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Abstract

We present a polynomial-time (4 + €)-approximation algorithm for
(high-dimensional) Euclidean k-Means. This substantially improves
on the current-best 5.83-approximation in [Charikar, Cohen-Addad,
Gao, Grandoni, Lee, Van Wijland - FOCS’25] (that also works for
the metric case).

The mentioned algorithm by Charikar et al. critically exploits
a greedy Lagrangian Multiplier Preserving (LMP) approximation
for Facility Location with squared metric distances, that adapts
the classical greedy algorithm with dual-fitting analysis for Metric
Facility Location in [Jain, Mahdian, Markakis, Saberi, Vazirani -
J.ACM’03]. The authors then turn it into an approximation algo-
rithm for (Metric) k-Means, at the cost on an extra factor 1 + €, by
exploiting the framework introduced in [Cohen-Addad, Grandoni,
Lee, Schwiegelshohn, Svensson - STOC’25] for k-Median.

Our main contribution is a greedy LMP 4-approximation for Fa-
cility Location with squared Euclidean distances. Differently from
Charikar et al., our algorithm sometimes decreases the dual vari-
ables, a quite uncommon feature for dual-based algorithms. This is
critical in our dual-fitting analysis in order to exploit the specific
properties of Euclidean metrics. For the (4 + €)-approximation for
k-Means, we extend the framework by Cohen-Addad et al. by over-
coming substantial technical challenges posed by decreased dual
values.
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1 Introduction

Euclidean k-Means is arguably the most well-studied clustering
problem in Euclidean spaces. Given a set D C R’ and k € N, the
goal is to find k centers S = {sy, ..., sz} € R’ to minimize

2, d°G.8) = ), mind?(j.0),
jeD jeD €

where d?(x,y) 1= |x— y||% denotes the squared Euclidean distance.
It has been studied at least as early as the 1950s [31, 32, 36] with
wide applications to signal/image processing, data mining, statistics,
and machine learning.

The best-known approximation factor is a 5.83-approximation by
Charikar, Cohen-Addad, Gao, Grandoni, Lee, and Van Wijland [6].
This improves on a sequence of increasingly better approximations
for the problem: a (9 + €)-approximation by Kanungo, Mount, Ne-
tanyahu, Piatko, Silverman, and Wu [25], a 6.36-approximation by
Ahmadian, Norouzi-Fard, Svensson, and Ward [1], a 6.13-approxim-
ation by Grandoni, Ostrovsky, Rabani, Schulman, and Venkat [19],
and a 5.92-approximation by Cohen-Addad, Esfandiari, Mirrokni,
and Narayanan [10].

However, there is still a wide gap between algorithms and hard-
ness results. Even the NP-hardness of the exact optimization was
proved less than 20 years ago [15]. And after a series of papers [3,
14, 27], the best hardness of approximation factor is 1.06 assuming
P # NP and 1.36 assuming the Johnson Coverage Hypothesis [14].

Euclidean k-Means can be further generalized to Metric k-Means,
where a general metric space (D u F,d) is explicitly given and
the goal is to find k centers S = {s;,...,8} € F to minimize
YjeD d?(j, S). Given an instance D C R! and k for the Euclidean
version, known reductions [16, 17, 34] allow one to focus on a set of
candidate centers F of size n%(1) while introducing a factor 1 + €
in the approximation for any constant € > 0. Therefore, one can
(essentially) see Metric k-Means as a generalization of Euclidean
k-Means. The aforementioned 5.83-approximation for the Euclidean
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version [6] indeed holds for the general metric version, while the
hardness of approximation factor is much larger for the general
metric case compared to the Euclidean case, namely 1+ 8/e = 3.94
[23].

Our main result is a (4 +€)-approximation for Euclidean k-Means
for any constant € > 0, which significantly improves the 5.83-
approximation in [6] and gets close to the 3.94-hardness for general
metrics.

THEOREM 1. For any sufficiently small constant € > 0, there is a
randomized polynomial-time (4 + €)-approximation for Euclidean
k-Means.

1.1 Related Work

k-Means, k-Median, and k-Center are three of the most well-studied
clustering problems in a metric space where the target number of
clusters k is fixed. Given a metric space (D u &, d), in k-Center, the
goal is to choose a set S € F of k centers in order to minimize
max;jep d(j, S). k-Center admits a simple greedy 3-approximation’.

k-Median is defined like k-Means, except that the goal is to mini-
mize the sum of the distances rather than squared distances, i.e., the
objective functionis }};cp d(j, S). k-Median is very close to k-Means
in terms of results and techniques. k-Median is hard to approxi-
mate below a factor 1 + 2/e [23]. For general metric distances, the
first constant approximation was achieved by Charikar, Guha, Tar-
dos and Shmoys [8]. After a very long sequence of improvements
[2, 5, 12, 18, 22, 24, 30], the current-best (2 + €)-approximation
for this problem was very recently achieved by Cohen-Addad,
Grandoni, Lee, Schwiegelshohn, and Svensson [13]. This is also
the best result for the Euclidean case, improving on an earlier 2.406-
approximation [10].

Another closely related problem is Uncapacitated Facility Lo-
cation, where given a metric space (D u &, d) and facility open-
ing costs f : F — R, the goal is to open a subset of facilities
S C & (without cardinality restriction) to minimize Y, f(s) +
> jeD d(j, S). For general metrics, the best-known approximation
factor is 1.488 [29], which is a culmination of another long line
of work [4, 7, 9, 20, 22, 24, 33, 35]. This is very close to the best-
known lower bound [20] 1.463. A slightly better approximation
is known for the Euclidean version [28]. The greedy algorithm by
Jain, Mahdian, Markakis, Saberi, and Vazirani [22] gives an LMP
2-approximation for this problem. The LMP approximation factor
was recently improved slightly below 2 by Cohen-Addad, Grandoni,
Lee and Schwiegelshohn [12].

Euclidean k-Means with a small value of k or a small dimension ¢
has been actively studied as well. When both k and t are constants,
the problem can be solved exactly in polynomial time [21]. Further-
more, there are (1 + €)-approximation algorithms that run in time

f(e, k)poly(n) [17, 26] and f(e,t)poly(n) [11].

2 Overview of our Approach

At a very high level, our approach follows the general two-step
framework that yielded a recent (2 + €)-approximation for Metric
k-Median [13] and a 5.83-approximation for Metric k-Means [6].
The framework is a combination of two different algorithms. The

!For the special case D = &, there is a 2 approximation which is also tight.
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first one is a bicriteria approximation algorithm with the desired
approximation factor, which opens O(log n/€®) more centers than
the k allowed ones. Let opt denote the optimal solution cost for the
considered instance.

THEOREM 2. For any sufficiently small constant € > 0, there is
a polynomial-time algorithm for Euclidean k-Means that returns a
solution containing at most k + O(logn/e>) centers and of cost at
most (4 + O(y/€))opt.

The second algorithm is a (4 + O(y/€))-approximation algorithm
that only works for instances which are stable in the following sense.
We say that an instance of k-Means is f-stable if opt,_; > (14 f)opt,
where opty, is the optimal cost for the same instance but with
the target number of centers being k’. This algorithm works for
the more general metric case, however under the assumption that
DC#.

THEOREM 3. For any constants €, > 0, there exists a randomized
polynomial-time algorithm that, given a ({/ logn)-stable Metric k-
Means instance with D C F, returns a solution of cost at most (4 +
O(\J€))opt with high probability.

It is relatively easy to derive Theorem 1 from the above two
theorems.

Proor oF THEOREM 1. We compute a set of feasible solutions,
and return the cheapest one. Let A be the maximum extra number
of centers computed by the algorithm from Theorem 2 (this number
is independent from k). Let k¥’ = max{1,k — A}. One solution is
obtained by computing the optimum solution with one center if
k’ = 1, and otherwise by running the algorithm from Theorem
2 with target number of centers being k’ (notice that it returns a
solution with at most k centers, hence feasible). Furthermore, we
apply the reduction in [16, 17, 34] to obtain an instance of Metric
k-Means with candidate centers F. W.Lo.g. we can enforce that
D C & since we can open centers at any location. Let opty indicate
the optimal cost for the latter instance with k” centers. Observe that
opty, < opty < (1 + €)opty,. We run the algorithm from Theorem
3 for the obtained metric instance for every integer k” € (k’, k]
(thus obtaining solutions with k” < k centers, hence feasible).

If optp, < (14 e)zoptk, the first solution is (1 + €)?(4 + O(J€))
approximate. Otherwise, observe that opt;, > opty, > (1+€)?opt;. >
(1 + €)opty. Thus there exists an integer k” € (k’,k] such that
Oty < (1+ €)opty and opigr_; > (1+ foples for f € Qe/A) =
Q(e*/ log n). For that value of k” the corresponding instance of
Metric k-Means is -stable, hence the respective solution has cost
at most

(4 + O(ONoP < (1+ )4 + O(E)opY
< (1+ €)%(4 + O(e))opty

The claim follows by rescaling e. g

It remains to describe how the above two theorems are obtained.
The algorithm from Theorem 3 is an adaptation of a rather complex
5 4+ O(y/€) approximation for stable instances of Metric k-Means in
[13]. The assumption D C 7, that is w.l.o.g. for metric instances
arising from Euclidean ones, leads to a massive simplification of
their algorithm and analysis, while improving the approximation
factor to 4 + O(\/e).
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The main contribution of this paper is our proof of Theorem 2.
In more detail, we consider the (Uncapacitated) Facility Location
problem with squared Euclidean distances and uniform opening
costs. The input is D C R! and the uniform facility cost f. We are
allowed to open an arbitrary number of centers/facilities S C RY,
and the objective function is the total cost of the open facilities plus
the squared distance from each client to the closest (open) facility
in$ie,

costpr(S) := fIS|+ Y d*(.S).
jeD

Using the reductions in [16, 17, 34], in polynomial time we construct
a set F of candidate centers for the clusters so that, if we restrict
to those centers, the cost of the solution grows at most by a factor
(1 + €). Based on that we define the following LP relaxation for the
problem and its dual:

min Z d2(i,j)x,~J +f- Z Vi (LPrr(f))
i€ ,jeD ieF
st Y x> 1 vjeD
i€eF
Yi—%;>0 vieD,ieF
x,y 2 0.
max Y. a (DPpr(f))
jeD
st. Y lg-d* )T < f vie F
jeD
a>0.

Above, [a]* := max(a, 0). Let opt; p(f) be the optimal values for
LPpr(f).

We say that an algorithm for the above problem is Lagrangian
Multiplier Preserving (LMP) I'-approximate if it produces a feasible
solution S such that

T-f1S|+ )" d?(.S) <T-optyp(f). (1)
jeD
In other words, the solution costs at most I' times the optimum
even if we increase the facility cost of S by a factor I'.

For Metric Facility Location, the two prominent ways to ob-
tain an LMP approximation are the primal-dual method of Jain
and Vazirani [24] and the greedy algorithm (with the dual-fitting
analysis) of Jain, Mahdian, Markakis, Saberi, and Vazirani [22]. It
is relatively easy to adapt the primal-dual algorithm to obtain an
LMP 9-approximation for Facility Location with squared metric
distances [1]. The absence of triangle inequality has made it hard
to generalize the greedy algorithm too. A recent work [6] suggests
a modification of the greedy algorithm, which bypasses this diffi-
culty and yields an LMP 5.83-approximation. Our main technical
contribution is a further refinement of this direction specifically
exploiting the structure of Euclidean spaces, which results in an
LMP 4-approximation for Facility Location with squared Euclidean
distances.

The Greedy Algorithm in [6]. Let us review the greedy algorithm
of [6]. The algorithm has a variable a; per client j (initialized to 0), a
set S of open facilities (initialized to @), and a set A of active clients
(initialized to D). We partition the remaining inactive clients into
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the directly connected ones DC and indirectly connected ones IC.
We choose some parameter y > 1 andletT' =y + yZT}/l We define a

scaled facility cost f =T f. At each point of time, the bid bid(j, i) of
client j towards facility i is [@; — yd(j, )] if jis active or indirectly
connected and y[d(j, S) — d(j, )]t otherwise?. The variables a; of
active clients are increased uniformly until one of the following
events happens:

(a) For some client jandi € S, @; > d(j, i). In that case j is moved
from A to IC, and we say that jis connected to i;

(b) For some (not open) facility i € S, one has Y, jepbid(j,i) = f
In that case we open i, i.e., we add i to S. Furthermore, each
j € D with bid(j,i) > 0 is moved to DC, and (re)connected
to j. Also, each client j € A with &; > d%(j, i) is moved to IC
and connected to i.

Intuitively, active clients are not yet connected to any open facility,
and their dual variables are actively growing. Directly connected
clients are connected to an open facility and directly contribute a
positive amount to the opening cost of that facility. On the other
hand, indirectly connected clients are connected to an open facility
but they don’t contribute a positive amount to the opening cost of
that facility.

A simple attempt for an LMP 4-approximation. In the analysis of
[6] for Facility Location with squared metric distances, the authors
use two main constraints to build up a factor-revealing LP given
IC, DC. More specifically, consider any facility i and the set D* =
{jeD:a> Td?(i, j)}. Let D* = {1, ..., t}, sorted in non-decreasing
order of deactivation time ¢;. We next restrict our attention only
to the clients in D*. Let IC/ denote the set of active or indirectly
connected clients and DC/ denote the set of directly connected
clients among the first j — 1 clients right before j becomes inactive.
Let also S/ denote the set of open facilities right before j becomes
inactive. The two constraints are then vj’ € DC/:

G < LG Sy EG) + @) T, @)

and
> d ([, ) —yd® (D) + ), (ap —yd*(7.1)
j’eDCI jrelc )
+ Y -yd?n<f
J'2j

The first constraint is based on an approximate form of trian-
gle inequality for three-hop paths in squared metrics (i.e., yx* +
(2 + %)(yz +2%) > (x +y+2)? forany y > 1 and x, y, 2). The
second one simply states that the clients do not overbid to open a
facility.

A possible approach to improve on the analysis in [6] is to replace
(2) with a variant for two-hop paths (i.e., yx? + TZI y2 > (x+y)? for
any y > 1 and x, y), which gives us smaller coefficients to improve
the LMP approximation ratio:

a; < d*(j, SN <y - dX(7, %) + f%l Cd2(j, 7). 3)

We let [a]* := max{0,a}.
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This would allow us to replace I = y + YZTYI withT =y + £

—1 >
which then gives the desired bound for y = 2. In more de);ail,
following the derivation of [6], if DC/ contains all the first j — 1
clients in D, which is the worst case in the analysis of [6], we can
easily obtain the following guarantee: we can lower bound each
yd%(j’, S7) in Equation (B)) by ;= YTYI -d%(j,j’)?, and then average
all Equation () to get the guarantee.

A .. 1 ..
Vs iy Bduns et o L L00. @
Now we can exploit the specific properties of Euclidean metrics.
Recall that ﬁ X< d%(j,j’) is equal to the sum of the squared

distances from each j € D* to the center of mass of D*. Hence in
particular it is a valid lower bound on }cp- d?(j,1). This would
imply an LMP 4-approximation by choosing y = 2 if the same
bound would hold for all the possible combinations of IC/ and DC’
(instead of the specific values that we assumed above).
Unfortunately, the latter claim is not true. In [6], no matter
what theAcombination of IC? and D( is, after lower bounding each
yd?(j’, &) by Equation (2), we can always find coefficients {Bitjen*
so that we can use 3’ ; f;-(LHS of (f))) < 3’; B;(RHS of (f;)) to upper
A .. 2 .o -
bound X f = y 3,4, ) by 2L 355 @G ) + 4G, )
satisfying . i Cijr < 1*. In our attempt for the Euclidean case, we
can simply replace the terms of d2(i, j) +d?(i, j*) by d%(j, j’) (and re-
place % with yTyl) However, the constraint on ¢;;- is not sufficient
to prove our desired Equation (4) due to the lack of symmetry in
this analysis: for some combinations of IC! and DC/, we may have
large coefficient c;;» for some large d%(j,j’) so that the resulting
upper bound exceeds ﬁ Z]-<j, dz(]',j'). In fact, Section 2 presents
a simple counter-example showing that we cannot upper bound
Yjep* &by f+4.1 jep- d2(i, j) with the considered algorithm.

HE o me o
-2.813-2.571 -1 0 14 3/4
Figure 1: Counterexample for this simple attempt under y = 2.
The example is on a line. There are three clients (red circles). The
facility i is the average of the clients. The facility opening cost is
f = 22.1. At time 8.45, client 1 becomes inactive. Let i, be the facility
1 directly connects to. At time = 9.38, client 2 becomes inactive and
indirectly connects to some facility. Then, slightly later, client 1
switches to directly connecting to i;. This makes client 3 become

inactive after time ~ 11.02. The sum of a-values is then =~ 28.85 =
f+675> f+4.15-(12 + (/1) + (3/2)%).

Our new greedy algorithm. To handle this issue, we introduce a
natural and simple, but critical update in the algorithm: every time
we add a new open facility i to the current set of open facilities S, we
(possibly) lower the a-values for each client j in IC to its (possibly)
reduced connection cost d%(j, Su{i}).

*For [6], this term should be &; — % - (d%(i, j) + d?(i, j')) using Equation (2).

*We assume c¢;;» = cyr; for j/ > J.
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Let y = 2. This new step immediately allows us to write a collec-
tion of new constraints for a: for any client j, and any two clients
j' € DC/,t € IC), we have

a < d?(8, §) < 2d%(j, ) + 2d%(j’,0) . (5)

This new constraint is more powerful than Equation (3) in the sense
that the latter is only a special case when j = £. With these new
constraints, we can lower bound each ydz(j' ,§) in Equation B)
by a convex combination of ¢ — Zdz(i’,f). Then, we can show
by induction on the size of D* that we can find a convex com-
bination for every yd?(j, ) and a coefficient B; for each Equa-
tion () that gives us our desired upper bound for Zj aj, Equa-
tion (4). Our choices of the convex combinations and the coefficients
exploit two properties in Euclidean k-Means: for any set of clients
C and another client j ¢ C, we have cost(C) < cost(C u {j}) and
cost(Cu {j}) = lc‘ﬁ Zj,ec d*(1,j) + lc“%cost(C), where cost(-)
denotes the optimal cost for a cluster (with the freedom to choose a
center arbitrarily in Euclidean space). The induction steps are highly
non-trivial and are presented in Lemma 13 and Subsection 3.2.

New challenges in walking between two solutions. Following the
framework of [6, 13], we design a log-adaptive version of the above
greedy algorithm; the algorithm works in O(log n/€®) phases with
each phase having some flexibility in its execution. In the log-
adaptive algorithm, phase p corresponds to the time 6 = (1+€%)P71,
so we discretely jump 0 values instead of increasing 6 continuously.

The reason why we need the log-adaptive version for our bicri-
teria approximation algorithm (Theorem 2) is as follows. We will
maintain two solutions K = (Hjy, ..., Hp) and A’ = (H],..., HI;')
output by the log-adaptive algorithm, where each H; and H; denote
the execution history in phase i and the total numbers of open fa-
cilities in F and " sandwich k. Then for i = 1,... inductively, we
ensure that H; = H; by walking between two solutions, eventually
leading to both solutions opening k facilities: this is made possi-
ble by the flexibility within each phase. (The base case is that the
starting instance is identical except for an exponentially small dif-
ference in the facility cost f.) The walking procedure exploits O(1)
free facilities (which are open without being paid for by the dual
variables) per phase, which explains the O(log n/e?) extra centers
in Theorem 2 and the need for a small number of phases.

However, our new step of lowering a-values for IC clients poses
two main challenges in developing the walking procedure:

(1) The order in which the facilities are opened matters.
The previous walking procedure of [6] crucially used the fact
that, at any point in time, if two solutions opened the same
set of facilities, their future executions will (almost) remain
the same; in particular, the order in which the facilities were
opened does not affect the future execution.

However, this property does not hold after we lower a-values
for indirectly connected clients after opening each facility.
Suppose an IC client j has an a-value of 2.1. Two facilities
i, iy satisfying d?(j,i;) = 1,d%(j,iy) = 1.1. If we open i
before iy, j will be directly connected to i; and its future bid
to another facility iy will be [2 — 2d%(j,ip)]T. On the other
hand, if we open i, first, j will be indirectly connected to iy
because we first lower a; to d%(j, i) = 1.1. The future bid in
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this execution is then [1.1—2d?(j, iy)]*. This large difference
in future bids could make a significant difference in future
executions.

(2) Discontinuity in the bids. Another crucial invariant of the

previous walking procedure [6] was that, the same client
j’s bid towards any facility i is almost the same between
the two solutions 7 = (Hj, ..., Hp) and '’ = (Hj, ""Hl;’)
we maintain. This continuity ensures that even if we mix
and match different parts of the two solutions (e.g., K" =
(Hy,....Hy, Hyyq, . Hj'),) for some £), the resulting solution,
which was never an outcome of the log-adaptive algorithm,
can be considered as (almost) a valid execution of the log-
adaptive algorithm.
However, this property does not hold in our new algorithm.
Suppose @j = 1—2""and & = 1+ 27" at some time point
of the algorithm and there is a newly opened facility i such
that d(j, i) = 0.5. Then j will be indirectly connected to i in
the first execution, while j will be directly connected in the
second case. As discussed above, the bid of j in the future
can be completely different.

Log-adaptive Algorithm. To resolve the first challenge, we will
use a sophisticated log-adaptive version of our algorithm. Instead
of immediately lowering a-value for IC clients after a facility is
opened, we only lower a-values at the end of a phase. This ensures
that the order in which facilities are opened in the same phase no
longer matters. This turns out to be sufficient for the walking part.

Fractional connections. To resolve the second challenge, we will
introduce fractional connections to the clients. To be more specific,
we do not change the facility each client connects to. Instead, we
allow each client to be split into several copies, in which some
copies are directly connected and at most one copy is indirectly
connected to the facility. Then, the bid of a client j to a facility i is
the average among all its copies.

This concept of fractional connections allows us to modify the
fractions of each client in each copy in order to make its bid “contin-
uous” in two different executions. To ensure that this modification
does not hurt the guarantees of the log-adaptive algorithm, we only
split some directly connected copies with a < 2d2(j, S) + 0(27™),
which turns out to be sufficient to ensure the continuity in the bids.
See the full version for the definition of the split and the analysis.

Organizations for our paper. In Section 3, we will present the
greedy LMP 4-approximation for Facility Location with squared
metric distances. In Section 5 of the full version, we will prove The-
orem 2 by presenting the log-adaptive algorithm and the algorithm
that walks between two solutions. In Section 6 of the full version,
we will prove Theorem 3 by presenting the 4-+O(/€)-approximation
for stable instances.

3 Greedy Algorithm

In this section, we present the new algorithm for Facility Location
with Euclidean squared distances. This algorithm is not directly
used in our (4 + ¢)-approximation for Euclidean k-Means, but it
allows us to present the main ideas behind the log-adaptive algo-
rithm presented in the full version in a simpler setting. Given an
instance (D, #,d, f) for Facility Location with squared Euclidean
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distances, we let f = 4f. The following Algorithm 1 is our new
greedy algorithm achieving an LMP 4-approximation. As standard
in the area, we present the algorithm in a continuous version where
there is a variable 0 (interpreted as time) that grows continuously
from 0 to 400, and certain quantities grow at the same speed as 0
for a certain interval of time. It is easy to discretize this algorithm.

We say that the clients in A are active, that the clients in IC
are indirectly connected, and that the clients in DC are directly
connected.

Observation 4. At any time of the algorithm, for any j € IC, we
have o = d%(j,s).

Because of the fact that we freeze the a values when a client
becomes directly connected, we can show that the a values are non-
increasing after connection. For simplicity, for some intermediate
time 6, we will use a;(6) to denote the a value of client j € D at that
time. Further, for each j € D, we define &j to be its « value at the
first time when j is connected to some facility.

Lemma 5. For any client j, the value of(xj(H) is non-increasing in
0 € [@;, +00).

Proor. This follows the fact that we only modify ¢; after time &;
when some facility i is opened and ¢; > d%(j,1). Then the resulting
value of ¢; is lowered to d%(j, i). O

Let (] )jep be the final vector of a-values.
Corollary 6. For each client j, we have zx; < &j.

Moreover, for each client j that is finally directly connected, (x;‘ can
be written as the sum of 2d%(j, S) and the bids of j to the open facil-
ities. Therefore, we can obtain an upper bound for our algorithm’s
total cost using the a”-values.

Lemma 7. At the end of the algorithm, }cp) d*(,S) + 15 - f <
ZjeD aj*'

Proor. First, observe that it is sufficient to prove that at the end
of the execution, we have

D> Y 2GS+ ) f (6)
jeDC jenc ieS
Indeed, at the end of the execution, A = @, and for every j € IC,
aj = d%(j,S). To prove this, we prove that at any point in the
execution, (6) holds.

The equality is initially true since DC = @ and S = @. Further-
more, since whenever the a-value of a client j reaches d%(j, S) it
stops growing, no client is added to DC excluding when a new
facility is opened (i.e., added to S).

We now consider what happens when we open a facility i, i.e.,
add it to S. Let (@, S, A, IC, DC) be the state right before opening
i,andset DC" ={j € AuIC : a; > 2d%(i, j)}, and X = {j € DC :
d?(j, i) < d?(j, S)}. The change of cost of the right-hand side of (6)
is at most

f+ ) 2d%G )+ Y 2(d%G.)) — d2(j.S)).

jenc’ jex
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Algorithm 1 (GREEDY ALGORITHM).

M. Charikar, V. Cohen-Addad, R. Gao, F. Grandoni, E. Lee, and E. van Wijland

Initialization: A = D, IC = DC =S = @, and =0 for every j € D.

While A # @, uniformly grow the a; of every client in A until:
(1) For some unopened facility i € F \ S, we have

3 o -2d2G)] "+ Y [2d%G.8) - 2d%G )] = f.

JEAuIC jeDC

In this case, we open facility i. For each client j € DC, if d?(j, S) > d?(j, i), we reconnect j to i. For each client j € A u IC,

o« Iifo; > 2d%(j, i), we (re)connect j to i and move j to DC.

« Else, if ¢; > d%(j, i), we (re)connect j to i, set a; to be d%(j,i), and move jto IC (if j € A).

(2) For some client j € A, we have

— J2(;
aj = d (], S)
In this case, we move j to IC and connect j to the closest facility to it in S.

Since the algorithm decided to open i, we also have
F< Y (= 2d2G. ) + Y (2d2(j,S) — 2d2(:, ).
jenc’ jeX
We thus get that the change of cost of the right-hand side is at most
D jenC’ % which is the change of the left-hand side of (6). O

The last ingredient for the analysis is to show that «* can be
scaled to a dual feasible solution. The proof of the following lemma
is given in Section 3.1.

Lemma 8. For any facilityi € F, we have ZjeD[i af —d?(, )T <

f

Now, we use Lemmas 7 and 8 to establish the LMP approximation
ratio.

THEOREM 9. Algorithm 1 is an LMP 4-approximation for Facility
Location with squared Euclidean distances.

Proor. By Lemma 8, &* /4 is a feasible solution to the dual of
the standard Facility Location LP, hence Y’ ;cpp ;" < 4 - opty p(f) by
weak duality. Our solution S satisfies:

> d2.s) + asif e’ Y. a < 4-optyp(f). O

jeb jeb
3.1 Dual Feasibility

In this subsection, we prove Lemma 8. We will use [n] to denote
the set {1,2,...,n}and [l : r] to denote the set {{,] + 1,...,r}. From
now on, we fix any facility i € . Suppose that there are s clients
such that i > 4- d?(j, i), and we index them by [s] and order them
in the increasing order of the time they become inactive. That is,
we have &; < & < -+ < @&, Then, our goal (which will be formally
shown in Corollary 14) becomes proving

MNar<af+ Y ad¥Gi)=f+4- ) dGD). ()
Jels] Jels] Jels]

Consider the time &—e for each client t, where € > 0 is sufficiently
small so that neither condition in the algorithm is satisfied between
time & — € (inclusive) and & (exclusive). For simplicity, we define
DC! as the set of directed connected clients in [t] (i.e., DC n [t])
at time & — €, and IC? as the set of indirectly connected or active
clients in [¢] (i.e., (A u IC) n [¢]) at time & — €. Moreover, we use

S! to denote the set S at time & — . Consider any client j* € IC'.
As j” < t, we have &y < & by our assumption. Next, we prove that
aj < d?(j’, 8 by discussing two cases:

« If & < & (since € is sufficiently small, we have &; < & — €),
then j’ is indirectly connected at time & — €. Because of
Observation 4 and Lemma 5 we have a;, <ap(@g—e€) =
d*(j’, sh.

Otherwise (i.e., if &y = &), we can prove & — € < d%(j’, sH
by contradiction. Suppose that & — € > d?(j’, S%). Then, j’
will be connected to some opened facility using the second
condition in Algorithm 1 at time & — €, contradicting that j/
is active at time & — €. Since € can be arbitrarily small here,
we have & = & < d%(j’, S"). Because of Corollary 6, we get
ajp < d*(j’, sh.

Note that d(j’,5) < d(j,S") + d(j,j’) and (x + y)? < 2(x? + y?)
for any x,y € Ry. For eacht € [s],j € DC',j’ € IC', we have the
following constraint:

o <202, S+ 2- 1) @)

Consider the time & —e for each ¢ € [s]. Note that we assume that
o > 4-d?(t,i). Because of Corollary 6 and because € is sufficiently
small, we have & — € > o — € > d2(t,i). If facility i is opened at
time & — €, t should be connected to some facility at time & — ¢,
contradicting our assumption that ¢ denotes the time client t is
connected for the first time. Iherefqre, the total bid to i at this time
stamp should be strictly less than f, i.e.,

3 [2d%GiSH — 2d2Gid] T+ Y [eg@ — € — 221" < f.

jeDnct jeDCt

If j > t, we have aj(& — €) = & — € > ¢ — e Otherwise, if
j <tandj ¢ DC', we have either jbeing indirectly connected (i.e.,
&; < & — e), or aj(&; — €) = & — € Because of Lemma 5 (for the
first case) and Corollary 6, &; < & (for the second case), we have

af — € < aj(d; — €). Recall that ICt u DC! = [t] according to our
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definition for IC!, DC'. Because e is sufficiently small, we have
+
3 2 d%Gish -2 dGid] T+ Y (o —2-d20)]
jeDnct jeIct
+ Yo —2-d%Gi)]" < f.
>t
Since [x]* > x, for each t € [s], we have the following constraint:

G-t+ D+ Y. af+ Yy 2G.SH< f+2) d*Gi).

jeIc\{t} jeDCt Jj€ls]
(B

Next, we combine the two constraints (qﬁj(tj)) and () to obtain
the dual feasibility. We will rewrite 2d2(j, ) in () by a convex
combination of (x]ﬁ —2d%(j,j") for j* € IC! such that j* > j. We will

use the notation CID]@ and ¢](t]), as follows:

>

JIEICt: j*>j

) - (af —2d%(.1)) - ®)

Then, using (¢J(t,),), we have the following lemma.

Lemma 10. Suppose ). jrcict: jr; ¢](t]), =1 foranyt € [s],j € DC".
Then, we have 2 - d*(j, S) > ¢§t),

Proor. We have

2-d2G.SH = Y 4 2d(s)

JelCt: jr>j
> Y 4@ -2dG))
JeICh: jr>j
(By Equation (¢](t]), )
—_a®
=7 O

For simplicity, we will define (]5](?, =0forj ¢[j+1:s]nIC.
@)y
T
and (f,) (replacing d%(j, S") by <I>§t) using Lemma 10), together imply
an upper bound on the sum of ¢;". Technically, we will show the
following Lemma 13, which is independent of the context of our al-
gorithm and only uses the properties of Euclidean metrics. Because
this lemma will also be used in future sections of the full version,
we prove a more general weighted version here. More specifically,
in Lemma 13, we will consider the weighted continuous Euclidean
k-Means problem (Definition 11), and we will use a characterization
of the optimal cost of a cluster consisting of a set of clients among
all possible choices of the center (Lemma 12). We defer the proof of
Lemma 12 to the full version. (In the context of this section, readers
can assume that w(j) = 1 for every j € [s], and omit Bullets D and
E.)

With this notation, we will prove that the two constraints, (

Definition 11 (weighted continuous Euclidean k-Means). Letdim >
0 be the number of dimensions of the Euclidean space. The input con-
sists of a set of clients D, locations of the clients x : D — R
and weights w : D — Ry. The goal of the weighted continuous
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Euclidean k-Means problem is to find a set of k centers S C RI™ such
that |S| = k and the following objective is minimized:

3 w) - minl — df

jeD
In particular, an instance is unweighted if w(j) = 1 for any client
jeD.

Lemma 12 (single-cluster cost of weighted continuous Euclidean

k-Means). Suppose the set C C D forms a cluster. The optimal center

ZjeC W(i)'xj
Zjec w(j)

is the weighted average of the points , and the cost is

2w Wl - b = xy 2
Z jeC W(J)

In particular, if the instance is unweighted, we will use the notation
cosi(C) for simplicity.

cost,(C) =

Lemma 13. Fix any integers > 1 and any Euclidean metricd defined
on [s]. For eacht € [s], let w(t) > 0 be any positive weight. For each
t € [s], fix any partition of [t] by DC' U IC" = [t] such that

« Foreacht € [s], t € IC};
o For each j,t,t" € [s] satisfying j < t < t’, if j € DC, then
jeDct.
Then, there exist non-negative real numbers {d)j(t]), Yeels) jenct jrerct and
{B}je[s) such that
A. Foreacht € [s],j € DC, the corresponding ¢ variables sum to

1:
Yoo =1, )

JEICt: j>j

and qu(tj), =0 for any j' € IC" such that j < j.
B. All B variables sum to 1:

> h=1. (10)

i€[s]
C. Let{a;}je[s) be any vector with non-negative entries. Let

>

JEICt: j*>j

() * 20 &
i -(0(]-, —c-d*(G.j"))
for some constant ¢ > 1. Then, the following inequality holds:

3 ﬁt-( > wla+ Y w(i)cb?)+zwo)a:)
(11)

te[s] JEICN\{t} jeDnCt j>t
> Y wtday' — ¢ cost,([s]).
tels]

In particular, we can ensure the following properties:
D. For any j € IC®, we have f§; = 0.
E. For any j € DC?, we have ¢](sj),/w(]’) < ¢J(fj),,/w(j”)for any
i <j" eIcs.

The upper bound of the sum of ;" is then a direct corollary for unit
weights, which implies our goal of this subsection.
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Corollary 14. Forany S C D andi € F, we have
MNoar<f+z Y d¥j)+2- coss]), (12)

Jels] Jels]

where cost([s]) : = % Zx,ye(lgj) Ix— y”%

In particular, the above corollary implies Equation (7).

t
Proor. Suppose that {f}c[s], {(;5]( j), Ytefs].jencjrerct denote the
parameters obtained in Lemma 13. Using Lemma 10 and Bullets A
and C of Lemma 13, we have

Z B - (LHS of Equation (f3)) > Z o — 2cost([s]) .
tefs] te(s]
According to Bullet B of Lemma 13, we have
Z B - (LHS of Equation (f)) < f +2 Z d%(j, ).
tefs] Jjels]
Therefore,
Z of —2-cost([s]) §f+ 2- Z d%(j,i),
te[s] Jels]
obtaining Equation (12). Further, because cost([s]) denotes the op-

timal cost of opening a single center for clients in [s] (with the
freedom of choosing an arbitrary center in the Euclidean space),

we have cost([s]) < Yje[s) (1), and thus Y &' < f+4-
2iels] d?(j, i), obtaining Equation (7). O

Finally, in Section 3.2, we prove Lemma 13.

3.2 Proof of Lemma 13

A stronger argument. We will show a stronger version for Bullet
C of Lemma 13. We will use B; to denote the t-th term on the LHS
of Equation (11):

Bt=ﬁr-( Y, woyaf+ 3w e+ Zw(f)-a:) :
JeICN\{t} jenct >t
Suppose 7;(j’) denotes the coefficient of aj’i in By, i.e.,
B (Zfztw(f) + Yjepct w(j) - ¢,(t])> ifj =t

B (W) + Tjepcrwli) - 45) i) € ICT\ ftk

0 otherwise.

n(’) =

(13)

For any s’ € [s] and j € [s], we use wy(j’) to denote the total
coefficient of af, in the first s’ terms:

we(G) = Y mG"). (14)
tels’]
Further, The stronger version for Bullet C is two-part: (i) for any
jelsl,
w() = w(i); (CH)
(ii) for any prefix of size s” € [s],

. ¢ Xjefs) Wy ()
B, > Ws’(])'a‘*) Sl i
te%’] t (;ez[s] WARPYEERLC)

-cost,,, ([s]) .

(C(i))

M. Charikar, V. Cohen-Addad, R. Gao, F. Grandoni, E. Lee, and E. van Wijland

For simplicity, we will call two parts C(i) and C(ii) respectively.
If we take s’ = sin C(ii) and use the guarantee in C(i), we get
Deels) Br = Djefsg w(i) - & — ¢ - cost,([s]), which is exactly the
same inequality as the original Bullet C of Lemma 13. Next, we will
prove this stronger argument by induction.

Base case. The base case is when s = 1, where we can pick ff; = 1

(and since DC! = @, there is no parameter ¢](t]),) All the five bullets
are then straightforward.

Induction step. Consider any sy > 2. Suppose that we have shown
the stronger argument for all s < 5. Consider s = s, next. For the
set [2 : s], it is clear that d is still a Euclidean metric on [2 : s]
and the sets (DC!\ {1}) L (IC*\ {1}) = [2 : 5] form a partition of
[2 : s]foranyt € [2 : s]. Moreover, DC \ {1} and IC* \ {1} still
satisfy the conditions of Lemma 13. Suppose W and W denote the
total weights after and before we consider the first element.

W= w), and W= ) w().
Jels] jel2:s]
According to the induction hypothesis, we can find non-negative

5 At .
parameters {f}e[». ) and {¢§, j)’ Ye[2:s]jeDon{1}7e1cn {1} Testricted
to the set [2 : s], and 7;(j), Wy (j) defined accordingly (also, re-
stricted to [2 : s]) such that all the following hold.

« Foranyt € [2 : s]and j € DC'\ {1}, é&t) follows the
definition:
o= Y ¢ (@ —2-d%G0)).
jrelon1}
« Foreacht € [2:5],j € DC'\ {1}, we have

> e

JelCt: j'>j

Further, if j* < jand j* € IC* \ {1}, we have (ﬁj(t]), =
* Zte[z:s] B=1

« The t-th term B, (given any non-negative vector {oi Yer2:s1)

is defined by
B =f- ( Y owia+ Y wid + Y w(j)af) .
JeICN{1} jeDCN{1} >t

(15)
« The definitions of 7, w follow:
v, €12 sLiG") =
B (Zfzt w(b) + X jepenny W(/)d;,(t])) ifj’ =t
B (W0 + Zjepeny W) 7 € ICN {11}

0 otherwise
(16)

v ez sl (D= Y ). (17)

te[2:5’]

Then, Equation (C(i)) gives wy(j*) = w(j’) for any j* € 2 :
s].
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+ For any non-negative vector {¢] }je[2.5) and any s” € [2 : s],
Equation (C(ii)) can be rewritten as

Z B> Z WS,(]-)_O{;_ZZ‘e[zz—v;]Ws'U)

te[2:5'] jel2:s]

~costy, ([2 : s]) .

Next, we will construct new parameters {qﬁj(tj), Ytels) jenct jerct and
{Bj}je[s| that satisfy our induction hypothesis. For any ¢ € [2 :

s],j € DCt\{1},j € ICt \ {1}, we let gb(t), (t) . Now, only the
following ¢ variables remained undefined: gbl’j, fort € [2 : 5]

and j* € IC' such that 1 € DC’. Then, for each t € [2
definitions of f; and these ¢ parameters follow two cases:

: 5], our

. If 1 € IC!, we let f, = f, and let <;5
« Otherwise (if 1 € DC'), we let f, =
for each j* € IC'.

=0 for any j € DC.

il ﬁt and ¢§t]), = 1. ”’%)

Finally, we let f; =1 -5, .

This definition immediately gives us (i) §; > 0 for eacht € [2 : s],
(i) ¢\ > 0 for each t € [s],j € DC,j € IC', and (iii) Bullet B of
Lemma 13. Further, according to the definition and our induction
hypothesis, we have Y c[5:5 B < Xje[2:5] ﬁ} = 1. Therefore, we
have f8; > 0. In addition, if 1 € IC®, we have /}1 = 0 because 1 € IC!
2and Yjep.q B = zje[%{] B; = 1. This, together

Bror = % - B shows Bullet D of

for any t >

with our definition that 5 =
Lemma 13.

Next, we will show that Bullets A, E in Lemma 13 and (C(i)) and
(C(ii)) in the stronger argument hold.

Bullet A of Lemma 13. Fort € [2 : s] and j € DC! such that

j # 1,Bullet A follows the fact that d)(t) qg(t) for any j* € IC! and

our definition that d)j 1 =0if1 € IC". Foreach t € [2 : 5] such that
1€ DC, according to our definition of ¢1,j,, we have
t 1 3G
Z ¢( ) Z .M
jelct jeccW o B
_ Zeztw(f) + ZjeDC'\{l} w(j) - ¢Z](l?
w
» N gt
w(i") + Zjepcny W0) - 91
jrelCN\{t} w
(Equation (16))
. ()
Yjercift+1:5] W() ¥
_ jeIC U[tirl s] + Z w(j) - Z ]_:J
w jEDCN{1} jerc

_ Zje[C‘u[t-i—l:s] w(j) + Z W_(])

w jepongy W
(induction hypothesis)

_ ZjG[Z:s] w(j) _
= —W =
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Stronger argument (C(i)). Next, we assume that d>§t), By, np, Wy
are defined through Equations (13) and (14). First, we prove that
n(j’) = fi,(j’) for any ¢, j* € [2 : s] by discussing two cases.

. If 1 € IC!, f, = f3; and we don’t have new parameters d)
Therefore, n(j’) = = 7i(j*) by its definition Equation (13).

. If1eDC, B = % - B Therefore, according to Equation (13)
we have (') = 25+ fr-w(D)-¢{0) = W)+ )
() 12 = W*JV”(” A = 7).

Note that ;(j") = 0 for any j° > 2 because j/ ¢ IC' u DC.
This implies wy(j') = wy(j’) for any j’,s” € [2 : s] and thus
wy(j’) = w(j’) for any j” € [2 : s]. Further, we prove wy(1) = w(1)

as follows.
w()=p-W+wd) Y B

1>2:1€ICt
=W-(1—Z/3t)+w(1> > B
1>2 t>2:1€lCt
:W~<1—Z/§[+ Z @ ﬁ,)-l—w(l) Z b
t>2 t>2:1eDCt t>2:1€ICt
=w1)- Y, BH+w) Z fir=w(1).
t>2:1eDCt >2:1€ICt

(induction hypothesis: 3¢5 ] b=1)

Stronger argument (C(ii)). Next, we fix any non-negative vector

{aj }je[s)- Note that there exists some threhold #y > 2 such that

1€IC foranyt € [2 : ty—1]and 1 € DC! for any t € [ty : s].
Recall the definition of By:

Bt:ﬂt-< S owi)ar Y w(j)-q>§‘)+zw(j)-a;).

JEICN\{t} jenct >t

Next, we prove Equation (C(ii)) by considering two cases: whether
s’ <ty or not.

The simpler case here is that s” < t;. In this case, f; = ﬂt for any
t € [2 : §’] and the ® terms in the first s terms do not change
at all, i.e., @;t) = Ci>§t) foranyt € [2 : s’] and j € DC'. Therefore,
B, = B+ f-w(1)-af forany t € [2
induction hypothesis, we have

S B=Bi+ Y (B+p-w) o)

s’]. According to our

te[s'] te[2:5']
:<ﬂ1'W+ Z w(1)~/3t)~a{‘+ Z B,
te[2:57] te[2:s7]
> wy(Dog + Z wy (Naj
je[2:s]
2 Y jefa:s) Wy ()
B R V\S/ ° ~costy, ([2 : s])
23 0. q we (7)
= Z wy () - o — M ~costy, ([2 : s])
jels] w

Note that wy (1) > w(1) - Xref2: 5] f; and Dielz:s) Wr (') < w -
ief2:5'] f- We have wy (1) > w(l * Djel2:s] Wy ("). Therefore,
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because wl[y.¢] = Wl[2.¢)and W = W + w(1), we have

Zje[s] Ws’(i) S Zje[Z:s] Ws’(j) _ Zje[z:s] ‘X’s’(].)
w - w w '
Again, because w|[5.5] = Wl[25], We have cost,,, ([s]) > costy, ([2:

s]) according to the definition of the weighted k-Means problem.

We have completed the proof for this case.

The more complicated case is that s’ > ;. In this case, wy (1) =
w(1) because we have wy(1) = w(1); and (1) = 0 for any ¢t > s’
because 1 € DC’. Suppose that

Z B, = Z Wy-1() - @ —PDy,

te[2:1y—1] je[2:s]
Z B, = Z (Wy () = Wyy-1()) - & — PDy..
t€fty:5'] jel2:s]

According to our induction hypothesis, we have
¢ Zje[z:s] ‘7Vt071(1')
w
¢ Zje[z:s] wy ()
w

PD; < -costwtoﬂ([z s]), and

PD; + PD, < ~costy, ([2 : s]) .

Next, we split }'¢[o] By by two parts: }er, 17 Brand Yyepy o]

Note that ® terms in the first #; — 1 terms do not change, i.e., <I>§ ) =
Ci>§t) foranyt € [2 : ty— 1] and j € DC’. For the first term, we have
(assuming w; (j*) = 0 for any j’ € [s])
Z By =By + Z (Bt"‘ﬁt'w(l)'af)
telt,—1] te[2:1y—1]
=wD)-af + ), W, 10)-af —PD;

je[2:s]

However, for the second term, because we have an additional term

<I>( ) for each t >ty and we have ff; = — ,Bt an d¢(t) % ’7‘/(;) for

each t >ty and j € IC, we need a more careful derivation:

> 5

tefty:s’]

te[t0 s ]<
te[to <
- Ww(1)S
= ( B PR S B ) d%;)))
te[to-s'] jrelct W

WS RS S e e a1,

B+ fr-w(1)- (D(lt))

SRS

Bt fow)- Y (a;;_c.dz(l,,-f»>

jelct

sys

te[to ‘] tefty:s'] jreICt
v Wy (') — wy,—1(j"))e; — PD
“w Z Wy () = Wiy —1G"))et;; — PD,

Je[2:s]

_1 (i ~ -7 * .,
+ D Z (W (") = w1 (")) —c-d%(1,j"))
Jjel2:s]
-, . » B ew(1)d?(1, w
= Y G = () (0,]., _ %) ST
]'G[Z:s]
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Because we have wy (j”) = Wy (j”) for any j” € [2

Z B, = Z we (") o =
tels’]

J€ls]

W
<PD1+W-PD2+C >

j€[2:s]

: 5], we have

w(D(wy () = wy,-1G7))
w

-dz(l,j’)>

(pairwise distance)

It suffices to upper bound the pairwise distance part. Note that the
pairwise distance can be rewritten as

w(1) - wy (')

w

— .(PDy + PD,) + -d%(1,f

oy (PDLHPD) +e D) ——2 (1.7)
jel2:5]
w(1) y y

Tty (PDI —-c Z w,1(7) - d*(L, ] ))
jrelz:s]
According to our induction hypothesis,
c- Yierz:s) Wi —1(G7)
jre[2:s] Wp—1
PD; < — 2 'COSt‘%q([Z :s])

w
< C'COSt%_l([z :s])

=c- costwtoﬂ([z 2 s])
Y W) -dP) .

jel2:s]
Again, according to our induction hypothesis, we have

c: 2]"6[2:3] Wy(j’)
w

(Wt0|[2:s] = "N"t0|[2:s])

-(PD; + PDy) <

SIS

- costyy, ([2 1 s])

- CZ}IG[ZTS]WS,(]) -costy,, ([2 : s])
(wyr [ [2:5])
- <. Z Ws'(j)’ws'(jl)'dz(].,j’)
iye(®M)
= w(1), we have
w(1) - wy (j)
2w

:]:Wsr

Because wy (1)

%-(PDI +PDy) +c- -d*(1,j")

jel2:s]

g% > we() - we (i) d%G)
., ([s]
iire(y)

¢ Direls) W (")

=LWS - costy,, ([s])

Therefore, the pairwise distance part can be upper bounded by

e Dres Wy ()
w
¢ Xeps) we ()
Z B> Z WS,OI).QJ#_LV;S

tels'] Jrels]

- cost,,, ([s]). In conclusion, we get
costy, (Is]

Bullet E of Lemma 13. If 1 € IC®, we have d)j(fl) = Oforanyj € DC*
and ¢(s]) = ¢(S) forany j € DC*\ and j’ € IC°\{1}. Therefore, Bullet
E follows the 1nduction hypothesis directly.

If1e DCS according to our definition, for any j € IC?, we have

¢ = L. w() + zjeDcs\{l} w(j) - ). Because ¢\ /w(j’) is

L= ﬁs

monotone in j’, we have ¢1 7 / w(j’) is also monotone in j’. The
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monotonicity of d)](s]), /w(j") for any j € DC° \ {1} follows the defi-

nition that gb](s]), = Nj(j), and the induction hypothesis directly.
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