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Abstract. The Steiner Forest problem is an important generalization
of the Steiner Tree problem. We are given an undirected graph with
nonnegative edge costs and a collection of pairs of vertices. The task is
to compute a cheapest forest with the property that the elements of each
pair belong to the same connected component of the forest. The current
best approximation factor for Steiner Forest is 2, which is achieved by
the classical primal-dual algorithm; improving on this factor is a big open
problem in the area.

Motivated by this open problem, we study an LP relaxation for Steiner
Forest that generalizes the well-studied Bidirected Cut Relaxation for
Steiner Tree. We prove that this relaxation has several promising prop-
erties. Among them, it is possible to round any half-integral LP solution
to a Steiner Forest instance while increasing the cost by at most a factor
%. To prove this result we introduce a novel recursive densest-subgraph
contraction algorithm.

Keywords: network design, Steiner forest, bidirected cut relaxation

1 Introduction

In the Steiner Forest problem we are given an undirected graph G = (V, E') with
nonnegative edge costs ¢ : F — R>q. Furthermore, we are given a collection P
of pairs of vertices. The task is to compute a subset of edges F' C E of minimum
total cost c(F) := ) . c(e) such that, for each pair P = {s,t} € P, the graph
(V, F) contains an s-t path. There is always an optimal solution F' where (V, F)
is a forest. We will refer to vertices R C V that are present in at least one pair
from P as terminals, and call the remaining vertices Steiner vertices.

Steiner Forest generalizes the famous Steiner tree problem, where all termi-
nals need to be connected to each other. Because Steiner Tree is NP-hard, indeed
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APX-hard [19], the same applies to Steiner Forest. The current-best approxima-
tion factor for Steiner Forest is 2, achieved in a classical paper by Agrawal, Klein,
and Ravi [I] using the primal-dual method (see also [24]). Incidentally, this result
is also one of the earliest and most famous examples of the primal-dual tech-
nique. Improving on the 2-approximation for Steiner Forest is probably among
the most prominent open problems in the area of approximation algorithms (see
e.g. [39)).

The main motivation for our work is a very recent result [I0] about the
integrality gap of the Bidirected Cut Relaxation for Steiner Tree (following a
long line of research [T4I5I272T]). To define this relaxation, we first bidirect all
edges, i.e., we replace each undirected edge {u, v} with two directed edges (u,v)
and (v, u), inheriting the same cost as {u,v}. We let E be the resulting set of
directed edges. We also select an arbitrary terminal r € R as a root.

The idea behind the relaxation is to consider the equivalent problem of finding
a directed Steiner Tree solution F' C E where F' is the edge set of a tree oriented
towards the root 7. Any such directed solution F' C E has to contain a directed
path from each terminal to r. Equivalently, for every vertex set U containing
some terminal but not r, the solution F' must contain at least one outgoing edge
of U. We write §*(U) to denote the set of of outgoing edges of U. This leads to
the Bidirected Cut Relaxation for Steiner Tree, which is defined as follows:

min Z cle) - x. (Tree-BCR)
ccE

st Y we>1 YU CV\{r},UNR#0.
ecot(U)

Given a solution x to we denote its cost by c(z) := > __z cle) - ze.
is one of the oldest and best-studied relaxations for Steiner Tree (see
e.g. [22]). A classical result by Edmonds [20] shows that it is integral in the
special case when R = V. In this case, Steiner Tree is equivalent to the Minimum
Spanning Tree problem. The best-known lower bound on the integrality gap of
is only 2 (see [38], improving on [9]). This gives hope that
might have a quite small integrality gap. Until very recently however, the best-
known upper bound was only 2. In [I0] this was improved for the first time, by
showing an upper bound of 1.9988 on the integrality gap of

The latter result motivated us to study the Bidirected Cut Relaxation for
Steiner Forest . To obtain this relaxation, we bidirect the edges as
before. Consider any Steiner Forest solution F' where each connected component
of (V, F) is a tree. Then we can orient the edges of each such component towards
an arbitrary root vertex. We consider the linear programming relaxation with
variables z}, for r € V and P € P specifying whether the vertices of the pair
P belong to a connected component with root r. Moreover, we have variables
xl specifying whether a directed edge e € ﬁ is used as part of a connected
component with root r. This leads to the following relaxation:
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min Z Z cle) -z, (Forest-BCR)

TGVeeﬁ

s.t. Zz} =1 for all P € P
reV
Z x, > zp forallreV,PeP, andU CV\{r} with PNU #0
ecdt(U)
L >0 forallrEVandeEﬁ
zp > 0 forallr € V and P € P.

Given a solution (z,2) to we use ¢(z) =3 oy > g cle) -zl

as a shortcut for its cost.

The integer program corresponding to turned out to perform
well in experimental studies [34], E| but to the best of our knowledge, from a
theoretical viewpoint has not been studied before. In this work, we
investigate the properties of this LP relaxation, which in the long run might help
to improve on the longstanding 2-approximation algorithm for Steiner Forest.

1.1 Owur Contributions

One of our main results is an algorithm to round a half-integral solutiorﬂ to
while loosing a factor smaller than 2 in the cost. Half-integral solu-
tions often play an important role in developing rounding algorithms for network
design problems, see e.g. [127)29]. While it remains open whether the integral-
ity gap of is less than 2, the result from the next theorem (proof in
Section [2)) gives some supporting evidence that this might be the case.

Theorem 1. Given any half-integral solution (x, z) to|Forest-BCR), we can com-

pute in polynomial time a feasible solution to the associated Steiner Forest in-
stance of cost at most L - c(x).

To prove the above result, we provide a simple rounding algorithm which is
applicable beyond half-integral solutions. The half-integrality of (x,z) will be
used only in the analysis of the algorithm.

The basic idea of our algorithm is a recursive contraction of densest sub-
graphs with respect to x. First, we turn the given LP solution (z, z) into a more
structured one, applying splitting-off operations as long as this maintains feasi-
bility of the solution. (Splitting-off means that we reduce the value of variables

and x{, ., while increasing the value of zf, . by the same amount. ) Next,
we 1cient1fy a denbest subgraph with respect to x. More precisely, we compute a

subset of vertices W that maximizes the sum of the values z} with u,v € W,

(u,v)

4 Forest-BCR]is equivalent to the LP underlying the best performing IP in [34].
5 Tee., a solution where the value of each variable is an integer multiple of %
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divided by |[W|— lﬂ Then we add a minimum spanning tree MST(W) on vertex
set W to the solution under construction, contract W (updating P and (z, z) in
the natural way), and continue recursively until each pair is connected.

We prove that our algorithm yields a solution of cost less than 2 - ¢(z) if the
maximum density of a set W with respect to x is always larger than % Moreover,
we prove that in the half-integral case, we can achieve a density of at least 1—96,
leading to Theorem

Next, we study further basic properties of Recall that the pairs
P do not need to be disjoint and a vertex can appear in multiple pairs. Often the
same Steiner Forest instance can be represented in multiple equivalent ways. For
example, the pairs {{a,b}, {b,c}} can be replaced by the pairs {{a, b}, {a,c}}
without changing the set of feasible solutions. We investigate the impact of such
representation changes on

Define the demand graph of an instance to be the graph with vertex set V' that
contains an edge between two vertices s and ¢ if and only if the pair {s, ¢} belongs
to P. All vertices that belong to the same connected component of the demand
graph must be connected in any feasible Steiner Forest solution. Thus, if for
two instances ((V, E),¢,P1) and ((V, E), ¢, P2) the vertex sets of the connected
components of the demand graphs are the same, then the two instances are
equivalent. In this case, we also say that P; is a different representation of Ps
and vice versa.

Even though the feasible solutions of the two instances are identical (and the
cost function is the same), it turns out that the value of can depend
on the representation.

Theorem 2. There exists an instance ((V, E), ¢, P1) of the Steiner Forest prob-

lem and a different representation Py of Py such that the value of [Forest-BCR|
is not the same for the two instances ((V, E),c,P1) and ((V, E),c, Pa).

We remark that, on the instances we consider in the proof of Theorem
(see full version [I1]), has optimal half-integral solutions. Hence
already in this case, where we show that a good rounding algorithm exists, the
representation matters.

Given Theorem [2] one might ask what the best way is to represent a given
instance. For a given fixed instance, one could simply add all pairs {s, ¢} for which
s and t are in the same connected component of the demand graph. Alternatively,
one could also generalize by allowing P to contain arbitrary subsets
of V' rather than only subsets of size two. Then one can simply include the
vertex set of every connected component of the demand graph in P. The latter
construction yields a relaxation that is at least as strong as any representation
using only pairsm

5 Notice that we do not divide by |IW| as it is done in other definitions of density. This
difference is crucial for us.

" Suppose P contains a subset A, where possibly |A| > 2, then we can turn any LP
solution (z, z) into a feasible LP solution for the instance containing all pairs P C A
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However, to prove an upper bound on the integrality gap for general instances
of Steiner Forest, we need to prove an upper bound for any representation of
the instance. To see this, note that whenever a vertex appears in multiple pairs,
we can replace it by several collocated copies. This changes neither the value of
nor the cost of an optimum Steiner Forest solution. Of course, one
could contract vertices at distance zero upfront, but a similar situation arises if
the copies have a very small, but positive distance from each other. In this new
instance, there is only one possible representation of the pairs but the integrality
gap of the LP is essentially the same as for the original instance.

We say that a connected component of the demand graph is trivial if it con-
tains only a single vertex and we call it nontrivial otherwise. Observe that Steiner
Tree instances are instances of Steiner Forest where the demand graph has only
one nontrivial connected component. In the full version of this paper [I1], we
prove that for Steiner Tree instances, the value of [Forest-BCR] does not depend
on the representation of the pairs P. Even more, this value is always equal to the
value of for the corresponding Steiner Tree instance. In particular, the
result from [I0] implies that such instances have integrality gap strictly smaller
than 2, namely at most 1.9988.

Theorem 3. Let (G, ¢, P) be an instance of Steiner Forest where the demand
graph has only one nontrivial connected component (with vertex set R). Then

the value of [Forest-BCR] is equal to the value of [Tree-BCR) for the Steiner Tree
instance (G, ¢, R).

Finally, we provide a family of instances showing that the integrality gap of

Forest-BCRis at least 3 (see Section .
Theorem 4. The integrality gap of|Forest-BCR) is at least %

Because [Forest-BCR] is a strengthening of the classical undirected LP relax-
ation of Steiner Forest | which has an integrality gap of 2 [TI2428], the integrality
gap of is at most 2. Whether the integrality gap of is
strictly less than 2, remains an interesting question for future work. We remark
that for the instances we use to prove Theorem[4] the optimal solutions to[Forest]
[BCR] are not half-integral. Nevertheless, the rounding algorithm we use to prove
Theorem [1| yields optimal integral solutions for these instances.

1.2 Related Work

The Steiner Network problem, also known as Survivable Network Design, is a
generalization of Steiner Forest where we are given pairwise vertex connectivity

by setting zp := 2!, for every such pair and each root r € V. Hence, the LP relaxation
where A is part of P is at least as strong as any equivalent representation containing
pairs P C A instead of A.

8 To see this, observe that for every feasible solution (z, z) to the vector
& € R” defined by F(y,.} = > rev (@(u,p) + T(yu)) is a feasible solution to the
undirected LP relaxation.
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requirements A, , > 0, and the task is to compute a cheapest subgraph of G
such that each such pair of vertices u,v is A, ,-edge connected. In a celebrated
result, Jain [28] obtained a 2-approximation for this problem using the iterative
rounding technique. Since then, improving on the 2-approximation barrier, even
just for special cases of Steiner Network, became an important open problem.
This was recently achieved for some problems in this family, such as Connectivity
Augmentation [SII3I35I36I37] and Forest Augmentation [25]. Among the special
cases for which 2 is still the best-known factor, we already mentioned the Steiner
Forest problem. Another interesting special case is the Minimum-Weight 2-Edge
Connected Spanning Subgraph problem.

For the Steiner Tree problem several better than 2 approximation algorithms
are known. A series of works based on the relative-greedy approach [4140J3T)j32]
culminated in a 1.55 approximation [33]. The current-best approximation algo-
rithm achieves an approximation guarantee of (In4 + ¢) ~ 1.39 [9] and is based
on an iterative randomized rounding approach, applied to the so-called Hyper-
graphic Cut Relaxation for Steiner tree. This LP relaxation has integrality gap
at most In4 [23]. Recently, the same approximation factor and a new proof of
this integrality gap upper bound has been obtained using local search [36].

For Steiner Forest, better-than-2 approximation algorithms are only known
in special cases. In particular, approximation schemes are known for planar and
bounded tree-width graphs [4], and for Euclidean plane instances [6]. A better-
than-2 approximation is also known for very dense unit weight graphs [30].

For the prize-collecting generalizations of Steiner Tree and Steiner Forest,
where some terminals or terminal pairs might be left disconnected by paying a
given associated cost, the currently best-known approximation factors are 1.79
for prize-collecting Steiner Tree [3] and 2 for prize-collecting Steiner Forest [2].

For the directed analogue of the Steiner Forest problem, approximation fac-
tors of O(|R|*/?*¢) [17] and O(|V|?/3+¢) [5] are known for every fixed ¢ > 0.
For the special case of planar graphs, polylogarithmic approximation factors
have been obtained in [I8]. For the directed analogue of Steiner Tree, the cur-
rent best approximation algorithms for it are |R|® in polynomial time [I6] and
O(log® |R|/loglog |R|) in quasi-polynomial time [26].

1.3 Notation

For a vertex v, we denote by 6~ (v) and §*(v) the sets of incoming and outgoing
edges of v, respectively. Similarly, for a vertex set U, we denote by 6~ (U) and
3 (U) the incoming and outgoing edges of U, respectively.

For a solution (z,z) to and a vertex r € V, we write ¢(z") =
> ecp cle) - z¢. Moreover, for an edge set F' C E, we write F to denote the
directed edge set obtained by bidirecting F' and define z"(F) == > _3 2¢ and
o(F) =3, cp 2" (F).

Finally, for a graph G = (V, E) and a set W C V, we write G[W] to denote
the subgraph of G induced by W, and we write E[WW] to denote the edge set of
this subgraph, i.e., the set of all edges from E with both endpoints in W.
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2 Rounding half-integral LP solutions

In this section we prove Theorem I} which we restate here for convenience.

Theorem 1. Given any half-integral solution (x, z) to|Forest-BCR), we can com-

pute in polynomial time a feasible solution to the associated Steiner Forest in-
stance of cost at most 12 - c(x).

To prove Theorem [I] we describe an algorithm that could be applied to round

arbitrary solutions (z, z) to |Forest-BCR| and then prove that it yields a Steiner

Forest solution of cost at most <g*c(x) if the LP solution (z, z) is half-integral.

2.1 Description of the algorithm

We now describe our recursive algorithm, which is summarized in Algorithm [I]
See Figure [1] for an example. If P = (), we return the optimum solution, which
is ' = 0.

Otherwise, we compute the metric closure (G, T) of the weighted graph (G, c).
Next, we modify the given LP solution (x, z) into a more structured LP solution
for the instance (G, ¢, P). First, we ensure that whenever 2%, > 0 for some vertex
r € V and some pair P € P, then r is a terminal. This modification can be
done without increasing the cost of the LP solution by a simple rerouting step
(see full version [I1]). We remark that we could have required this property in
in which case it would be automatically satisfied at the beginning
of the algorithm. However, the property will not be automatically satisfied for
the instances on which we call the algorithm recursively.

Then we do splitting-off steps, as long as possible: If for a vertex v € V', a root
r €V, and edges (u,v) and (v, w) we can reduce x{, ,»y and x(, ) by € > 0 and
increase x’("u’w by € while maintaining the feasibility of) our LP solution, then we
do so for the iargest possible such €. Because the cost function ¢ is metric, this
does not increase the cost of our LP solution. We then obtain an LP solution
(z, z) with the following two properties:

(a) We have zp, =0 forall? € V\ R and all P € P.
(b) No splitting-off step is possible while maintaining the feasibility of (x, z).

We call an LP solution with these two properties well structured.
Having a well structured LP solution for the instance (G,e,P), we compute
a densest subgraph of G = (V, E) with respect to the following notion of density:

Definition 1. For W C V with |[W| > 2, we define the density of W with respect
tox as
z(E[W])

densityx (W) = |I/I/|7—1 .
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Algorithm 1 Recursive algorithm to round a solution (z, z) to Forest—BCE] for
a given instance (G, ¢, P).

1: If P =0, return 0.

2: Let (G,¢) be the metric closure of (G, c).

3: Replace (z,z) with a well structured solution for the instance (G,¢,P) without
increasing the cost.

4: Compute a densest subgraph of G with respect to edge weights z, i.e., compute a
set W C V maximizing density (W) := zfvﬂ‘ﬂ])

5: Compute a minimum spanning tree MST(W) of G[W] with respect to the costs ¢.

6: Call the algorithm recursively on the instance and LP solution that arise by con-
traction of W and let Fyw be the resulting edge set.

7: Let F result from Fyw UMST (W) by replacing every edge {v, w} by a shortest v-w
path in (G, c).

8: Return F.

®. ® @ O—

MST(W)

@ @ F\\

\O/ \o/ \O/ \o/ \ P e /
N @/ N @/ \@/

Fig.1: The left part of figure illustrates an LP solution for an instance with pairs

{a1, a2}, {b1,b2}, and {c1,co}. Every edge e with 27 = 1 is drawn in the same

color as the vertex r. In the middle, we see the LP solution in the recursive

call of Algorithm [I| (applied to the instance arising from the contraction of

W = {b1,bs}) after rerouting and splitting-off. The solution returned by the

algorithm is shown on the right.

We compute W C V with |W| > 2 maximizing density, (). Such a set W can be
found in polynomial time by a reduction to submodular function minimization;
details in the full version of the paper [11].

Next we compute a minimum cost spanning tree MST (W) in the graph G[W]
induced by W with respect to edge costs ¢. Then we call the algorithm recursively
on the instance obtained by the contraction of W into a vertex w*. We identify
the edges in the contracted instance with the corresponding edges in the original
instance. If parallel edges would arise by the contraction, we keep only one edge
with minimal cost. Edges with both endpoints in W are no longer present after
contraction.

When contracting the set W, we adapt the set of pairs in the natural way: we
remove every pair P € P with P C W; in every pair {s,t} withs € W and ¢t ¢ W,
we replace s with w*. We also transform the LP solution (z, z) in the canonical
way as follows. We set 2" = > wew 2p for each P € P. For all vertices r,v €
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Vv \ W, we set m?’u,w*) = ZwEW x?vﬂu) and Simﬂa‘rly J’J(nw*,v) = ZwEW J’J(Aw,v)'
Moreover, for each vertex v € V'\ W, we set xq(‘j))w*) = Ewew ZUEW xy

(v,u)
similarly x“(‘i’u*’v) = ZwEW ZuEW xq(‘;)v).

Then we take the union of MST(W) and the edge set Fyy obtained from the
recursive call to obtain a solution to the instance (G,¢,P). Finally, we replace
every edge {v,w} by a shortest v-w path in the original graph G with respect
to the cost function c. In this way, we obtain a Steiner Forest solution to the
original instance (G, ¢, P).

and

2.2 Analysis of the algorithm

For a proof that Algorithm [I] can be implemented to run in polynomial time we
refer to the full version of the paper [II]. We next analyze the approximation
ratio of the algorithm and prove that we obtain a solution of cost at most % -c(x)
if (x, z) is half-integral.

First, we discuss how we can bound the cost mst(W) of the minimum span-
ning tree MST(W) in G[W]. We denote by z|gpw the vector z restricted to
directed edges with both endpoints in W and therefore write

C({E|E[W]) = Zv,wGW C(e) ’ ZT‘EV irfv,w)‘

Lemma 1. Let (x,z) be a solution to and let W CV with |W| > 2
mazimizing density  (W). Then

c(z|pw))
t < ——F————.
mst(W) < density, (W)

To prove Lemma we consider the vector y € Rgg/m that is given by

Y{o,w} = m . ZreR(x@w) + x{wvv)) for every edge {v,w} € E[W]. One
can show that y is contained in the spanning tree polytope, using the description
of the spanning tree polytope by partition constraints. Here, we crucially exploit
the fact that W maximizes the density with respect to z. Then we can bound

mst(W) by c(y) = % For details of the proof, see full version [11].
The next step our analysis is to prove that for a well structured half-integral
LP solution (z,z), a sufficiently dense subgraph with respect to x does always

exist:

Lemma 2. Let (z,z) be a well structured solution to[Forest-BCR| for an instance
with |P| > 1. If (x, z) is half-integral, then there exists a set W C V with |W| > 2
and density, (W) > %.

The proof of Lemma [2] is the only part of our analysis where we use the
half-integrality of the LP solution. We first observe that we may assume that
decreasing the value of any variable x. will make the LP solution infeasible:
otherwise, we can decrease z by % and this can only decrease the density of
any set W with respect to z. (The decrease of z7 will also maintain the property
that (z, z) is well structured.)
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Next, we consider the projection multi-graph CAJA: (v, E) obtained from a
half-integral solution (z,z) as follows. The graph G has vertex set V and its
edge set contains 2 - 37 oy (2(, ) + @, ) copies of each edge {v,w}. We say

(w,v)
that a vertex is a high-degree vertez if it has degree at least three in G and call
it a low-degree vertex, otherwise.

We now use the fact that (z, z) is well structured to show that every Steiner
vertex has either degree zero in Goritisa high-degree vertex. Consider a Steiner
vertex v of nonzero degree in G. Because of our assumption that decreasing the
value of any variable x makes the LP solution infeasible and because zp = 0
for every pair P € P, we have z(6"(v)) > 0 and z(6~ (v)) > 0, implying that
v has degree at least two in G. If z(5+(v)) = 1 and z(6~(v)) = 1, we could
have applied a splitting-off step at v, contradicting the fact that (x,z) is well
structured. Hence, at least one of (67 (v)) and z(6~ (v)) must be at least 1,
implying that v has degree at least three in G.

Then, using the feasibility of the LP solution (z, z) for we can
show that every vertex v of nonzero degree in G, which we will also call a support
verter, has degree at least two in G and satisfies in addition at least one of the
following two properties:

(i) there is a vertex w € V such that G contains two parallel edges {v,w};
(ii) either v itself is a high-degree vertex, or one of its neighbors in G is a
high-degree vertex.

See Lemma 2.7 in the full version [1I] for a proof of this fact.

To prove Lemma [2| we next lower bound the maximum density. If at least
one terminal v satisfies (), then W = {v,w} satisfies density, (W) =1 > %.
Otherwise every support vertex satisfies and we consider the set W consisting

of all support vertices. In order to prove density,, (W) > 1%, we apply a token

counting argument. Initially we distribute Q\E | tokens by giving to every support

vertex one token per incident edge in GG. Then we redistribute the tokens: every

low-degree vertex in W keeps its 2 tokens and every high-degree vertex of degree
E—2

k > 3 keeps 2 + Z—jﬁ > % tokens for itself and gives 77§ > i tokens to each of

its neighbors. Then implies that every support vertex has at least % tokens,
implying 2|E[W]| = 2|E| > 9 - |[W|. From this we conclude density, (W) > .
For full details of the proof of Lemma [2| we refer to the full version [I1].
Having shown Lemmal[IJand Lemma[2] we can prove that Algorithm[I]returns
a Steiner Forest solution of cost at most 4 - ¢(z) whenever (z, z) is half-integral.
To this end, we observe that the modifications of the solution (x,z) turning
it into a well structured solution can only decrease the cost ¢(z). Then we let
(xw,zw) denote the LP solution that arises by contraction of W, i.e., the LP
solution which we round to the edge set Fy by calling the algorithms recursively.
Because the number of vertices decreases by at least one in every recursive call,
we may assume by induction on the number of vertices, that ¢(Fy) < 12 -c(zw).

< _cGlow)
— density (W)

mst(W) < 8- c(a|gw). Using c(zw )+ (z|pw)) < c(z), this implies the claimed
upper bound on the cost of the returned edge set F'.

Moreover, by Lemma we have mst(W) and thus by Lemma



On the Bidirected Cut Relaxation for Steiner Forest 11

3 Lower bound on the integrality gap

In this section we prove that the integrality gap of is at least % We
consider for every q € Z~, the following instance of Steiner Forest. The graph
G has vertices s;, v;, and t; for i € {1,...,q}. The edges of G consist of all edges
between vertices s; and v;, and all edges between vertices v; and t;, i.e.,

E = {{si,vj} 11,j € {1,...,q}}U {{vi,tj} (i,j € {1,...,q}}.
See Figure The set P contains the pairs {s;,t;} fori € {1,..., ¢} and the pairs
{vi,vig1} for i € {1,...,q — 1}. The cost of every edge is 1.

Fig.2: The instance and LP solution we use to establish an integrality gap lower
bound for ¢ = 4. The figure shows the graph G = (V, E) (left), the demand graph

of the instance (middle), and an illustration of the values of 7 in the LP solution

(right). For an edge e € E we have ], = % = 1 if e is drawn in the same color as

the vertex r. All other variables z} are zero. In particular, for every non-colored
vertex r, we have z, =0 for alle € E.

In any feasible solution F' of this instance, the vertices v1, ..., v, must belong
to the same connected component of (V, F'). Moreover, every path in G from s;
to t; contains some vertex v; and thus the vertices s; and ¢; must also belong to
this connected component. We conclude that (V, F) has only a single connected
component and is therefore a spanning tree of cost |[V|—1 =3¢ — 1.

We now construct a feasible LP solution of cost 2¢. For i € {1,...,q}, we set

r 1 ifr= ti

sy = k

{sits 0 otherwise
and for ¢ € {1,...,q— 1}, we set

) Loifr=t;forje{l,....q}
Zf o v =
{vi,vig1} 0 otherwise.

For i,5 € {1,...,q}, we set x’zgl ) = xfi}j t) = %. All other variables zf with

reVande € E are 0. This defines a feasible solution to of value 2gq.

Therefore, the integrality gap of the instance is at least qu , which becomes
3

2

arbitrarily close to 5 for g sufficiently large. This proves Theorem
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