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Abstract. In a packing problem, we are given a collection I of n items, each one with a given profit. Our goal is
to compute a maximum profit subset of these items that satisfies a given set of packing constraints which depend
on the problem at hand. Several approximation algorithms for well-studied NP-hard packing problems are based
on a reduction to an auxiliary (packing) problem which is then solved with a dynamic program (DP). Examples
for this include approximation algorithms for Knapsack, Geometric Knapsack, Independent Set of Rectangles,
and Maximum Throughput Scheduling.

Often, it is desirable to impose additional global constraints to packing problems, e.g., due to fairness
considerations, diversification, quotas, or limited resources. More specifically, suppose that we are given M
additional cardinality or budget constraints, i.e., each constraint h imposes for any solution S ⊆ I the condition∑

i∈S ai,h ≤ bh for a given budget bh and values ai,h (which are binary for cardinality constraints). In this paper,
we address the question how to efficiently handle such constraints. There is a naive way to modify a DP for a
packing problem so that it incorporates them. However, this may increase the running time of the DP by a factor
Ω(n) per constraint ; hence, this yields a polynomial running time bound only for M = O(1).

Our first result is a meta-algorithm that, given an exact DP for a packing problem, derives a (randomized)
PTAS, i.e., a (1 + ε)-approximation for any constant ε > 0, for the same packing problem with additionally
M = O(log n/ log log n) cardinality constraints. Our running time is of the form f(M, ε) · nO(1), i.e., we
obtain an efficient parameterized approximation scheme for the parameter M . Then, we extend our result to
M = O(log n/ log log n) budget constraints if all values ai,h are sufficiently small compared to the corresponding
budget bh or if we are allowed to use resource augmentation. As an application, we transform several approximation
algorithms for packing problems from the literature to approximation algorithms for the same respective problem
augmented with O(log n/ log log n) cardinality or budget constraints, while losing only a factor of 1 + ε in the
approximation ratio.

We complement our meta-algorithms with almost matching hardness results showing that, under the
Gap Exponential-Time Hypothesis (Gap-ETH), a polynomial-time (1 + ε)-approximation is not possible for
M = ω(log n) cardinality constraints or for M = ω(1) budget constraints without resource augmentation.

1 Introduction Packing problems are an important and well-studied class of problems in combinatorial
optimization. In these problems we are given a set of n items I, where each item i ∈ I has an associated profit
p(i) ∈ N. Our goal is to find a feasible solution OPT ⊆ I of maximum profit opt := p(OPT), where for any set of
items I ′ ⊆ I we define p(I ′) :=

∑
i∈I′ p(i). The set of feasible solutions, denoted by F , depends on the specific

packing problem and on the concrete given instance. We assume that F is downward closed, i.e., if R ⊆ S and
S ∈ F , then also R ∈ F . For example, in the famous Knapsack problem each item i has a size s(i) ≥ 0, and a set
S ⊆ I is feasible if and only if

∑
i∈S s(i) ≤ C for a given value C.

Many packing problems can be solved (exactly or approximately) via a type of dynamic program (DP) that we
denote as a packing DP in this paper. Intuitively, in each state of a packing DP we make a choice and, depending
on our choice, we select a set of items and continue in one or more different states (a formal definition is given
in Section 2). A simple illustrative example is a straight-forward pseudo-polynomial time DP for the Knapsack
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problem. Each state is characterized by an item i and a residual knapsack capacity C ′. The subproblem of such
a state (i, C ′) is to compute a subset of the items {1, . . . , i} of maximum total profit whose total size is upper
bounded by C ′. Given the state (i, C ′) our choices are (a) to select i and continue in the state (i − 1, C ′ − s(i))
(assuming that s(i) ≤ C ′) and (b) not to select i and continue in the state (i− 1, C ′). We can easily compute an
optimal solution for each state. Then, our solution for the root state (n,C) is an optimal solution to the given
instance.

A common approach to design approximation algorithms for NP-hard packing problems is to first reduce
the given problem to an auxiliary packing problem (maybe losing a small factor in the approximation ratio
thereby) and then to invoke a packing DP for the latter problem. For example, by losing a factor 1 + ε in the
approximation, one can reduce a Knapsack instance to another instance in which the item sizes are polynomially
bounded integers, and then solve the latter instance exactly with the above DP. Many algorithms for packing
problems can be analyzed in this framework, e.g., for Geometric Knapsack [29, 22, 23, 37], Independent Set of
Rectangles [2, 24], Independent Set of Polygons [26, 51], or Maximum Throughput Scheduling [4] and variations
and generalizations of those problems.

In practice, it is often desirable to satisfy additional global constraints which capture, e.g., fairness
considerations [20, 48], diversification [8] or quotas [1, 21]. More specifically, suppose we are given a generic
packing problem Pack that we can solve exactly via a packing DP. In addition, assume that we are given M
cardinality constraints. For each h ∈ {1, . . . ,M}, the h-th cardinality constraint is specified by a subset of items
Ih ⊆ I and a budget bh ∈ {1, . . . , |Ih|}. The constraint imposes that each feasible solution S may select at most
bh items from Ih, i.e., |S ∩ Ih| ≤ bh. Notice that the sets Ih might overlap. We denote by Pack+

C the variant of
Pack with the additional cardinality constraints. More generally, we might impose instead M additional budget
constraints where for each h ∈ {1, . . . ,M}, the h-th budget constraint is specified by a budget bh ∈ N and values
ai,h ∈ N0 for each item i ∈ I. This constraint h imposes the inequality

∑
i∈S ai,h ≤ bh for each feasible solution

S. Note that cardinality constraints can be cast as budget constraints where ai,h ∈ {0, 1} for each item i ∈ I
and each constraint h. We denote by Pack+

B the resulting problem. When the type of constraint is clear from
the context, we will simply use the term Pack+. In both cases, let OPT+ be an optimal solution to the obtained
problem and we define opt+ := p(OPT+). In this paper, we address the following question:

Given an exact packing DP for Pack, for which values of M can one derive a polynomial-time algorithm that
approximates Pack+ within a factor 1 + ε for any constant ε > 0?

1.1 Our Results Our first result is that we answer the above question affirmatively for up to M =

O( logn
log logn ) cardinality constraints. In other words, we present a meta-algorithm that, given as input an exact

polynomial time packing DP for Pack, produces a PTAS for Pack+
C for these values of M . More precisely,

assuming that ñ is the number of bits in the input, we obtain the following result.

Theorem 1.1. Given an exact packing DP for Pack with running time T (ñ) and a value ε ∈ (0, 1/12),
there is a randomized (1 + ε)-approximation algorithm for Pack+

C whose running time is bounded
by (log(Mn)/ε)O(M)(nT (ñ))O(1).

By standard arguments, our running time is upper-bounded by f(M, ε)(nT (ñ))O(1) for a computable function
f .1 Therefore, if T (ñ) ≤ ñO(1), we obtain an efficient parameterized approximation scheme for Pack+ with
parameter M .

We obtain even better results for the important special class of unary DPs (see Section 3 for a formal
definition). Intuitively, these are DPs in which for each state, the corresponding value depends only on the
(already computed) value of at most one other state for each possible choice. Many DPs are of this type, e.g., the
DP for Knapsack mentioned before. We obtain a further improvement for disjoint cardinality constraints, i.e.,
if Ia ∩ Ib = ∅ for every distinct a, b ∈ {1, . . . ,M}. This arises naturally when one imposes quotas on subsets of
items that form a partition, e.g., in gender quotas.

Theorem 1.2. Given an exact unary packing DP for Pack with running time T (ñ) and a value ε ∈ (0, 1/12),
there is a randomized (1 + ε)-approximation algorithm for Pack+

C with running time (logM/ε)O(M)(nT (ñ))O(1).
For disjoint cardinality constraints, the running time is bounded by (1/ε)O(M)(nT (ñ))O(1).

1We have (logn)k = o(n) for any fixed k ∈ N. Using this, one can easily show that there is a computable function g such that
(logn)k ≤ g(k) · n for any k ∈ N and n ∈ N.
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Therefore, assuming again T (ñ) ≤ ñO(1), in the unary case our algorithm runs in polynomial time if
M = O( logn

log log logn ); if the constraints are disjoint, this holds even for M = O(log n).
One might wonder whether our approach can be improved to handle much larger values of M . We show that

this is impossible, even in very simple special cases, assuming the (Randomized) Gap Exponential-Time Hypothesis
(Gap-ETH) [10, 14, 42].

Theorem 1.3. There exists a packing problem Pack that can be solved exactly via a polynomial-time unary
packing DP such that, for every function f(n) = ω(log n), the following holds. There exists a set of f(n) disjoint
cardinality constraints, all with budget 1, such that the resulting problem Pack+

C does not admit a (randomized)
PTAS, assuming the (Randomized) Gap-ETH.

Hence, the second result in Theorem 1.2 is (asymptotically) tight, and the result in Theorem 1.1 and the first
result in Theorem 1.2 are almost tight. If instead of cardinality constraints we are given M budget constraints, we
prove that we cannot obtain a (randomized) PTAS, already when M = ω(1), again assuming the (Randomized)
Gap-ETH. This is based on a reduction from M -dimensional Vector Knapsack and [15].

Theorem 1.4. There exists a packing problem Pack that can be solved exactly via a polynomial-time
unary packing DP such that adding ω(1) budget constraints results in a problem Pack+

B that does not admit
a (randomized) PTAS, even with unit profits, assuming the (Randomized) Gap-ETH.

However, we prove that we can handle up to M = O( logn
log logn ) budget constraints if, for each constraint h,

each coefficient ai,h is sufficiently small compared to the budget bh, or if we allow (1 + ε)-resource augmentation,
i.e., we allow a slightly larger budget of (1+ ε)bh for each constraint h (but compare our objective function value
with an optimal solution for the given budget constraints).

Theorem 1.5. Given an exact packing DP for Pack with running time T (ñ) and a value ε ∈ (0, 1/12), there
is a randomized (1 + ε)-approximation algorithm for Pack+

B assuming either that

(1) ai,h ≤ O
(

ε3

logM

)
bh for each budget constraint h and for each item i ∈ I, or

(2) under (1 +O(ε))-resource augmentation.

Its running time satisfies the same bounds as in Theorem 1.2 if the DP is unary, and the same as in Theorem 1.1
otherwise.

1.2 Our Techniques The heart of our approach in all our algorithms (due to Theorems 1.1, 1.2, and 1.5)
is, at a very high level, a randomized sketching technique. In a nutshell, there is a naive way to add cardinality or
budget constraints to the given packing DP for Pack by augmenting the states with counters that keep track of
the total remaining budget of each constraint h. However, this increases the running time by Θ(poly(bh)) for each
constraint h, which might be Ω(poly(n)) per constraint. Hence, this can work only for M = O(1). Instead, we
exploit more compact randomized counters that intuitively keep the measured quantities close to their expected
values with only small variance. As a result, we increase our running time only by a factor of (log(Mn)/ε)O(1)

per constraint which allows us to handle M = O(log n/ log log n) constraints in polynomial time (and even a bit
more for unary DPs). On the other hand, we argue that the resulting variance is sufficiently small such that we
lose only a factor of 1 + ε in our approximation ratio due to this.

Let us first illustrate in more detail how our approach works for the packing DP for Knapsack mentioned
above, starting with the naive method. For simplicity, let us consider the case of a single cardinality constraint
defined via one set I1 and one budget b1, i.e., M = 1. The idea is to expand each state (i, C ′) by adding a value
b ∈ {0, . . . , b1} which indicates how many items from I1 one is allowed to select. Hence, the subproblem of the
resulting state (i, C ′, b) is to compute a subset of the items {1, . . . , i} containing at most b items from I1 whose
total size is upper bounded by C ′. Again, the objective is to maximize the total profit of these items. In the state
(i, C ′, b), we still have the two options to select and not to select i. However, now we are not allowed to select i if
i ∈ I1 and b = 0; in that case, our only option is not to select i and, thus, continue with the state (i− 1, C ′, b). If
we select i and i ∈ I1, then the next state is (i− 1, C ′ − s(i), b− 1) since we can select at most b− 1 items from
I1 in the following. If we select i and i /∈ I1 then we simply continue with the state (i − 1, C ′ − s(i), b). Then,
the computed solution in the root state (n,C, b1) has a value of opt+. It is easy to extend this idea to a generic
value of M . However, the number of states (and hence the running time) might grow by a factor bh = Θ(n) per
constraint, and hence Θ(nM ) in total, which is polynomial only for M = O(1).
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Therefore, we use a different approach which we illustrate now for the setting of Knapsack and M = 1. Let
δ := (ε/ log(Mn))O(1), so that 1/δ is integer. Assume that b1 ≥ 1/δ as otherwise the trivial approach above is
sufficient. Instead of updating b each time one item from I1 is selected, we keep an approximate randomized
counter of how many items from I1 we may still select. In more detail, when in a given state (i, C ′, b) of the
DP one of the choices is to select an item i ∈ I1, instead of decreasing the budget b by 1 deterministically, we
decrease it by δb1 with probability 1

δb1
, and by 0 otherwise (so that in expectation the decrease is 1). Our DP

still computes one (deterministic) choice for (i, C ′, b) but this choice may lead randomly to one of two states,
each with a certain probability. The value associated to this choice is the expected value obtained by the above
process, i.e., the profit p(i) of i plus 1

δb1
times the value of (i− 1, C ′ − s(i), b− δb1) plus 1− 1

δb1
times the value

of (i− 1, C ′ − s(i), b). Altogether, we obtain a DP where the computed value of each state is the expected profit
according to the above random process, assuming that in each state we select (deterministically) the choice that
maximizes the above expectation.

With concentration arguments, we can show that the resulting expected profit when starting in the root state
(n,C, b1) is at least (1−ε)opt+. Thus, even though we introduced randomness and, hence, variance in the process,
this did not decrease our expected profit by much. On the other hand, all possible values of b we can reach this
way are in B := {0, δb1, 2δb1, . . . , b1}. Thus, we can restrict ourselves to states of the form (i, C ′, b) where b ∈ B.
This increases our number of states only by a factor of |B| = (log(Mn)/ε)

O(1) instead of Θ(n).
Contrary to the naive implementation, this does not naturally yield an unique (optimal) solution for the root

state (n,C, b1) since the state transition is randomized. However, we can compute some solution by starting in the
root state and performing the random process described above, such that in each state, we make the (deterministic)
optimal choice computed by the DP. In expectation, this solution will have a profit of at least (1− ε)opt+. Also,
with concentration arguments we can show that w.h.p. the output contains at most (1+ε)b1 items from I1, i.e., it
is “almost” feasible. Hence we can make it feasible w.h.p. by dropping each item independently with probability
2ε. Altogether, we can show that we obtain a feasible solution with an expected profit of at least (1−O(ε))opt+.

Extension to non-unary DPs. The above approach generalizes naturally to larger values of M and to other
unary packing DPs (indeed, it even works with a larger value of δ). However, there are also packing DPs where
the value of a (non-base) state s for a given choice c depends on the values of two or more subsequent states. Let
us assume for simplicity that there are exactly two such states sc,1 and sc,2, and that the choice c corresponds
to the selection of a subset of items I(c) with |I(c)| ≤ 1 (we will prove later that we can assume this w.l.o.g.).
Again, it is instructive to consider first the naive approach for M = 1. Similarly as before, for each state s of
the given DP we create a state (s, b) for each value b of the remaining budget for selecting further items from I1.
However, after making a choice c, now the DP needs also to select how the remaining budget of b− |I(c)∩ I1| for
items from I1 is distributed on the two subsequent states sc,1 and sc,2. This leads to two states (sc,1, bc,1) and
(sc,1, bc,2) on which we recurse independently. Notice that the optimal choices induce a binary tree T rooted in
the root state of the DP and in which the base states form the leaves.

The approach above increases the number of states and also the number of choices per state by a factor of
Θ(n) which yields polynomial running time only when M = O(1). To allow also larger values of M , our approach
from the unary case does not work unfortunately: the optimal solution may repeatedly split the remaining budget
of some constraint into two equal halves such that it reaches 1/δ states with a budget of δb1 each. If we select
an item from I1 in such a state, then for the residual budget there are only two possible values: δb1 and 0. In
particular, the variance is very large and we can no longer guarantee that (in expectation) we can select almost
δb1 items from I1 in this state and its subsequent states before the residual budget drops to 0. Therefore, we allow
more values for the residual budgets for each constraint. Roughly speaking, our allowed budgets are grouped into
intervals of the form (2ℓ, 2ℓ+1] with ℓ ∈ N, and in each such interval we allow only budgets which are multiples of
δ2ℓ. This yields O(log n/δ) different budget values which is small enough. A crucial observation is that the states
with budgets in the same group (2ℓ, 2ℓ+1] form paths in the tree T . Therefore, intuitively, on those paths we can
use a similar argumentation as in the unary case. However, we have to handle the case that in T there is a state
(s, b) with b ∈ (2ℓ, 2ℓ+1] and, ideally, we would like to recurse on a child state (sc,j , bc,j) with bc,j ≤ 2ℓ. Then,
bc,j must be in a smaller group than b and it might be that bc,j is not among the set of allowed budgets of that
group. Therefore, we round it down to the largest allowed budget b′c,j ≤ bc,j . This introduces an error. However,
our budgets are sufficiently dense such that we lose at most a factor of 1 + δ in our remaining budget by using
b′c,j instead of bc,j , i.e., when going from (s, b) to (sc,j , b

′
c,j). This can happen at most O(log b1) ≤ O(log n) many
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times on a path from the root of T to a leaf; hence, the total loss is bounded by (1 + δ)O(logn) ≤ 1 +O(ε).
We remark that a natural alternative approach would be to allow only powers of 1+δ as residual budgets and

rounding down each arising remaining budget bc,j deterministically to the next smaller power b′c,j of 1+ δ (similar
to [6, 33, 39]). However, this does not work since T might contain root-to-leaf paths whose length is linear in n.
Then, the total loss would be (1 + δ)Ω(n) which is too large.

Budget Constraints. We extend the approach described above to budget constraints. Previously, when we
selected an item i with i ∈ Ih, we would have liked to decrease the budget bh by 1 deterministically, but instead we
decreased it by δbh with probability 1

δbh
. For a budget constraint h we would like to decrease bh deterministically

by ai,h when we select i. Instead, we decrease now bh by δbh with the same probability as before ai,h times
independently.2 With similar arguments as in the cardinality case we prove that with probability at least 1−O(ε)
our computed solution APX+ has a profit of at least (1 − ε)opt+ and satisfies each budget constraint h under
resource augmentation, i.e.,

∑
i∈APX+ ai,h ≤ (1 + ε)bh. Unlike the cardinality case, it is no longer sufficient to

drop each item with probability O(ε) to obtain a feasible solution with probability close to one. This is due to
the presence of large coefficients ai,h w.r.t. the respective budget bh, e.g., it might happen that ai,h = bh for
some item i ∈ APX+. However, this is not a limitation of our approach only. Indeed, in Theorem 1.4 we prove
for budget constraints that resource augmentation is necessary to handle any (nontrivial) number M = ω(1) of
constraints.

On the other hand, if each coefficient ai,h is sufficiently small compared to the respective budget bh, then
we show that resource augmentation is not necessary. In more detail, we prove that we can reduce the setting
without resource augmentation to the setting with resource augmentation. Intuitively, we drop each item from
OPT independently with probability O(ε); using concentration arguments, we show that the remaining items still
have a total profit of (1−ε)opt+ and satisfy each budget constraint h even for a reduced budget bound of (1−ε)bh
(with some positive probability). Then, it is sufficient to apply an algorithm with resource augmentation using
the reduced budgets, hence obtaining a feasible solution w.r.t. the original budgets.

1.3 Applications Applying our framework to exact algorithms is straightforward; one needs to verify that
the initial problem is a packing problem (in particular, that the feasibility set of every instance is downward
closed) and make sure that the DP at hand matches our model as described in Section 2 (or adapt it accordingly).

In many cases, our framework can also be applied if the given packing DP is an approximation algorithm,
that is, we preserve the DP’s approximation ratio (up to a factor 1+ ε) while adding up to O

(
logn

log logn

)
cardinality

constraints. This can be done as follows. Approximation algorithms for many packing problems use a packing
DP to compute solutions that obey certain structural properties, e.g., the items are chosen and placed in a
specific pattern. More precisely, typically this DP computes the optimal solution with these structural properties.
Then, one argues that this yields an α-approximation by showing that, given the optimal solution OPT of the
given instance, one can construct an α-approximate solution satisfying these properties such that the items of this
solution are a subset of OPT. Then, our meta-algorithm can be applied which yields a DP that computes an (1+ε)-
approximation for the problem to compute a solution that satisfies the mentioned structural properties and the
additional cardinality or budget constraints. We can argue that this yields a α(1+ε)-approximation algorithm for
the initial problem augmented by these additional constraints: consider an auxiliary instance whose input consists
only of the optimal solution OPT+ to the latter problem. This is in particular a solution to the packing problem
without the additional constraints. Hence, for this instance, there is a α-approximate solution APX+ ⊆ OPT+

that satisfies the mentioned structural properties, i.e., p(APX+) ≥ p(OPT+)/α. Since APX+ ⊆ OPT+, also APX+

satisfies the additional constraints. Therefore, also for our new problem with the additional constraints, there
exists the α-approximate solution APX+ satisfying the mentioned structural properties. Therefore, our augmented
DP computes a solution with an approximation ratio of α(1 + ε).

With this reasoning, we obtain approximation algorithms with additional cardinality or budget constraints
for the problems listed in Table 1.1. For all the listed problems, we match the approximation ratio of the best
known algorithm without additional constraints up to a factor of 1+ ε. For example, our results yield a PTAS for
Knapsack with O(log n/ log log log n) additional cardinality constraints. The details of this application and the
needed adaptations for the other problems listed in Table 1.1 can be found in the full version of this paper. To the
best of our knowledge, there was no PTAS known for Knapsack with ω(1) (unstructured) cardinality constraints,
despite a lot of research on generalizations of Knapsack [9, 41, 44, 12, 16, 17, 18, 19, 28]. Also, our technique may

2Thanks to a preprocessing step, we ensure that all coefficients ai,h are polynomially bounded integers.
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Table 1.1: Overview of approximation algorithms achieved by applying our framework.

Approx. ratio Problem Packing DPs

1 + ε Knapsack [30, 50]
2 + ε Maximum Independent Set of Rectangles [25, 45]
8d
3 + ε Maximum Independent Set of d-oriented Polygons [26]
1 + ε Maximum Weight Independent Set of ν-Shrinkable Convex Polygons [51]
1 + ε Guillotine Separable Rectangles [2, 38]
17
9 + ε Weighted 2D-Knapsack [22]
1 + ε Maximum Throughput Scheduling with Fixed Start and End Times [4]

be useful for future work in order to add global cardinality or budget constraints to a packing DP in a black-box
manner.

1.4 Other related work Our technique for incorporating budget constraints into DPs has some similarities
with the approach used in [27] to derive a PTAS for the Unsplittable Flow on a Path problem (UFP). In UFP one
is given a path with edge capacities and a collection of tasks, each one characterized by a subpath, a demand and
a profit. The goal is to compute a maximum profit subset of tasks such that the total demand of the selected tasks
on each edge is within the respective capacity. Intuitively, the authors design a packing DP in which the demand
of selected tasks of relatively small demand is rounded up or down randomly, similarly to what we do. However,
each selected task uses a very simple structured set of capacity constraints which are those corresponding to its
subpath. It is unclear how to extend the approach in [27] to generic packing DPs with additional unstructured
cardinality or budget constraints. In particular, in our algorithm we need to split the budget of some constraint
possibly many times over up to recursion Ω(n) levels, yielding new and non-trivial constraints for each subproblem.
This is one of our main technical contributions and it is entirely new.

Adding cardinality or budget constraints to packing problems is a well-studied area. There are several
PTASes or even FPTASes for, e.g., Budgeted Matching [7], Multiple Knapsack [11, 34, 35], Multiple Choice
Knapsack (Knapsack with disjoint cardinality constraints) [5, 40, 49], and others [36]. There are results in which
DP formulations of problems are transformed to obtain other results for these problems. For example, in [52],
Woeginger obtains FPTASs for scheduling problems this way. Phrus and Woeginger [47] describe a generic
method to obtain FPTASs for packing problems admitting an exact DP with a restricted type of running time:
the latter condition is not satisfied by the packing problems with M = ω(1) additional cardinality constraints
considered here. In addition, some (packing) DPs can be reformulated as integral linear programs [43], which
can be leveraged to formulate linear programming relaxations with improved integrality gaps [3]. The idea of
sparsifying the number of values to keep track of in a DP has also been used for parametrized approximations for
graph problems [6, 33]. Randomized counters, similar to the ones that we use, are also extensively used in the
streaming literature, e.g., for frequency estimation (see, e.g., the survey [13]). In that case, however, the main
goal is to save space.

2 Formalization of Packing Dynamic Programs We now formalize a given packing DP for an arbitrary
packing problem Pack. Throughout this paper, for any k ∈ N, we define [k] := {1, . . . , k} and we denote by log
the logarithm of base 2.

We assume that there is a polynomial-time algorithm APack that, given an instance of Pack with input items
I = {1, ..., n}, computes a polynomial-size set of states S, a partial order ≻ for the states and, for each state
s ∈ S, a polynomial-size set of choices CH(s). There is a special set of base states Sbase ⊆ S such that CH(s) = ∅
for s ∈ Sbase. There is also a special root state r ∈ S. We assume that the states and choices defined by APack
are oblivious to the profits of the items in I. Each choice c ∈ CH(s) for a state s ∈ S \Sbase is characterized by a
(possibly empty) subset of items I(c) ⊆ I (which we, intuitively, add to the solution if we make the choice c) and
a sequence of children states sc,1, . . . , sc,d(c) for some d(c) ∈ N such that each state sc,j with j ∈ [d(c)] satisfies
s ≻ sc,j .

Given the states and choices as defined above, in polynomial time APack computes the following quantities
OPT(s) and opt(s) = p(OPT(s)) for each s ∈ S, following the partial order induced by ≻. For each s ∈ Sbase, it
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sets opt(s) = 0 and OPT(s) = ∅. For each non-base state s, it sets

(2.1) opt(s) := max
c∈CH(s)

{p(I(c)) + opt(sc,1) + . . .+ opt(sc,d(c))}.

Let c∗ ∈ CH(s) be the choice that achieves the maximum above; then APack sets OPT(s) := I(c∗(s)) ∪⋃d(c∗)
j=1 OPT(sc∗,j) using the previously computed values OPT(sc∗,j). Finally APack returns OPT(r). We assume

that the DP solves the given instance optimally, i.e., OPT(r) is feasible and opt(r) = p(OPT(r)) = opt, where opt
denotes the value of an optimal solution to the given instance.

DPs with the above structure are very natural for packing problems, therefore, we refer to them as packing
DPs. For example, the DP for Knapsack described above is of this type. There, the set of states S consists of
all pairs (i, C ′) with i ∈ {0, 1, ..., n} and C ′ ∈ {0, 1, ..., C}, and the respective choices are whether to select i or
not. The base states Sbase are the states s = (i, C ′) ∈ S with i = 0; for those, we naturally have opt(s) = 0 and
OPT(s) = ∅. Note that the states and choices are oblivious to the item profits, as required.

3 Algorithm for unary DPs and Cardinality Constraints In this section we assume that for each
state s ∈ S \ Sbase and each choice c ∈ CH(s) we have that d(c) = 1, i.e., when making the choice c, there
is only one single child state sc,1. For convenience, we simply call this state sc. We say that such a DP is
an unary DP. For example, the mentioned packing DP for Knapsack is unary. For this setting, we present a
simpler algorithm with a stronger guarantee than in the general setting; this will prove Theorem 1.2. We remark
that our meta-algorithm for unary DPs is sufficient to obtain a PTAS for Knapsack with O(log n/ log log log n)
additional (arbitrary) cardinality constraints as mentioned in Section 1.3. Previously this was not known for ω(1)
such constraints. Furthermore, this meta-algorithm already uses some of the key ideas of our meta-algorithm of
Theorem 1.1. We refer to the full version of this article for all the omitted proofs in this section.

In order to simplify the presentation, we will impose some extra properties on the input packing DP w.l.o.g.
according to the following lemma.

Lemma 3.1. Suppose we are given a unary packing DP. By increasing the number of states and choices by at
most a polynomial factor, we can assume that

(P1) for each state s ∈ S \ Sbase and each choice c ∈ CH(s), either I(c) = ∅ or I(c) contains exactly one item
that we denote by i(c),

(P2) for each state s ∈ S \ Sbase and each choice c ∈ CH(s) with I(c) ̸= ∅, there is another choice c′ ∈ CH(s)
with I(c′) = ∅ and sc = sc′ , and

(P3) for each state s ∈ S \ {r} there is a state s′ ∈ S and a choice c ∈ CH(s′) with s = sc.

Property (P2) states that for the each choice c ∈ CH(s) there is a choice c′ ∈ CH(s) leading to the same
subsequent state as c but which does not select any items. This is justified since we assumed the set of solutions
F to be downward closed. Property (P3) states that apart from the root state r, each state s can be reached if
we make a suitable choice in some other state s′. We can ensure it by simply removing the states that are not
reachable from the root; this does not affect the final outcome of the DP.

A choice vector is a vector c = (c(s))s∈S\Sbase
with a choice c(s) ∈ CH(s) for each state s ∈ S \ Sbase. We

define an associated selection path Pc = (V (Pc), E(Pc)) as follows. We define that V (Pc) contains the vertex r
corresponding to the root state. Recursively, for each vertex s ∈ V (Pc) with s ∈ S \ Sbase we define that V (Pc)
contains also the vertex sc(s) and that E(Pc) contains the arc (s, sc(s)). For each s ∈ V (Pc), we define Sc(s) to
be the union of all sets I(c(s′)) of the descendants s′ of s in Pc (including s), and we define Sc = Sc(r) to be the
solution corresponding to c.

Lemma 3.2. Given a choice vector c = (c(s))s∈S\Sbase
, Pc is a directed path rooted at r. For any s ∈ S \Sbase,

we have that Sc(s) = I(c(s))∪̇Sc(sc(s)).

We say that a set S is a potential solution if there is a choice vector c = (c(s))s∈S\Sbase
such that S = Sc.

Exploiting the properties from Lemma 3.1, we can show that that the potential solutions of the DP are exactly
F , i.e., every feasible solution is also a potential solution and vice versa.

Lemma 3.3. The set of potential solutions equals F .
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Recall that we consider the problem Pack+:=Pack+
C obtained from Pack by imposing M additional cardinality

constraints, requiring that any feasible solution S satisfies that |S ∩ Ih| ≤ bh for each h ∈ [M ]. Let F+ be the set
of all feasible solutions to a given instance of Pack+. Obviously, F+ ⊆ F and F+ is downward closed. Recall
that OPT+ denotes some optimal solution to the considered instance and that opt+ denotes its profit.

3.1 A Slow Exact DP In order to highlight the main ideas in our approach, it is convenient to first
discuss a simple approach that allows one to solve Pack+ optimally in polynomial time for M = O(1). For the
sake of simplicity we first consider the case M = 1.

We define a DP with a set of states S+. For each state s ∈ S and each b ∈ {0, . . . , b1} we create a state
(s, b) ∈ S+. Intuitively, this state (s, b) corresponds to being in the state s ∈ S such that we can still select b
items from I1 in all states descending from s. For example, if S are the states of the DP for Knapsack described
above, then each state in S+ corresponds to an item i, a residual capacity of the knapsack, and the constraint
that at most b selected items from 1, ..., i may be contained in I1. If s ∈ Sbase, then we define that (s, b) belongs
to the set S+

base of base states of our new DP. For each state (s, b) ∈ S+, we define a set of choices CH+(s, b) as
follows. If (s, b) ∈ S+

base then CH+(s, b) := ∅. Assume now that (s, b) ∈ S+ \ S+
base; hence, s /∈ Sbase. For each

choice c ∈ CH(s) we do the following. If |I(c)∩ I1| = |{i(c)}| = 1 and b = 0, then, intuitively, there is not enough
residual budget in the considered subproblem to add the item i(c). Therefore, we ignore this choice c. (However,
recall that we assumed that there exists another choice c′ that leads to the same state as c but does not select
any item, see Lemma 3.1.) Otherwise, we add to CH+(s, b) a choice c+ (corresponding to c) for which we define
I(c+) := I(c) and sc+ := (sc, b− |I(c) ∩ I1|). Finally, we define the root state to be (r, b1).

Given these states and choices, we compute for each state (s, b) ∈ S+ a solution OPT+(s, b) with a value
opt+(s, b) similarly as above in (2.1). Formally, for each state (s, b) ∈ S+

base we define OPT+(s, b) := ∅ and
opt+(s, b) = 0; for each state (s, b) ∈ S+ \ S+

base we define

(3.1) opt+(s, b) := max
c+∈CH+(s,b)

{p(I(c+)) + opt+(sc+)}

and OPT+(s, b) := I(c∗)∪OPT+(sc∗) for a choice c∗ ∈ CH+(s, b) that attains the maximum in (3.1). E.g., given
the packing DP for Knapsack as discussed in Section 1, for any i > 0 one has opt+((i, C ′), b) = opt+((i− 1, C ′), b)
if i cannot be selected because s(i) > C ′ or both i ∈ I1 and b = 0. Otherwise opt+((i, C ′), b) = max{opt+((i −
1, C ′), b), p(i) + opt+((i− 1, C ′ − s(i)), b− |{i} ∩ I1|)}. We output the solution OPT+(r, b1) corresponding to the
root state (r, b1) which turns out to be an optimal solution.

Lemma 3.4. OPT+(r, b1) is an optimal solution for the given instance of Pack+.

Therefore, we can solve Pack+ in a running time that is polynomial in |S+|,
∑

s∈S |CH(s)|, and b1 ≤ n.
However, we observe that |S+| can be by a factor Θ(n) larger than |S| (in particular, this happens for b1 = Θ(n)).
This implies that the running time of our algorithm may be Θ(n) times larger than the running time of APack.

The above construction can be naturally extended to any number M of cardinality constraints. This leads to
an increase of the worst-case running time by a factor Θ(nM ).

3.2 A Fast Approximate Probabilistic DP We next describe a much faster probabilistic DP which we
will use to compute a (1 + ε)-approximate feasible solution. More specifically, the running time increases only by
a factor O(1/δ) per cardinality constraint, where we choose δ = Θ(( ε

log(Mn) )
O(1)) such that 1/δ is an integer3.

Hence, the overall running time increases only by a factor of
( log(Mn)

ε

)O(M) while we lose only a small factor of
1+ε in the obtained profit. Let ε ≤ 1/4 such that 1/ε is an integer. By standard rounding and scaling of the item
profits, we assume that p(i) ∈ [1, n/ε] for each i ∈ I, while losing at most a factor of 1 + ε in the approximation
ratio. Again, for simplicity, we first consider the case where M = 1.

On a high level, the DP from Section 3.1 computes one choice c+ for each given state (s, b) ∈ S+ \ S+
base

and this choice leads deterministically to a state sc+ . The DP computes choices that maximize the total profit
of making these choices (starting in the root r). Instead, we derive now a different DP that again computes one
choice for each state in S+ \ S+

base; however, in some cases the child state is chosen randomly according to some
given probability distribution. More precisely, the child state will be of the form (sc, B) for some sc ∈ S where

3In the unary case a larger value of δ can be used, which leads to a better running time as claimed in Theorem 1.2. However, for
simplicity we use here the same value as in the general case of not necessarily unary DPs.
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B is a random variable. Therefore, our new DP selects choices that maximize the expected profit of this random
process (starting in the root r). Nevertheless, the DP itself is still a deterministic algorithm. In a post-processing
step, we will then use a randomized algorithm to translate the choices computed by the DP to an actual set of
items, which we output at the end. An important technical ingredient in our construction is a careful restriction
of the allowed budgets.

Formally, in the case that b1 ≤ 1/δ we can use the approach from Section 3.1 since the increase of the running
time is only by a factor of O(1/δ) as desired. Hence, we assume now that b1 > 1/δ. We restrict the budgets
b for the states (s, b) ∈ S+ to the set B := {k · δ · b1 : 0 ≤ k ≤ 1/δ}. This yields a reduced set of states
S+ := {(s, b) : s ∈ S ∧ b ∈ B}. The root state is (r, b1). For each base state (s, b) ∈ S+

base we define CH(s, b) := ∅.
For each non-base state (s, b) ∈ S+ \ S+

base we define a set of choices CH+(s, b) as follows. Consider a choice
c ∈ CH(s). If |I(c)∩I1| = |{i(c)}| = 1 and b = 0, then we do not construct any choice that corresponds to c since,
intuitively, there is no budget left to select I(c). Otherwise we construct a corresponding choice c+ ∈ CH+(s, b)
by setting I(c+) := I(c) and defining up to two possible child states, each of them with a certain probability. If
I(c) ∩ I1 = ∅ then there is only one child state (sc, b) which is selected deterministically. If I(c) ∩ I1 ̸= ∅ there
are two child states: the state (sc, b − δ · b1)4 which is selected with probability 1

δ·b1 and the child state (sc, b)
which is selected otherwise. Hence, the child state is of the form (sc, B) where B is a random variable with
E[B] = b − |I(c) ∩ I1| while deterministically B ≥ 0. This defines our choice c+ ∈ CH+(s, b) corresponding to
c. We do this proceduce for each state (s, b) and each choice c ∈ CH(s). Note that the states and choices above
correspond to a randomized decision process. In each state, we need to make a choice. Then, after we selected
the choice, the child state may be defined randomly.

Similar as in the DP for Pack, our goal is to compute a choice vector c = (c(s, b))(s,b)∈S+\S+
base

which now
defines a random selection path Pc = (V (Pc), E(Pc)) defined as follows. We start by adding the vertex (r, b1)
corresponding to the root state to V (Pc) and initialize Sc := ∅. Recursively, assuming that (s, b) ∈ V (Pc) was
the last vertex added to Pc, if (s, b) ∈ S+

base we stop the recursion. Otherwise, we proceed according to the choice
c(s, b): if I(c(s, b)) ∩ I1 = ∅ then we define deterministically B := b; if I(c(s, b)) ∩ I1 ̸= ∅ we define B := b− δ · b1
with probability 1

δ·b1 and B := b otherwise. We add the items in I(c(s, b)) to Sc, add the vertex (sc, B) to V (Pc),
add the arc ((s, b), (sc, B)) to E(Pc), and continue recursively with the state (sc, B). Hence, both Pc and Sc are
random objects.

We define a DP computing a choice vector c that maximizes the expected profit of the set Sc. For each state
(s, b) ∈ S+, our DP computes a value apx+(s, b) which is the expected profit from the state (s, b) and all its child
states if in each of these states we make the choice that maximizes the expected profit. Formally, for each state
(s, b) ∈ S+ we set apx+(s, b) := 0 if (s, b) ∈ S+

base and otherwise we define

apx+(s, b) := max
c+∈CH+(s,b)

{p(I(c+)) + P[B = b|c+] · apx+(sc, b)

+ P[B = b− b1 · δ|c+] · apx+(sc, b− b1 · δ)}.(3.2)

For example, in the case of Knapsack, for each i ≥ 1 the value apx+((i, C ′), b) is defined as follows if we can select
item i, i.e., if s(i) ≤ C ′ and additionally b1 ≥ 1 or i /∈ I1:

apx+((i, C ′), b) := max{apx+((i− 1, C ′), b),

p(i) +
1

δb1
apx+((i− 1, C ′ − s(i)), b− δ b1) +

(
1− 1

δb1

)
apx+((i− 1, C ′ − s(i)), b)}.

Otherwise, apx+((i, C ′), b) is defined analogously to opt+((i, C ′), b) (as in Section 3.1). Like in Section 3.1, for
each state (s, b) ∈ S+, we also store the choice c+ ∈ CH+(s, b) that yields the maximum in (3.2).

We want to show that for the root state (r, b1) the computed value apx+(r, b1) is essentially opt+. In order to
prove this, we show that there exists a choice vector c via which we obtain a profit of at least (1−O(ε))opt+ in
expectation. This suffices since our DP computes a choice vector that maximizes the expected profit. We define
c as follows, using the solution OPT′ from the following lemma.

Lemma 3.5. Assume that b1 ≥ 1/δ ≥ 12 log n/ε3. Then there exists a solution OPT′ with |OPT′ ∩ I1| ≤
(1− ε)b1 and p(OPT′) ≥ (1− 3ε)opt+.

4Observe that b > 0 implies b ≥ δ b1.
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Proof sketch. Let OPT′ be obtained by removing every item in OPT+ with probability 2ε. Standard Chernoff
bounds [46] show that w.h.p. |OPT′∩I1| ≤ (1−ε)b1. As the event |OPT′∩I1| > (1−ε)b1 is very unlikely, at least
(1 − 3ε)opt+ of the expected profit of OPT′ must stem from the case where |OPT′ ∩ I1| ≤ (1 − ε)b1. Therefore
there must exist a set OPT′ with the properties claimed by the Lemma.

Due to Lemma 3.3, there is a choice vector c̄ = (c̄(s))s∈S for the DP for Pack that constructs OPT′. We define
that our choice vector c simply makes the same decisions as c̄, i.e., c(s, b) = c̄(s) for each state (s, b) ∈ S+ \S+

base.
The only exception is when we are in a state (s, b) with b = 0 and the decision c̄(s) is not available (due to lack
of budget). Then we simply make the decision that does not select any item but still leads to the same child
state sc̄(s). This decision is available due to Property (P2) of Lemma 3.3. Now we can consider the (random)
solution Sc̄. We will show that Sc̄ = OPT′ with probability at least 1 − ε. As apx+(r, b1) ≥ E[p(Sc̄)] this yields
the following lemma.

Lemma 3.6. We have that apx+(r, b1) ≥ (1−O(ε))opt+.

Proof sketch. One can show that apx+(r, b1) is indeed the expected profit obtained by an (optimal) choice
vector that maximizes the expected profit. When we construct the random solution Sc̄ corresponding to the choice
vector c̄, the remaining budget decreases by a random value Zk with P[Zk = δb1] =

1
δb1

and P[Zk = 0] = 1− 1
δb1

each time we select an item from OPT′ ∩ I1. If the remaining budget is not 0 at the end, then it was positive at
each intermediate step. Thus, we could select each item from OPT′. Using Chernoff bound on the values Zk, we
can show that this happens with probability at least 1− ε. Therefore, the expected profit of the sampled solution
is at least (1−O(ε))opt+.

3.3 Rounding of the approximate DP Let c∗ = (c∗(s, b))(s,b)∈S+\S+
base

be the choice vector computed
by the above DP. We next show how to derive a feasible solution of large expected profit from c∗. First, we
sample a random selection path Pc∗ and the corresponding set Sc∗ =: APX+ from c∗ as described above. One
can easily show that E[p(APX+)] = apx+(r, b1). However, APX+ is not necessarily a feasible solution to Pack+.
More precisely, deterministically APX+ ∈ F , but it might happen that |APX+ ∩ I1| > b1. The reason is that
when we define APX+ there may be many states (s, b) in which c∗(s, b) selects an item from I1, but in the child
state (sc∗(s,b), B) we still have that B = b, i.e., the remaining budget is not decreased even though we selected an
item from I1. However, with the Chernoff bound we can show that w.h.p. the cardinality constraint due to I1 is
exceeded by at most a small amount. Altogether, we obtain the following lemma.

Lemma 3.7. One has: (1) deterministically APX+ ∈ F ; (2) |APX+ ∩ I1| ≤ (1 + ε)b1 with probability at least
1− ε

n ; (3) E[p(APX+)] = apx+(r, b1).

It is now easy to derive from APX+ a feasible solution ÃPX of large expected profit: drop each item in APX+

independently with probability 2ε. Then in expectation we keep a fraction 1− 2ε of the original profit and w.h.p.
ÃPX is feasible (otherwise, set ÃPX = ∅). Since our item profits are in a polynomial range, this guarantees that
E[p(ÃPX)] ≥ (1−O(ε))E[p(APX+)] = (1−O(ε))apx+(r, b′1) ≥ (1−O(ε))opt+.

This yields a PTAS for Pack+ for the case that M = 1. We generalize the approach above to arbitrary
values of M as follows. For each cardinality constraint h for which bh ≤ 1/δ, we use the approach from
Section 3.1. Therefore, let us assume that bh > 1/δ for each cardinality constraint h. Each state s+ ∈ S+

is of the form (s,b) where s ∈ S and b = (b(1), b(2), ..., b(M)) such that for each h ∈ [M ] the entry b(h) satisfies
b(h) ∈ {k · δ · bh : 0 ≤ k ≤ 1/δ}, denoting the remaining budget for the h-th cardinality constraint in the state
and all its descendant states. Thus, for each state s ∈ S there are (1/δ)O(M) states s+ in S+. Given one state
s ∈ S, for each choice c ∈ CH(s) we introduce (1/δ)O(M) different choices for s+. Each such choice defines, for
each cardinality constraint h, how the h-th budget b(h) is adjusted to a (possibly random) budget B(h) of the
child state. We can prove analogues of Lemmas 3.6 and 3.7 where in the latter lemma property (2) then states
that |APX+ ∩ Ih| ≤ (1 + ε)bh for every h = 1, . . . ,M with sufficiently high probability. Finally, we drop items
randomly similarly to the case M = 1. We omit the details here; this yields Theorem 1.2.

4 Hardness of approximation In this section, we prove Theorem 1.3 and Theorem 1.4 by reducing 3-SAT
and the d-dimensional Vector Knapsack (d-VK) problem to two simple packing problems (with simple packing
DPs) and additional cardinality and budget constraints, respectively. Then, our hardness results hold assuming
the Randomized Gap-ETH, as it is for example formulated in [10] (based on the Gap-ETH, see [14, 42]).
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Conjecture 4.1 (Randomized Gap-ETH). For some constants δ, ε > 0, no algorithm can, given a 3-SAT
formula ϕ on n variables and m = O(n) clauses, distinguish between the following cases correctly with probability
≥ 2/3 in O(2δn) time:

• SAT(ϕ) = m and

• SAT(ϕ) < (1− ε)m,

where SAT(ϕ) is the maximum number of clauses in ϕ that can be simultaneously satisfied.

Proof of Theorem 1.3. We consider a problem Pack defined as follows: an instance of Pack is a set of n
items I and 2K disjoint subsets V 0

1 , . . . , V
0
K , V 1

1 , . . . , V
1
K of I. The goal is find a maximum subset I ′ ⊆ I such that

I ′ ∩ V 0
k = ∅ or I ′ ∩ V 1

k = ∅ (or both) for every k ∈ [K]. No item can be taken from I \
(⋃

j∈{0,1},k∈[K] V
j
k

)
.

Trivially, the optimal solution is to either take all items in V 0
k if |V 0

k | ≥ |V 1
k |, or all items in V 1

k otherwise,
for every k ∈ [K]. We reformulate this as a dynamic program: The states in S are r (the root state) and states
sj,k with j ∈ {0, 1} and k ∈ [K] ∪ {0} (where sj,0 are base states). The state sj,k corresponds to the process of
picking the items in V j

k (instead of the items in V ¬j
k ). For every k ∈ [K], j ∈ {0, 1}, CH(sj,k) contains two choices

cj,j
′

k , j′ ∈ {0, 1} with child state sj′,k−1 and I(cj,j
′

k ) = V j
k . The choice cj,j

′

k corresponds to the decision of picking
the items in V j

k while the items in V j′

k−1 where chosen before (assuming that we choose items in increasing index
k ∈ [K]). It is also straightforward to verify that this solves the problem and the DP fulfills all our necessary
criteria. Even after the preprocessing step in Lemma 3.1, the size and running time of the DP is clearly bounded
by (n+K)O(1).

Let f : N → N be a monotonic function in ω(log n). Assume now for the sake of contradiction that there
exists a PTAS for Pack+ with f(n) additional disjoint cardinality constraints (with budget 1). We now argue
that the MAX-3-SAT problem can be reduced to Pack+ and deduce that the existence of a PTAS contradicts
the Gap-ETH.

For a given 3-SAT instance ϕ =
∧

m∈[M ](ℓ
m
1 ∨ ℓm2 ∨ ℓm3 ) on K variables {xk}k∈K and M clauses, we define

an instance of Pack+ with a set of items Iϕ = {ℓmi }m∈[M ],i∈[3]. For every k ∈ K, we create the pair of sets
V 1
k = {ℓmi ∈ Iϕ : ℓmi = xk} and V 0

k = {ℓmi ∈ Iϕ : ℓmi = ¬xk}. For every clause Cm = {ℓm1 , ℓm2 , ℓm3 }, we impose a
cardinality constraint with budget 1. A Pack+ feasible solution I ′ ⊆ Iϕ induces a assignment of ϕ such that at
least |I ′| clauses in ϕ are satisfied: the assignment is defined as xk = false if I ′ ∩ V 0

k ̸= ∅ and xk = true otherwise,
e.g., if I ′ ∩ V 1

k ̸= ∅. Therefore, if ℓmi ∈ I ′, then the clause (ℓm1 ∨ ℓm2 ∨ ℓm3 ) in ϕ is satisfied (and any literal cannot
be both true and false by the constraint of Pack). Furthermore, by the cardinality constraints, for every satisfied
clause Im, at most one item in I ′ can certify the satisfaction of the clause, so at least |I ′| clauses are satisfied.
Note that exactly |I ′| clauses are satisfied if and only if I ′ is a maximal Pack+-feasible solution, i.e., if adding
any item to I ′ makes it Pack+-infeasible.

Consider now a 3-SAT instance ϕ on K variables and M = O(K) clauses as in Conjecture 4.1 and consider
its Pack+-reduction Iϕ. We add dummy items (i.e., that do not belong to any V j

k ) to Iϕ such that the resulting
set Ĩϕ contains M ′ = f−1(M) items. Since f(n) = ω(log n) and K = Ω(M), we have

logM ′

K
=

M

K
· log(f

−1(M))

f(f−1(M))
→ 0,

so logM ′ = o(K) and thus M ′ = 2o(K). The Pack+ instance Ĩϕ has therefore cardinality M ′ and f(M ′) =

ω(logM ′) cardinality constraints. Applying the PTAS on the instance Ĩϕ, which has therefore running time
M ′O(1) = 2o(K) allows us to make the distinction in Conjecture 4.1, which is a contradiction.

Remark 4.2. Assuming the Exponential Time Hypothesis [31] and the Sparsification Lemma [32] instead of
the Gap-ETH, it is impossible to solve the problem exactly for Θ(log n) cardinality constraints, but this does not
rule out a polynomial-time approximation algorithm for this case.

We prove Theorem 1.4 using the following result.

Theorem 4.3 ([15]). Assuming the (randomized) Gap-ETH, for any constant ε > 0, there exist constants
δ > 0 and d0 ∈ N such that the following holds: for any constant d ≥ d0, there is no (randomized) ρ-approximation
algorithm for d-dimensional Vector Knapsack that runs in time O(nδ

√
d), even in the cardinality case.
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Proof of Theorem 1.4. We define Pack as the “trivial” Knapsack problem, namely where each item has weight
0 and the Knapsack has capacity 0, and the DP is the standard packing DP from Section 1. Obviously, the DP
picks every item.

By adding M budget constraints, we can end up with an arbitrary instance of M -dimensional Vector Knapsack.
By Theorem 4.3, assuming the (Randomized) Gap-ETH, there is no (randomized) (1+ε)-approximation algorithm
for M -VK with running time O

(
nδ

√
M
)

(for M ≥ d0), where ε is considered constant and δ > 0 and d0 ∈ N is
another constant depending on ε. The claim follows.

Remark 4.4. Strictly speaking, The authors of [15] prove the deterministic variant of Theorem 4.3, that is,
that the deterministic Gap-ETH (i.e., with probability 1 instead of ≥ 2/3 in the statement of Conjecture 4.1)
implies that there is no deterministic ρ-approximation algorithm for d-VK, see [15, Theorem 1.4]. However,
it is straightforward to adapt the proofs in [15] that yield to the latter theorem: The first step in [15] is to
reduce 3-SAT to the so-called R-CSP problem (a variant of the Constraint Satisfaction Problem as defined in
[15, Definition 2.1]) like in [15, Appendix A.2], and then to reduce R-CSP to d-VK, see [15, Lemma 3.1]. It can
easily be observed that in the latter reduction, all the profits of the items are 1. Both reductions are constructive
and deterministic, so the probability of successfully distinguishing an optimal solution and a (1 − ε)-suboptimal
solution like in Conjecture 4.1 is preserved in both reductions, so the existence of a randomized PTAS for M -VK
(for M = ω(1)) would contradict the Randomized Gap-ETH.
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