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Abstract. In the Weighted Triangle-Free 2-Matching problem
(WTF2M), we are given an undirected edge-weighted graph. Our goal
is to compute a maximum-weight subgraph that is a 2-matching (i.e.,
no node has degree more than 2) and triangle-free (i.e., it does not
contain any cycle with 3 edges). One of the main motivations for
this and related problems is their practical and theoretical connection
with the Traveling Salesperson Problem and with some 2-connectivity
network design problems. WTF2M is not known to be NP-hard and
at the same time no polynomial-time algorithm to solve it is known in
the general case (polynomial-time algorithms are known only for some
special cases). The best-known (folklore) approximation algorithm for
this problem simply computes a maximum-weight 2-matching, and then
drops the cheapest edge of each triangle: this gives a 2/3 approximation.
In this paper we present a PTAS for WTF2M, i.e., a polynomial-time
(1 —e¢)-approximation algorithm for any given constant € > 0. Our result
is based on a simple local-search algorithm and a non-trivial analysis.

Keywords: Restricted matching - Local search - PTAS.

1 Introduction

Let G = (V,E,w), w: E — Q>¢, be a simple undirected edge-weighted graph. A
2-matching M of G is a subset of edges M C FE such that at most two edges of M
are incident on each node in V. Observe that a 2-matching induces a collection
of disjoint paths and cycles. The 2-Matching problem requires to compute a 2-
matching of maximum weight w(M) := >, w(e): this problem can be solved
in polynomial time via a reduction to matching (see, e.g. [35, Chapter 30.6.]).
In this paper we focus on the Weighted Triangle-Free 2-Matching problem
(WTF2M), a natural generalization of 2-Matching where we further require that
the computed matching M does not induce any t¢riangle (i.e., cycle with 3 edges).
Hartvigsen proposed an (extremely complex) exact algorithm for the unweighted
version TF2M in his Ph.D. thesis in 1984 15|, and a (similarly complex) journal
version of that result was recently published [17]. Recently, Paluch [31] reported
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another polynomial-time algorithm for the problem (still unpublished). For the
sake of simplification in verification and analysis, Bosch-Calvo, Grandoni, and
Ameli [8] proposed a simple local search-based Polynomial-Time Approximation
Scheme (PTAS) for this problem, i.e., an algorithm that, for any given input con-
stant parameter £ > 0, computes a (1 — €)-approximate solution for the problem
in polynomial time. Kobayashi and Noguchi 28] further and substantially simpli-
fied the correctness proof of the mentioned PTAS. Exact algorithms and PTASs
for TF2M are used as subroutines to design improved approximation algorithms
for some network design problems (more details in Section .

Much less is known for the weighted version of the problem. WTF2M is
not-known to be NP-hard. Polynomial-time algorithms are known for some spe-
cial cases of the problem. More specifically, Hartvigsen and Li [18] showed that
WTF2M can be solved in polynomial-time when the input graph is subcubic,
i.e., the maximum degree is at most 3 (see also 3| for generalizations and [25//33]
for simplifications). Furthermore, Kobayashi [26] proposed a polynomial-time al-
gorithm for the problem when all triangles in the input graph are edge-disjoint.
The best-known (folklore) approximation algorithm for WTF2M simply com-
putes a maximum-weight 2-matching and then drops the cheapest edge of each
triangle: this gives a 2/3 approximation.

1.1 Our Results and Techniques

In this paper we present a PTAS for WTF2M, the first improvement over the
mentioned trivial 2/3 approximation.

Theorem 1. There is a PTAS for the Weighted Triangle-Free 2-Matching prob-
lem.

In more detail, let OPT(G) denote some optimal solution to the considered
WTF2M instance G, and opt(G) = w(OPT(G)) denote its weight. We simply
use OPT and opt when G is clear from the context.

Our PTAS is based on a simple local-search algorithm, that works as follows.
Given a triangle-free 2-matching M, an augmenting trail P for M is a trail such
that M AP is a triangle-free 2-matching of weight strictly larger than M. Here,
A denotes the symmetric difference. Given a trail P, by | P| we denote its number
of edges. At each step our algorithm finds an augmenting trail P with bounded
| P|, if any, and uses it to increase the weight of the current solution M (initially
empty); see Algorithm [1| for the details.

The key to prove that the above algorithm works is the following theorem.

Theorem 2. Let G = (V, E,w) be a simple weighted graph, APX be a triangle-
free 2-matching of G, and € € (0,1] be a constant. If (1 — e)opt(G) > w(APX),
then there exists an augmenting trail P for APX with |P| < 7/e.

Theorem [2| implies that Algorithm [I{ returns a (1 — ¢)-approximate solution.
However, it is not obvious that it runs in polynomial time. To overcome this
difficulty, we reduce the problem to the case with polynomially bounded integer
weights; see Section [2 for details.



A PTAS for Weighted Triangle-free 2-Matching 3

Algorithm 1 Local Search for WTF2M.

Input: A constant ¢ € (0,1] and an undirected edge-weighted graph G =
(V, E,w).

Output: A triangle-free 2-matching APX of G satisfying w(APX) > (1 —
)opt(G).

1: APX <+ 0

2: while there exists an augmenting trail P for APX with |P| < 7/e do

3: APX < APXAP

4: return APX

Our proof for Theorem [2| follows a line similar to that of [28], which is based
on graph reductions. The key ingredient is a generalization of triangle-freeness,
which is called T-freeness. In more detail, we generalize the triangle-free con-
straint by introducing a list 7 of triangles that must not be included in the
desired 2-matching. By transforming the graph, we reduce the input graph to
one with a smaller size of T, and by transforming the trail obtained from the
reduced graph back onto the original graph, we construct the required trail (see
Section . The desired result is then obtained by setting 7 to the set of all the
triangles in G.

As we will see in the technical part, our approach also works for non-simple
graphs that contain self-loops but not parallel edges. On such graphs, we obtain
a PTAS for the problem of computing a 7-free 2-matching for any input set 7
of triangles.

It remains an important open problem in the area to find an exact
polynomial-time algorithm for WTF2M, if one exists.

1.2 Related Work

We already mentioned the exact algorithms and PTASs for TF2M. An exact
algorithm for TF2M was used as a subroutine to design improved approximation
algorithms for the {1,2}-TSP problem, a well-studied special case of TSP where
all edge weights are 1 or 2. A key observation here is that, given a maximum-
cardinality 2-matching M on the edges of cost 1, 2n — |M] is a lower bound on
the minimum cost of a TSP tour. The same lower bound holds if one uses instead
a maximum-cardinality triangle-free 2-matching. In [5] a maximum-cardinality
triangle-free 2-matching is used as a starting point to build a feasible TSP tour.
The triangle-freeness turns out to be a useful feature for technical reasons. A
similar approach is also announced in [1].

An exact algorithm for TF2M is also used as a subroutine to design im-
proved approximation algorithms for the 2-Edge-Connected Spanning Subgraph
problem (2ECSS). In this problem we are given an undirected graph, and the
goal is to compute a subgraph with the minimum number of edges that con-
tains all the nodes and that is 2-edge-connected, i.e., it remains connected after
removing one arbitrary edge. This problem is very well studied in terms of ap-
proximation algorithms [11,/13}[21}/23}[361/38]. The latest improved approximation
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algorithms [6}20,27] work as follows. They first build a maximum-cardinality
triangle-free 2-matching M. Then they convert M into a minimum-cardinality
triangle-free 2—edge—c0ve1E| C'. It can be shown that |C] is a valid lower bound on
the size of the optimal solution to the input 2ECSS instance. Finally, C' is used
as a starting point to build a feasible 2ECSS solution. Also in this case, the lack
of triangles in C' turns out to be a helpful feature in the construction for tech-
nical reasons. Indeed, it would be very helpful to avoid even longer cycles, say,
with up to 4 or 5 edges. However no exact or sufficiently good approximation
algorithms are known for that goal. For similar reasons, TF2M could also be
used to simplify (and possibly improve) the approximation factor for the related
2-Vertex-Connected Spanning Subgraph problem [7}[141|191[23].

We are not aware of any similar use of the weighted version of the problem,
namely WTF2M, for the design of approximation algorithm, though this seems
a natural direction for future work.

The Weighted C<y-Free 2-Matching problem (WCkF2M) is a natural gener-
alization of WTF2M where we wish to compute a maximum-weight 2-matching
not inducing any cycle with up to k£ edges. This problem is NP-hard for k£ > 4
even in bipartite graphs [24]. As we already mentioned, WTF2M, i.e., the case
k = 3, is open. Under the assumption that the weight function satisfies a certain
property, called vertex induced on every square, Weighted C<4-Free 2-Matching
problem in bipartite graphs can be solved in polynomial-time (see [29}32}37]).

The situation is slightly different for the unweighted version CkF2M of
WCKF2M. Papadimitriou showed that the case k > 5 is NP-hard (his proof
is described by Cornuéjols and Pulleyblank in [12]). The complexity status of
the problem is open for k& = 4. Hartvigsen 16| showed that the case where
k = 4 is polynomial-time solvable in bipartite graphs (see also [2}/34]). Bérczi
and Végh |4] showed that the same problem can be solved in polynomial time if
the input graph is sub-cubic.

The Ck-Free 2-Matching problem is the problem of finding a maximum-
cardinality 2-matching not inducing any cycle with exactly k edges (while shorter
cycles are allowed). In particular, TF2M is the special case of the above prob-
lem with & = 3. Bérczi and Kobayashi [10] showed that the square-free case,
i.e., the case k = 4, is polynomial-time solvable in sub-cubic graphs. Nam [30]
showed that the same problem can be solved in polynomial time if the squares
are vertex-disjoint, and this result was generalized by Iwamasa et al. [22].

The problems get easier if we are allowed to take multiple copies of the same
edge (i.e., the 2-matching is not simple). In particular, the Weighted Triangle-
Free Non-Simple 2-Matching problem can be solved exactly in polynomial time
[12].

1.3 Preliminaries

We use standard graph notation. Let G = (V, E, w) be an edge-weighted graph
with w: E — Q>¢. Throughout this paper, we suppose that a graph may have

3 We recall that a 2-edge-cover is a subset of edges C such that each node has at least
2 edges of C incident to it.



A PTAS for Weighted Triangle-free 2-Matching 5

self-loops but has no parallel edges. Given a node u € V and a subset FF C F
of the edges, the relative degree dp(u) of u w.r.t. F' is defined as the number of
edges in F' incident to v, where self-loops are counted twice, that is, dp(u) =
{uv | uwv € F}|+1if uu € F and dp(u) = [{uv | uv € F}| otherwise. An edge
set M C E is called a 2-matching if dps(v) < 2 for any v € V. For a subset
F C E of the edges we denote w(F') =) . w(e).

A trail P (of length |P| = k — 1) is a sequence of distinct consecutive edges
UL U2, U2US, . . . , Uk_1UL. The nodes uq,...,ur are not necessarily distinct. We
say that u; and wug are the first and the last node of the trail, resp., and they
are both endpoints of the trail. Notice that we allow w1 = ug, in which case we
say that the trail is closed. For a trail P of G, we denote by sl(P) the number of
self-loops in P. Given a trail P, we will also use P to denote the corresponding
set of edges {ujus,...,up—1ur} (neglecting their order); the meaning will be
clear from the context. For two edge subsets Ay, Ay C FE, an alternating trail
w.r.t. (A1, Ag) is a (possibly closed) trail in A; AAs that alternates between the
edges of Al\A2 and Ag\Al, le., ujuir1 € Al\A2 if and only if Ui 1Uir2 € Ag\Al
fori=1,...,k—2.

A triangle is an edge set that forms a cycle of length 3. An edge subset F' C E
is called triangle-free if it contains no triangle. Let T be a subset of triangles in
G = (V,E,w). An edge set F' C E is called T-free if F' does not contain any
triangle T' € T as a subset. Note that when 7 is the set of all triangles in G,
T-freeness is equivalent to triangle-freeness. For a subset 7 of the triangles of
G and a subset F' C E of the edges, we define T (F') as the set of all triangles in
T containing at least one edge in F'. The following observation is used multiple
times throughout our argument.

Observation 1 Let G be a graph, let T be a subset of the triangles of G, M be
a 2-matching, and T be a triangle of G (possibly, T ¢ T ). If M NT| = 2 then
M is T(T)-free.

Proof. Let T = {ujus,usug,ujus}, and assume w.lo.g. that T N M =
{uruz, urus}. Assume to get a contradiction that M is not T (T)-free, so that
M contains a triangle 7" # T that contains an edge of T, say w.l.o.g. ujus. By
the degree constraint on w, the only other edge of M incident to wy is ujus.
Then, since 77 C M, T’ must also contain uju3 and thus it is equal to T, a
contradiction. a

2  Weight Reduction and Proof of Theorem

As described in Section [1} it is not obvious that Algorithm [I| runs in polyno-
mial time. To resolve this issue, we reduce the problem to the case where the
input instance has integer weights in {0, ..., |n/e]}, where £ > 0 is some given
constant. Here, n denotes the number of vertices in the input graph.

Lemma 1. For any constants e, € (0,1], given a polynomial-time (1 — &’)-
approzimation algorithm for WTF2M under the assumption that edge weights



6 M. Bosch-Calvo et al.

are integers in {0,...,|n/e]}, there is a polynomial-time (1 — e)(1 — &’)-
approximation algorithm for WTF2M (with no restrictions).

Proof. Let G = (V,E,w) be the input instance of WTF2M, and let OPT be
some optimal solution for it. Let enax be an edge with the maximum weight in
G, and W := w(emax). We may assume that W > 0, since otherwise all edges
have weight zero and w(OPT) = 0. Note that {emyax} is a feasible solution of
WTF2M, so W < w(OPT). Next we define for each e € E the weight w'(e) =
L%gj To the resulting instance G’ = (V, E,w’) of WTF2M we apply the
(1 — &’)-approximation algorithm with bounded integer weights that is given by
the assumption of the lemma, and return the resulting solution APX. Let OPT’
be an optimal solution to G’. One has that

w'(OPT') > w/(OPT) > Y (w(e) n_ 1)

ecOPT W e

n n
>w(OPT)— —n>(1- OPT)—

> w(OPT) 3l —n > (1- SJu(OPT) .

where we have used |OPT| < n and W < w(OPT) in the third and the last
inequalities, respectively. Hence

1_ /
w(APX) > %w’(APX) > We(-¢)
n n

w'(OPT') > (1 —¢)(1 — £ )w(OPT),

which completes the proof. a

By combining Theorem [2] and Lemmal [T} we obtain a PTAS for WTF2M and
prove Theorem [I] as follows.

Proof (Proof of Theorem . By Lemma [1] it is sufficient to show that Algo-
rithm [1}is a PTAS for the problem with bounded integer weights. The feasibility
of the solution is obvious by construction. Clearly, every iteration of the while
loop can be executed in n°1/9) time. Each time this loop is executed, the weight
of the solution grows by at least 1 (since all weights are integers). Since the initial
solution has weight 0 and no solution can have weight more than n?/e (corre-
sponding to n edges of maximum possible weight), the number of iterations of
the while loop is bounded by n?/e. Then, since in each iteration a trail can be
found in n®(/¢) time, the overall running time is also bounded by n®(/¢). By
Theorem 2} as long as (1 — €)opt(G) > w(APX), the value of APX is updated.
This implies that, when the algorithm terminates, (1 —€)opt(G) < w(APX). O

What remains is the proof of Theorem [2] In what follows in this paper, we
prove the following stronger theorem.

Theorem 3. Let G = (V,E,w) be a weighted graph. Let T be a subset of
the triangles of G, let Ay, As be two T-free 2-matchings of G, and let € €
(0,1] be a constant. If (1 — e)w(A1) > w(Az), then there exists an alter-
nating trail P w.r.t. (A1, As) such that: (1) AsAP is a T-free 2-matching,
(2) w(A2 AP) > w(As), and (3) |P|+ 2sl(P) < 7/e.
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Recall that G may have self-loops but has no parallel edges. Notice that we
can derive Theorem [2] from Theorem [3] by setting A; = OPT and Ay = APX.
To prove Theorem (3], we first consider the case of 7 = () in Section [3, and then
consider the general case in Section

3 Case with No Forbidden Triangles

In this section, we prove a special case of Theorem [3| where 7 = 0.

Lemma 2. Let G = (V, E,w) be an edge-weighted graph, let Ay, As be two 2-
matchings of G, and let € € (0,1] be a constant. If (1 — e)w(41) > w(Az),
then there exists an alternating trail P w.r.t. (A1, As) such that: (1) AsAP is a
2-matching, (2) w(A2AP) > w(As), and (3) |P| < 3/e.

Proof. Let P be a partition of A; AAs into alternating trails w.r.t. (41, A2) such
that As AP is a 2-matching for every P € P. The existence of such a partition
is a well-known fact, see e.g. [28, Lemma 2.1]. It holds that

D w(Ay N P) = w(Az) — w(A; N Ay)

PeP
< (1 — 6)’UJ(A1) — w(A1 n AQ)
< (1 =g)(w(dr) —w(Ar N Az))

=Y (1-ew(ANP)

PcP

Therefore there exists P* € P satisfying that w(As N P*) < (1 —e)w(A; N P*).

Let m := [1]. Since w(A; N P*) > w(Az N P*), one has that w(A; AP*) —
w(Ag) > 0, and thus P* satisfies the claim of the lemma if |[P*| < 2m —1 < 3/e.
Now we assume that P* = wjug, ugus, ..., g4+ satisfies |P*| > 2m — 1. We
consider the following two cases separately.

Suppose that P* is closed and even, i.e., u; = ug41, and one of ujus and
UkUk41 1S in Ay while the other is in A;. Let S be the set of alternating subtrails
P of P* with |P| = 2m — 1 whose first and last edges are in Ay (including
subtrails passing through u; = wg41). That is, each trail in S is of the form
UilUig 1y Uit 1Uit 2y « - - 5 Uit2m—2Uit2m—1, Where the indices are taken modulo k. It
is easy to see that Ay AP is a 2-matching for any P € S, because da,ap(v) <
da,(v) <2 for any v € V. Every edge in A; N P* is contained in exactly m — 1
trails in S, while every edge in As N P* is contained in exactly m trails in S.
Therefore,

> (w(AAP) —w(Ay)) = Y (w(A; N P) — w(A2 N P))
PeS PeS
=(m—1Dw(4A1 NP*)—m-w(As; N P*)
> m((l - 1) —(1 —5)>w(A1 nP*) > 0.

m
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In the last inequality we have used that m = {ﬂ and in the second-last one the
fact that w(As N P*) < (1 —e)w(A; N P*). This implies the existence of P € S
such that w(A2AP) — w(Az) > 0, which satisfies the claim of the lemma.
Suppose now that P* is not closed or not even, i.e., uy # ug41, O U] = Ug41
and both ujus and wupuky; are in A; for some ¢ € {1,2}. Let S be the set of
alternating subtrails P of P* satisfying one of the following conditions:

— |P| = 2m — 1, and both the first and last edges of P are contained in As; or

— |P| < 2m—1, where either the first or last edge of P coincides the first or last
edge of P*, and the other extremal edge of P is contained in A (possibly,
[Pl =1).

Note that each trail in S is of the form w;w; 1, w;y1U;12, ..., Ui1e—1U;re for some
¢ < 2m — 1, where the indices are not taken modulo k. One sees that Ao AP is a
2-matching for every P € S, because da,ap(v) < max{da,(v),da,ap~(v)} <2
for every v € V. Every edge in A; N P* is contained in exactly m — 1 trails in
S, while every edge in Ay N P* is contained in exactly m trails in S. Then, by
the same argument as in the previous case, we see that there exists P € S such
that w(As AP) — w(Asz) > 0, which satisfies the claim of the lemma. O

This lemma together with the following observation, proves the special case
of Theorem [3] in which 7 = 0.

Observation 2 For a trail P satisfying the condition in Lemmal[3, it holds that
|P| + 2sl(P) < g

Proof. Since G has no parallel edges, sl(P) is at most the number of nodes of
P, which is equal to |P| —sl(P) + 1. Therefore, sl(P) < |P|2+1, so |P|+2sl(P) <
2[P|+1< 1. 0

4 Simple Cases for Theorem

We prove Theorem [3] by induction on |T]. The base case, i.e., when 7 = 0, is
given by Lemma [2| and Observation [2| Suppose that |7| > 0 holds. We consider
the following cases, assuming at each case that the previous ones do not hold:

(1) There exists a triangle T' € T not contained in A; U As.

(2) There exists a triangle T' € T such that |41 NT| = |42 NT| = 2.

(3) There exists a triangle T € T such that |41 N T| =2 and A1 AT is T-free.
(4) There exists a triangle T € T such that |42 N T| = 2 and A AT is T-free.
(5) There exists a triangle T' € T such that |4; NT| = 2.

(6) There exists a triangle T' € T such that |4, NT| = 2.

For each T € T with T C A; U As, it holds that |[A; NT| =2 or |A;NT| = 2,
because A; and Ay are T-free. Thus, Cases (5), and (6) cover all possible
cases, and thus Theorem [3| follows from these six cases. Notice that the fact
that Cases and (4) do not hold is necessary for the proof of Cases (5)
and (6).
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In this section, we discuss Cases and while the other cases are
dealt with in the full version [9] due to the space limitation. In the figures that
we will use to illustrate the different cases, solid lines represent edges in A,
while dashed lines represent those in As,.

(1) There exists a triangle T € T not contained in A; U A,.

Define 7' := T \ {T}. Since A; and A, are both 7'-free 2-matchings and
|7’| < |T|, by the induction hypothesis, there exists an alternating trail P
w.r.t. (A1, Ag) such that |P| 4 2sl(P) < 7/e, w(A3AP) > w(Az), and As AP
is a T'-free 2-matching of G. Since T is not contained in A; U Ay, Ay AP does
not contain 7', hence As AP is T-free. Altogether P satisfies the claim of the
theorem.

(2) There exists a triangle T' € T such that |[A; NT| = |A2NT| = 2.

Let T = {ujug, ugus, ujus}. Since both A; and A, are T-free and Case
does not hold, we can assume w.l.o.g. that usus € A; N Ag, ujug € Ay \ Ao,
and ujug € Ay \ A; (see Figure[l|left). We define an auxiliary weighted graph
G' = (V',F',w') as follows:

-V =VU{ui}, B = (E\ {uiug, urug}) U {ufug, vjus, uiui},
— w'(e) =w(e) for all e € E\ {uiua, urus},
— w (vjug) = wlujug), w'(ujus) = w(ujuz), w'(uuy) = 0.

We also define:

— Aj = (Ar\ {wu}) U{ujug, uaui }, Aj o= (A2 \ {uaus}) U {ujus, urut},
- T/ = T\ T({Ul’LLQ,Ul’LLg}).

Fig. 1. Reduction for Case @

Observe that (1 —e)w’(4)) = (1 — e)w(A1) > w(Az2) = w'(A4)). We claim
that A; is a 7'-free 2-matching of G’, for i € {1,2}. Since d4/(u) = da,(u) < 2
for every node u € V, and da/(uj) = 2, A} is a 2-matching of G’. We also
observe that the only edges in A} that are not present in A; are incident to
u} ¢ V, so they are not edges of triangles in 7, and thus they are not edges of
triangles in 7’. This, together with the fact that A; is T-free implies that A}
is T'-free, for ¢ € {1,2}. Thus, A} is a T'-free 2-matching of G, for i € {1, 2}.
Also, since T' contains both ujug and wjus, one has |T’| < |T]|. One can apply
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the induction hypothesis to find an alternating trail P’ w.r.t. (A}, A%) such that
|P'| + 2sl(P") < 7/e, w' (ALAP') > w'(A}), and A5AP is a T'-free 2-matching
of G'.

Let P be the trail in G resulting from replacing ujus by ujus and ujus by
uyug in P’) if any of them is present in P’ (see Figure [1| right). Notice that P is
an alternating trail w.r.t. (A, A3). We claim that P satisfies the conditions of
the theorem.

Notice that |P| + 2sl(P) = |P’/| + 2sl(P’) < 7/e. We now prove that
w(A2AP) > w(Az). Observe that Ay (resp., AsAP) in G is obtained from
A} (resp., ALAP') in G’ by contracting ujuj (i.e., by removing uju} and by
identifying u} with w;). Since w'(vjus) = w(uiug), w'(vjus) = w(uiug), and
w'(uyuf) = 0, this observation shows that w(A2 AP) = w'(ALAP') > w'(A}) =

Let us now show that A; AP is a 2-matching. Since As AP is obtained
from AL,AP’ by contracting ujuj, for every node uw € V \ {u1}, da,ap(u) =
dayap(u) < 2. Since the edge ujuj counts toward both dayap/(u1) and
day,apr (u}), but is not present in A3 AP, one has that da, ap(u1) = dA’zAP/(Ul)—
L+dayapr(uy) —1 <2

Finally, it is left to show that A; AP is T-free. Since A5 AP’ is T'-free, Ay AP
is T'-free. Now, notice that the edge u)us belongs to P’ only if ujus also belongs
to P’ because dayapr(uy) < 2. Thus, if vjus € P', both ujug, uiuz € P and
(A2 AP)NT = {ujug, ugus}, so AsAP is T (T')-free by Observation [I| (implying
that it is 7 ({ujug, ujuz})-free). Assume now ujus ¢ P’, so ujus ¢ P and thus
u1U2 ¢ A AP. If uUuz € A AP then (AQAP) NnNT = {U1U3,UQU3}, so Ax AP is
T (T)-free by Observation [1| (implying that it is T ({ujus, ujus})-free). On the
other hand, if ujuz ¢ A; AP, then one has that ujug, ujuz ¢ As AP, and thus
A AP is T ({ujusg, uus})-free. The claim follows.

(3) There exists a triangle T' € T such that |A; NT| = 2 and A; AT
is T-free.

Let T = {ujug,usus,urug} € T. Since Cases and do not hold, we

can assume w.l.o.g. that {ujug, ujus} C A1\ Az and ugug € Az \ A;. We consider
the following subcases.
(3.1) wrur € Aq. If w(ugug) + wuguz) > w(ugus) + w(uyuy) then let P :=
{urusg, ususz, uius, uyu; }. Let us show that P satisfies the claim of the theorem.
Indeed, since w(ujusz) + w(uiusg) > wlugus) + w(uiug), w(A2AP) > w(Az).
One has |P| + 2sl(P) = 6 < 7/e, and since P is an even closed alternating trail,
A5 AP is a 2-matching. Moreover, since (Ao AP) N T = {ujuz, uyuz}, AsAP is
T (T)-free by Observation [I} Since the only edge in P not in T is wjuq, this
implies that As AP is T-free.

From now on we assume that w(ujug) + w(uius) < w(ugus) + w(uiuy). We
set (see Figure [2)):

— A = (A \ {uiug, uiug}) U {ugus, urui }, Ay = A,
— w'(e) == w(e) for all e € E,
- T = T\T({U1UQ, U1U3}).
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Notice that A} and A} are both 2-matchings of G. Clearly, A} is T'-free, and
A1 AT is T-free by this case assumption, so A] = (A1 AT) U {uju,} is also 7'-
free. Thus, A} is a T'-free 2-matching of G, for i € {1,2}. Also, w'(A}) = w(A2)
and w’'(A]) = w(A)+w(uguz)+w(uiuy) —w(ugus) —w(ujug) > w(Ay), because
w(ujug) + wluius) < wlugus) + w(ujuy). By the assumption of the theorem,
one has (1 —eg)w'(4]) > (1 —e)w(41) > w(As) = w'(A}).

’LL1\ ’ (VA1 l

U2 u3 U2 us
Fig. 2. Reduction for Case|(3.1)|

Since A} and A} are both T'-free 2-matchings and (1—¢)w’(4}) > w(A}), one
can apply the induction hypothesis to find an alternating trail P’ w.r.t. (4], A})
such that |P’| + 2sl(P’) < 7/e, w'(ALAP") > w'(A)), and ALAP' is a T'-
free 2-matching of G’. Let P := P’, and notice that P is an alternating trail
w.r.t. (A1, Az2). We claim that P satisfies the conditions of the theorem. Observe
that |P|42sl(P) = |P'|+2sl(P’) < 7/e and w(A2AP) = w'(A5AP") > w'(A4}) =

Since Ay = Ay and P’ = P, it holds that da,ap(u) = dajap(u) < 2
for every u € V, so Ay AP is a 2-matching. Moreover, since A5 AP’ is T'-free,
so is As AP. Also, since ujug,ujuz ¢ A} U A}, one has ujug,ujug ¢ P, and
thus wjug, uyug ¢ Ay AP. Therefore, As AP is T ({ujusg, ujus})-free. The claim
follows.

(3.2) uiu;s € A,. Notice that uju; ¢ A, because of the degree constraints on
u1. We define

— A/Q = AQ,

— w'(e) :=w(e) for all e € E\ {uju;},

— T =T\ T{uiusz, urus}).

If w(ujus) + w(urus) — w(ugug) > 0, in case uru; ¢ E, we add ujug to F with
some arbitrary non-negative weight. Furthermore, we set

— A/l = (Al \ {U1UQ7U1’LL3}) U {U2U3,U1U1},
— w(uug) = w(ugue) + wluus) — wlugus).

Otherwise, if uju; € F, we remove it from E. Furthermore, we set
- All = (A1 \ {U1U2,U1U3}) @] {UQU3}.

Notice that A} and Af are both 2-matchings of G. Clearly, A} is T'-free,
and A; AT is T-free by this case assumption, so A} C (A1 AT) U {ujuq} is also
T'-free. Note also that w'(A45) = w(Asg) and w'(A4]) > w(Ay).
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w(urug) + w(uyug) — w(ugus)

() P’ .
Uy Uy U0 ur R

Fig. 3. Reduction for Case|(3.2)|

Since A} and A} are both 7'-free 2-matchings and w’(4%) = w(4z) < (1 —
e)w(Ay) < (1 — e)w’'(A}), one can apply the induction hypothesis to find an
alternating trail P’ w.r.t. (A}, A}) such that |P'| 4 2sl(P") < 7/e, w'(AAP') >
w'(AS), and ALAP’ is a T'-free 2-matching of G'. If uyu; € P’, then let P be
the alternating trail resulting from inserting the trail wius, usus, ujus in place
of ujuy (see Figure [3| right). If uyu; ¢ P’, then let P := P’. Notice that P
is an alternating trail w.r.t. (41, A3). We claim that P satisfies the conditions
of the theorem, i.e., A2AP is a T-free 2-matching, |P| + 2sl(P) < 7/e, and

Notice that |P| 4 2sl(P) = |P’| + 2sl(P’) < 7/e holds regardless of whether
uiug € P’ or not. If uyuy ¢ P’, since Ay = A} and P = P’, we have w(A2AP) =
w' (ALAP') > w'(AL) = w(Asz). On the other hand, if uyuy; € P, then A AP =
((ALAP)\ {uyug,ugus}) U {ujusg, usus}. Therefore,

w(As AP) = w' (ALAP) — w' (uguy) — w'(ugus) + w(uiug) + wluiug)
= w'(A5AP") > w'(A)) = w(Ag),

where in the second equality we have used that w’(uju;) = w(uius) + w(uyus) —
w(ugus) and w'(uguz) = w(ugus). In both cases, it holds that w(AsAP) >

It is left to show that A; AP is a T-free 2-matching. Recall that A} = A,.
If uyu; € P’ then P’ = P and thus da,ap(u) = dA/QAP/('LL) <2foralluelV.
On the other hand, if uju; ¢ P’, then AsAP = ((A3AP') \ {uju1,ugus}) U
{uruz, uyus}. Therefore, da,ap(u) = dayAp (u) <2 for all w € V. Thus, Ay AP
is a 2-matching.

Since A5AP" is T'-free, Ao AP C (AL,AP’) U {ujuz, uius}, and neither ujus
nor ujug is contained in a triangle in 77, one has that A3 AP is T'-free. Now, if
uiug € P/, then ujug, ujus, usuz € P and thus (A3 AP) NT = {ujug, ujus}, so
A AP is T ({ugug, uyug })-free by Observation If uyuy ¢ P’, then since P = P’
contains neither ujug nor ujuz, A2 AP is also T ({ujug, uyus})-free. Therefore,
A AP is T-free. The claim follows.
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