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Abstract

The (Non-Preemptive) Throughput Maximization problem is a nat-
ural and fundamental scheduling problem. We are given n jobs,
where each job j is characterized by a processing time and a time
window, contained in a global interval [0, T), during which j can be
scheduled. Our goal is to schedule the maximum possible number
of jobs non-preemptively on a single machine, so that no two sched-
uled jobs are processed at the same time. This problem is known
to be strongly NP-hard. The best-known approximation algorithm
for it has an approximation ratio of 1/0.6448 + ¢ ~ 1.551 + ¢ [Im,
Li, Moseley IPCO’17], improving on an earlier result in [Chuzhoy,
Ostrovsky, Rabani FOCS’01]. In this paper we substantially improve
the approximation factor for the problem to 4/3 + ¢ for any constant
& > 0. Using pseudo-polynomial time (nT)°M) | we improve the
factor even further to 5/4 + ¢. Our results extend to the setting in
which we are given an arbitrary number of (identical) machines.
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1 Introduction

In this paper we study the (Non-Preemptive) Throughput Maximiza-
tion problem (also known as Job Interval Scheduling) which is one of
the most basic scheduling problems. We are given a set of n jobs J,
where each job j € J is characterized by its processing time pj € N,
its release time r;j € N, and its deadline d; € N. For each job j € J
we define its time window by tw(j) = [r},d;). The goal is to select a
subset ]’ C J of the jobs and to compute a non-preemptive schedule
for J’ on one machine. More formally, we seek to compute a start
time s(j) € N for each job j € J' such that [s(j),s(j)+p;) C tw(}),
meaning that we execute j during [s(j),s(j) + p;). We require that
for any two distinct jobs j, j € J’ their intervals [s(j), s(j) + p;)
and [s(j’),s(j’) + pj») are disjoint. The objective is to maximize
the number of scheduled jobs, i.e., to maximize |J’|. Not surpris-
ingly, the problem and its variants and generalization have several
applications, see, e.g., [14, 23, 33, 42] and references therein.

Throughput Maximization is (strongly) NP-hard [24, 45] which
motivates studying approximation algorithms for it. However, from
this point of view, it is not very well understood. The currently
best known approximation factor in polynomial time (and even
in pseudo-polynomial or quasi-polynomial time) is 1/0.6448 + ¢ ~
1.551 + ¢ for any constant ¢ > 0, due to Im, Li and Moseley [36, 37].
This improves a previous result by Chuzhoy, Ostrovisky and Rabani
[21, 22] which achieves an approximation ratio of ;%5 +¢ ~ 1.582+¢
(in fact, even for a more general version where for each job we are
given an explicit set of possible execution intervals, instead of our
implicitly defined intervals of the form [s(j),s(j) + pj) C tw(}))
and other previous results [10, 11, 13, 48].

However, Throughput Maximization is not known to be APX-
hard and, hence, it might still admit a PTAS! We find intriguing that
the approximability status of such a basic problem is still rather
unclear.

1.1 Our Results and Techniques

In this paper we substantially improve the best known approxi-
mation ratio for Throughput Maximization. More specifically, we
obtain the following two main results.

THEOREM 1.1. For any constant ¢ > 0, there is a polynomial-
time randomized (4/3 + ¢)-approximation algorithm for Throughput
Maximization.
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Using pseudo-polynomial time, we can do even better. We define
T := maxjejd;j and observe that, hence, each job j € J must be
scheduled within the interval [0, T).

THEOREM 1.2. For any constant ¢ > 0, there is a randomized
(5/4 + €)-approximation algorithm for Throughput Maximization
with a running time of(nT)Of(l).

In the following, we illustrate the main ideas behind our results.
Our starting point is the approach by Chuzhoy et al. [22]. The
authors present a polynomial-time procedure that partitions the
time horizon [0, T) into a collection of at most ¢|OPT| intervals
which we will call blocks. The blocks are defined such that there is
a (1 + ¢)-approximate solution in which

e each job is scheduled entirely within one block and
e inside each block at most O, (1) jobs are scheduled.

Based on the blocks, they define a configuration-LP that has a
configuration for each combination of a block B and a set of at most
O¢(1) jobs that can be scheduled within B; in particular, the LP has
a polynomial number of variables and constraints.

Given an optimal fractional solution to the configuration-LP,
they sample independently one configuration for each block. It
might happen that some job j € J appears in more than one sam-
pled configuration; in this case, it can still be scheduled only once in
the computed solution. However, one can show thatifajob j € J ap-
peared fractionally in y;f configurations of the optimal LP-solution,
then it appears in at least one sampled configurations with prob-
ability at least e—zly;f which yields the mentioned approximation
ratio of 2% +¢ ~ 1.582 +¢.

In both of our algorithms, we use a similar configuration-LP, but
we define the blocks in a different way and also invoke a different
rounding procedure. We start with our (4/3 + ¢)-approximation
algorithm. Like in the algorithm by Chuzhoy et al. [22], we sample
a configuration for each block according to the optimal LP-solution.
However, we do not directly assign the jobs according to the sam-
pled configurations. Instead, if a sampled configuration schedules
a job j during some time interval [s(j), s(j) + p;), then we inter-
pret this interval as a slot during which we might schedule some
job j” whose time window and processing time allow to process
it completely during [s(j),s(j) + p;) (possibly pj» < p; and then
the machine would remain idle during some parts of the interval).
Then, we use a bipartite matching routine to compute the largest
set of jobs that can be assigned in this way to the slots, i.e., each
slot gets at most one compatible job assigned to it and each job
is assigned to at most one slot. In particular, if a job j appears in
two sampled configurations, then it creates two slots such that we
can assign j to one of them and potentially another job j’ to the
other slot. In contrast, in [22] the second slot was kept empty in
this case and, hence, it was lost. On a high level, our algorithm
might not seem too different from [22]; however, we show that in
expectation our resulting matching yields an approximation ratio
ofonly 4/3 +¢ < 1.334 +¢.

One key idea for proving this is a more sophisticated definition of
our blocks. We ensure that they still have the properties described
above. In addition, we define a second partition of [0, T) into su-
perblocks, where each superblock is the union of a large (constant)
number of consecutive blocks. We show that we can compute such
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a partition for which there is a (1 + ¢)-approximate solution with
a set of jobs OPT’ in which each job j € OPT’ is scheduled either
(see Figure 1):

e in the leftmost or the rightmost block that tw(j) intersects;
we call these blocks the boundary blocks for j, or

e in one of the superblocks S spanned by j, i.e., such that
S C tw(j).

In order to prove that there exists a sufficiently large matching,
a particularly simple case is when in the optimal solution to the
configuration-LP, each job j € J appears only in configurations
corresponding to its boundary blocks. Then, we can easily show
that it appears in at least one sampled block-configuration with
probability at least %y}f. Hence, we can we simply match each job
Jj to one of “its own” slots like [22] and obtain an approximation
ratio of 4/3 + ¢.

However, we need to show that we can achieve the same approxi-
mation factor also when the jobs might be fractionally scheduled in
non-boundary blocks. This is substantially more complex, and one
of the main contributions of this paper. At a high level, we show
that in expectation there exists a large-enough fractional (bipartite)
matching between jobs and slots. Standard matching theory then
implies that the maximum matching is also large enough.

In more detail, if a job j belongs to the sampled configuration
for at least one of its boundary blocks, say B, we simply integrally
match j with the slot created by j in B. The remaining jobs are
fractionally matched to slots in the superblocks spanned by them.
We need to show that the latter jobs yield sufficiently many frac-
tional edges. To that aim, we use a fractional version of the classical
harmonic grouping technique and concentration arguments that
critically exploit the fact that each of our superblocks contains
many blocks. For each superblock S, we apply harmonic grouping
based on the fractional solution to the configuration-LP for its con-
tained blocks. This yields O(1/¢) groups of jobs where each group
contains essentially the same (fractional) number of jobs, and the
processing times of the jobs in one group are not larger than the pro-
cessing times of the next group. Notice that in harmonic grouping
one typically forms groups of items of similar cardinality, while we
form the groups so that they have a similar fractional cardinality in
terms of the computed LP-solution. Since the configuration for each
of the (many) blocks contained in S were sampled independently,
we can show via concentration arguments that, with sufficiently
large probability, for each of the O(1/¢) job groups, the number of
sampled slots is essentially the same as the fractional number of
jobs in that group (and, hence, also in the next group). When this
event happens, we fractionally match the jobs from each job group
to the slots of the next job group (with larger processing time).
For this it is crucial that for each matched job j its time window
tw(j) contains the entire superblock S; due to this property, we can
schedule j arbitrarily within S.

There is a subtle technical issue. In order to achieve the claimed
approximation factor, we use that the fractional amount by which
we assign a job j to slots in a superblock S spanned by j depends
on the sampled configurations for the boundary blocks for j. More
specifically, if j belongs to one such configuration, it cannot be
also fractionally matched to a slot in a spanned superblock. Hence,
these fractional amounts for the different jobs are not independent



Improved Approximation Algorithms for Non-preemptive Throughput Maximization STOC ’26, June 22-26, 2026, Salt Lake City, UT, USA

T 7 dj T j/ dj/
P - - I 4 P-4
L Bj.r Bjr,L = Bj/,r

A I I A I I

Figure 1: The blue and red lines delimitate the blocks and superblocks, respectively. Job j is global and can be scheduled within
its boundary blocks B;; and B; g (marked blue) or within one of the two superblocks that it spans (marked red). It cannot be
scheduled between a spanned superblock and B; ; or B; g, and cannot intersect two (or more) blocks. Job j’ is local. Its (unique)

boundary block is marked in green.

random variables, since two jobs might have the same boundary
block! Therefore, we cannot use the standard Chernoff’s bound
to prove that the relevant random variables are sufficiently con-
centrated around their respective means. However, we are able to
show that the impact of such dependencies is sufficiently small.
More specifically, we can still use the concentration bounds for
read-k families of random variables in [26] to obtain the desired
properties.

A closer look into our analysis reveals that our approximation
ratio is even 1+¢ (compared to the optimal LP solution) with respect
to the profit of jobs j whose time window tw(}j) is contained in
some block; we call such jobs local. For the other (global) jobs,
our approximation ratio is 4/3 + ¢, again compared to the optimal
fractional solution. Therefore, we design a second rounding routine
that achieves an approximation ratio of 1 + ¢ w.r.t. the global jobs
(but does not schedule any local job). The best of the two solutions
then has an approximation ratio of only 5/4 + ¢.

For this second algorithm, we need a different block decom-
position in which each block contains intuitively ©,(log T) jobs
on average from some near-optimal solution. However, then our
configuration-LP has n®(198T) variables and we can no longer
solve it trivially in polynomial time. Therefore, we use the ellipsoid
method with a new separation oracle for the dual LP. The separation
problem is a weighted generalization of our (initial) Throughput
Maximization problem, however with the additional constraint that
any solution can contain at most ©,(log T) jobs. We show how to
solve the latter problem in pseudopolynomial time with a suitable
dynamic program and the color coding technique [2].

Another major difference in our second algorithm is the LP-
rounding procedure. Instead of independently sampling a configu-
ration for each block, we independently assign a job to a block B
according to the marginal probabilities induced by the fractional
solution. It might be that there is a block B whose assigned jobs
cannot all be scheduled within B. However, we show that if we
remove O, (log T) intuitively relatively “long” jobs from each block
B, then due to concentration arguments the remaining jobs can
(most likely) be scheduled within B. More precisely, we remove a
job j if its processing time p; is relatively large compared to the
length of its time window within B, i.e., p; is large compared to
the length of BN tw(}j). Since our blocks contain ©,(log T) jobs on
average from some near-optimal solution, we can argue that the
removed jobs determine only an e-fraction of the optimal profit.

We remark that a similar random assignment was used by Im, Li
and Moseley [37]. However, they had to disallow to schedule a job

in its boundary blocks which lost the corresponding profit of the
LP. In contrast, since we allow a block to contain up to O, (log T)
jobs and we remove the relatively long jobs, we can assign a job
to its boundary intervals too and, hence, we obtain a much better
approximation ratio of 5/4 + ¢.

Our results extend to the generalization of Throughput Maxi-
mization on m (identical) machines (see Appendix 4 for details).

THEOREM 1.3. For any constant ¢ > 0, there is a polynomial-
time randomized (4/3 + ¢€)-approximation algorithm as well as a
pseudopolynomial-time randomized (5/4 + €) approximation algo-
rithm for Throughput Maximization on m machines.

1.2 Other related Work

The first approximation algorithm for Throughput Maximization
was a 2-approximation algorithm due to Spieksma [48]. While the
problem is NP-hard in general [24, 45], it can be solved in poly-
nomial time if all the processing times are identical [25] and in
pseudo-polynomial time if preemption is allowed [41]. The latter
setting also admits an FPTAS [46].

There are natural generalizations of Throughput Maximization
to multiple machines and/or to the weighted case in which each job
has a weight and we wish to maximize the total weight of scheduled
jobs. There is an algorithm by Bar-Noy, Guha, Naor and Schieber

[11] that achieves a %
of machines m (also in the weighted case in pseudo-polynomial
time); note that this ratio converges to ;% for m — co. Essentially
the same ratio was obtained in [13] in polynomial time. There
is also a (2 + ¢)-approximation algorithm for the weighted case
on multiple machines using the local ratio technique [10]. The
algorithm by Chuzhoy et al. [22] yields the ratio of -4 + ¢ for
any number of machines but only in the unweighted case. The
algorithm by Im et al. [37] yields the mentioned approximation
ratio of 1/0.6448 + ¢ < 1.551 + ¢ for any number of machines
in the unweighted case, and the authors provide also an (1 + ¢)-
approximation for the weighted case if the number of machines m
is sufficiently large (for any constant ¢ > 0). If we allow resource
augmentation, i.e., shortening the processing time of each input
job by a factor of 1 + ¢, there is even a (1 + ¢)-approximation in
quasi-polynomial time known in the weighted case and for any
number of machines [38].

The Unsplittable Flow on a Path with Time Windows prob-
lem (UFPTW) is another generalization of Throughput Maximiza-
tion where each job is in addition specified by a certain demand
for a shared resource whose capacity might vary over time. In

-approximation for any number
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this problem, multiple jobs can be processed at the same time,
provided that their total demand is within the available capac-
ity at that time. Throughput Maximization with m machines is
the special case where all the demands are 1, and the available
capacity is uniformly m. For UFPTW there is a polynomial time
O(log n/loglog n)-approximation algorithm for the weighted case
and an O(1)-approximation in the unweighted case [27], improving
on [17]. These results hold for a more general setting of explicitly
given possible execution intervals and corresponding demands,
similar to [22]. Also, there is a quasi-polynomial time (2 + ¢)-
approximation algorithm under resource augmentation for the
weighted case [5]. In [5] it is also shown that the problem is APX-
hard (even in the unweighted setting); the hardness reduction criti-
cally exploits that the tasks can have different demands, and, hence,
it does not extend to Throughput Maximization. The special case
of the above problem where the length of each time window equals
the respective processing time is the classical and very well-studied
Unsplittable Flow on a Path problem [3, 7, 8, 12, 15, 28, 30-32]
which admits a PTAS [29].

Other scheduling problems on one or multiple machines include
for example makespan minimization [34, 39, 40], minimizing the
average (weighted) completion times of the given jobs [19], mini-
mizing the average (weighted) job’s flowtimes [6], or scheduling
jobs with even more general cost functions [4, 9, 20, 35]. We refer
to [1, 16, 42, 44] for overviews on the scheduling literature.

2 Polynomial time approximation algorithm

In this section, we present our polynomial time (4/3+¢)-approximation

algorithm. We assume w.l.o.g. that minc;r; = 0 and recall that
T = maxjecjdj. Let ¢ > 0 be a sufficiently small constant and
assume that 1/¢ € N. For each k € N, we define [k] := {1,...,k}.

In Section 2.1, we present a method to partition [0, T) into subin-
tervals such that there exist a (1 + ¢)-approximate solution that is
“aligned” with this partition and satisfies certain additional prop-
erties that we will exploit later in our approximation algorithm.
Based on this, in Section 2.2 we define a modified configuration LP.
In Section 2.3 we present our rounding algorithm, which is then
analyzed in Section 2.4.

2.1 Construction of blocks and superblocks

As a first step, we invoke a method from [22] to partition [0, T) into
blocks where we define a block to be an interval of the form [a, b)
for some a, b € [0, T] with a < b. Given a set of jobs J* C J and a
corresponding schedule with a starting time s(j) € {0,...,T} for
each job j € J/, we say that a job j € J’ is scheduled in a block B
if [s(j),s(j) +p;j) S B. We remark that the running time bound in
[22] holds for a discrete version of the problem and that property
(A4) below is not explicitly stated in [22]. Hence for completeness
we sketch a proof of the following lemma in the appendix.

LEMMA 2.1. Assume that |OPT| > (2)3. In polynomial time we
can compute a partition of [0, T) into a set of blocks By such that
there exists a set of jobs OPT”” C ] and a feasible schedule of them
with the following properties:

(A1) |OPT”| > (1 - ¢)|OPT|,
(A2) each job j € OPT" is scheduled in some block B € By,
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(A3) foreach block B € By there are at most Ky = (1/¢)C(1/elog(1/¢))
jobs of OPT” that are scheduled in B,
(A4) |OPT”| = |Byl/e.

To avoid ambiguity later, we refer to the blocks from Lemma 2.1
as elementary blocks. We remark that property (A4) of Lemma 2.1
implies that the average number of jobs in an elementary block is
at least 1/¢, while by property (A3) the maximum number of jobs
in each elementary block is bounded by Ky = O,(1).

As a next step, we want to compute a partition of [0, T) with
stronger properties. Instead of just blocks, we want to compute
superblocks such that each superblock is the union of a set of
consecutive blocks (which will be constantly many blocks below).

Definition 2.2. A pair (8B, S) is a block-superblock partition if both
B and S are sets of blocks that form a partition of [0, T) and each
block S € S is the union of a set of consecutive blocks B(S) C B.
We call the blocks in S also superblocks.

Intuitively, we use the blocks in By as a basis and, with a suitable
shifting argument, glue them together to form the blocks 8. We use
a parameter A that controls how many elementary blocks we glue
together here. For our polynomial-time algorithm in this section we
will define A := 1, while for the pseudopolynomial-time algorithm
in the next section we will use A = O, (log T). Then, we define each
superblock as the union of (constantly) many consecutive blocks in
8. Thanks to the mentioned shifting argument, we can ensure that
there is a (1 + ¢)-approximate solution in which each job j may be
scheduled only within a specific set of blocks and superblocks. In
more detail, given a block-superblock partition (8, S), for each job
Jj € J we define its release block Bj; € B such that r; € Bj and
its deadline block Bj g = [s,t) € B such that d; € (s, t]. The release
block and the deadline block of j are also called its boundary blocks.
We remark that possibly B;; = Bj g = B, in which case tw(j) € B.
Furthermore, we say that j spans a block B € 8 or a superblock
S € S (and B or S are spanned by j) if B C tw(j) or S C tw(j), resp.
In the following lemma we use the value Ky as defined in Lemma
2.1.

LEMMA 2.3. Let A € N be a given parameter, and assume that
|OPT| > SK()A(ZK()/ES)I/E. In time AW nO:(1) ye can compute
at most 1/¢ block-superblock partitions and for each one of them a
value K with K < A(2K0/£5)1/€ = O¢(A) such that for at least one
computed partition (8B, S) there exists a set of jobs OPT’ C J and a
feasible schedule of them with the following properties:

(B1) |OPT’| > (1 — 2¢)|OPT|,

(B2) each job j € OPT’ is scheduled in B 1, or in Bj g, or in a block
B € B for which j spans the superblock S € S containing B,

(B3) for each block B € B there are at most K jobs from OPT’ that
are scheduled in B,

(B4) |OPT'| > £|B| and |OPT'| = K|S].

In the rest of this section, we will assume A = 1 and w.l.o.g.
|OPT| > 5KoA(2Ky/e%)Y/¢, since otherwise the problem can be
solved exactly in polynomial time by enumeration. Therefore, we
can apply Lemma 2.3. Intuitively, among the 1/¢ computed block-
superblock partitions, we guess one for which properties (B1)-(B4)
hold. Formally, we execute the following steps for each of them
and finally output the best obtained solution. Hence, in the analysis
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we may assume that we know the partition (8, S), together with
its corresponding value K, for which the described solution OPT’
exists.

2.2 The linear program

We define a configuration-LP which intuitively computes a (frac-
tional) solution that satisfies (B2) and (B3). A configuration C is
specified by a pair (B¢, Jc), where Bc = [s, t) is a block and Jc is a
subset of jobs that can be feasibly scheduled inside B¢ according
to Lemma 2.3; formally, we require that |Jo| < K and that, for
each j € Jc, the block B is either a boundary block for j or B¢
is contained in a superblock S spanned by j (i.e., S C tw(j)). We
denote by sc : Jo — {s,...,t — 1} an arbitrary but fixed feasible
schedule of J¢ inside B¢. For each block B we define the set C(B)
to be the set of all configurations for B and we set C = Jgec g C(B).
In our LP, for each configuration C € C we introduce a variable
xc representing whether we select C for its corresponding block.
Then, we introduce constraints to model that we schedule each job
at most once and we select one configuration for each block.

max Z lJcl-xc st Z xc<1 VjeJ
CeC CeC:jejc
Z xc=1 VBeB (LP)
CeC(B)
xc=>0 VCeC.

Due to Lemma 2.3, the optimal objective function value of (LP) is
at least close to |OPT].

LEMMA 2.4. Let (B, S) be a block-superblock partition satisfying
properties (B1)-(B4) of Lemma 2.3. Then the optimal objective function
value of the associated configuration LP is at least (1 — 2¢)|OPT].

Obviously, we can solve the above LP in polynomial time when
K, i.e., the number of jobs per configuration, is upper bounded by a
constant.

LEMMA 2.5. Let K denote the maximum number of jobs in a con-
figuration. IfK = O.(1), then in polynomial time one can compute
an optimal solution (x{.)cec to the configuration LP together with a
feasible schedule sc for each configuration C € C.

2.3 Rounding algorithm

Let (x7.)cec denote an optimal solution to (LP). We describe now
how to round it to an integral solution using randomized rounding,
losing at most a factor of 4/3 + O(¢) in the profit. For each block
B € B independently, we sample one configuration C*(B) € C(B)
with respect to the distribution given by the vector (x()ccc(B)-
More precisely, each configuration C € C(B) is sampled with prob-
ability x/, and, deterministically, exactly one configuration in C(B)
is sampled.

For each block B € B and each job j € Jo+(p), there is an interval
[sc+(B) (1) sc#(B) (J) + pj) during which j is scheduled by sc+ ().
We call this interval a slot and we define Q to be the set of all slots
for all blocks B € 8 and all jobs j € Jo+(p). Note that the slots in
Q are pairwise disjoint. We want to assign a subset of the jobs in J
to the slots in Q via a bipartite matching. Possibly, this will assign
ajob j € J to aslot [s,t) corresponding to a different job j’ # j.
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Formally, we define a bipartite graph G = (V, E) where V = JUQ
and there is an edge {j, [s,t)]} € E connecting (the vertices cor-
responding to) a job j € J and a slot [s,¢) € Q if and only if j
can be scheduled during [s, t); the latter conditions holds if and
only if min{t,d;} — max{s,r;} > p;, in which case j can be sched-
uled during [max{s, r;}, max{s, r;} + p;). We compute a maximum
matching M* C E in G. For each edge e = (j, [s,t)) € M* we select
job j and schedule it during [max{s,r;}, max{s,r;} + p;). Finally,
we output the resulting solution.

2.4 Analysis

By construction, we schedule |M*| jobs in total. Hence, it remains
to show that M* is sufficiently large. To formalize this, we call a
job j € J local if tw(j) C B for some block B € B (note that then
Bj1 = Bjr) and global otherwise. We denote by Jiocal and Jglobal
the local and global jobs in J, respectively. We prove that, compared
to (x*C)CE ¢» we lose a factor of 4/3 + O(¢) in the profit of the global
jobs and a factor of 1 + O(¢) for the local ones. For convenience,
for each job j € J we define y;f = YiceC:jejo X¢ Which is the total
fractional extent to which j is selected in (x/)cec-

LEMMA 2.6. For any A > 1 we have

E[[M]] 2 (1-0(2)) )} yi+(3/4-0() >,
jE]local jejglobal
> (3/4 - O(¢))|OPT].

In the remainder of this section we prove Lemma 2.6. For this, we
construct a feasible fractional bipartite matching, i.e., a function f :
E — [0,1] such that }},.,c. f(e) < 1foreachov € V. We will prove
that its expected size E [} .cg f(e)] is at least the lower bound we
want to prove for E[|M*|]. Since the standard LP-relaxation of the
bipartite matching problem is integral (see [47]), there exists also
an integral matching with at least ), f(e) edges.

Consider a job j € J. If the sampled configurations C*(Bj 1)
for its release block Bjj contains j, then we match j integrally
to the corresponding slot. Formally, in this case we denote by
[s,8) := [SC*(B,-,L) (), SC*(Bj 1) (j) +pj) the slot corresponding to j;
we define f({J, [s,t)}) := 1. If this is not the case but the sampled
configurations C*(B; ) for its deadline block B; g contains j, then,
similarly, we match j to the corresponding slot. We do this opera-
tion for each job j € J. Let Jnq C J denote the set of all jobs that
were (integrally) matched in this way.

We want to define a fractional matching for the remaining jobs
J\ Jond- We do this separately for each superblock S € S.Let Js C J
denote all jobs in J that span S. Note that this might include jobs in
Jond- We want to define a fractional matching for the jobs in Js\ Jyng-
For each job j € Js we define the total fractional amount by which j
is assigned to S in (xg)cec by ¥} g = XBes(s) Lcec(B):jeje X¢-
Similar to harmonic grouping [43, 50], we partition the jobs in
Js into 1/e groups Ji, ..., Ji/, ordered non-increasingly by their
processing times such that the jobs from each group contribute
almost the same to the profit of (xz,)cgc within S.

Lemma 2.7. There exists a partition Ji, ..., Ji/ of Js such that

(C1) foreacht € [1/e — 1], each job j € J;, and each job j' € Jp1
we have that pj > pj,
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(C2) foreacht € [1/¢] we havethate-3 je 1 y;f,s—l <Yjen y}f,s <
1+e¢- ZjEJS y;,S'

Foreach? € [1/¢] wedefinen, := 3 j¢j, y;,s' Note that Lemma 2.7
implies that nyy — 2 < np < np + 2 for any £, £’ € [1/¢]. Intuitively,
when we define the fractional matching for the jobs in Js \ Jyng we
will ignore the jobs in J; \ Jynq and for each £ > 2 we will match
the jobs in Jr \ Jpng fractionally to the slots corresponding to jobs
in Jp—1. In particular, here we may use slots that correspond to
jobs in Jihq (and to which we have not yet assigned any jobs). We
would like that after sampling the configurations for the blocks, for
each group J; we obtain (essentially) ng slots in S corresponding to
jobs in Jp. If ng is sufficiently large, we can show that this is indeed
the case with concentration arguments, using that each superblock
contains many blocks and the block’s configurations are sampled
independently. On the other hand, if n; is small then we can simply
ignore the profit of jobs in Jg within S: indeed, by Lemma 2.3, each
superblock contains on average €K6 jobs. Formally, foreach £ € [1/¢]
we define Ny to be the (random) number of slots corresponding to
jobs in J; in the sampled configurations {C*(B) }ge 8.Bcs-

LEMMA 2.8. Let{ € [1/e]. With probability at least 1 — £ we have
that Ny > (1 — e)np — 2K /3.

If the event due to Lemma 2.8 does not happen for some ¢ €
[1/¢], then we simply do not match the jobs in Jg to the slots con-
tained in S in our fractional matching. Since this happens only with
probability ¢, this influences our expected profit only marginally.
Otherwise, for each £ € [1/¢] we have essentially n, slots available
corresponding to the jobs in Jp. Therefore, since ne+1 = ne we can
(fractionally) match essentially npy; jobs from Jp41 to these slots.
Recall that ) € st y}f’s = ng41. Hence, we could match each job
J € Jr+1 to a fractional extent of y;f, - Since the jobs in Jr+1 N Jond
are already matched, we can even match each remaining job j €
Jes1\ Jond to a larger fractional extent than only y/ .

Let us define this increased extent. For each job j € J, let
Yir = ZcecB;r)jele ¥c d Yip = Dcec(B;r)jek Xoo 1
the probabilities that j is contained in the sampled configuration
for Bj 1 and Bj R, resp. Hence, each job j € Jpi1 is not contained in
Jond With probability (1 — yj* = y;f’ r)- Thus, in expectation, the
sum of the values y; ¢ for the (remaining) jobs in Je+1 \ Jona equals

B[ Seuithn Yis] = Ziera 850 = 4] 1) (1= 4. Therefore

we try to match each job j € Jp41 \ Jyng €ven to an increased extent
y;,s

of Ty v

#
E[ D _ Yis
et 7Y YR

Via concentration arguments, we can argue that the sum of
those values is also sufficiently concentrated around ne4 1, implying
that we can find a matching of size close to ny in expectation.
As mentioned in the introduction, the dependencies among the
variables do not allow us to apply the standard Chernoff’s bound.
However, we are able to show that the impact of such dependencies
is sufficiently small, hence we have sufficient concentration. To
define our matching formally, let Qs C Q denote all slots in the

In expectation, the sum of those values is then

sk
- Z Yj.s = M+l

j€]i+1
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blocks B(S) corresponding to jobs in Js and let Eg C E denote all
edges in E that connect a vertex (corresponding to a job) in Js \ Jynd
with a slot in Qg.

LEMMA 2.9. For each superblock S € S, there exists a fractional
matching fs : Es — [0, 1] such that

o B[Yecks fs(e)] 2 (1-0(8) Xjeys y}f)s - 2K/ and
o foreach j € Js \ Jyna we have

Y
> B < g <1

T s S L
(g} ks Yj) (1= )

We explain how to obtain this in more detail in Section 2.5. We
combine all these matchings for the superblocks S € S, together
with the values for f that we defined already for the jobs in J,4.
Formally, for each each superblock S € S and each edge e € Es we
define f(e) := fs(e). For each edge ¢’ € E for which we have not
defined the value f(e’) yet, we set f(e’) := 0.

It remains to argue that ), ,cg f(e) is sufficiently large in expec-
tation. For each job j € J we define the extent to which j is matched
in fby g(j) = Xgeo:{j.qy ek S ({J: q}). We can easily show for each
(local) job j € Jigcal that g(j) = 1 with probability y;‘..

LEMMA 2.10. For each job j € Jiocal we have Pr[g(j) = 1] = y;f.

Proor. There is a unique block B € 8B containing tw(j). Hence,
g(j) = 1iff for B we sampled a configuration C containing j. This

happens with probability Y.ccc(B):je- X5 = y;f. O

Consider a (global) job j € Jgjobal- At the beginning, we matched
jtooneslotin Bj 1 or Bj g with probability YiLtYiR YL YR On
the other hand, the LP-solution obtains a profit of y}f Lt y}f g from
assigning j fractionally to B; ; and Bj g. However, since y;f, L+y;f, R <
1 the latter profit is by at most a factor of 4/3 larger than the
probability that we matched j to some slot in Bj 1 or Bjg.

PROPOSITION 2.11. For each job j € J we have that

4
* * * * * *
YirtYir = g(yj,L +YiR YL YiR)

Assume now that j is not matched to a slot in B; 1 nor in Bj g,
which happens with probability (1 — y;‘., (1= y;f’ g)- Roughly speak-
ing, for each superblock S € S spanned by j, we match j fractionally
to a total extent of (1 —O(¢)) % to the blocks in B(S).

Y ) (=15 R)
More precisely, this holds on average over all the global jobs j

spanning each superblock S. Using this, we can prove the following
bound for the fractionally matched global jobs.

LEmMA 2.12. For any A > 1 we have that
B[ % e uuna 90| 2 3(1= 0() e, 4~ O)OPTL.

Now Lemma 2.6 can be shown using Lemmas 2.4, 2.10, 2.12, and
the integrality of the bipartite matching polytope. Also Theorem 1.1
can be shown by choosing A = 1 and combining Lemmas 2.3, 2.5,
and 2.6.
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2.5 Proof of Lemma 2.9

Let us focus on a specific superblock S € S. We would like to match
a job j to an extend of
y;,s o
Y = | 00050 if j € Js \ Jond
0 ifj € Jond

Consider the sets J; as defined in Lemma 2.7, and define Np :=
Yjej, Yj for £ € [1/] \ {1}. First, we show some technical proper-
ties.

PROPOSITION 2.13. For each j € Jg we have (deterministically)
Y; <1 and for each { € [1/e] we have E[N] = ny.

As already mentioned, we want to match a job j € Jp to an
extend of Y; to slots corresponding to jobs in Jy—1. As the time
window of j spans S and each slot corresponding to a job in Jy—;
has a length of at least p; due to Lemma 2.7, we can match j to any
slot corresponding to any job in Jy_1. The total extend to which we
want to match jobs is Ny and the total number of slots is Ny_1. As
we have a complete bipartite graph between these sets of nodes,
the maximum matching has a size of min{ Ny, Ny_1}. Therefore, the
major part of the proof is devoted to show that min{N, Ny_1} is
in expectation close to n.

In the following paragraph, we give some intuition. By Lemma 2.8
we already know that Ny_1 is close to n, with probability 1 — £2.
So the goal is to obtain a similar bound for N;. We know that
E[N¢] = ng by Proposition 2.13, so we only need some kind of
concentration for Ny. Recall that Y; depends on the sampled config-
urations for the boundary blocks for j. This dependence also implies
that the random variables Y; are not independent. Hence we can-
not directly apply standard Chernoff’s bound to obtain the desired
concentration for Np. To our advantage, the correlation between
the random variables is still quite low: If two random variables
Yj and Yj» are not independent, then there must be a block which
is a boundary block for both j and j’. We make this dependence
even weaker. We define a new random variable 17] which equals Y;j
except if there is a boundary block B of j with Pr[j € Jo+(p)] < ¢
and nevertheless we sample a configuration C*(B) with j € Jo+(p)-

In this case f’j behaves the same as Y; behaves when we sample
a configuration C*(B) with j € Jc- (). As this event only occurs
with probability ¢ this sacrifices only an ¢ fraction of the profit in
expectation. The advantage of this is that for a job j, there are now
only 2K /¢ other jobs j’ for which Yj and Y} are not independent.
Indeed, each such job j’ needs to share a boundary block with j,
and j” must be scheduled in this boundary block with probability at
least ¢. Since at most K fractional jobs can be scheduled in a block,
there can be at most K/¢ jobs fractionally assigned to a block by
an amount of at least ¢. This is enough independence to obtain the
desired concentration for Ny, using the results by [26].

Now we make this formal. First we introduce the concept of
read-k families (see [26]), which are defined as follows.

Definition 2.14 (Read-k families [26]). Let Cy,...,Cp be indepen-
dent random variables and let k € N and J’ be a finite set. For each
jeJ, letAj C [b] and let fj : (Cp)pea; — [0,1]. Assume that
[{j: b’ € Aj}| < k for every b’ € [b]. Then the random variables
Zj = fi((Cp)pea,) for j € ] are called a read-k family.
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Intuitively, in our setting the random variables Cy,...,Cp are
the sampled configurations C*(B) for the blocks B € B. For every
job j € Js, the set A; is a subset of the boundary blocks for j,
and Z; is a random variable close to Y;. For each job j € Js, we
would like to choose A; as the two boundary blocks for j and Z;
as the random variable Y}, as the value of Y; is determined by the
sampled configurations for two boundary blocks for j, i.e.Bj and
Bj . But this doesn’t result in a read-k-family (for a reasonable
value of k) as it might be that all jobs are released within the same
block and thus all have the same boundary block and all depend
on the same sampled configuration. Therefore, we will define new
random variables f’j with stronger independence properties (which

will form the read-k-family) as follows:
0 ify;f’L >candj € Joo(B,,)
f/j =10 ify;f’R > cand j € Jo+(B, p)
Yis .
Ww otherwise

and let Ny == Y, I f/j. Using these random variables, we obtain
the following properties.

LEmMmA 2.15. The following holds.
e For each t € [1/¢] we have Ny > N; and E[N; — N;| <
0(6) - Sjes ¥
o The random variables Y; for j € Js are a read-(K/¢) family.

As we now have a read-K/e family of random variables, we
can apply [26, Theorem 1.1]. This states that the adjustment of
Chernoff’s bound also holds for read-k families, when the exponent
is divided by k.

LEMMA 2.16 ([26]). Let Yi,...,Y, be a family of read-k variables
taking values in [0, 1]. Then for any § > 0 we have

Pr[ZYS < (1—5)15:[21@]] gexp(_% .E[ZYS])‘

Now we apply the above concentration bound to Ny and obtain
the following result.

LEMMA 2.17. Let ¢ € [1/¢]. We have that
Pr [Ng <(1-¢&)np— 2K/£4] <e
Now we can prove Lemma 2.9.

PRrOOF OF LEMMA 2.9. For each £ € [1/¢] \ {1}, let ff : Es —
[0, 1] denote a maximal fractional matching between the jobs in
Je and slots corresponding to jobs in Jy—1, where each job j € Jp is
can be matched only to an extend of Y}, i.e., which fulfills:

e Foreach j € Js \ Jr and each g € Q we have f{({j,q}) = 0.

e For each j € J; and each slot ¢ € Qg not corresponding to a
job in Jy—1 we also have f*({j,q}) = 0.

e For each j € Jf we have 2q,€0s Fi{U. qd) < Y;.

Let fs(e) == ZZ 52 fr(e) denote the union of these fractional match-
ings. As shown before, we have } <. fr(e) = min{Ny, Ny—1}. For
each j € Jinq we have that Y; = 0 and thus j is not matched at all.
And for each j € Js \ Jynq there exists at most one £ € [1/¢] with

J € Jr and thus j is matched to an extend of at most Jyj—sf*
(=45 ) (=45 )
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It remains to compute the expected size of the matching. By
construction, we have that Y .cg fs(e) = Z;fz min{Ny, Ny_1}. Let
¢ € [1/e] \ {1}. By Lemma 2.8, we have that Np_; > (1 - &)np—1 —
2K /3 holds with probability at least 1 — £2. And by Lemma 2.17,
we have that Ny > (1 — €)ng — 2K/&* holds also with probability at
least 1 — ¢. Thus with probability at least 1 — 2¢ both events occur.
Thus we have with probability 1 — 2¢ that

min{Nz, Ny_1} > (1 — &) min{ng, np_1} — max{2K/e*, 2K /¢3}
= (1 - ¢) min{ng, ne—1} — 2K /¢*

Recallthatny > 3 ;e y}fs—l, ne-1 2 €Yjeg y;.'s—l by Lemma 2.7.

Thus we obtain
E[min{N¢, Ne_1}]
> Pr [ min{Ng, Ne—1} > (1 — &) min{ng, ne—1} — 2K/

. ((1 —&)min{ng, np—1} — 2K/£4})
> (1-2e)(1—¢)(e Z yis—1) - (1-2¢) - 2K/e*

Jjels
>(1-3¢)-¢- Z y]*.,s — 2K/
Jjels
This implies

Bl f5(e)]
ecE
1/e

= > Elmin{N¢, Ne-1}]
=2
1/e

> Z (E[min{Ng, N¢-1}] — E[N¢ — N¢])
=2

Lem. 2.15 .
(1-3e)(1-e) Z Yis - 2K/e° = 0(e) Z Yis
jeks Jjes
> (1-0(2) . g5 — 2K/,
J€Js
which completes the proof. O

3 A pseudopolynomial time
(5/4 + ¢)-approximation

In this section we show how to improve our approximation ratio
to 5/4 + ¢, using pseudopolynomial running time. Lemma 2.6 states
that in our previous algorithm, we lose a factor of 4/3+ O(¢) on the
profit of the global jobs but only a factor of 1+ O(¢) on the profit of
the local jobs (compared to the optimal LP solution). In this section,
we present a different rounding method that loses only a factor of
1+ O(¢) on the profit of the global jobs, but does not schedule any
local job. Therefore, the best of the two solutions will then yield a
(5/4 + O(¢))-approximation by a simple computation.

For this section, we define A := 4(log, T + 1)/e*. We want to
apply Lemma 2.3 and solve the configuration-LP for the result-
ing block-superblock partition. However, it is not clear how to
solve it in (pseudo-)polynomial time since possibly K = ©,(log T)
and Lemma 2.5 guarantees polynomial running time only if K =
O¢(1). Also, it is not clear how to solve instances where |OPT| <
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5AKy (2K /& )1/ ¢ (see Lemma 2.3) since the latter quantity can be
up to ©,(log T). This is discussed in Section 3.1. The alternative
rounding algorithm is then presented in Section 3.2.

3.1 Solving the linear program and instances
with small optimal solutions

We resolve the above mentioned issues related to our choice of A =
©,(log T) with an algorithmic technique that, intuitively, searches
for solutions with only few jobs and computes the best solution of
this kind, even in a weighted generalization of our problem. First,
we show that we can solve (LP) in time 20(K) . (nT)O(l) in this
way. To do this, we invoke the ellipsoid method together with a
suitable separation oracle for its dual LP:

minZaj+ Z BB st

jeJ BeB
Z aj+Pp = |Jcl VBeB,CeC(B) (duallP)
J€Jc
aj,pg =0 VjeJ,BeB.

The non-trivial task of the separation oracle is to determine,
for a given tentative solution (@, f5)jejBe 8 and a given block
B = [s,t) € B, whether there exists a configuration C € C(B)
with X’ je . aj + BB < |Jcl. This task is equivalent to computing a
configuration C* = (B, J*) € C(B) of maximum weight, where the
weight of each job j is set to w(j) := 1 — aj. We show how to solve
this task in time 20) . (nT)©(1) ysing the color coding technique
[2]. We enumerate over a set of K-colorings of the jobs such that
at least one such coloring assigns a distinct color to each job j €
J*. Then the problem reduces to computing a maximum-weight
configuration that selects at most one job per color. We solve the
latter task via dynamic programming. The idea is to construct a table
indexed by a subset COL C [K] of colors and an integer time q €
{s,...,t}. The associated value corresponds to a maximum-weight
subset of jobs, each one with a distinct color from COL, that can be
feasibly scheduled within [s, g). Each table entry can be computed
in time O(Kn) using previously computed entries for certain other
entries. The table entry with (COL, q) = ([K], t) corresponds to the
desired solution. With a similar dynamic program, we can optimally
solve instances in the unweighted case of Maximum Throughput
in time 20UOPTD (5T7)O(1) which is pseudopolynomial as long as
|OPT| = O, (log T).

Lemma 3.1. In time 20K) . (nT)OW) | we can compute an opti-
mal solution (x.)cec to (LP) together with a schedule sc for each
configuration C € C with x. > 0. Also, Maximum Throughput can

be solved exactly in time 20(OPTD (,7)O(D)

3.2 Alternative rounding algorithm

Due to Lemma 3.1, we can optimally solve all instances for which
|OPT| < 5KoA(2Ko/€%)!/%. If this is not the case, we apply Lemma
2.3 with our defined value of A to compute a block-superblock
partition satisfying properties (B1)-(B4) from Lemma 2.3. Based on
that we define (LP). Via Lemma 3.1, we compute an optimal solution
(XZ)CEC for it in time (nT)= (1), using that K = O,(log T). In the
following, we present now an alternative LP-rounding algorithm
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which is complementary to the rounding algorithm from Section 2.3.
In the latter one, we sampled a configuration for each block and
then we assigned the jobs to the blocks. Instead, now we randomly
assign each job to a block and then try to find a schedule within
each block, possibly by discarding some of its assigned jobs.

We ignore all the (local) jobs Jjyca @and do not schedule any of
them. For each block Band job j € Jyiopar, let y;f,B = 2CeC(B):jeje X¢-
be the fractional amount by which j is assigned to block B in the
optimal LP solution. For each job j € Jyobal independently, we do
the following. We randomly decide to assign j to some block B € 8
or to discard j such that j is assigned to each block B € 8 with prob-
ability (1 - 2¢)y’  and, deterministically, j is assigned to at most
one block in 8. Therefore, Jj is not assigned to any block and, hence,
discarded with probability 1 — (1 — 2¢) Y geg y]* - For each block
B € B we define a random variable Y; g € {0, 1}, modeling whether
we assign j to B or not, such that Pr[Y; g = 1] = (1- 2£)y;f,B. Notice
that deterministically Ypcg Yjp < 1.

Consider a block B = [s,t) € B and the jobs J(B) C Jlobal
randomly assigned to B, i.e., all jobs j such that Y;p = 1. In a
second phase, we discard some of these jobs J(B) such that the
remaining jobs can be scheduled within B, similar to randomized
rounding with alteration, see, e.g., [18, 49]. Formally, we define a
random variable Z; g € {0, 1} for all jobs j € J(B), where Z; g = 0
indicates that we discard j (if Y; g = 0, simply define Z; g = 0).

First, we discard all jobs j whose processing time p; is relatively
long compared to tw(j) N B, i.e., the portion of tw(j) inside B.
Formally, for each interval I = [s’,t’), we define its length by
[I| := ¢’ —s". The set of long jobs is given by Jiong(B) = {j € J(B) :
pj > £*|tw(j) N B|}. We can show that in expectation Jiong (B)
contains at most A jobs, which we can afford to discard since on
average (XZ)CEC schedules at least A/ jobs in each block.

LEmMa 3.2. For each block B € B we have that E[|Jjong (B)|] <
4(log, T + 1)/e* = A.

Consider next the remaining short jobs Jinort(B) = J(B) \
Jiong (B). For these jobs, intuitively, we have useful concentration
properties. Let us initially set Z; g = 1for all j € Jghort(B). For each
such j we define one or two (unlikely) bad events: when any one of
those events happens, we set Z; g = 0. The first bad event &4
happens if the total processing time of the short jobs assigned to B
is larger than |B|, i.e.,

Py = pj - Yy > |Bl

J' €Jshort (B) 7' €Jgobalipjr <&*|tw(j*)NB|

When &;44; happens, we set Z; g = 0 for all j € Jghort(B). The
event E;yz41 is the unique bad event for the considered jobs that
span B, i.e., such that B C tw(j).

Assume now that some j € Jo:t(B) does not span B but that
tw(j) intersects B from the right, i.e., s < r; < t. Then we define
the additional bad event &,;4p, (j) that the total processing time of
the jobs j* € Jihort (B) with rj < r;s is larger than |tw(j) N B|. The
intuition is that j and all these jobs need to be processed during
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tw(j) N B. Formally, &;;4p; (j) happens if

pjr = Z pj’ 'Yj,B
J' €Jgobarpjr <e|tw (j*)NB|,rj<rjs
> |tw(j) N B|.

J € Jshort (B):rj Srj’

If &Eyighs(j) happens, we set Z; g := 0. We define an analogous
second bad event &7, (j) if j does not span B but tw(}j) intersects
B from the left, i.e., s < dj < t, and we set ZjB accordingly.

We can show that for each job j € Ji,ort(B) the defined bad
events are very unlikely and, hence, if Y; g = 1 then most likely
also Zjg = 1.

LemMa 3.3. For each block B € B and each job j € Jgiohal With
pj < e*tw(j) N B| and Pr[Y;p = 1] > 0, it holds that Pr[Z; g =
1Y;p=1]21-2e

Let APX(B) := {j € Jglobal * Zj,8 = 1} C J(B) be all the jobs
that we finally assign to B. We show that we can compute a feasible
schedule for them in B (with a simple greedy algorithm).

LEMMA 3.4. For each block B € 8 we can compute a schedule for
APX(B) in B in polynomial time.

We apply the procedure above to each block B € 8. Our solution
is the set of jobs APX := |Jgc g APX(B) together with the asso-
ciated schedule as described above. Combining the above results
yields the following lemma.

LEmMMA 3.5. In polynomial time we can compute a feasible solution
to the given instance whose expected number of jobs is at least

((1 ~20) Y y;f) —4(log, T+ 1)/é* - |B]

J Ejglobal

> (1-0(e) D, 4;-0() ) ;.

J € Jglobal JjeJ

Finally, we output the best of the two solutions computed with
the algorithm of this section and with the algorithm from Section 2.3
(using the same optimal solution to the configuration LP for A =
4(log, T + 1)/&* in both cases). Then, Lemmas 2.6, 3.1, and 3.5 yield
Theorem 1.2.

4 Extension to multiple machines

In this section, we describe how we extend our polynomial time
(4/3 + ¢)-approximation and our pseudo-polynomial time (5/4 +
¢)-approximation algorithms to the setting of multiple (identical)
machines.

First, we define the problem formally on multiple machines. In
the input, we are given a set of jobs J with given processing times,
release times, and deadlines as in the case of one machine. Addi-
tionally, we are given a value m € N that denotes the given number
of (identical) machines. Our goal is again to compute a subset of
jobs J* C J; however, now we also need to compute a partition
J = ]{U..U],’n where for each i € [m] the set J/ corresponds to the
jobs we assign to machine i. Like before, for each job j € J’ we need
to compute a start time s(j) € N such that [s(j),s(j) +p;) S tw(j).
We require that for each machine i € [m] and for any two jobs
j»j" € J! that [s(}),s(j)+p;j) N [s(j"),s(j')+pj) = 0. Note that we
do not require this for two jobs assigned to different machines i, i’.



STOC 26, June 22-26, 2026, Salt Lake City, UT, USA

As before, the objective is to maximize |J’|. We call the resulting
problem Throughput Maximization on m machines.

It was shown in [37] that for each ¢ > 0 thereisa (1-O(~/(log m)/m)—

¢)~!-approximation algorithm.

THEOREM 4.1 ([37]). For any e > 0, there exists a polynomial time
(1 — O(y/(log m)/m) — &)~ Lapproximation for Throughput Maxi-

mization on m machines.

Hence, for each ¢ > 0 thereisa constant m, € N, m = O.(1), such
that the theorem above yields a (1+0O(¢))-approximation algorithm
if m > m,. Therefore, in the following we assume that we are given
a constant ¢ > 0 and an instance of Throughput Maximization on
multiple machines in which m < m,. For this setting, we give a
polynomial time (4/3 + ¢)-approximation algorithm.

THEOREM 4.2. Forany constantse > 0 andm € N withm = O(1),
there is a polynomial-time randomized (4/3 + €)-approximation al-
gorithm for Throughput Maximization on m machines.

Similarly, also the pseudo-polynomial time (5/4+¢)-approximation
algorithm extends to a constant number of machines.

THEOREM 4.3. For any constant ¢ > 0, there is a randomized
(5/4 + €)-approximation algorithm for Throughput Maximization on
m machines with a running time of(nT)O&"'(l).
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