)/e?) phases. This modification intuitively renders
the algorithm less adaptive than the original, where each choice
depends heavily on previous ones. We then introduce a novel walk-
between-solutions algorithm that enables us to return a solution
with at most k + O(log(n)/€?) centers, with no additional loss in
the approximation factor (up to 1 + €). Specifically, we achieve the
following result.

THEOREM 1.2. For everye € (0,1/6), there is a polynomial-time
algorithm for k-median that returns a solution containing at most
k + O(log n/e?) many centers and of cost at most (2 + £) opt.

Combining this result with the [44] reduction from k-median
pseudo-solutions to true k-median solutions already yields a (2 +
¢£)-approximation in quasi-polynomial time. In order to improve
this to a polynomial time algorithm, we use a completely different
algorithm. We say that an instance is f-stable if opt;_; > (1+ f) -
opty. Our result is as follows.

THEOREM 1.3. Foranye, { > 0, there exists a randomized polynomial-
time algorithm that, given a ({/log n)-stable k-median instance, re-
turns a solution of cost at most (2 + ¢)opt with high probability.

The algorithm for stable instances is inspired by a recent fixed-
parameter-tractable approach that essentially identifies, by enumer-
ation, small-radius balls guaranteed to contain the optimal centers
and then solves the problem by maximizing a submodular function
subject to a partition matroid constraint. However, there are two
major challenges: first, the running time of [24] is not polynomial
even when k = O(log n); and second, because k may be large (poten-
tially polynomial in n), we need to identify almost all clusters of the
optimal solution before proceeding with any guessing/enumeration
steps. We address these challenges through several novel ideas,
including a sampling approach based on the k-means++ algorithm.
An overview of the techniques is provided in Section 3.2.

Let us see why Theorems 1.2 and 1.3 combine to yield Theorem
1.1. We compute a few feasible solutions. Let A be the surplus
number of centers used in Theorem 1.2. One solution is obtained
by running the algorithm from Theorem 1.2 with the number of
centers being k’ = k — A. If opt,, < opty - (1 + ¢), this is a good
enough approximation. Then we run the algorithm from Theorem
1.3 for every k”” € (k’, k]. If the solution with k’ centers computed
before is not good enough, then there exists some k’ € (k’, k] such
that optg_; > (1+ f) - optpr with f € Q(e/A) = Q(e3/logn) and
optgr < (1+¢) - opty. In this case, Theorem 1.3 yields the desired
result for a proper choice of the parameters. Outputting the best of
all computed solutions yields Theorem 1.1.

For Euclidean spaces, the set of candidate centers is infinite.
By a standard reduction, we can find a polynomial-sized set F C
R? in polynomial time such that the cost of any constant factor
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l Reference ‘Approximation factor‘

Technique

(8] O(lognloglogn) tree embeddings
[12] O(logkloglogk) tree embeddings
[14] 6.667 dependent LP rounding
[37] 6 LMP + bi-point rounding
[35, 36] 4 LMP + bi-point rounding
[5] 3+¢ local search
[44] 2.733 LMP + bi-point rounding
[11] 2.675 LMP + bi-point rounding
[21, 29] 2.613 LMP + bi-point rounding
Theorem 1.1 2+¢ LMP interpolation + stable algorithm

Table 1: Progression of approximation factors for k-median. Dependencies on ¢ are omitted due to numerical overestimation,

except for [5] and the final result.

approximate solution is approximated by a set of centers obtained
from F, see for example Lemma 5.3 of [40]. Thus we also obtain
a (2 + ¢)-approximation in Euclidean spaces, improving on 2.406
[19].

Finally, let us remark that Theorem 1.1 essentially closes the gap
between the approximation guarantee of the best-known algorithm
that opens k centers in expectation [21] and algorithms that con-
sistently open at most k centers. However, a major open problem
remains: obtaining a tight approximation result for k-median, as it
is only known that it is hard to approximate the problem within a
factor less than (1+2/e) [36]. Building on this work, a natural next
step would be to resolve this question or to significantly improve
the approximation guarantee, even in the setting where k centers
are opened in expectation.

1.2 Related Work

We already reviewed the LMP-based approximation algorithms
earlier. But there are several other important results for k-median
and closely related problems which we cover here.

There also exist other approaches for designing approximation
algorithms for metric k-median, most notably local search [5, 23,
32, 38], combinatorial algorithms [46], metric embeddings (8, 9, 12],
or other LP-based rounding approaches [2, 15, 16]. There has also
been a lot of work for the related problems k-means and k-center,
which minimize the sum of squared distances and the maximum
distance, respectively. Specifically for k-center, [28, 34] gave a 2-
approximation which is optimal unless P # NP. k-means admits a
(9 + ¢)-approximation in general metrics [1]. In addition, both k-
median and k-means have been studied in d-dimensional Euclidean
spaces, where a PTAS is possible when either d or k are fixed [3, 20,
27, 40]. If neither d nor k are fixed, the approximation factors for
Euclidean k-median and k-means are also better than their general
metric counterparts [1, 30], with the best known approximation
ratio being 5.913 for k-means and, prior to our work, being 2.406
for k-median by [19]. Both in high dimensional Euclidean spaces
as well as general metrics, all of these aforementioned problems
are APX hard (7, 18, 25, 33, 36, 41].

LMP-based approaches are also very relevant for the related
facility location problem. Mahdian et al. [45] showed that an LMP

(1+ 2/e)-approximation yields a (ygx =~ 1.463)-approximation for
UFL, which matches the hardness result of Guha and Khuller [31]
where yg is the solution of y = 1+ 2e7Y. Nevertheless, most im-
provements do not rely on an LMP approach. Following a long
line of research [10, 13, 17, 35, 36, 39, 45, 48], Li presented an algo-
rithm with the currently best known approximation ratio of roughly
1.488 [42].

2 PRELIMINARIES

We are given a set of n clients D and set of m potential centers or fa-
cilities F. Given a set S C F, we use d(j,S) = min;es d(j, i), where
d is the underlying distance function. O(x) suppresses polylog(x)
factors, and O,(x) suppresses polynomial factors in . We use
[a]* = max(a, 0). We already defined the k-median problem. The
uncapacitated facility location problem (UFL) with uniform open-
ing costs is given a non-negative number f and asks to find a set
S € F minimizing

costyrr(S) = Z d(j,S)+f-|sl.

Jj€D

We refer to X ;ep d(J,S) as the connection cost and f - |S| as the
opening cost. Let x; ; denote in the indicator variable for serving
client j with facility i and let y; be the indicator variable for opening
facility i. Relaxing these to continuous variables in [0, 1], the LP
relaxation to k-median and UFL are given by the programs

min Z d(i, j)xi (LPpm)

ieF,jeD

st x>
ieF
Yyi—xij 20
Sk
ieF
xy=>0

VjeD

VjeD,ieF



STOC 25, June 23-27, 2025, Prague, Czechia

and
min Y dGx+f Yy (LPupL(f)
ieF,jeD ieF
S.t.in,jZl VjeD
ieF
yi—xij =0 VjieD,i€eF
xy=0

The constraint }};cp x; j > 1 ensures that every client is served by
some facility and the constraint y; — x; ; > 0 ensures that a client j
can only be served by facility i if i is open. Moreover, the dual for
the facility location LP relaxation is given by the equations:

max > @ (DPyFL(f))
jeb
s.t.Z[aj—d(i,j)]+ <f VieF
jeDb
a >0

The usual interpretation of the «; is that they are the budgets for
each client, accounting for both connecting the client to a facility, as
well as opening a facility. The opening contribution dual variables
Bi,j obtained from the y; — x; j > 0 constraints, as well as the dual
constraints aj—f; j < d(i, j) are removed here, as we can always set
Bij = laj—d(i, j)]*. Recall that opt = opt; is the cost of an optimal
k-median clustering. We use opt; p and opt; p(f) to denote the
cost of an optimal solution to LPy,, and LPyFr,(f), resp. Trivially
opt > opt; p. Since any feasible solution for LPy,, is also feasible
for LPy L (f), one has opt; p > opt; p(f) —kf. We will use the fact
that, by weak duality, any feasible solution to DPyrr (f) induces a
lower bound on opt; p(f). In particular, for any feasible solution «
to DPyFr(f), we have opt > opt; p(f) —kf = X jep @j —kf.

We say that an algorithm is a Lagrangian Multiplier Preserving
(LMP) a-approximation algorithm for UFL if it returns a solution S
with

cost(S) < a - (optyp(f) — fIS]).

Finally, we will make the assumption that the distances are inte-
gers in [1, n3/¢]. The justification is given by the following standard
reduction.

Lemma 2.1. For any constants e > 0 and a > 1, given a polynomial-
time a-approximation algorithm for k-median on instances with dis-
tances in {1,...,n3 e}, there exists a polynomial-time a(1+ O(e))-
approximation algorithm for k-median on general instances.

Proor. Consider any input instance (D U F,d) of k-median.
Assume that n := |D| is large enough w.r.t. @, otherwise the problem
can be solved by brute force in polynomial time. We guess M :=
maxjep d(j, OPT), where OPT is some optimal k-median solution,
by trying all the n - m possibilities. Next, for each (i, j) € F X
D, define d’(j,i) = d’(i,j) = max{1,[2EL 27} if d(i, j) < M.
Set all the remaining d’(a,b), a # b, to "?3 Finally, replace the
d’ (i, j)’s with the corresponding metric closure. We run the given
a-approximation algorithm on the k-median instance (D U F, d’),
hence obtaining a solution S. It is easy to check that S is a good
enough approximation for the input instance. O
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3 TECHNICAL OVERVIEW

In this section, we give an overview of our result. Section 3.1 intro-
duces ideas behind Theorem 1.2 that achieves a (2+¢)-approximation
while opening k + O(log n/e?) centers, and Section 3.2 discusses
Theorem 1.3 for stable instances. Due to space constraints, we are
not able to include full proofs in this extended abstract. For this,
we refer the reader to the arxiv version of our paper [22].

3.1 (2+¢)-Approximation with O,(logn) Extra
Centers

Let us motivate our high-level plan by revisiting the previous frame-
work. The previous best approximation algorithms [11, 21, 29, 43]
for k-median start by the following initialization step: starting from
two LMP approximate solutions for UFL S, S’ C F with the respec-
tive facility costs f, f” such that |S| < k,|S’| > k* and f possibly
much larger than f’, the algorithm uses binary search to obtain
two new solutions (S, f), (S’, f’) such that |S| < k,|S’| > k and
|f — f’| < 27" This step can be already viewed as a merging step
that takes two solutions whose number of facilities sandwich k and
makes them (specifically the facility cost) closer. Then, the natural
question is can we merge S and S’ into the (almost) same set of open
facilities so that both open (almost) exactly k facilities?

One naive implementation of this idea might be the following
(from now on, let us assume f = f”). Just like binary search, suppose
that we find an LMP approximate solution S”” which is strictly
between S and S’ in some formal sense. If |S”'| > k, we will let
S’ « S” and otherwise S « S”. Then the invariant |S| < k,
|S”| > k is maintained while the two solutions got strictly closer. So
we can continue this process until they become the same!

Of course, the main question is whether one can find such $”/
given S and S’. Just like S and S’, $” must be an outcome of the
LMP approximation algorithm, or at least close to such an outcome
in some formal sense. Since being a valid outcome of an algorithm
is a highly complex property, especially when the algorithm has
a large number of adaptive steps whose action depends on the
previous actions, this task remains challenging for a general LMP
approximation algorithm.

However, there is an example of success for Jain and Vazirani’s
primal-dual [37] algorithm, which gives a LMP 3-approximation.
At a high level, this algorithm consists of two phases, where the
first phase yields a set T of tentative open facilities, and the second
phase is allowed to choose an arbitrary S C T that forms a maximal
independent set in an auxiliary graph, so there is a freedom in
choosing the independent set. Ahmadian et al. [1] used this freedom
to give a walking procedure that finds a maximal independent set
in the auxiliary graph of cardinality exactly k, which led to an
improved approximation ratio for Euclidean k-means/k-median
and metric k-means.

However, the Greedy algorithm [35, 36] with dual-fitting analy-
sis, which guarantees a better 2-LMP approximation, is more adap-
tive; in fact, it can be a completely deterministic algorithm without
leaving any freedom. Therefore, in order to implement our idea,
it would be better to find a low-adaptive version of the Greedy
algorithm, where the algorithm runs in a small (O, (logn) in our

3Throughout this overview, we assume no solution opens exactly k centers, because
we are done if this happens.
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case) number of phases, and each phase presents some freedom of
choices for the algorithm.

The Greedy Algorithm. Let us recall the Greedy algorithm [35, 36].
The algorithm maintains the set A of active clients and the set S
of open facilities. Initially, all clients are active, i.e., A = D, and
no facilities are opened, i.e., S = 0. Additionally, the algorithm
maintains dual variables (a;) jep, initialized to 0.

While there is at least one active client, the algorithm uniformly
increases the a-values of the active clients until there is a facility i
whose "bids" are sufficient to open it (or an active client becomes
“close” to an already opened facility). The bids from a client j to
a facility i depend on whether j is active or not. If j € A, then a
portion of its budget «;, specifically d(i, j), is allocated to cover
the connection cost, and the remainder, a; — d(i, j), is used to bid
towards the facility’s opening cost f := 2f. For a client j ¢ A,
which is already connected to an open facility at a distance d(}, S),
the bid towards i is the difference in distance, i.e., d(j, S) — d(i, j)
(or 0 if i is farther). Finally, the algorithm marks any client j with
aj > d(j,S) as inactive, ensuring that at any point in time, active
clients j satisfy a; < d(j,5).

In order to prove that the algorithm yields an LMP 2-approximation,
let (oc;f )jep be the final & values and S* be the set of opened facili-
ties. The design of the algorithm guarantees that the a* values pay
for both the opening costs of the facilities in S* and the connection
costs of the clients, leading to }’ jep a;f =2jep d(j,S") +f. |S*|.

The more interesting part of the analysis is to show that «* /2 is
a dual feasible solution for the dual facility location LP with facility
cost f, namely ZjeD[a;f -2d(i, )]t < f for every facility i. The
dual feasibility follows from two key properties that, at any point
in time, (1) a¢j < d(}j, S) for every j € A and (2) for every i € F, no
facility is overbid:

Mla-d@nl*+ Y [dG.) -Gl <f.

JeA jeD\A

3.1.1  Logarithmic Adaptivity. As stated, the GREEDY ALGORITHM
is a highly adaptive algorithm; for instance, consider the case when
two facilities i and i’ both become paid for at the same time 6.
Whether we open i or i’ can dramatically change the bids to future
facilities and completely change the trace of the algorithm.

To reduce such high adaptivity, we limit the number of time
steps where such decisions are made. Specifically, our high-level
goal is to only consider the time steps of the form (1 + £2)°, (1 +
82)1, (1+ 52)2, .... Then, as the minimum nonzero distance is 1 and
the maximum distance is poly(n), the total number of time steps
that we need to consider is O(log n/e?), and this is what we refer
to as O(log n) adaptivity.

The main difficulty in implementing this idea is to ensure (1).
Consider the situation where all active clients have a value 6 =
(1 + £2). If their a values jump from 6 to (1 + £2)8, it is possible
that a previously underbid facility becomes strictly overbid.

We fix this issue in two steps. The first easy fix is to scale down
the metric by a factor of (1—8) where § = O(¢); that is, we consider
a facility i paid for if

D laj=(1=8)d(i, )I*+(1-6) Y [d(j,$)=d(,D)]* = f. (2)

JeA jeD\A
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At the cost of losing a factor 1/(1 — §) in the approximation guar-
antee, this has the following benefit. If i is not paid according to (2)
when all active clients have a; = 0, then even when a;’s are in-
creased to (1+¢2)0, for a client j with d(j, i) > €6, its contribution
[(1 + &%) — d(i, j)]* to (1) is at most its previous contribution
[(1+ %) = (1=68)d(i, j)]* to (2), which makes (1) unlikely to be
violated.

Then our second fix deals with active clients close to co-located
with i. We do so by allowing the clients j in the ball B(i, ¢0) to
increase their bids for i up to min((1+£2)6, (1-58)d(j, S)), so that if
i could not be opened even with increased bids from nearby clients,
then increasing active clients’ a values from 6 to (1 + £2)6 should
not make i overbid. These increased bids bring other considerations
(e.g., ensuring dual feasibility of other facilities), leading to the
following definition of openable facilities, which can be efficiently
checked by a linear program.

Definition 1. A facility i is openable if there are bids (1j)jea of
active clients that satisfy the following conditions.
e Forevery j € A\ B(i,¢0), 7 = aj.
e Forevery j € AN B(i,e0), tj € [aj, min{(1 - 6)d(},S), (1 +
20
£°)0}]
o Yjealtj—(1-8)d(i, NIT+(1-0) Xjerld(j, ) -d(i, H]* >
f.
o For every facility ip and k € A,
Ljealrj —dlio, NI* + Ejerlne — 2d(j.io) — d (k. io)]* < f.

Given this definition of openability, we present our modified
Greedy algorithm with O(log n) phases, LOGADAPTIVEALGORITHM,
which is restated here as Algorithm 1. Here a phase is defined to
be the run of the algorithm for a fixed value of § = 1, (1 +£2), (1 +
82)2, ..., which is broken down to two stages according to the
description of Algorithm 1. Note that at least in the beginning, stage
1 allows opening of any openable facility, providing the desired
freedom to walk between two solutions within the phase. While
stage 1 still presents some adaptivity as an opening of a facility
might impact the openability of another, it is sufficient for the
merging procedure described in Section 3.1.2.

For the analysis, we prove that LOGADAPTIVEALGORITHM yields
an LMP (2 + O(¢))-approximate solution for UFL. It is a nontrivial
extension of the dual-fitting analysis of the Greedy algorithm for
our definition of openability and design of the algorithm.

3.1.2  Merging Two Solutions. We describe our final algorithm
MERGESOLUTIONS that maintains two LMP approximate solutions
whose number of facilities sandwich k and gradually merges them
until one of them opens almost exactly k facilities.

Setup. Based on the discussion about LOGADAPTIVEALGORITHM,
we will describe a solution H as (Hj, . .., Hr ) with L = O(log n/?),
where H; is a valid execution of stage 1 of phase i (i.e., when 6 =
(1 +£%)I71), which is formally represented as a sequence of opened
facilities. H;’s validity also requires maximality, meaning that no
openable facility remains in the phase. In order to facilitate the
merging, given a phase, we extend the notion of a valid execution
to include the following actions.

e We allow opening a free facility, at most three times per
phase. A free facility i is based on a regular facility i € F, and
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Initialization: Setf =2f,5=0,A=D,0=1and a; = 0 for every j € A= D.

Repeat the following while A # 0:

(1) While there is an unopened facility i that is openable (chosen arbitrarily if there are many),
Calculate (7j)jea so that i is openable with bids (7j)jea. Open i (i.e., add it to S), let @; < 7; for every j € A (note that
only the values of the clients in A N B(i, ¢0) change), mark all clients j € A such that &; > (1 - 6)d(j,S) as served (i.e.,

remove them from A).
(2) Perform the following step and proceed to the next phase.

For every remaining j € A, let a; < min((1 + 26, (1 — 8)d(j,S)), remove it from A when aj = (1-6)d(j,S). Update

0= (1+¢%)6.

when it is created, we can choose the distance parameter
u(i) = d(i,i). All other distances d(i, x) are defined to be
u(i) +d(i, x).

e We slightly relax the notion of openability so that one can
open a facility i by paying f — nn instead of f for parameter
n = 27" (in the third bullet of Definition 1).

Call H = (Hy, ..., Hy) a solution of n-valid sequences if H; is a
valid execution (i.e., an n-valid sequence) of the ith phase in the
above relaxed notion given Hj, . .., Hj—1. We extend the analysis of
LoGADAPTIVEALGORITHM to show that such H in the above sense
still yields an LMP (2+O(e+nn))-approximation, if we do not count
the opening cost of the free facilities (while using the connections
they provide). Therefore, a solution of n-valid sequences that opens
exactly k regular facilities, and at most 3 free facilities per phase, is
a (2 + O(¢e + nn))-approximation to k-median that opens at most
O(L) = O(log n/€?) extra facilities.

Initially, by the standard binary search on the facility cost and
running LOGADAPTIVEALGORITHM, we start with two solutions
H = (Hy,...,Hr ) and H' = (H],. H]:) with facility costs f and
f’ such that |f — f’| < 5 and their number of opened facilities
sandwich k. (We will associate parameters (f, u) for H and (f’,u’)
for H’.) Throughout the algorithm, we will maintain the invariants
that (1) H and H’ open the same set of free facilities (so that u
and u’ are defined on the same set), (2) their number of opened
regular facilities sandwich k, and (3) (f,u) = (f’,u’) except for
one parameter f or u(i) for one free i, whose values in the two
solutions differ by at most 5. Call such a parameter the difference
parameter.

Foreachi=1,...,L, we will outline a procedure that, given that
the prefixes (Hy, ..., Hp-1) and (Hj,..., H;,;—l) are identical, mod-
ifies the suffixes (Hp,...,Hr) and (HJ, .. Hi) such that Hp, and
HI', become identical while satisfying the above invariants, unless
we already find a solution that opens exactly k regular facilities.
This will allow us to gradually merge the solution until one of them
opens exactly k regular facilities (and at most O(L) free facilities).

How to walk in each phase. Finally, we focus on phase p and
introduce ideas behind ensuring H, = HJ,. Our first step is to
change the difference parameter value of H’ to that of #; formally,
we let H”” = COMPLETESOLUTION 1.,y (H, ..., Hp), which is the
solution resulting from running LOGADAPTIVEALGORITHM from a
given partial solution (Hl’ .. H 1/7) with parameters (f, u) instead

of (f”,u’). Such a change of the difference parameter is the reason
for introducing the np slack for p-valid sequences; for instance, if
H; was the exact execution with parameters (f”, u’), we show that
it is still g-valid with respect to (f, u).

If H"" opens k regular facilities we are done. Also, if the number
of open regular facilities of H"” and H’ sandwich k, then we already
made progress as they now coincide on the pth phase while still
having one difference parameter. Therefore, we only need to han-
dle the case where H’’ and H’ sandwich k, where the difference
parameters already became identical but Hy and H), are different.
Let us rename H'"" to H’.

Now our goal is to gradually change HIIJ to Hp (i.e., walk from
H1,7 to Hp). Instead of describing the full procedure, we illustrate
the procedure on a particular example. Suppose that H, = (i),
H;’ = (ig, ..., i) Where one can open at most one between i; and
ijforany j € {2,...,6}; this constraint can be expressed as a star
graph with i1 as the center vertex and iy, . .., i are only connected
to i1, and a valid solution (i.e., y-valid sequence) here means a
maximal independent set. (Suppose that this is the only constraint
on openings, so Hy and H[’, can be thought of as sets instead of
sequences.)

In this example, Hy, and HI', are the only two maximal indepen-
dent sets, so it is impossible to smoothly walk from Hl', to Hp. Here
is where the notion of a free facility becomes useful because we can
assume that having a free facility helps maximality while not hurt-
ing independence. Then, from HI/J by (Step 1) adding a free copy of
iy called i with u(i;) = 0, (Step 2) removing iy, . . ., is one-by-one,
and (Step 3) converting i; to a regular i;, we obtain a sequence of
maximal independent sets where a consecutive pair of independent
sets differ by at most one facility. Figure 1 illustrates this process.

For each intermediate HI/” we consider its completion
(i.e., COMPLETESOLUTION £ ) (H/,..., HI’,)) and see how many reg-
ular facilities it opens. Since the completions from the initial HI’J
and Hp sandwich k, there must be a consecutive pair in the above
sequence of independent sets (say Hg and H;,’ ) that sandwich k,
and they differ by only one facility iq (say Hg contains iz while Hg
does not). For future execution of the algorithm, Hl‘f and Hib, are
the same as the solutions that have the free copy fq (instead of iq)
with the u(fq) value 0 (for HI‘,’) and co (or sufficiently large number,

for H;,’ ). Therefore, by performing binary search on the u(fq), just
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Figure 1: How we walk from H;t’7 to Hp. Dark grey color denotes a free facility and light grey color denotes regular open facilities.

like we do on the facility cost f, we yield two solutions that are
now identical up to phase p except the 5 difference on the only one
different parameter u(fq), which archives our goal of merging two
solutions at phase p!

In general, the fact that Hj, and H, 1’, are not just sets but sequences
of opened facilities requires more technical consideration. However,
the full procedure is still an extension of this idea, trying to increase
the length of the common prefix between Hy, and Hf’, by walking
from H}{’J to Hp by one coordinate at a time, until two consecutive
solutions are sandwiching k.

3.2 (2+¢)-Approximation for Og(ﬁ)-Stable
Instances

The other component of our algorithm is an improved approxima-
tion to k-median assuming that the instance has a weak version
of a structural property known as stability, initially formulated by
[47]. Recall that an instance is f-stable if opt,_; > (1 + f)opty.
For any f-stable instance, [6, 26] showed how to obtain a PTAS for
P —1,-0(1)
the problem in time nf™ ¢
whether one could obtain a PTAS with running time f(f, &)n
for any computable function f for general metrics (they show it is

possible for Euclidean metrics). We would indeed like to have an

and [6] left as an open question as
O:(1)

algorithm running in time 2P (5€) nO:(1) to solve our (¢/logn)-
stable instances.

Unfortunately, since any k-median instance is Q(1/k)-stable,
obtaining a PTAS with the above running time would violate Gap-
ETH [24]: The k-median problem cannot be approximated better
than 1+ 2/e in time f(k, £)n9 () assuming Gap-ETH.

The saving grace here is that we are not after a (1+¢)-approximation
algorithm but we can use any 2-approximation with the above run-
ning time. Since a connection between fS-stable and FPT algorithm
exists (as explained in the above discussion), it is tempting to make
the journey from FPT algorithms back to $-stable instances and
use the state-of-the-art approximation algorithm of [24] to solve -
stable instances. Unfortunately the algorithm presented in [24] runs
in time (log n)©/€) 0 and so importing the techniques directly
would result in a running time of the form (log n)O((ﬁ/g)fl) nf@
and not to a polynomial running time for our setting. We must
thus go beyond the state-of-the-art techniques for FPT and f-stable
k-median instances.

3.2.1 Local Optima and Stability. One particularly important tool
when dealing with stable solutions are properties of local optima.
A solution S is (1 + ¢)-locally optimal if cost(S’) - (1+¢) > cost(S)
for any solution S’ with |SAS’| < 2, i.e., that S and S’ differ by one
center. Local search enumerates over all swaps, terminating when

none with sufficient cost improvement can be found, upon which
we say that the found solution is locally optimal. The running time
for executing such a swap is polynomial. In the following, we will
ignore dependencies on the (1 + ¢) factor controlling the rate of
improvement.

We first introduce a bit of notation. Suppose we are given a locally
optimal solution S. We say that a cluster C* of the optimal solution
OPT is pure with respect to S, if there exists a cluster C” induced by
S such that both clusters agree on all but O(¢) - min(|C*|, |C’|) of
the points. We begin by examining structural properties for f-stable
solutions.

e For any given constant-factor approximation S, at most
O¢(B~1) many clusters are not pure.
e In any locally optimal solution S, we have

>odpsy < D)

peC*, C* pure pEeC*, C* pure

d(p, OPT) + O(¢) - opt,

that is the cost of the clients in pure clusters is well approxi-
mated.

The first property relies on the fact that for every non-pure cluster,
S must merge at least two clusters of the optimum. If S is a constant-
factor approximation, this cannot happen more than O, (~!) many
times before the approximation guarantee no longer holds. The
second property is implied by the local optimality of S. Specifically,
swapping out the center ¢’ € S serving C’ for the center ¢* of
the pure cluster C* cannot change the cost by much as these two
clusters agree on most of their points.

In a nutshell, a locally optimal solution S approximates all but
0¢(B~1) many clusters of the optimal solution very well. In what fol-
lows, we will describe how we may extend S to a (2+¢)-approximation
overall.

3.2.2 Identifying the Non-Pure Clusters. To find a good approxi-
mation for the non-pure clusters, we would like to identify these
clusters. With the discussion of the last section, we may assume that
we have a locally optimal solution S for which all but O.(f71) =
O, (log n) many clusters are well approximated. Immediate ideas,
such as determining the badly approximated clusters by brute force,
will not improve over the quasi-polynomial running time. Instead,
we look towards fixed parameter tractable (FPT) approaches, pa-
rameterized by the number of centers. In fact, we would like an FPT
approximation algorithm parameterized by the number of non-pure
clusters. Starting point is an FPT algorithm based on submodular
maximization, initially due to [24], which we first review. However,
recall that the running time of this algorithm is (log k)Oke™) and
so will not be enough for our purpose. We thus introduce new ideas
to speed things up.
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Review of the FPT approximation algorithm of [24]. Suppose c¢* is
a center of cluster C* in an optimal solution OPT. [24] introduce the
notion of a leader client £ € C* which minimizes the distance to c¢*.
Using coresets to first reduce the number of clients to O(k logn/e?),
the leaders of all clusters, as well as the distances d(?, ¢*) can be
identified in FPT-time, i.e. in time (log n)o(kg_l) -n9W A solution
S obtained by simply selecting an arbitrary facility within distance
d(¢,c*) from ¢ yields a 3-approximation. [24] improve upon this by
showing that for any two candidate sets of centers " and A

cost(D, A) — cost(D,AUS")

is a monotone submodular function.

The first part which consists in guessing the leaders is the com-
putational bottleneck since optimizing a monotone submodular
function can be done in polynomial time.

We next describe how we deal with the clusters that are not well
approximated. Recall that we first compute a locally optimal solu-
tion S. By the properties of local optima, S is already a sufficiently
good solution for the pure clusters. For the remaining O, (log n)
non-pure clusters, we only have coarser approximation bounds.

Leader Identification in Polynomial Time via D?>-Sampling. Our
next high-level goal is to find leaders of the non-pure clusters
and guess their (approximate) distances to the respective optimum
centers in time 2877 O for J-stable instances.

[24] identify leaders in time (kh])cg ") by sparsifying the instance
via coresets and then determining the distance of leaders to the
optimal solution in time (log n)¥. Our overall approach significantly
speeds up these two steps by way of distance sampling similar to
k-means++ [4].

To identify the leaders faster, we lift the stringent requirement
that the leader of cluster C* is the client closest to the center ¢* in
the optimal solution. Instead, we consider any client among the
€ - |C*| closest points to ¢* as a valid leader with avgc gpr being
the maximum distance of any leader of C* to ¢*. We later show that
this only induces a minor cost increase in the total approximation
bound.

The second relaxation is that we only aim to target clusters that
are sufficiently expensive in our locally stable solution S. More
precisely, a non-pure cluster C* with center ¢* is basic cheap if the

total cost of its leaders in S is at most £9(1) - B -opt= fi - opt or
gn

d(c*,S) < (1+e)avge- opr + ﬁ Ypect(d(p,c*) +d(p,S)). Then

we can show that S is already an almost 2-approximation for these

clusters modulo some additive slacks, namely

Z d(p,S) <2 Z

peC*, C* basic cheap peC*, C* basic cheap

d(p, OPT)+O(¢-opt).

. It follows from triangle inequality d(p, S) < d(p,c*) +d(c*,S) for
any p; if C* is basic cheap via the second condition above, it gives a
direct upper bound on d(c*, S), and if it is basic cheap via the first
condition, we use the fact that the number of basic cheap clusters
(which is less than the number of non-pure) is % so the sum of
their costs in S is O(e - opt). This essentially allows us to focus only
on non-pure and non-basic-cheap clusters.

We use these two relaxations as follows. Let W be a sample of

clients picked independently and proportionately to C‘i(i(?) . With
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probability ©CWy log n, we are picking a point from a non-pure,
non-basic cheap cluster and moreover, conditioned on picking a
point from a non-pure, non-basic cheap cluster, with probability at
least €21 the picked point will be a leader. Thus, when picking
O, (log n) samples, we have picked a leader from all but a small
fraction of non-pure, non-basic cheap clusters. Thereafter, we can
show that with good probability the contribution of the unpicked
clusters to the total cost in S is very small. Since we have sampled
O¢(logn) clients, we can enumerate all the subsets in polynomial
time and focus on a subset that contains all the leaders of the non-
basic cheap, non-pure clusters.

Using a constant number of potential guesses per leader, we then
show how to get a sufficiently good approximation of the distance
p from each leader to its closest optimum center. Specifically, the
cost of the leader in solution S is a rough approximation, so we can
interpolate around it.

Existence of a Good Solution. We now use W from last section to
identify a modified solution from S that is (2 + O(¢))-approximate.
Let OPT denote the set of centers of non-pure, non-basic cheap clus-
ters that have a leader in W. The cost of all the other clusters, i.e., the
non-pure, non-basic cheap clusters that do not have a leader in W is
nearly optimal. We thus wish to add to S the optimal centers of OoPT
and remove an equally sized set Sp C S. An important constraint
on Sy is that it contains no center c¢ such that ¢ = argmin d(c*,¢’)

c'esS

for any center ¢* € OPT — OPT. Intuitively, we do not wish to
remove any centers that are serving the majority of points from a
pure cluster, or centers that are used to serve basic cheap clusters.
We show that such an Sy exists such that Mg := S — Sy U OPT is
a (2 + ¢)-approximation: If a cluster of OPT is pure, basic cheap,
or does have a leader in W, there is one center in S serving their
clients up to a 2 + ¢ factor; for the remaining, we would have their
optimum center (in OPT).

So our goal from now on is to approximate the solution Mo,
where |Sy| = OPT = O¢(logn), and this final goal has two key
components: (1) removing some existing centers from S and (2)
adding the centers from OPT. The issue is that stated as such this
seems as hard as solving the k-median problem. We first address
(1), and we will address (2) by making use of the leaders we have
correctly guessed for the centers in OPT at the previous steps.

Center Removal. Let us first try to address (1). Remember we
start with solution S, and the leader and radii guesses from the
previous steps. The key issue with (1) is that the clients in some of
the clusters we would like to remove (i.e., served by Sp in solution S)
are actually served by a center in OPT, but we do not know which
are these centers yet! We will thus make use of some approximate
loose bound on their cost in solution S — Sy U OPT by introducing
dummy centers A. For each leader ¢ and guessed distance/radii
p, we will introduce a dummy center at distance p from ¢ and at
distance d(p, ) + p from any other vertex p.

If we promise to open a center in the ball of radii p around ¢ -
which solution § — Sy U OPT does - then we will guarantee that
there will be a center not further away than the dummy centers
in the final solution. We now work with this solution S U A which
provides a worst-case fall back on where the centers in OPT could
be. We can show that Mp := SUA - S is a 3-approximate solution.
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Equipped with this we proceed to our 3-step center removal.
We know that we have at most |Sy| = O,(logn) centers we need
to remove. Our first procedure aims at removing the centers of
clusters of high cost in Sy. Start with solution S U A. For O, (log n)
times, we sample a center ¢ € S proportionally to the cost of its
cluster in solution S U A, remove ¢ from S with probability 1/2, and
repeat on the resulting solution. Let Q be the centers removed from
S. Then with probability at least 2~O=(1°87) the procedure succeeds
by either obtaining Q = Sy or ensuring that the total cost of the
clusters of Sp — Q in the solution is at most O(e - opt). This indeed
follows from the fact that, if we only removed centers Q < Sy
up to a certain step, the solution is never more than a (3 + O(¢))-
approximation (since SUA — Sy is a (3 + O(¢))-approximation) and
so the probability of sampling a new center of Sp — Q is Q(¢), unless
the total cost of the clusters of Sy — Q is small. Therefore, repeating
the process n9% (1) times, we have that one of the runs succeeds
with high probability.

Thus, after this step, we have removed a set Q of centers of Sy
and the total cost of the clusters of So—@Q is O(¢-opt). Following this
procedure, we only have to remove inexpensive clusters. While here
it is not possible to identify the correct ones, making a mistake is not
too costly. For any ¢ € Sy —@Q, we can now think of its whole cluster
as being assigned entirely to a unique center in S — Sy U OPT since
by triangle inequality this would only increase its cost by O(¢ - opt)
in total. We can thus think of the remaining centers Sp — Q as either
being assigned to OPT (we call this set R), or to a center in S—Sg (we
call this set U). Suppose we know how many centers fall into these
two types, a figure we determine by trying all possibilities. The
next step would be ideally to remove U. We instead remove a proxy
U of U, |‘l7| = |U|. A natural starting point to find a center for
reassignment is to do so by greedily removing the center ¢ for which
the reassignment cost is minimized. However, we must be careful.
First, the reassignment costs are dynamic, that is when removing a
center, it affects reassignment costs of subsequently removed ones.
Second, if a center ¢ was used to bound the reassigment cost of
an deleted center, we cannot delete it later in order to prevent the
error from adding up. We design a procedure that produces a u
satisfying all these constraints. We remark that UNR =0, hence
removing R is still a valid option in the later stages.

Thus, for the purpose of analysis (the algorithm does not know
R), we obtain the solutions M}, = S - (Q U Uu R) U A and

M, =5-(Q UrljU‘R) UOPT. Moreover, the costs satisfy cost(M())+
cost(M’D) < (4 + ¢)OPT, which is the same as summed up costs of
Mo and Mp.

Improvement via Submodular Maximization. We can now use
submodular maximization techniques (specifically algorithms to
maximize a submodular function over a partition matroid con-
straint) in a similar but more general setting as in the work of [24].
In more detail, we wish to find the best |OPT| centers X to open
(instead of the dummy centers A), one at the prescribed distance
from each leader, to improve the cost of M/, as much as possible.
This is almost identical to the work of [24] except that we also need
to close |R| other centers RinS-Q-U. Ideally, we would like
to open OPT and close R. We show that selecting a good enough

pair (X, R) can be reduced to a submodular maximization problem

STOC 25, June 23-27, 2025, Prague, Czechia

under a partition matroid constraint. In particular, we carefully
define our submodular function so that its value, for a given subset
X of centers, is calculated by optimally selecting the set R to close
(for the choice X). Then we can use state-of-the-art algorithms to
optimize this and simultaneously approximate the centers OPT to
open and the set R to close.
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