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Abstract
The (Non-Preemptive) Throughput Maximization problem is a nat-

ural and fundamental scheduling problem. We are given 𝑛 jobs,

where each job 𝑗 is characterized by a processing time and a time

window, contained in a global interval [0,𝑇 ), during which 𝑗 can be

scheduled. Our goal is to schedule the maximum possible number

of jobs non-preemptively on a single machine, so that no two sched-

uled jobs are processed at the same time. This problem is known

to be strongly NP-hard. The best-known approximation algorithm

for it has an approximation ratio of 1/0.6448 + 𝜀 ≈ 1.551 + 𝜀 [Im,

Li, Moseley IPCO’17], improving on an earlier result in [Chuzhoy,

Ostrovsky, Rabani FOCS’01]. In this paper we substantially improve

the approximation factor for the problem to 4/3+𝜀 for any constant
𝜀 > 0. Using pseudo-polynomial time (𝑛𝑇 )𝑂 (1)

, we improve the

factor even further to 5/4 + 𝜀. Our results extend to the setting in

which we are given an arbitrary number of (identical) machines.
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• Theory of computation→ Scheduling algorithms; Approxi-
mation algorithms analysis.
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1 Introduction
In this paper we study the (Non-Preemptive) Throughput Maximiza-
tion problem (also known as Job Interval Scheduling) which is one of
the most basic scheduling problems. We are given a set of 𝑛 jobs 𝐽 ,

where each job 𝑗 ∈ 𝐽 is characterized by its processing time 𝑝 𝑗 ∈ N,
its release time 𝑟 𝑗 ∈ N, and its deadline 𝑑 𝑗 ∈ N. For each job 𝑗 ∈ 𝐽
we define its time window by tw( 𝑗) := [𝑟 𝑗 , 𝑑 𝑗 ). The goal is to select a
subset 𝐽 ′ ⊆ 𝐽 of the jobs and to compute a non-preemptive schedule

for 𝐽 ′ on one machine. More formally, we seek to compute a start

time 𝑠 ( 𝑗) ∈ N for each job 𝑗 ∈ 𝐽 ′ such that [𝑠 ( 𝑗), 𝑠 ( 𝑗) +𝑝 𝑗 ) ⊆ tw( 𝑗),
meaning that we execute 𝑗 during [𝑠 ( 𝑗), 𝑠 ( 𝑗) + 𝑝 𝑗 ). We require that

for any two distinct jobs 𝑗, 𝑗 ′ ∈ 𝐽 ′ their intervals [𝑠 ( 𝑗), 𝑠 ( 𝑗) + 𝑝 𝑗 )
and [𝑠 ( 𝑗 ′), 𝑠 ( 𝑗 ′) + 𝑝 𝑗 ′ ) are disjoint. The objective is to maximize

the number of scheduled jobs, i.e., to maximize |𝐽 ′ |. Not surpris-
ingly, the problem and its variants and generalization have several

applications, see, e.g., [14, 23, 33, 42] and references therein.

Throughput Maximization is (strongly) NP-hard [24, 45] which

motivates studying approximation algorithms for it. However, from

this point of view, it is not very well understood. The currently

best known approximation factor in polynomial time (and even

in pseudo-polynomial or quasi-polynomial time) is 1/0.6448 + 𝜀 ≈
1.551 + 𝜀 for any constant 𝜀 > 0, due to Im, Li and Moseley [36, 37].

This improves a previous result by Chuzhoy, Ostrovisky and Rabani

[21, 22] which achieves an approximation ratio of
𝑒
𝑒−1

+𝜀 ≈ 1.582+𝜀
(in fact, even for a more general version where for each job we are

given an explicit set of possible execution intervals, instead of our

implicitly defined intervals of the form [𝑠 ( 𝑗), 𝑠 ( 𝑗) + 𝑝 𝑗 ) ⊆ tw( 𝑗))
and other previous results [10, 11, 13, 48].

However, Throughput Maximization is not known to be APX-

hard and, hence, it might still admit a PTAS! We find intriguing that

the approximability status of such a basic problem is still rather

unclear.

1.1 Our Results and Techniques
In this paper we substantially improve the best known approxi-

mation ratio for Throughput Maximization. More specifically, we

obtain the following two main results.

Theorem 1.1. For any constant 𝜀 > 0, there is a polynomial-
time randomized (4/3 + 𝜀)-approximation algorithm for Throughput
Maximization.
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Using pseudo-polynomial time, we can do even better. We define

𝑇 := max𝑗∈ 𝐽 𝑑 𝑗 and observe that, hence, each job 𝑗 ∈ 𝐽 must be

scheduled within the interval [0,𝑇 ).

Theorem 1.2. For any constant 𝜀 > 0, there is a randomized
(5/4 + 𝜀)-approximation algorithm for Throughput Maximization
with a running time of (𝑛𝑇 )𝑂𝜀 (1) .

In the following, we illustrate the main ideas behind our results.

Our starting point is the approach by Chuzhoy et al. [22]. The

authors present a polynomial-time procedure that partitions the

time horizon [0,𝑇 ) into a collection of at most 𝜀 |OPT| intervals
which we will call blocks. The blocks are defined such that there is

a (1 + 𝜀)-approximate solution in which

• each job is scheduled entirely within one block and

• inside each block at most 𝑂𝜀 (1) jobs are scheduled.
Based on the blocks, they define a configuration-LP that has a

configuration for each combination of a block 𝐵 and a set of at most

𝑂𝜀 (1) jobs that can be scheduled within 𝐵; in particular, the LP has

a polynomial number of variables and constraints.

Given an optimal fractional solution to the configuration-LP,

they sample independently one configuration for each block. It

might happen that some job 𝑗 ∈ 𝐽 appears in more than one sam-

pled configuration; in this case, it can still be scheduled only once in

the computed solution. However, one can show that if a job 𝑗 ∈ 𝐽 ap-
peared fractionally in 𝑦∗

𝑗
configurations of the optimal LP-solution,

then it appears in at least one sampled configurations with prob-

ability at least
𝑒−1

𝑒 𝑦∗
𝑗
which yields the mentioned approximation

ratio of
𝑒
𝑒−1

+ 𝜀 ≈ 1.582 + 𝜀.
In both of our algorithms, we use a similar configuration-LP, but

we define the blocks in a different way and also invoke a different

rounding procedure. We start with our (4/3 + 𝜀)-approximation

algorithm. Like in the algorithm by Chuzhoy et al. [22], we sample

a configuration for each block according to the optimal LP-solution.

However, we do not directly assign the jobs according to the sam-

pled configurations. Instead, if a sampled configuration schedules

a job 𝑗 during some time interval [𝑠 ( 𝑗), 𝑠 ( 𝑗) + 𝑝 𝑗 ), then we inter-

pret this interval as a slot during which we might schedule some
job 𝑗 ′ whose time window and processing time allow to process

it completely during [𝑠 ( 𝑗), 𝑠 ( 𝑗) + 𝑝 𝑗 ) (possibly 𝑝 𝑗 ′ < 𝑝 𝑗 and then

the machine would remain idle during some parts of the interval).

Then, we use a bipartite matching routine to compute the largest

set of jobs that can be assigned in this way to the slots, i.e., each

slot gets at most one compatible job assigned to it and each job

is assigned to at most one slot. In particular, if a job 𝑗 appears in

two sampled configurations, then it creates two slots such that we

can assign 𝑗 to one of them and potentially another job 𝑗 ′ to the

other slot. In contrast, in [22] the second slot was kept empty in

this case and, hence, it was lost. On a high level, our algorithm

might not seem too different from [22]; however, we show that in

expectation our resulting matching yields an approximation ratio

of only 4/3 + 𝜀 < 1.334 + 𝜀.
One key idea for proving this is a more sophisticated definition of

our blocks. We ensure that they still have the properties described

above. In addition, we define a second partition of [0,𝑇 ) into su-
perblocks, where each superblock is the union of a large (constant)

number of consecutive blocks. We show that we can compute such

a partition for which there is a (1 + 𝜀)-approximate solution with

a set of jobs OPT
′
in which each job 𝑗 ∈ OPT

′
is scheduled either

(see Figure 1):

• in the leftmost or the rightmost block that tw( 𝑗) intersects;
we call these blocks the boundary blocks for 𝑗 , or

• in one of the superblocks 𝑆 spanned by 𝑗 , i.e., such that

𝑆 ⊆ tw( 𝑗).
In order to prove that there exists a sufficiently large matching,

a particularly simple case is when in the optimal solution to the

configuration-LP, each job 𝑗 ∈ 𝐽 appears only in configurations

corresponding to its boundary blocks. Then, we can easily show

that it appears in at least one sampled block-configuration with

probability at least
3

4
𝑦∗
𝑗
. Hence, we can we simply match each job

𝑗 to one of “its own” slots like [22] and obtain an approximation

ratio of 4/3 + 𝜀.
However, we need to show that we can achieve the same approxi-

mation factor also when the jobs might be fractionally scheduled in

non-boundary blocks. This is substantially more complex, and one

of the main contributions of this paper. At a high level, we show

that in expectation there exists a large-enough fractional (bipartite)

matching between jobs and slots. Standard matching theory then

implies that the maximum matching is also large enough.

In more detail, if a job 𝑗 belongs to the sampled configuration

for at least one of its boundary blocks, say 𝐵, we simply integrally

match 𝑗 with the slot created by 𝑗 in 𝐵. The remaining jobs are

fractionally matched to slots in the superblocks spanned by them.

We need to show that the latter jobs yield sufficiently many frac-

tional edges. To that aim, we use a fractional version of the classical

harmonic grouping technique and concentration arguments that

critically exploit the fact that each of our superblocks contains

many blocks. For each superblock 𝑆 , we apply harmonic grouping

based on the fractional solution to the configuration-LP for its con-

tained blocks. This yields 𝑂 (1/𝜀) groups of jobs where each group

contains essentially the same (fractional) number of jobs, and the

processing times of the jobs in one group are not larger than the pro-

cessing times of the next group. Notice that in harmonic grouping

one typically forms groups of items of similar cardinality, while we

form the groups so that they have a similar fractional cardinality in

terms of the computed LP-solution. Since the configuration for each

of the (many) blocks contained in 𝑆 were sampled independently,

we can show via concentration arguments that, with sufficiently

large probability, for each of the 𝑂 (1/𝜀) job groups, the number of

sampled slots is essentially the same as the fractional number of

jobs in that group (and, hence, also in the next group). When this

event happens, we fractionally match the jobs from each job group

to the slots of the next job group (with larger processing time).

For this it is crucial that for each matched job 𝑗 its time window

tw( 𝑗) contains the entire superblock 𝑆 ; due to this property, we can
schedule 𝑗 arbitrarily within 𝑆 .

There is a subtle technical issue. In order to achieve the claimed

approximation factor, we use that the fractional amount by which

we assign a job 𝑗 to slots in a superblock 𝑆 spanned by 𝑗 depends

on the sampled configurations for the boundary blocks for 𝑗 . More

specifically, if 𝑗 belongs to one such configuration, it cannot be

also fractionally matched to a slot in a spanned superblock. Hence,

these fractional amounts for the different jobs are not independent
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Figure 1: The blue and red lines delimitate the blocks and superblocks, respectively. Job 𝑗 is global and can be scheduled within
its boundary blocks 𝐵 𝑗,𝐿 and 𝐵 𝑗,𝑅 (marked blue) or within one of the two superblocks that it spans (marked red). It cannot be
scheduled between a spanned superblock and 𝐵 𝑗,𝐿 or 𝐵 𝑗,𝑅 , and cannot intersect two (or more) blocks. Job 𝑗 ′ is local. Its (unique)
boundary block is marked in green.

random variables, since two jobs might have the same boundary

block! Therefore, we cannot use the standard Chernoff’s bound

to prove that the relevant random variables are sufficiently con-

centrated around their respective means. However, we are able to

show that the impact of such dependencies is sufficiently small.

More specifically, we can still use the concentration bounds for

read-𝑘 families of random variables in [26] to obtain the desired

properties.

A closer look into our analysis reveals that our approximation

ratio is even 1+𝜀 (compared to the optimal LP solution) with respect

to the profit of jobs 𝑗 whose time window tw( 𝑗) is contained in

some block; we call such jobs local. For the other (global) jobs,
our approximation ratio is 4/3 + 𝜀, again compared to the optimal

fractional solution. Therefore, we design a second rounding routine

that achieves an approximation ratio of 1 + 𝜀 w.r.t. the global jobs
(but does not schedule any local job). The best of the two solutions

then has an approximation ratio of only 5/4 + 𝜀.
For this second algorithm, we need a different block decom-

position in which each block contains intuitively Θ𝜀 (log𝑇 ) jobs
on average from some near-optimal solution. However, then our

configuration-LP has 𝑛Θ𝜀 (log𝑇 )
variables and we can no longer

solve it trivially in polynomial time. Therefore, we use the ellipsoid

method with a new separation oracle for the dual LP. The separation

problem is a weighted generalization of our (initial) Throughput

Maximization problem, however with the additional constraint that

any solution can contain at most Θ𝜀 (log𝑇 ) jobs. We show how to

solve the latter problem in pseudopolynomial time with a suitable

dynamic program and the color coding technique [2].

Another major difference in our second algorithm is the LP-

rounding procedure. Instead of independently sampling a configu-

ration for each block, we independently assign a job to a block 𝐵

according to the marginal probabilities induced by the fractional

solution. It might be that there is a block 𝐵 whose assigned jobs

cannot all be scheduled within 𝐵. However, we show that if we

remove𝑂𝜀 (log𝑇 ) intuitively relatively “long” jobs from each block

𝐵, then due to concentration arguments the remaining jobs can

(most likely) be scheduled within 𝐵. More precisely, we remove a

job 𝑗 if its processing time 𝑝 𝑗 is relatively large compared to the

length of its time window within 𝐵, i.e., 𝑝 𝑗 is large compared to

the length of 𝐵 ∩ tw( 𝑗). Since our blocks contain Θ𝜀 (log𝑇 ) jobs on
average from some near-optimal solution, we can argue that the

removed jobs determine only an 𝜀-fraction of the optimal profit.

We remark that a similar random assignment was used by Im, Li

and Moseley [37]. However, they had to disallow to schedule a job

in its boundary blocks which lost the corresponding profit of the

LP. In contrast, since we allow a block to contain up to 𝑂𝜀 (log𝑇 )
jobs and we remove the relatively long jobs, we can assign a job

to its boundary intervals too and, hence, we obtain a much better

approximation ratio of 5/4 + 𝜀.
Our results extend to the generalization of Throughput Maxi-

mization on𝑚 (identical) machines (see Appendix 4 for details).

Theorem 1.3. For any constant 𝜀 > 0, there is a polynomial-
time randomized (4/3 + 𝜀)-approximation algorithm as well as a
pseudopolynomial-time randomized (5/4 + 𝜀) approximation algo-
rithm for Throughput Maximization on𝑚 machines.

1.2 Other related Work
The first approximation algorithm for Throughput Maximization

was a 2-approximation algorithm due to Spieksma [48]. While the

problem is NP-hard in general [24, 45], it can be solved in poly-

nomial time if all the processing times are identical [25] and in

pseudo-polynomial time if preemption is allowed [41]. The latter

setting also admits an FPTAS [46].

There are natural generalizations of Throughput Maximization

to multiple machines and/or to the weighted case in which each job

has a weight and we wish to maximize the total weight of scheduled

jobs. There is an algorithm by Bar-Noy, Guha, Naor and Schieber

[11] that achieves a
(1+1/𝑚)𝑚

(1+1/𝑚)𝑚−1
-approximation for any number

of machines 𝑚 (also in the weighted case in pseudo-polynomial

time); note that this ratio converges to
𝑒
𝑒−1

for𝑚 → ∞. Essentially

the same ratio was obtained in [13] in polynomial time. There

is also a (2 + 𝜀)-approximation algorithm for the weighted case

on multiple machines using the local ratio technique [10]. The

algorithm by Chuzhoy et al. [22] yields the ratio of
𝑒
𝑒−1

+ 𝜀 for
any number of machines but only in the unweighted case. The

algorithm by Im et al. [37] yields the mentioned approximation

ratio of 1/0.6448 + 𝜀 < 1.551 + 𝜀 for any number of machines

in the unweighted case, and the authors provide also an (1 + 𝜀)-
approximation for the weighted case if the number of machines𝑚

is sufficiently large (for any constant 𝜀 > 0). If we allow resource

augmentation, i.e., shortening the processing time of each input

job by a factor of 1 + 𝜀, there is even a (1 + 𝜀)-approximation in

quasi-polynomial time known in the weighted case and for any

number of machines [38].

The Unsplittable Flow on a Path with Time Windows prob-

lem (UFPTW) is another generalization of Throughput Maximiza-

tion where each job is in addition specified by a certain demand
for a shared resource whose capacity might vary over time. In
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this problem, multiple jobs can be processed at the same time,

provided that their total demand is within the available capac-

ity at that time. Throughput Maximization with 𝑚 machines is

the special case where all the demands are 1, and the available

capacity is uniformly𝑚. For UFPTW there is a polynomial time

𝑂 (log𝑛/log log𝑛)-approximation algorithm for the weighted case

and an𝑂 (1)-approximation in the unweighted case [27], improving

on [17]. These results hold for a more general setting of explicitly

given possible execution intervals and corresponding demands,

similar to [22]. Also, there is a quasi-polynomial time (2 + 𝜀)-
approximation algorithm under resource augmentation for the

weighted case [5]. In [5] it is also shown that the problem is APX-

hard (even in the unweighted setting); the hardness reduction criti-

cally exploits that the tasks can have different demands, and, hence,

it does not extend to Throughput Maximization. The special case

of the above problem where the length of each time window equals

the respective processing time is the classical and very well-studied

Unsplittable Flow on a Path problem [3, 7, 8, 12, 15, 28, 30–32]

which admits a PTAS [29].

Other scheduling problems on one or multiple machines include

for example makespan minimization [34, 39, 40], minimizing the

average (weighted) completion times of the given jobs [19], mini-

mizing the average (weighted) job’s flowtimes [6], or scheduling

jobs with even more general cost functions [4, 9, 20, 35]. We refer

to [1, 16, 42, 44] for overviews on the scheduling literature.

2 Polynomial time approximation algorithm
In this section, we present our polynomial time (4/3+𝜀)-approximation

algorithm. We assume w.l.o.g. that min𝑗∈ 𝐽 𝑟 𝑗 = 0 and recall that

𝑇 = max𝑗∈ 𝐽 𝑑 𝑗 . Let 𝜀 > 0 be a sufficiently small constant and

assume that 1/𝜀 ∈ N. For each 𝑘 ∈ N, we define [𝑘] := {1, . . . , 𝑘}.
In Section 2.1, we present a method to partition [0,𝑇 ) into subin-

tervals such that there exist a (1 + 𝜀)-approximate solution that is

“aligned” with this partition and satisfies certain additional prop-

erties that we will exploit later in our approximation algorithm.

Based on this, in Section 2.2 we define a modified configuration LP.

In Section 2.3 we present our rounding algorithm, which is then

analyzed in Section 2.4.

2.1 Construction of blocks and superblocks
As a first step, we invoke a method from [22] to partition [0,𝑇 ) into
blocks where we define a block to be an interval of the form [𝑎, 𝑏)
for some 𝑎, 𝑏 ∈ [0,𝑇 ] with 𝑎 < 𝑏. Given a set of jobs 𝐽 ′ ⊆ 𝐽 and a

corresponding schedule with a starting time 𝑠 ( 𝑗) ∈ {0, . . . ,𝑇 } for
each job 𝑗 ∈ 𝐽 ′, we say that a job 𝑗 ∈ 𝐽 ′ is scheduled in a block 𝐵
if [𝑠 ( 𝑗), 𝑠 ( 𝑗) + 𝑝 𝑗 ) ⊆ 𝐵. We remark that the running time bound in

[22] holds for a discrete version of the problem and that property

(A4) below is not explicitly stated in [22]. Hence for completeness

we sketch a proof of the following lemma in the appendix.

Lemma 2.1. Assume that |OPT| ≥ ( 6

𝜀 )
3. In polynomial time we

can compute a partition of [0,𝑇 ) into a set of blocks B0 such that
there exists a set of jobs OPT

′′ ⊆ 𝐽 and a feasible schedule of them
with the following properties:

(A1) |OPT
′′ | ≥ (1 − 𝜀) |OPT|,

(A2) each job 𝑗 ∈ OPT
′′ is scheduled in some block 𝐵 ∈ B0,

(A3) for each block𝐵 ∈ B0 there are atmost𝐾0 = (1/𝜀)𝑂 (1/𝜀 log(1/𝜀 ) )

jobs of OPT
′′ that are scheduled in 𝐵,

(A4) |OPT
′′ | ≥ |B0 |/𝜀.

To avoid ambiguity later, we refer to the blocks from Lemma 2.1

as elementary blocks.We remark that property (A4) of Lemma 2.1

implies that the average number of jobs in an elementary block is

at least 1/𝜀, while by property (A3) the maximum number of jobs

in each elementary block is bounded by 𝐾0 = 𝑂𝜀 (1).
As a next step, we want to compute a partition of [0,𝑇 ) with

stronger properties. Instead of just blocks, we want to compute

superblocks such that each superblock is the union of a set of

consecutive blocks (which will be constantly many blocks below).

Definition 2.2. A pair (B,S) is a block-superblock partition if both
B and S are sets of blocks that form a partition of [0,𝑇 ) and each

block 𝑆 ∈ S is the union of a set of consecutive blocks B(𝑆) ⊆ B.

We call the blocks in S also superblocks.

Intuitively, we use the blocks in B0 as a basis and, with a suitable

shifting argument, glue them together to form the blocks B. We use

a parameter Δ that controls how many elementary blocks we glue

together here. For our polynomial-time algorithm in this section we

will define Δ := 1, while for the pseudopolynomial-time algorithm

in the next section we will use Δ = 𝑂𝜀 (log𝑇 ). Then, we define each
superblock as the union of (constantly) many consecutive blocks in

B. Thanks to the mentioned shifting argument, we can ensure that

there is a (1 + 𝜀)-approximate solution in which each job 𝑗 may be

scheduled only within a specific set of blocks and superblocks. In

more detail, given a block-superblock partition (B,S), for each job

𝑗 ∈ 𝐽 we define its release block 𝐵 𝑗,𝐿 ∈ B such that 𝑟 𝑗 ∈ 𝐵 𝑗,𝐿 and

its deadline block 𝐵 𝑗,𝑅 = [𝑠, 𝑡) ∈ B such that 𝑑 𝑗 ∈ (𝑠, 𝑡]. The release
block and the deadline block of 𝑗 are also called its boundary blocks.

We remark that possibly 𝐵 𝑗,𝐿 = 𝐵 𝑗,𝑅 = 𝐵, in which case tw( 𝑗) ⊆ 𝐵.

Furthermore, we say that 𝑗 spans a block 𝐵 ∈ B or a superblock

𝑆 ∈ S (and 𝐵 or 𝑆 are spanned by 𝑗 ) if 𝐵 ⊆ tw( 𝑗) or 𝑆 ⊆ tw( 𝑗), resp.
In the following lemma we use the value 𝐾0 as defined in Lemma

2.1.

Lemma 2.3. Let Δ ∈ N be a given parameter, and assume that
|OPT| ≥ 5𝐾0Δ(2𝐾0/𝜀5)1/𝜀 . In time Δ𝑂 (1)𝑛𝑂𝜀 (1) we can compute
at most 1/𝜀 block-superblock partitions and for each one of them a
value 𝐾 with 𝐾 ≤ Δ(2𝐾0/𝜀5)1/𝜀 = 𝑂𝜀 (Δ) such that for at least one
computed partition (B,S) there exists a set of jobs OPT

′ ⊆ 𝐽 and a
feasible schedule of them with the following properties:
(B1) |OPT

′ | ≥ (1 − 2𝜀) |OPT|,
(B2) each job 𝑗 ∈ OPT

′ is scheduled in 𝐵 𝑗,𝐿 , or in 𝐵 𝑗,𝑅 , or in a block
𝐵 ∈ B for which 𝑗 spans the superblock 𝑆 ∈ S containing 𝐵,

(B3) for each block 𝐵 ∈ B there are at most 𝐾 jobs from OPT
′ that

are scheduled in 𝐵,
(B4) |OPT

′ | ≥ Δ
𝜀 |B| and |OPT

′ | ≥ 𝐾
𝜀6
|S|.

In the rest of this section, we will assume Δ = 1 and w.l.o.g.

|OPT| ≥ 5𝐾0Δ(2𝐾0/𝜀5)1/𝜀
, since otherwise the problem can be

solved exactly in polynomial time by enumeration. Therefore, we

can apply Lemma 2.3. Intuitively, among the 1/𝜀 computed block-

superblock partitions, we guess one for which properties (B1)-(B4)

hold. Formally, we execute the following steps for each of them

and finally output the best obtained solution. Hence, in the analysis
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we may assume that we know the partition (B,S), together with
its corresponding value 𝐾 , for which the described solution OPT

′

exists.

2.2 The linear program
We define a configuration-LP which intuitively computes a (frac-

tional) solution that satisfies (B2) and (B3). A configuration 𝐶 is

specified by a pair (𝐵𝐶 , 𝐽𝐶 ), where 𝐵𝐶 = [𝑠, 𝑡) is a block and 𝐽𝐶 is a

subset of jobs that can be feasibly scheduled inside 𝐵𝐶 according

to Lemma 2.3; formally, we require that |𝐽𝐶 | ≤ 𝐾 and that, for

each 𝑗 ∈ 𝐽𝐶 , the block 𝐵𝐶 is either a boundary block for 𝑗 or 𝐵𝐶
is contained in a superblock 𝑆 spanned by 𝑗 (i.e., 𝑆 ⊆ tw( 𝑗)). We

denote by 𝑠𝐶 : 𝐽𝐶 → {𝑠, . . . , 𝑡 − 1} an arbitrary but fixed feasible

schedule of 𝐽𝐶 inside 𝐵𝐶 . For each block 𝐵 we define the set C(𝐵)
to be the set of all configurations for 𝐵 and we set C :=

⋃
𝐵∈B C(𝐵).

In our LP, for each configuration 𝐶 ∈ C we introduce a variable

𝑥𝐶 representing whether we select 𝐶 for its corresponding block.

Then, we introduce constraints to model that we schedule each job

at most once and we select one configuration for each block.

max

∑︁
𝐶∈C

|𝐽𝐶 | · 𝑥𝐶 s.t.

∑︁
𝐶∈C:𝑗∈ 𝐽𝐶

𝑥𝐶 ≤ 1 ∀𝑗 ∈ 𝐽∑︁
𝐶∈C(𝐵)

𝑥𝐶 = 1 ∀𝐵 ∈ B

𝑥𝐶 ≥ 0 ∀𝐶 ∈ C.

(LP)

Due to Lemma 2.3, the optimal objective function value of (LP) is
at least close to |OPT|.

Lemma 2.4. Let (B,S) be a block-superblock partition satisfying
properties (B1)-(B4) of Lemma 2.3. Then the optimal objective function
value of the associated configuration LP is at least (1 − 2𝜀) |OPT|.

Obviously, we can solve the above LP in polynomial time when

𝐾 , i.e., the number of jobs per configuration, is upper bounded by a

constant.

Lemma 2.5. Let 𝐾 denote the maximum number of jobs in a con-
figuration. If 𝐾 = 𝑂𝜀 (1), then in polynomial time one can compute
an optimal solution (𝑥∗

𝐶
)𝐶∈C to the configuration LP together with a

feasible schedule 𝑠𝐶 for each configuration 𝐶 ∈ C.

2.3 Rounding algorithm
Let (𝑥∗

𝐶
)𝐶∈C denote an optimal solution to (LP). We describe now

how to round it to an integral solution using randomized rounding,

losing at most a factor of 4/3 +𝑂 (𝜀) in the profit. For each block

𝐵 ∈ B independently, we sample one configuration 𝐶∗ (𝐵) ∈ C(𝐵)
with respect to the distribution given by the vector (𝑥∗

𝐶
)𝐶∈C(𝐵) .

More precisely, each configuration 𝐶 ∈ C(𝐵) is sampled with prob-

ability 𝑥∗
𝐶
and, deterministically, exactly one configuration in C(𝐵)

is sampled.

For each block 𝐵 ∈ B and each job 𝑗 ∈ 𝐽𝐶∗ (𝐵) , there is an interval
[𝑠𝐶∗ (𝐵) ( 𝑗), 𝑠𝐶∗ (𝐵) ( 𝑗) + 𝑝 𝑗 ) during which 𝑗 is scheduled by 𝑠𝐶∗ (𝐵) .
We call this interval a slot and we define 𝑄 to be the set of all slots

for all blocks 𝐵 ∈ B and all jobs 𝑗 ∈ 𝐽𝐶∗ (𝐵) . Note that the slots in
𝑄 are pairwise disjoint. We want to assign a subset of the jobs in 𝐽

to the slots in 𝑄 via a bipartite matching. Possibly, this will assign

a job 𝑗 ∈ 𝐽 to a slot [𝑠, 𝑡) corresponding to a different job 𝑗 ′ ≠ 𝑗 .

Formally, we define a bipartite graph𝐺 = (𝑉 , 𝐸) where𝑉 = 𝐽 ¤∪𝑄
and there is an edge { 𝑗, [𝑠, 𝑡)]} ∈ 𝐸 connecting (the vertices cor-

responding to) a job 𝑗 ∈ 𝐽 and a slot [𝑠, 𝑡) ∈ 𝑄 if and only if 𝑗

can be scheduled during [𝑠, 𝑡); the latter conditions holds if and
only if min{𝑡, 𝑑 𝑗 } − max{𝑠, 𝑟 𝑗 } ≥ 𝑝 𝑗 , in which case 𝑗 can be sched-

uled during [max{𝑠, 𝑟 𝑗 },max{𝑠, 𝑟 𝑗 } + 𝑝 𝑗 ). We compute a maximum

matching𝑀∗ ⊆ 𝐸 in𝐺 . For each edge 𝑒 = ( 𝑗, [𝑠, 𝑡)) ∈ 𝑀∗
we select

job 𝑗 and schedule it during [max{𝑠, 𝑟 𝑗 },max{𝑠, 𝑟 𝑗 } + 𝑝 𝑗 ). Finally,
we output the resulting solution.

2.4 Analysis
By construction, we schedule |𝑀∗ | jobs in total. Hence, it remains

to show that 𝑀∗
is sufficiently large. To formalize this, we call a

job 𝑗 ∈ 𝐽 local if tw( 𝑗) ⊆ 𝐵 for some block 𝐵 ∈ B (note that then

𝐵 𝑗,𝐿 = 𝐵 𝑗,𝑅 ) and global otherwise. We denote by 𝐽
local

and 𝐽
global

the local and global jobs in 𝐽 , respectively. We prove that, compared

to (𝑥∗
𝐶
)𝐶∈C , we lose a factor of 4/3+𝑂 (𝜀) in the profit of the global

jobs and a factor of 1 + 𝑂 (𝜀) for the local ones. For convenience,
for each job 𝑗 ∈ 𝐽 we define 𝑦∗

𝑗
:=

∑
𝐶∈C:𝑗∈ 𝐽𝐶 𝑥

∗
𝐶
which is the total

fractional extent to which 𝑗 is selected in (𝑥∗
𝐶
)𝐶∈C .

Lemma 2.6. For any Δ ≥ 1 we have

E[|𝑀∗ |] ≥ (1 −𝑂 (𝜀))
∑︁
𝑗∈ 𝐽

local

𝑦∗𝑗 + (3/4 −𝑂 (𝜀))
∑︁

𝑗∈ 𝐽
global

𝑦∗𝑗

≥ (3/4 −𝑂 (𝜀)) |OPT|.

In the remainder of this section we prove Lemma 2.6. For this, we

construct a feasible fractional bipartite matching, i.e., a function 𝑓 :

𝐸 → [0, 1] such that

∑
𝑒 :𝑣∈𝑒 𝑓 (𝑒) ≤ 1 for each 𝑣 ∈ 𝑉 . We will prove

that its expected size E [∑𝑒∈𝐸 𝑓 (𝑒)] is at least the lower bound we

want to prove for E[|𝑀∗ |]. Since the standard LP-relaxation of the

bipartite matching problem is integral (see [47]), there exists also

an integral matching with at least

∑
𝑒∈𝐸 𝑓 (𝑒) edges.

Consider a job 𝑗 ∈ 𝐽 . If the sampled configurations 𝐶∗ (𝐵 𝑗,𝐿)
for its release block 𝐵 𝑗,𝐿 contains 𝑗 , then we match 𝑗 integrally

to the corresponding slot. Formally, in this case we denote by

[𝑠, 𝑡) := [𝑠𝐶∗ (𝐵 𝑗,𝐿 ) ( 𝑗), 𝑠𝐶∗ (𝐵 𝑗,𝐿 ) ( 𝑗) + 𝑝 𝑗 ) the slot corresponding to 𝑗 ;
we define 𝑓 ({ 𝑗, [𝑠, 𝑡)}) := 1. If this is not the case but the sampled

configurations𝐶∗ (𝐵 𝑗,𝑅) for its deadline block 𝐵 𝑗,𝑅 contains 𝑗 , then,

similarly, we match 𝑗 to the corresponding slot. We do this opera-

tion for each job 𝑗 ∈ 𝐽 . Let 𝐽
bnd

⊆ 𝐽 denote the set of all jobs that

were (integrally) matched in this way.

We want to define a fractional matching for the remaining jobs

𝐽 \ 𝐽
bnd

. We do this separately for each superblock 𝑆 ∈ S. Let 𝐽𝑆 ⊆ 𝐽

denote all jobs in 𝐽 that span 𝑆 . Note that this might include jobs in

𝐽
bnd

. We want to define a fractional matching for the jobs in 𝐽𝑆 \ 𝐽bnd
.

For each job 𝑗 ∈ 𝐽𝑆 we define the total fractional amount by which 𝑗

is assigned to 𝑆 in (𝑥∗
𝐶
)𝐶∈C by 𝑦∗

𝑗,𝑆
:=

∑
𝐵∈B(𝑆 )

∑
𝐶∈C(𝐵) :𝑗∈ 𝐽𝐶 𝑥

∗
𝐶
.

Similar to harmonic grouping [43, 50], we partition the jobs in

𝐽𝑆 into 1/𝜀 groups 𝐽1, ..., 𝐽1/𝜀 ordered non-increasingly by their

processing times such that the jobs from each group contribute

almost the same to the profit of (𝑥∗
𝐶
)𝐶∈C within 𝑆 .

Lemma 2.7. There exists a partition 𝐽1, ..., 𝐽1/𝜀 of 𝐽𝑆 such that

(C1) for each ℓ ∈ [1/𝜀 − 1], each job 𝑗 ∈ 𝐽ℓ , and each job 𝑗 ′ ∈ 𝐽ℓ+1

we have that 𝑝 𝑗 ≥ 𝑝 𝑗 ′ ,
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(C2) for each ℓ ∈ [1/𝜀] we have that 𝜀·∑𝑗∈ 𝐽𝑆 𝑦
∗
𝑗,𝑆

−1 ≤ ∑
𝑗∈ 𝐽ℓ 𝑦

∗
𝑗,𝑆

≤
1 + 𝜀 · ∑𝑗∈ 𝐽𝑆 𝑦

∗
𝑗,𝑆
.

For each ℓ ∈ [1/𝜀] we define𝑛ℓ :=
∑
𝑗∈ 𝐽ℓ 𝑦

∗
𝑗,𝑆

. Note that Lemma 2.7

implies that 𝑛ℓ ′ − 2 ≤ 𝑛ℓ ≤ 𝑛ℓ ′ + 2 for any ℓ, ℓ′ ∈ [1/𝜀]. Intuitively,
when we define the fractional matching for the jobs in 𝐽𝑆 \ 𝐽bnd

we

will ignore the jobs in 𝐽1 \ 𝐽bnd
and for each ℓ ≥ 2 we will match

the jobs in 𝐽ℓ \ 𝐽bnd
fractionally to the slots corresponding to jobs

in 𝐽ℓ−1. In particular, here we may use slots that correspond to

jobs in 𝐽
bnd

(and to which we have not yet assigned any jobs). We

would like that after sampling the configurations for the blocks, for

each group 𝐽ℓ we obtain (essentially) 𝑛ℓ slots in 𝑆 corresponding to

jobs in 𝐽ℓ . If 𝑛ℓ is sufficiently large, we can show that this is indeed

the case with concentration arguments, using that each superblock

contains many blocks and the block’s configurations are sampled

independently. On the other hand, if 𝑛ℓ is small then we can simply

ignore the profit of jobs in 𝐽𝑆 within 𝑆 : indeed, by Lemma 2.3, each

superblock contains on average
𝐾
𝜀6

jobs. Formally, for each ℓ ∈ [1/𝜀]
we define 𝑁ℓ to be the (random) number of slots corresponding to

jobs in 𝐽ℓ in the sampled configurations {𝐶∗ (𝐵)}𝐵∈B:𝐵⊆𝑆 .

Lemma 2.8. Let ℓ ∈ [1/𝜀]. With probability at least 1− 𝜀2 we have
that 𝑁ℓ ≥ (1 − 𝜀)𝑛ℓ − 2𝐾/𝜀3.

If the event due to Lemma 2.8 does not happen for some ℓ ∈
[1/𝜀], then we simply do not match the jobs in 𝐽𝑆 to the slots con-

tained in 𝑆 in our fractional matching. Since this happens only with

probability 𝜀, this influences our expected profit only marginally.

Otherwise, for each ℓ ∈ [1/𝜀] we have essentially 𝑛ℓ slots available
corresponding to the jobs in 𝐽ℓ . Therefore, since 𝑛ℓ+1 ≈ 𝑛ℓ we can
(fractionally) match essentially 𝑛ℓ+1 jobs from 𝐽ℓ+1 to these slots.

Recall that

∑
𝑗∈ 𝐽ℓ+1

𝑦∗
𝑗,𝑆

= 𝑛ℓ+1. Hence, we could match each job

𝑗 ∈ 𝐽ℓ+1 to a fractional extent of 𝑦∗
𝑗,𝑆
. Since the jobs in 𝐽ℓ+1 ∩ 𝐽

bnd

are already matched, we can even match each remaining job 𝑗 ∈
𝐽ℓ+1 \ 𝐽bnd

to a larger fractional extent than only 𝑦∗
𝑗,𝑆

.

Let us define this increased extent. For each job 𝑗 ∈ 𝐽 , let

𝑦∗
𝑗,𝐿

:=
∑
𝐶∈C(𝐵 𝑗,𝐿 ) :𝑗∈ 𝐽𝐶 𝑥

∗
𝐶
and 𝑦∗

𝑗,𝑅
:=

∑
𝐶∈C(𝐵 𝑗,𝑅 ) :𝑗∈ 𝐽𝐶 𝑥

∗
𝐶
, i.e.,

the probabilities that 𝑗 is contained in the sampled configuration

for 𝐵 𝑗,𝐿 and 𝐵 𝑗,𝑅 , resp. Hence, each job 𝑗 ∈ 𝐽ℓ+1 is not contained in

𝐽
bnd

with probability (1 −𝑦∗
𝑗,𝐿

) (1 −𝑦∗
𝑗,𝑅

). Thus, in expectation, the

sum of the values 𝑦∗
𝑗,𝑆

for the (remaining) jobs in 𝐽ℓ+1 \ 𝐽bnd
equals

E
[∑

𝑗∈ 𝐽ℓ+1\𝐽bnd

𝑦∗
𝑗,𝑆

]
=

∑
𝑗∈ 𝐽ℓ+1

𝑦∗
𝑗,𝑆

(1 − 𝑦∗
𝑗,𝐿

) (1 − 𝑦∗
𝑗,𝑅

). Therefore,
we try to match each job 𝑗 ∈ 𝐽ℓ+1 \ 𝐽bnd

even to an increased extent

of

𝑦∗
𝑗,𝑆

(1−𝑦∗
𝑗,𝐿

) (1−𝑦∗
𝑗,𝑅

) . In expectation, the sum of those values is then

E
[ ∑︁
𝑗∈ 𝐽ℓ+1\𝐽bnd

𝑦∗
𝑗,𝑆

(1 − 𝑦∗
𝑗,𝐿

) (1 − 𝑦∗
𝑗,𝑅

)

]
=

∑︁
𝑗∈ 𝐽ℓ+1

𝑦∗𝑗,𝑆 = 𝑛ℓ+1 .

Via concentration arguments, we can argue that the sum of

those values is also sufficiently concentrated around 𝑛ℓ+1, implying

that we can find a matching of size close to 𝑛ℓ in expectation.

As mentioned in the introduction, the dependencies among the

variables do not allow us to apply the standard Chernoff’s bound.

However, we are able to show that the impact of such dependencies

is sufficiently small, hence we have sufficient concentration. To

define our matching formally, let 𝑄𝑆 ⊆ 𝑄 denote all slots in the

blocks B(𝑆) corresponding to jobs in 𝐽𝑆 and let 𝐸𝑆 ⊆ 𝐸 denote all

edges in 𝐸 that connect a vertex (corresponding to a job) in 𝐽𝑆 \ 𝐽bnd

with a slot in 𝑄𝑆 .

Lemma 2.9. For each superblock 𝑆 ∈ S, there exists a fractional
matching 𝑓𝑆 : 𝐸𝑆 → [0, 1] such that

• E[∑𝑒∈𝐸𝑆 𝑓𝑆 (𝑒)] ≥ (1 −𝑂 (𝜀))∑𝑗∈ 𝐽𝑆 𝑦
∗
𝑗,𝑆

− 2𝐾/𝜀5 and
• for each 𝑗 ∈ 𝐽𝑆 \ 𝐽bnd

we have∑︁
𝑞:{ 𝑗,𝑞}∈𝐸𝑆

𝑓𝑆 ({ 𝑗, 𝑞}) ≤
𝑦∗
𝑗,𝑆

(1 − 𝑦∗
𝑗,𝐿

) (1 − 𝑦∗
𝑗,𝑅

) ≤ 1.

We explain how to obtain this in more detail in Section 2.5. We

combine all these matchings for the superblocks 𝑆 ∈ S, together
with the values for 𝑓 that we defined already for the jobs in 𝐽

bnd
.

Formally, for each each superblock 𝑆 ∈ S and each edge 𝑒 ∈ 𝐸𝑆 we

define 𝑓 (𝑒) := 𝑓𝑆 (𝑒). For each edge 𝑒′ ∈ 𝐸 for which we have not

defined the value 𝑓 (𝑒′) yet, we set 𝑓 (𝑒′) := 0.

It remains to argue that

∑
𝑒∈𝐸 𝑓 (𝑒) is sufficiently large in expec-

tation. For each job 𝑗 ∈ 𝐽 we define the extent to which 𝑗 is matched

in 𝑓 by𝑔( 𝑗) :=
∑
𝑞∈𝑄 :{ 𝑗,𝑞}∈𝐸 𝑓 ({ 𝑗, 𝑞}).We can easily show for each

(local) job 𝑗 ∈ 𝐽
local

that 𝑔( 𝑗) = 1 with probability 𝑦∗
𝑗
.

Lemma 2.10. For each job 𝑗 ∈ 𝐽
local

we have Pr[𝑔( 𝑗) = 1] = 𝑦∗
𝑗
.

Proof. There is a unique block 𝐵 ∈ B containing tw( 𝑗). Hence,
𝑔( 𝑗) = 1 iff for 𝐵 we sampled a configuration 𝐶 containing 𝑗 . This

happens with probability

∑
𝐶∈C(𝐵) :𝑗∈ 𝐽𝐶 𝑥

∗
𝐶
= 𝑦∗

𝑗
. □

Consider a (global) job 𝑗 ∈ 𝐽
global

. At the beginning, we matched

𝑗 to one slot in 𝐵 𝑗,𝐿 or 𝐵 𝑗,𝑅 with probability𝑦∗
𝑗,𝐿

+𝑦∗
𝑗,𝑅

−𝑦∗
𝑗,𝐿

·𝑦∗
𝑗,𝑅

. On

the other hand, the LP-solution obtains a profit of 𝑦∗
𝑗,𝐿

+ 𝑦∗
𝑗,𝑅

from

assigning 𝑗 fractionally to𝐵 𝑗,𝐿 and𝐵 𝑗,𝑅 . However, since𝑦
∗
𝑗,𝐿

+𝑦∗
𝑗,𝑅

≤
1 the latter profit is by at most a factor of 4/3 larger than the

probability that we matched 𝑗 to some slot in 𝐵 𝑗,𝐿 or 𝐵 𝑗,𝑅 .

Proposition 2.11. For each job 𝑗 ∈ 𝐽 we have that

𝑦∗𝑗,𝐿 + 𝑦
∗
𝑗,𝑅 ≤ 4

3

(𝑦∗𝑗,𝐿 + 𝑦
∗
𝑗,𝑅 − 𝑦∗𝑗,𝐿 · 𝑦∗𝑗,𝑅) .

Assume now that 𝑗 is not matched to a slot in 𝐵 𝑗,𝐿 nor in 𝐵 𝑗,𝑅 ,

which happens with probability (1−𝑦∗
𝑗,𝐿

) (1−𝑦∗
𝑗,𝑅

). Roughly speak-
ing, for each superblock 𝑆 ∈ S spanned by 𝑗 , wematch 𝑗 fractionally

to a total extent of (1−𝑂 (𝜀))
𝑦∗
𝑗,𝑆

(1−𝑦∗
𝑗,𝐿

) (1−𝑦∗
𝑗,𝑅

) to the blocks in B(𝑆).
More precisely, this holds on average over all the global jobs 𝑗

spanning each superblock 𝑆 . Using this, we can prove the following

bound for the fractionally matched global jobs.

Lemma 2.12. For any Δ ≥ 1 we have that
E

[∑
𝑗∈ 𝐽

global

𝑔( 𝑗)
]
≥ 3

4
(1 −𝑂 (𝜀))∑𝑗∈ 𝐽

global

𝑦∗
𝑗
−𝑂 (𝜀) |𝑂𝑃𝑇 ′ |.

Now Lemma 2.6 can be shown using Lemmas 2.4, 2.10, 2.12, and

the integrality of the bipartite matching polytope. Also Theorem 1.1

can be shown by choosing Δ = 1 and combining Lemmas 2.3, 2.5,

and 2.6.
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2.5 Proof of Lemma 2.9
Let us focus on a specific superblock 𝑆 ∈ S. We would like to match

a job 𝑗 to an extend of

𝑌𝑗 :=


𝑦∗
𝑗,𝑆

(1−𝑦∗
𝑗,𝐿

) (1−𝑦∗
𝑗,𝑅

) if 𝑗 ∈ 𝐽𝑆 \ 𝐽bnd

0 if 𝑗 ∈ 𝐽
bnd

Consider the sets 𝐽ℓ as defined in Lemma 2.7, and define 𝑁ℓ :=∑
𝑗∈ 𝐽ℓ 𝑌𝑗 for ℓ ∈ [1/𝜀] \ {1}. First, we show some technical proper-

ties.

Proposition 2.13. For each 𝑗 ∈ 𝐽𝑆 we have (deterministically)
𝑌𝑗 ≤ 1 and for each ℓ ∈ [1/𝜀] we have E[𝑁ℓ ] = 𝑛ℓ .

As already mentioned, we want to match a job 𝑗 ∈ 𝐽ℓ to an

extend of 𝑌𝑗 to slots corresponding to jobs in 𝐽ℓ−1. As the time

window of 𝑗 spans 𝑆 and each slot corresponding to a job in 𝐽ℓ−1

has a length of at least 𝑝 𝑗 due to Lemma 2.7, we can match 𝑗 to any

slot corresponding to any job in 𝐽ℓ−1. The total extend to which we

want to match jobs is 𝑁ℓ and the total number of slots is 𝑁ℓ−1. As

we have a complete bipartite graph between these sets of nodes,

the maximummatching has a size of min{𝑁ℓ , 𝑁ℓ−1}. Therefore, the
major part of the proof is devoted to show that min{𝑁ℓ , 𝑁ℓ−1} is
in expectation close to 𝑛ℓ .

In the following paragraph, we give some intuition. By Lemma 2.8

we already know that 𝑁ℓ−1 is close to 𝑛ℓ with probability 1 − 𝜀2
.

So the goal is to obtain a similar bound for 𝑁ℓ . We know that

E[𝑁ℓ ] = 𝑛ℓ by Proposition 2.13, so we only need some kind of

concentration for 𝑁ℓ . Recall that 𝑌𝑗 depends on the sampled config-

urations for the boundary blocks for 𝑗 . This dependence also implies

that the random variables 𝑌𝑗 are not independent. Hence we can-

not directly apply standard Chernoff’s bound to obtain the desired

concentration for 𝑁ℓ . To our advantage, the correlation between

the random variables is still quite low: If two random variables

𝑌𝑗 and 𝑌𝑗 ′ are not independent, then there must be a block which

is a boundary block for both 𝑗 and 𝑗 ′. We make this dependence

even weaker. We define a new random variable 𝑌̃𝑗 , which equals 𝑌𝑗
except if there is a boundary block 𝐵 of 𝑗 with Pr[ 𝑗 ∈ 𝐽𝐶∗ (𝐵) ] < 𝜀
and nevertheless we sample a configuration 𝐶∗ (𝐵) with 𝑗 ∈ 𝐽𝐶∗ (𝐵) .
In this case 𝑌̃𝑗 behaves the same as 𝑌𝑗 behaves when we sample

a configuration 𝐶∗ (𝐵) with 𝑗 ∉ 𝐽𝐶∗ (𝐵) . As this event only occurs

with probability 𝜀 this sacrifices only an 𝜀 fraction of the profit in

expectation. The advantage of this is that for a job 𝑗 , there are now

only 2𝐾/𝜀 other jobs 𝑗 ′ for which 𝑌𝑗 and 𝑌𝑗 ′ are not independent.
Indeed, each such job 𝑗 ′ needs to share a boundary block with 𝑗 ,

and 𝑗 ′ must be scheduled in this boundary block with probability at

least 𝜀. Since at most 𝐾 fractional jobs can be scheduled in a block,

there can be at most 𝐾/𝜀 jobs fractionally assigned to a block by

an amount of at least 𝜀. This is enough independence to obtain the

desired concentration for 𝑁ℓ , using the results by [26].

Now we make this formal. First we introduce the concept of

read-𝑘 families (see [26]), which are defined as follows.

Definition 2.14 (Read-𝑘 families [26]). Let 𝐶1, . . . ,𝐶𝑏 be indepen-

dent random variables and let 𝑘 ∈ N and 𝐽 ′ be a finite set. For each
𝑗 ∈ 𝐽 ′, let 𝐴 𝑗 ⊆ [𝑏] and let 𝑓𝑗 : (𝐶𝑝 )𝑝∈𝐴 𝑗

→ [0, 1]. Assume that

|{ 𝑗 : 𝑏′ ∈ 𝐴 𝑗 }| ≤ 𝑘 for every 𝑏′ ∈ [𝑏]. Then the random variables

𝑍 𝑗 = 𝑓𝑗
(
(𝐶𝑝 )𝑝∈𝐴 𝑗

)
for 𝑗 ∈ 𝐽 ′ are called a read-𝑘 family.

Intuitively, in our setting the random variables 𝐶1, . . . ,𝐶𝑏 are

the sampled configurations 𝐶∗ (𝐵) for the blocks 𝐵 ∈ B. For every

job 𝑗 ∈ 𝐽𝑆 , the set 𝐴 𝑗 is a subset of the boundary blocks for 𝑗 ,

and 𝑍 𝑗 is a random variable close to 𝑌𝑗 . For each job 𝑗 ∈ 𝐽𝑆 , we

would like to choose 𝐴 𝑗 as the two boundary blocks for 𝑗 and 𝑍 𝑗
as the random variable 𝑌𝑗 , as the value of 𝑌𝑗 is determined by the

sampled configurations for two boundary blocks for 𝑗 , i.e.𝐵 𝑗,𝐿 and

𝐵 𝑗,𝑅 . But this doesn’t result in a read-𝑘-family (for a reasonable

value of 𝑘) as it might be that all jobs are released within the same

block and thus all have the same boundary block and all depend

on the same sampled configuration. Therefore, we will define new

random variables 𝑌̃𝑗 with stronger independence properties (which

will form the read-𝑘-family) as follows:

𝑌̃𝑗 :=


0 if 𝑦∗

𝑗,𝐿
≥ 𝜀 and 𝑗 ∈ 𝐽𝐶∗ (𝐵 𝑗,𝐿 )

0 if 𝑦∗
𝑗,𝑅

≥ 𝜀 and 𝑗 ∈ 𝐽𝐶∗ (𝐵 𝑗,𝑅 )
𝑦∗
𝑗,𝑆

(1−𝑦∗
𝑗,𝐿

) (1−𝑦∗
𝑗,𝑅

) otherwise

and let 𝑁̃ℓ :=
∑
𝑗∈ 𝐽ℓ 𝑌̃𝑗 . Using these random variables, we obtain

the following properties.

Lemma 2.15. The following holds.
• For each ℓ ∈ [1/𝜀] we have 𝑁̃ℓ ≥ 𝑁ℓ and E[𝑁̃ℓ − 𝑁ℓ ] ≤
𝑂 (𝜀) · ∑𝑗∈ 𝐽ℓ 𝑦

∗
𝑗,𝑆

.

• The random variables 𝑌̃𝑗 for 𝑗 ∈ 𝐽𝑆 are a read-(𝐾/𝜀) family.

As we now have a read-𝐾/𝜀 family of random variables, we

can apply [26, Theorem 1.1]. This states that the adjustment of

Chernoff’s bound also holds for read-𝑘 families, when the exponent

is divided by 𝑘 .

Lemma 2.16 ([26]). Let 𝑌1, . . . , 𝑌𝑟 be a family of read-𝑘 variables
taking values in [0, 1]. Then for any 𝛿 > 0 we have

Pr

[ 𝑟∑︁
𝑠=1

𝑌𝑠 < (1 − 𝛿)E
[ 𝑟∑︁
𝑠=1

𝑌𝑠
] ]

≤ exp

(
− 𝛿2

2 · 𝑘 · E
[ 𝑟∑︁
𝑠=1

𝑌𝑠
] )
.

Now we apply the above concentration bound to 𝑁̃ℓ and obtain

the following result.

Lemma 2.17. Let ℓ ∈ [1/𝜀]. We have that

Pr

[
𝑁̃ℓ ≤ (1 − 𝜀)𝑛ℓ − 2𝐾/𝜀4

]
≤ 𝜀.

Now we can prove Lemma 2.9.

Proof of Lemma 2.9. For each ℓ ∈ [1/𝜀] \ {1}, let 𝑓 ℓ : 𝐸𝑆 →
[0, 1] denote a maximal fractional matching between the jobs in

𝐽ℓ and slots corresponding to jobs in 𝐽ℓ−1, where each job 𝑗 ∈ 𝐽ℓ is
can be matched only to an extend of 𝑌𝑗 , i.e., which fulfills:

• For each 𝑗 ∈ 𝐽𝑆 \ 𝐽ℓ and each 𝑞 ∈ 𝑄 we have 𝑓 ℓ ({ 𝑗, 𝑞}) = 0.

• For each 𝑗 ∈ 𝐽ℓ and each slot 𝑞 ∈ 𝑄𝑆 not corresponding to a

job in 𝐽ℓ−1 we also have 𝑓 ℓ ({ 𝑗, 𝑞}) = 0.

• For each 𝑗 ∈ 𝐽 ℓ we have ∑
𝑞,∈𝑄𝑆

𝑓 ℓ ({ 𝑗, 𝑞}) ≤ 𝑌𝑗 .

Let 𝑓𝑆 (𝑒) :=
∑

1/𝜀
ℓ=2

𝑓ℓ (𝑒) denote the union of these fractional match-

ings. As shown before, we have

∑
𝑒∈𝐸𝑆 𝑓ℓ (𝑒) = min{𝑁ℓ , 𝑁ℓ−1}. For

each 𝑗 ∈ 𝐽
bnd

we have that 𝑌𝑗 = 0 and thus 𝑗 is not matched at all.

And for each 𝑗 ∈ 𝐽𝑆 \ 𝐽bnd
there exists at most one ℓ ∈ [1/𝜀] with

𝑗 ∈ 𝐽ℓ and thus 𝑗 is matched to an extend of at most

𝑦∗
𝑗,𝑆

(1−𝑦∗
𝑗,𝐿

) (1−𝑦∗
𝑗,𝑅

) .
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It remains to compute the expected size of the matching. By

construction, we have that

∑
𝑒∈𝐸 𝑓𝑆 (𝑒) =

∑
1/𝜀
ℓ=2

min{𝑁ℓ , 𝑁ℓ−1}. Let
ℓ ∈ [1/𝜀] \ {1}. By Lemma 2.8, we have that 𝑁ℓ−1 ≥ (1 − 𝜀)𝑛ℓ−1 −
2𝐾/𝜀3

holds with probability at least 1 − 𝜀2
. And by Lemma 2.17,

we have that 𝑁̃ℓ ≥ (1 − 𝜀)𝑛ℓ − 2𝐾/𝜀4
holds also with probability at

least 1 − 𝜀. Thus with probability at least 1 − 2𝜀 both events occur.

Thus we have with probability 1 − 2𝜀 that

min{𝑁̃ℓ , 𝑁ℓ−1} ≥ (1 − 𝜀) min{𝑛ℓ , 𝑛ℓ−1} − max{2𝐾/𝜀4, 2𝐾/𝜀3}
= (1 − 𝜀) min{𝑛ℓ , 𝑛ℓ−1} − 2𝐾/𝜀4

Recall that𝑛ℓ ≥ 𝜀
∑
𝑗∈ 𝐽𝑆 𝑦

∗
𝑗,𝑆

−1, 𝑛ℓ−1 ≥ 𝜀∑𝑗∈ 𝐽𝑆 𝑦
∗
𝑗,𝑆

−1 by Lemma 2.7.

Thus we obtain

E[min{𝑁̃ℓ , 𝑁ℓ−1}]
≥ Pr

[
min{𝑁̃ℓ , 𝑁ℓ−1} ≥ (1 − 𝜀) min{𝑛ℓ , 𝑛ℓ−1} − 2𝐾/𝜀4

]
·
(
(1 − 𝜀) min{𝑛ℓ , 𝑛ℓ−1} − 2𝐾/𝜀4}

)
≥ (1 − 2𝜀) (1 − 𝜀) (𝜀

∑︁
𝑗∈ 𝐽𝑆

𝑦∗𝑗,𝑆 − 1) − (1 − 2𝜀) · 2𝐾/𝜀4

≥ (1 − 3𝜀) · 𝜀 ·
∑︁
𝑗∈ 𝐽𝑆

𝑦∗𝑗,𝑆 − 2𝐾/𝜀4 .

This implies

E[
∑︁
𝑒∈𝐸

𝑓𝑆 (𝑒)]

=

1/𝜀∑︁
ℓ=2

E[min{𝑁ℓ , 𝑁ℓ−1}]

≥
1/𝜀∑︁
ℓ=2

(
E[min{𝑁̃ℓ , 𝑁ℓ−1}] − E[𝑁̃ℓ − 𝑁ℓ ]

)
Lem. 2.15

≥ (1 − 3𝜀) (1 − 𝜀)
∑︁
𝑗∈ 𝐽𝑆

𝑦∗𝑗,𝑆 − 2𝐾/𝜀5 −𝑂 (𝜀)
∑︁
𝑗∈ 𝐽𝑆

𝑦∗𝑗,𝑆

≥ (1 −𝑂 (𝜀))
∑︁
𝑗∈ 𝐽𝑆

𝑦∗𝑗,𝑆 − 2𝐾/𝜀5,

which completes the proof. □

3 A pseudopolynomial time
(5/4 + 𝜀)-approximation

In this section we show how to improve our approximation ratio

to 5/4 + 𝜀, using pseudopolynomial running time. Lemma 2.6 states

that in our previous algorithm, we lose a factor of 4/3+𝑂 (𝜀) on the

profit of the global jobs but only a factor of 1+𝑂 (𝜀) on the profit of

the local jobs (compared to the optimal LP solution). In this section,

we present a different rounding method that loses only a factor of

1 +𝑂 (𝜀) on the profit of the global jobs, but does not schedule any

local job. Therefore, the best of the two solutions will then yield a

(5/4 +𝑂 (𝜀))-approximation by a simple computation.

For this section, we define Δ := 4(log
2
𝑇 + 1)/𝜀4

. We want to

apply Lemma 2.3 and solve the configuration-LP for the result-

ing block-superblock partition. However, it is not clear how to

solve it in (pseudo-)polynomial time since possibly 𝐾 = Θ𝜀 (log𝑇 )
and Lemma 2.5 guarantees polynomial running time only if 𝐾 =

𝑂𝜀 (1). Also, it is not clear how to solve instances where |OPT| ≤

5Δ𝐾0 (2𝐾0/𝜀5)1/𝜀
(see Lemma 2.3) since the latter quantity can be

up to Θ𝜀 (log𝑇 ). This is discussed in Section 3.1. The alternative

rounding algorithm is then presented in Section 3.2.

3.1 Solving the linear program and instances
with small optimal solutions

We resolve the above mentioned issues related to our choice of Δ =

Θ𝜀 (log𝑇 ) with an algorithmic technique that, intuitively, searches

for solutions with only few jobs and computes the best solution of

this kind, even in a weighted generalization of our problem. First,

we show that we can solve (LP) in time 2
𝑂 (𝐾 ) · (𝑛𝑇 )𝑂 (1)

in this

way. To do this, we invoke the ellipsoid method together with a

suitable separation oracle for its dual LP:

min

∑︁
𝑗∈ 𝐽

𝛼 𝑗 +
∑︁
𝐵∈B

𝛽𝐵 s.t.∑︁
𝑗∈ 𝐽𝐶

𝛼 𝑗 + 𝛽𝐵 ≥ |𝐽𝐶 | ∀𝐵 ∈ B,𝐶 ∈ C(𝐵) (dualLP)

𝛼 𝑗 , 𝛽𝐵 ≥ 0 ∀𝑗 ∈ 𝐽 , 𝐵 ∈ B .
The non-trivial task of the separation oracle is to determine,

for a given tentative solution (𝛼 𝑗 , 𝛽𝐵) 𝑗∈ 𝐽 ,𝐵∈B and a given block

𝐵 = [𝑠, 𝑡) ∈ B, whether there exists a configuration 𝐶 ∈ C(𝐵)
with

∑
𝑗∈ 𝐽𝐶 𝛼 𝑗 + 𝛽𝐵 < |𝐽𝐶 |. This task is equivalent to computing a

configuration 𝐶∗ = (𝐵, 𝐽 ∗) ∈ C(𝐵) of maximum weight, where the

weight of each job 𝑗 is set to𝑤 ( 𝑗) := 1 − 𝛼 𝑗 . We show how to solve

this task in time 2
𝑂 (𝐾 ) · (𝑛𝑇 )𝑂 (1)

using the color coding technique

[2]. We enumerate over a set of 𝐾-colorings of the jobs such that

at least one such coloring assigns a distinct color to each job 𝑗 ∈
𝐽 ∗. Then the problem reduces to computing a maximum-weight

configuration that selects at most one job per color. We solve the

latter task via dynamic programming. The idea is to construct a table

indexed by a subset 𝐶𝑂𝐿 ⊆ [𝐾] of colors and an integer time 𝑞 ∈
{𝑠, . . . , 𝑡}. The associated value corresponds to a maximum-weight

subset of jobs, each one with a distinct color from𝐶𝑂𝐿, that can be

feasibly scheduled within [𝑠, 𝑞). Each table entry can be computed

in time 𝑂 (𝐾𝑛) using previously computed entries for certain other

entries. The table entry with (𝐶𝑂𝐿,𝑞) = ( [𝐾], 𝑡) corresponds to the
desired solution. With a similar dynamic program, we can optimally

solve instances in the unweighted case of Maximum Throughput

in time 2
𝑂 ( |OPT | ) (𝑛𝑇 )𝑂 (1)

which is pseudopolynomial as long as

|OPT| = 𝑂𝜀 (log𝑇 ).

Lemma 3.1. In time 2
𝑂 (𝐾 ) · (𝑛𝑇 )𝑂 (1) , we can compute an opti-

mal solution (𝑥∗
𝐶
)𝐶∈C to (LP) together with a schedule 𝑠𝐶 for each

configuration 𝐶 ∈ C with 𝑥∗
𝐶
> 0. Also, Maximum Throughput can

be solved exactly in time 2
𝑂 ( |OPT | ) (𝑛𝑇 )𝑂 (1) .

3.2 Alternative rounding algorithm
Due to Lemma 3.1, we can optimally solve all instances for which

|OPT| < 5𝐾0Δ(2𝐾0/𝜀5)1/𝜀
. If this is not the case, we apply Lemma

2.3 with our defined value of Δ to compute a block-superblock

partition satisfying properties (B1)-(B4) from Lemma 2.3. Based on

that we define (LP). Via Lemma 3.1, we compute an optimal solution

(𝑥∗
𝐶
)𝐶∈C for it in time (𝑛𝑇 )𝑂𝜀 (1)

, using that 𝐾 = 𝑂𝜀 (log𝑇 ). In the

following, we present now an alternative LP-rounding algorithm



Improved Approximation Algorithms for Non-preemptive Throughput Maximization STOC ’26, June 22–26, 2026, Salt Lake City, UT, USA

which is complementary to the rounding algorithm from Section 2.3.

In the latter one, we sampled a configuration for each block and

then we assigned the jobs to the blocks. Instead, now we randomly

assign each job to a block and then try to find a schedule within

each block, possibly by discarding some of its assigned jobs.

We ignore all the (local) jobs 𝐽
local

and do not schedule any of

them. For each block𝐵 and job 𝑗 ∈ 𝐽
global

, let𝑦∗
𝑗,𝐵

:=
∑
𝐶∈C(𝐵) :𝑗∈ 𝐽𝐶 𝑥

∗
𝐶

be the fractional amount by which 𝑗 is assigned to block 𝐵 in the

optimal LP solution. For each job 𝑗 ∈ 𝐽
global

independently, we do

the following. We randomly decide to assign 𝑗 to some block 𝐵 ∈ B
or to discard 𝑗 such that 𝑗 is assigned to each block 𝐵 ∈ B with prob-

ability (1 − 2𝜀)𝑦∗
𝑗,𝐵

and, deterministically, 𝑗 is assigned to at most

one block in B. Therefore, 𝑗 is not assigned to any block and, hence,

discarded with probability 1 − (1 − 2𝜀)∑𝐵∈B 𝑦
∗
𝑗,𝐵

. For each block

𝐵 ∈ B we define a random variable 𝑌𝑗,𝐵 ∈ {0, 1}, modeling whether

we assign 𝑗 to 𝐵 or not, such that Pr[𝑌𝑗,𝐵 = 1] = (1−2𝜀)𝑦∗
𝑗,𝐵

. Notice

that deterministically

∑
𝐵∈B 𝑌𝑗,𝐵 ≤ 1.

Consider a block 𝐵 = [𝑠, 𝑡) ∈ B and the jobs 𝐽 (𝐵) ⊆ 𝐽
global

randomly assigned to 𝐵, i.e., all jobs 𝑗 such that 𝑌𝑗,𝐵 = 1. In a

second phase, we discard some of these jobs 𝐽 (𝐵) such that the

remaining jobs can be scheduled within 𝐵, similar to randomized

rounding with alteration, see, e.g., [18, 49]. Formally, we define a

random variable 𝑍 𝑗,𝐵 ∈ {0, 1} for all jobs 𝑗 ∈ 𝐽 (𝐵), where 𝑍 𝑗,𝐵 = 0

indicates that we discard 𝑗 (if 𝑌𝑗,𝐵 = 0, simply define 𝑍 𝑗,𝐵 = 0).

First, we discard all jobs 𝑗 whose processing time 𝑝 𝑗 is relatively

long compared to tw( 𝑗) ∩ 𝐵, i.e., the portion of tw( 𝑗) inside 𝐵.
Formally, for each interval 𝐼 = [𝑠′, 𝑡 ′), we define its length by

|𝐼 | := 𝑡 ′ − 𝑠′. The set of long jobs is given by 𝐽
long

(𝐵) := { 𝑗 ∈ 𝐽 (𝐵) :

𝑝 𝑗 > 𝜀4 |tw( 𝑗) ∩ 𝐵 |}. We can show that in expectation 𝐽
long

(𝐵)
contains at most Δ jobs, which we can afford to discard since on

average (𝑥∗
𝐶
)𝐶∈C schedules at least Δ/𝜀 jobs in each block.

Lemma 3.2. For each block 𝐵 ∈ B we have that E[|𝐽
long

(𝐵) |] ≤
4(log

2
𝑇 + 1)/𝜀4 = Δ.

Consider next the remaining short jobs 𝐽
short

(𝐵) := 𝐽 (𝐵) \
𝐽
long

(𝐵). For these jobs, intuitively, we have useful concentration
properties. Let us initially set 𝑍 𝑗,𝐵 = 1 for all 𝑗 ∈ 𝐽

short
(𝐵). For each

such 𝑗 we define one or two (unlikely) bad events: when any one of

those events happens, we set 𝑍 𝑗,𝐵 = 0. The first bad event E𝑡𝑜𝑡𝑎𝑙
happens if the total processing time of the short jobs assigned to 𝐵

is larger than |𝐵 |, i.e.,

∑︁
𝑗 ′∈ 𝐽

short
(𝐵)

𝑝 𝑗 ′ =
∑︁

𝑗 ′∈ 𝐽
global

:𝑝 𝑗 ′ ≤𝜀4 |tw( 𝑗 ′ )∩𝐵 |
𝑝 𝑗 ′ · 𝑌𝑗 ′,𝐵 > |𝐵 |.

When E𝑡𝑜𝑡𝑎𝑙 happens, we set 𝑍 𝑗,𝐵 = 0 for all 𝑗 ∈ 𝐽
short

(𝐵). The
event E𝑡𝑜𝑡𝑎𝑙 is the unique bad event for the considered jobs that

span 𝐵, i.e., such that 𝐵 ⊆ 𝑡𝑤 ( 𝑗).
Assume now that some 𝑗 ∈ 𝐽

short
(𝐵) does not span 𝐵 but that

tw( 𝑗) intersects 𝐵 from the right, i.e., 𝑠 < 𝑟 𝑗 < 𝑡 . Then we define

the additional bad event E𝑟𝑖𝑔ℎ𝑡 ( 𝑗) that the total processing time of

the jobs 𝑗 ′ ∈ 𝐽
short

(𝐵) with 𝑟 𝑗 ≤ 𝑟 𝑗 ′ is larger than |tw( 𝑗) ∩ 𝐵 |. The
intuition is that 𝑗 and all these jobs need to be processed during

tw( 𝑗) ∩ 𝐵. Formally, E𝑟𝑖𝑔ℎ𝑡 ( 𝑗) happens if∑︁
𝑗 ′∈ 𝐽

short
(𝐵) :𝑟 𝑗 ≤𝑟 𝑗 ′

𝑝 𝑗 ′ =
∑︁

𝑗 ′∈ 𝐽
global

:𝑝 𝑗 ′ ≤𝜀4 |tw( 𝑗 ′ )∩𝐵 |,𝑟 𝑗 ≤𝑟 𝑗 ′
𝑝 𝑗 ′ · 𝑌𝑗,𝐵

> |tw( 𝑗) ∩ 𝐵 |.
If E𝑟𝑖𝑔ℎ𝑡 ( 𝑗) happens, we set 𝑍 𝑗,𝐵 := 0. We define an analogous

second bad event E𝑙𝑒 𝑓 𝑡 ( 𝑗) if 𝑗 does not span 𝐵 but tw( 𝑗) intersects
𝐵 from the left, i.e., 𝑠 < 𝑑 𝑗 < 𝑡 , and we set 𝑍 𝑗,𝐵 accordingly.

We can show that for each job 𝑗 ∈ 𝐽
short

(𝐵) the defined bad

events are very unlikely and, hence, if 𝑌𝑗,𝐵 = 1 then most likely

also 𝑍 𝑗,𝐵 = 1.

Lemma 3.3. For each block 𝐵 ∈ B and each job 𝑗 ∈ 𝐽
global

with
𝑝 𝑗 ≤ 𝜀4 |tw( 𝑗) ∩ 𝐵 | and Pr[𝑌𝑗,𝐵 = 1] > 0, it holds that Pr[𝑍 𝑗,𝐵 =

1|𝑌𝑗,𝐵 = 1] ≥ 1 − 2𝜀.

Let 𝐴𝑃𝑋 (𝐵) := { 𝑗 ∈ 𝐽
global

: 𝑍 𝑗,𝐵 = 1} ⊆ 𝐽 (𝐵) be all the jobs
that we finally assign to 𝐵. We show that we can compute a feasible

schedule for them in 𝐵 (with a simple greedy algorithm).

Lemma 3.4. For each block 𝐵 ∈ B we can compute a schedule for
𝐴𝑃𝑋 (𝐵) in 𝐵 in polynomial time.

We apply the procedure above to each block 𝐵 ∈ B. Our solution

is the set of jobs 𝐴𝑃𝑋 :=
⋃
𝐵∈B 𝐴𝑃𝑋 (𝐵) together with the asso-

ciated schedule as described above. Combining the above results

yields the following lemma.

Lemma 3.5. In polynomial time we can compute a feasible solution
to the given instance whose expected number of jobs is at least(

(1 − 2𝜀)
∑︁

𝑗∈ 𝐽
global

𝑦∗𝑗
)
− 4(log

2
𝑇 + 1)/𝜀4 · |B|

≥ (1 −𝑂 (𝜀))
∑︁

𝑗∈ 𝐽
global

𝑦∗𝑗 −𝑂 (𝜀)
∑︁
𝑗∈ 𝐽

𝑦∗𝑗 .

Finally, we output the best of the two solutions computed with

the algorithm of this section andwith the algorithm from Section 2.3

(using the same optimal solution to the configuration LP for Δ =

4(log
2
𝑇 + 1)/𝜀4

in both cases). Then, Lemmas 2.6, 3.1, and 3.5 yield

Theorem 1.2.

4 Extension to multiple machines
In this section, we describe how we extend our polynomial time

(4/3 + 𝜀)-approximation and our pseudo-polynomial time (5/4 +
𝜀)-approximation algorithms to the setting of multiple (identical)

machines.

First, we define the problem formally on multiple machines. In

the input, we are given a set of jobs 𝐽 with given processing times,

release times, and deadlines as in the case of one machine. Addi-

tionally, we are given a value𝑚 ∈ N that denotes the given number

of (identical) machines. Our goal is again to compute a subset of

jobs 𝐽 ′ ⊆ 𝐽 ; however, now we also need to compute a partition

𝐽 ′ = 𝐽 ′
1

¤∪... ¤∪𝐽 ′𝑚 where for each 𝑖 ∈ [𝑚] the set 𝐽 ′
𝑖
corresponds to the

jobs we assign to machine 𝑖 . Like before, for each job 𝑗 ∈ 𝐽 ′ we need
to compute a start time 𝑠 ( 𝑗) ∈ N such that [𝑠 ( 𝑗), 𝑠 ( 𝑗) +𝑝 𝑗 ) ⊆ tw( 𝑗).
We require that for each machine 𝑖 ∈ [𝑚] and for any two jobs

𝑗, 𝑗 ′ ∈ 𝐽 ′
𝑖
that [𝑠 ( 𝑗), 𝑠 ( 𝑗) +𝑝 𝑗 )∩ [𝑠 ( 𝑗 ′), 𝑠 ( 𝑗 ′) +𝑝 𝑗 ′ ) = ∅. Note that we

do not require this for two jobs assigned to different machines 𝑖, 𝑖′.



STOC ’26, June 22–26, 2026, Salt Lake City, UT, USA Alexander Armbruster, Fabrizio Grandoni, Antoine Tinguely, and Andreas Wiese

As before, the objective is to maximize |𝐽 ′ |. We call the resulting

problem Throughput Maximization on𝑚 machines.

It was shown in [37] that for each 𝜀 > 0 there is a (1−𝑂 (
√︁
(log𝑚)/𝑚)−

𝜀)−1
-approximation algorithm.

Theorem 4.1 ([37]). For any 𝜀 > 0, there exists a polynomial time
(1 − 𝑂 (

√︁
(log𝑚)/𝑚) − 𝜀)−1approximation for Throughput Maxi-

mization on𝑚 machines.

Hence, for each 𝜀 > 0 there is a constant𝑚𝜀 ∈ N,𝑚 = 𝑂𝜀 (1), such
that the theorem above yields a (1+𝑂 (𝜀))-approximation algorithm

if𝑚 > 𝑚𝜀 . Therefore, in the following we assume that we are given

a constant 𝜀 > 0 and an instance of Throughput Maximization on

multiple machines in which𝑚 ≤ 𝑚𝜀 . For this setting, we give a

polynomial time (4/3 + 𝜀)-approximation algorithm.

Theorem 4.2. For any constants 𝜀 > 0 and𝑚 ∈ Nwith𝑚 = 𝑂𝜀 (1),
there is a polynomial-time randomized (4/3 + 𝜀)-approximation al-
gorithm for Throughput Maximization on𝑚 machines.

Similarly, also the pseudo-polynomial time (5/4+𝜀)-approximation

algorithm extends to a constant number of machines.

Theorem 4.3. For any constant 𝜀 > 0, there is a randomized
(5/4 + 𝜀)-approximation algorithm for Throughput Maximization on
𝑚 machines with a running time of (𝑛𝑇 )𝑂𝜀,𝑚 (1) .
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