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Abstract
Many relevant discrete optimization problems are believed to be hard to solve
efficiently (i.e. they cannot be solved in polynomial time unless P=NP). An
approximation algorithm is one of the ways to tackle these hard optimization
problems. These algorithms have polynomial running time and compute a feasible solution whose value is within a proven factor (approximation factor) of
the optimal solution value. The field of approximation algorithms has grown
quickly over the last few decades, leading to the development of several algorithmic and analytical techniques.
In this doctoral dissertation, we focus on Survivable Network Design problems, where the goal is to construct low-cost networks that are resilient to a
few edge/node faults. More specifically, we consider a basic problem in this
area, that is the Connectivity Augmentation problem (CAP). In this problem,
we are given a k-edge-connected graph (namely, a graph in which removing any
k ≠ 1 edges preserves the connectivity of the graph) and a collection of extra
edges (links). Our goal is to identify a minimum cardinality subset of links
whose addition to the graph makes it (k + 1)-edge connected. This problem is
NP-hard and has many interesting real-world applications; For this reason it
has been studied through the lens of approximation algorithms in the past.
Despite the efforts of several researchers, no progress was made on this
problem after the 2-approximation algorithm by Frederickson and JáJá [1981].
We remark that a 2 approximation is known even for wide generalizations of
CAP. The main contribution of this thesis is breaching the 2 approximation
barrier for CAP by presenting a 1.91 approximation algorithm. Our result
is based on a non-trivial reduction to another fundamental problem, Steiner
Tree. Along the way to this main achievement, we studied a special case of
CAP, the Cycle Augmentation problem (CycAP) for which 2 was the bestknown approximation factor. Here we are given a cycle plus additional links,
and the goal is to find a subset of links with minimum size whose addition to G
makes it 3-edge-connected. We show that CycAP is APX-hard, in particular
it does not admit an approximation factor arbitrarily close to 1 (even the NPvii

viii
hardness of this problem was not known earlier). Furthermore, we present a
3/2 + ‘ approximation algorithm for any constant ‘ > 0.
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Chapter 1
Introduction
Many of the problems that we need to solve in practice are discrete optimization
problems. In these problems we need to identify, among a discrete set of feasible
solution, a solution which optimizes a given objective function. This captures
several applications as for example deciding inventory levels, assigning tasks,
organizing data for efficient retrieval etc. Unfortunately, many natural discrete
optimization problems are difficult to solve efficiently (i.e., in polynomial time
in the input size). In particular, assuming that P ”= N P , it is impossible
to provide an algorithm that is efficient and at the same time computes the
optimal solution. Yet, for several reasons these problems require more progress;
(1) First of all, these problems have industrial applications that can not be
ignored. (2) Researchers are curious to know what can be achieved, if an
efficient exact solution is impossible. (3) Also the recent advances in hardware
systems inspire that someday even semi-efficient algorithm can have better
performances. Thus, an extensive research has been devoted to techniques to
deal with NP-hard problem while relaxing either optimality or efficiency. This
has lead to the birth of several sub-fields of algorithms and computations.
One line of research, known as Parameterized algorithms, aims for algorithms whose running time depends in a super-polynomial way not on the
entire input size, but only on the size of a proper part of the input called
parameter.
Definition 1 (Cygan et al. [2015]). A parameterized optimization problem P
is called Fixed-Parameter Tractable (FPT) if there exists an algorithm A ,
a computable function f : N æ N and a constant c such that, given an instance
(I, k), algorithm A correctly solves the problem in time bounded by f (k) · |I|c .
Some commonly used parameters are the size of the solution, the dimension
1
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for geometrical problems and the maximum degree or the treewidth of the input
graph.
A different approach to attack these problems is to consider restricted instances. For instance, many graph optimization problems have been studied
specifically for planar or sparse graphs. In many cases this approach led to improved algorithms for the general case or to a deeper understanding of hardness
of the problem. Moreover, for many industrial application solving restricted
instances is sufficient. For instance in most real-world applications the input
graph is usually sparse.
Another approach is to use approximation algorithms (Knuth [1974]), which
is our main focus in this doctoral dissertation. These are polynomial-time algorithms that compute feasible solutions of cost within a given factor (approximation factor or approximation ratio) from the value of the optimal solution.

1.1

Approximation algorithms

In this section, we introduce some fundamental definitions and concepts in the
field of approximation algorithms.
Definition 2 (Knuth [1974]). Given an optimization problem P , an –-approximation
algorithm for P is an algorithm with polynomial running time that, for each
instance of the problem, outputs a solution whose value is within a factor – of
the value of an optimal solution.
as

The approximation ratio – Ø 1 of an approximation algorithm is defined
I

J

OPT(I) APX (I)
max max
,
,
IœI
APX (I) OPT(I)

where I is the set of instances of the problem, APX (I) is the value of the
solution computed by the approximation algorithm when run on instance I
and OPT(I) is the value of an optimal solution for instance I. Ideally, – is a
constant (i.e not dependant on the size of the input) and in this case we say that
our algorithm is a constant approximation. Indeed in terms of optimality, the
goal is to minimize –. For an NP-hard optimization problem, the best kind of
approximation algorithms one can hope to design are called Polynomial Time
Approximation Schemes which we proceed to define:
Definition 3. A Polynomial Time Approximation Scheme (PTAS) for
an optimization problem P is a family of algorithms {AÁ }Á>0 such that, for
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each Á > 0, AÁ is a (1 + Á)-approximation algorithm for P . The running time
of these algorithms is polynomial in the input size for any fixed Á.
The class of problems that admit a PTAS and the class of problems that
admit constant factor approximation are called PTAS and APX, respectively.
Clearly, all problems that admit a PTAS are in APX, but the converse is not
true if P ”= N P .

1.2

Lower bounds and Approximation Preserving
Reductions

For an NP-hard optimization problem P , the main challenge is to find the best
possible approximation factor (–ú ). Any –-approximation algorithm for P , by
definition, provides an upper bound on the best possible approximation factor
(i.e this shows that –ú Æ –). A significant amount of research has been devoted
to a dual kind of result, that is, proofs that certain approximation ratios are
not possible (under the assumption that P ”= N P or analogous assumptions).
These results provide a lower bound on the approximation factor.
Definition 4. A problem A is called APX-hard if it does not admit a PTAS
unless P = N P .
Thus, being APX-hard is considered as a strong evidence that the problem
does not admit a PTAS. For many problems, stronger lower bounds are known
that rely only on the assumption that P ”= N P . For instance, a ( 32 ≠ ‘)approximation algorithm of Bin Packing Problem for any ‘ > 0, can be used
to solve the Partition problem in polynomial time. In the case of the Steiner
Tree problem, it is NP-hard to find a solution of size less than 96
of the optimal
95
96
solution. Thus the existence of a ( 95 ≠ ‘)-approximation for any ‘ > 0 seems
impossible (Chlebík and Chlebíková [2008]).
Definition 5. We say that – is a lower bound on the approximability of A, if
for any constant ‘ > 0 a polynomial time (– ≠ ‘)-approximation is impossible
for A, unless P = N P .
There are many optimization problems that are hard to approximate even
with a constant approximation ratio. For instance, the set cover problem can
not be approximated within a factor o(log n), where n is the size of the universe.
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From the approximation algorithms perspective, the ultimate goal for any NPHard optimization problem is to find an approximation algorithm for it plus a
matching hardness of approximation result.
In order to investigate the inapproximability of a problem A, a standard technique is to use some special types of approximation-preserving reductions from
other problems. More specifically, an approximation-preserving reduction from
a problem A to a problem B shows that if there exists an –-approximation for
B, we can then get an f (–)-approximation for A, where f is some function.
Then we know that if A is hard to approximate within some factor x, then B
is hard to approximate within a factor f ≠1 (x).

Figure 1.1. The diagram describing the relation of classification of NP-hard in
terms of approximability.

There are several different types of approximation-preserving reductions.
Here we define only those that are used in this thesis. Strict reduction is the
simplest type of approximation-preserving reduction. In a strict reduction,
f (x) = x for any x > 1, and hence the approximation ratio obtained for
problem A is at least as good as the approximation ratio of problem B. Strict
reduction preserves membership in both PTAS and APX (See Lemma 14 for
an example of strict reduction).
Another common type of approximation-preserving reduction are the Sreductions, for which the cost of the optimal solution for the corresponding

5
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instances of A and B must have the same size. S-reduction is a very special
case of strict reductions. In effect, the two problems A and B must be in nearperfect correspondence with each other. The existence of a S-reduction implies
not only the existence of a strict reduction but every other approximationpreserving reduction.
In order to show that a problem B does not admit a PTAS using an APXhard problem A, a special type of reductions known as L-reduction is required
from A to B. with a L-reduction, an –-approximation for problem B is transformed to a (1 + a(– ≠ 1))-approximation for A, where a > 0 is a constant.
Hence if A admits a PTAS, then so does B. (See section 3.3 for an example of
such reductions).
For any NP-optimization the main challenge is to tighten the gap between
the lower bound and upper bound of approximability. For many NP-hard
problems this gap is already closed. For instance the Knapsack Problem is
NP-hard and admits a PTAS. On the other hand there are many problems
that still require substantial progress.

1.3

Survivable Network Design Problems

The goal of Network Design is to design cheap networks that support a given
traffic. Among these problems, Survivable Network Design problems received
a lot of attention in the last few years. The basic goal here is to construct
low cost networks that preserve the connectivity between given sets of nodes
despite the failure of a few edges/nodes (in the following we will focus on the
edge failure case). This has many applications, e.g., in transportation and
telecommunication networks. Several such problems are NP-hard, and in most
cases the best known approximation factor is 2 due to Jain [2001].
An interesting family of survivable network design problems are the Network
Augmentation problems. Here we are given an existing network plus a collection
of extra edges (links) that can be added to the network at a given cost. Our goal
is to identify a cheap subset of links whose addition to the network increases
its connectivity in a desired manner. A well-studied classical problem in this
area is the Connectivity Augmentation problem (CAP). Recall that a graph G
is k-edge-connected (or k-connected for short), if G remains connected even
after removing any subset of at most k ≠ 1 edges. In CAP we are given a
k-connected graph G = (V, E), and an additional set L of edges (links). We
need to find a subset LÕ of links such that, by adding them to G, the graph
becomes (k + 1)-connected ( i.e. H = (V, E ﬁ LÕ ) is (k + 1)-connected). Our

6
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goal is to minimize the cardinality of LÕ .
CAP has many applications in transportation systems and network services.
For example in transportation systems, the cities and the roads can be viewed
as a graph. Naturally roads might be blocked due to car accidents, reconstructions or natural events. However, it is essential that the transportation system
guarantees the existence of paths between certain destinations even when a
few roads are blocked. If the latter number is k, this means that the graph is
k-connected. Increasing the value of k is possible by constructing new roads.
However construction of extra roads are expensive, hence one wishes to increase
the connectivity while minimizing the extra cost.
CAP and its special cases are among the best-studied survivable network
design problems. Dinitz et al. [1976] (see also Cheriyan et al. [1999] and Khuller
and Thurimella [1993]) presented an approximation-preserving reduction from
this problem to the case k = 1 for odd k, and k = 2 for even k. This motivates
a deeper understanding of the latter two special cases.
The case k = 1 is also known as the Tree Augmentation problem (TAP).
The reason for this name is that any 2-connected component of the input graph
G can be contracted, hence leading to an equivalent instance where the input
graph is a tree. The case k = 2 is also known as the Cactus Augmentation
Problem (CacAP), where for similar reasons we can assume that the input
graph is a cactus1 .
TAP is a very well-studied problem. Cheriyan et al. [1999] showed that this
problem is NP-hard, and later Kortsarz et al. [2004] showed that it is APX-hard.
Several better than 2 approximation algorithms are known for TAP. The first
algorithm beating the approximation guarantee of 2 is due to Nagamochi [2003],
achieving an approximation factor of 1.815 + ‘2 . This factor was subsequently
improved to 1.8 (Even et al. [2009]) and to 1.5 (Cheriyan et al. [2008]; Kortsarz
and Nutov [2016b]). These results are combinatorial in nature, but LP-based
results have been achieved as well. As an example, recently Nutov [2017]
showed that the standard cut LP for TAP has an integrality gap of at most
28/15 1while 2a lower bound of 3/2 was known Cheriyan et al. [2008]. An LPbased 53 + ‘ -approximation was given by Adjiashvili [2017] and then refined
1

2

by Fiorini et al. [2018] to obtain a 32 + ‘ -approximation (see also Cheriyan
and Gao [2018a]; Kortsarz and Nutov [2016a]). Both results are obtained by
1

We recall that a cactus G is a connected undirected graph in which every edge belongs
to exactly one cycle. For technical reasons it is convenient to allow length-2 cycles consisting
of 2 parallel edges.
2
Throughout this paper, when not specified otherwise, Á denotes an arbitrary but fixed
positive constant.
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Figure 1.2. An instance of the Connectivity Augmentation Problem. The links are
shown by the dashed edges.
adding a proper family of extra constraints to the standard cut LP. Recently,
Grandoni et al. [2018] achieved a 1.458 approximation for TAP, which is smaller
than the integrality gap of the standard cut LP.
No much progress was done specifically on CacAP until 2020. Here the
best-known approximation factor was still 2, and this factor can be achieved
with multiple approaches: Frederickson and JáJá [1981]; Goemans et al. [1994];
Jain [2001]; Khuller and Thurimella [1993]. Altogether this implied that the
best known approximation factor for CAP is 2, i.e. the same factor that can
be achieved with the much more general approach by Jain [2001]. In Byrka
et al. [2020] we obtained the first approximation factor below 2 for CacAP by
presenting a 1.91-approximation algorithm based on a method different from
the recent advances for TAP.
Very recently, Cecchetto et al. [2021] made an amazing breakthrough regarding the approximability of CAP by achieving a 1.393-approximation. Notice that this even improves on the TAP approximation algorithm by Grandoni
et al. [2018]. Interestingly the authors bridged the gap between TAP and CacAP by presenting techniques that allow for leveraging insights and methods
from TAP to approach CAP.

1.4

Publications and Manuscripts

In this dissertation I will describe my results related to survivable network
design. This led to the following two publications:
• On the Cycle Augmentation Problem: Hardness and Approximation Algorithms (Gálvez et al. [2021]). Joint work with Waldo
Gálvez, Fabrizio Grandoni and Krzysztof Sornat. Published in Journal
of Computing Systems. Preliminary version in WAOA 2019.
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• Breaching the 2-Approximation Barrier for Connectivity Augmentation: A Reduction to Steiner Tree (Byrka et al. [2020]). Joint
work with Jaros≥aw Byrka and Fabrizio Grandoni. Published in STOC
2020.

During my Ph.D. I also worked on other problems which are not described
in this thesis since they deviate too much from its main topic. In particular, I studied some geometric packing problems, where the general aim is to
pack rectangles in a given region. In particular I worked on the Strip Packing problem and one of its variants. This led to the following publication and
manuscript:
• A Tight 32 + ‘ Approximation Algorithms for ”-skewed Strip
Packing Problem. (Gálvez et al. [2020]). Joint work with Waldo
Gàlvez, Fabrizio Grandoni, Arindam Khan, Klaus Jansen and Malin Rau.
Published in APPROX/RANDOM 2020.
• On the Demand Strip Packing Problem. Manuscript. Joint work
with Waldo Gàlvez, Fabrizio Grandoni, and Kamyar Khodamoradi.
Finally, I worked on some problems independently from my research group
at IDSIA. This led to the following publication and manuscript:
• On the Triangle Enclosure Problem. (Jabal Ameli et al. [2018]).
Joint work with Hamid Zarrabi Zadeh. Published in ICCG 2018.
• Chromatic Number and Dichromatic Polynomial of Digraphs.
Manuscript(Akbari et al. [2017]). Joint work with Saeed Akbari, Amir
Ghodrati and Morteza Saghafian.

1.5

Our results and Outline of the Thesis

In Chapter 2 we provide the basic notation, definitions and basic results.
We focused on CacAP, with the aim of improving the approximation factor
for this problem (hence for CAP). As a first step in this direction, we studied the Cycle Augmentation problem (CycAP), i.e. the special case of CacAP
where the input cactus consists of a single cycle. We remark that this special case remains non-trivial. In Chapter 3 we describe our results on CycAP,
namely presenting two approximation algorithms for the problem with approximation factor below 2, showing that this problem is APX-hard and presenting
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a new LP-formulation for this problem with a better integrality gap than the
previously known LP-formulations.
Our second, and most relevant result, is an improved 1.91 approximation
for CacAP using a reduction to the Steiner Tree problem. This also implies
the same approximation factor for CAP based on the mentioned reduction and
the known results for TAP. We explain this result in Chapter 4.
Finally, in the Chapter 5 we conclude this thesis and discuss some open
problems and future research directions. We defer to the Appendix some rather
technical proofs and complementary results.

10
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Chapter 2
Preliminaries
2.1

Edge-connectivity

In this section we discuss basic definitions and useful results related to edgeconnectivity. Recall that a graph G = (V, E) is k-connected if by removing
any subset of size less than k from E, the graph remains connected.
A subset E Õ ™ E of G is a called an edge-cut (or simply cut) if H =
(V, E \ E Õ ) is disconnected. Finding a cut with minimum size (or shortly a
min-cut) is a well-studied classic problem. The size of the min-cut in a graph
G is known as the edge-connectivity of the graph G and is denoted by ŸÕ (G) (i.e
ŸÕ (G) is the smallest k such that G is k-connected). In many applications such
as network systems having edge-connectivity up to some degree is a measure
of the reliability and resilience of the system.
Observation 6. Let G be a graph. Then G is k-edge-connected if and only if
the size of the min-cut of G is at least k.
Note that one can disconnect a graph G by removing all the edges incident
to a node v of G, therefore:
Observation 7. Let G be a k-connected graph, then for every vertex v of G,
degG (v) Ø k.
Observation 7 suggest that for a graph G the minimum degree of the vertices
of G (”(G)) is a lower bound on the edge-connectivity of G. This basic lower
bound is very useful to lower bound the optimal solution in several connectivity
related optimization problems. In fact, in Chapters 3 and 4 we are using this
fact to analyse our approximation factor.
11
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Figure 2.1. A graph G with edge-connectivity of 2. The bold black edges indicate
an edge-cut of size 2.
An edge-cut E Õ is called a s ≠ t cut if there is no path from u to v in
H = (V, E \ E Õ ).
Many polynomial time algorithm exist for finding the min-cut of a graph
and hence checking if a graph is k-edge connected can be done in polynomial
time (see Cormen et al. [2009]).
Edge-connectivity is related to the number of edge-disjoint paths among
pairs of vertices:
Theorem 8 (Menger’s Theorem). The size of the minimum s≠t cut in a graph
G = (V, E) is k if and only if the maximum number of edge-disjoint paths from
u to v is k.
Corollary 9. A graph G = (V, E) is k-connected if and only if for every pair
{u, v} ™ V , there exist k edge-disjoint paths from u to v.
Note that similar definitions and theorems also hold for node-connectivity.
To have a more detailed understanding in the subject of connectivity we refer
the reader to Bondy and Murty [2008].

2.2

From CAP to TAP and CacAP

In this section we describe an insightful result regarding connectivity augmentation proposed by Dinitz et al. [1976], that influenced all the later works in
this area.
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In this section we sketch the ideas leading to this result. Consider an
instance of CAP with input a k-connected graph G and a set L of links. Now
consider the connected components formed by removing the min-cuts. Dinitz
et al. [1976] showed that these components form a laminar family if k is odd.
Furthermore, they showed that the minimum edge cuts of a graph G can be
represented in polynomial time as the 2-edge-cuts of a graph GÕ such that
ŸÕ (G) = 2. This resulted in the following important theorem:
Theorem 10 (Dinitz et al. [1976]). Any instance of the Connectivity Augmentation can be reduced in polynomial time to the case that k = 1 for odd k and
to k = 2 for even k.
Dinitz et al. showed that this is an S-reduction and this means that in
terms of approximability we can restrict our attention only to the case that
k = 1 or 2.
For the case that k = 1, if the input graph G contains a cycle one can
reduce the size of the input G by contracting this cycle into a single node. By
running this process repeatedly, the graph G becomes a tree. Hence:
Proposition 11. There is a S-reduction from Connectivity Augmentation with
k = 1 to TAP
When k = 2, Dinitz et al. [1976] showed that one can contract a pair {u, v}
of vertices of G, such that there are at least three edge-disjoint paths from u
to v (also known as 3-edge-connected pair). Note that this operation does not
violate 2-edge-connectivity. After exhausting this process using the following
lemma we show that the ultimate graph Gú is a cactus.
Lemma 12. Let G be a 2-connected graph. Assume that for any pair of vertices
of G such as {u, v}, there are at most two edge-disjoint paths from u to v. Then
G is a cactus.
Proof. Assume on the contrary that this is not true. Then, since G is 2connected, any edge e œ E(G) belongs to at least one cycle of G and since G
is not a cactus there exists and edge e1 œ E(G) such that e1 = {v1 , v2 } belongs
to more than one cycle. Let C1 and C2 be two distinct cycles of G that contain
e1 . Now let C1 = v1 v2 ...vk vk+1 (vk+1 = v1 ). Set i > 1, as the smallest index
such that vi vi+1 , is not an edge of C2 . Let vj (i < j Æ k + 1) be the node
that has the shortest path, P , to vi in C2 . Note that since C2 is a cycle that
contains e1 such a node must exist. Now P , vi vi+1 ...vj and vj ...vk v1 v2 ....vi are
three edge-disjoint paths from vi to vj which is a contradiction.

14
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h
g

d

e

b

c

a
f

j

i
f

b

Figure 2.2. Top: An instance I of CAP with k = 2. Bottom: An instance J
of CacAP obtained from I by contracting 3-edge-connected pairs of nodes. The
node i is obtained from contracting g, h, a and d into one node and the node j is
obtained from contracting c and e.
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Proposition 13. There is a S-reduction from Connectivity Augmentation with
k = 2 to CacAP.
The following lemma shows that CacAP is at least as hard to approximate
as TAP:
Lemma 14. There exists an strict reduction from TAP to CacAP.
Proof. Consider an instance I of TAP with input tree T = (V, E) and the set
L of links. From this we obtain an instance of CacAP. Let C = (V, E Õ ) be the
cactus formed by duplicating the edges of T . Now assume J is the instance of
CacAP formed by input cactus C and links L.
A critical observation is that the set of edge-cuts of size 2 in C are precisely
the pair of edges {e, eÕ } such that eÕ is the duplicate of e. This suggests that
the components formed by removing the minimum edge-cuts in I and J are
exactly the same. Therefore any subset LÕ ™ L is a feasible solution for I if
and only if it is a feasible solution for J.
Using lemma 14 one can obtain the following statement which is a refined
version of theorem 10:
Corollary 15. There exists an S-reduction from CAP to CacAP.

2.3

Related Problems

In this section we discuss some related Survivable Network Design problems. A
very closely related problem to CAP is the minimum spanning k-edge-connected
subgraph (k-ECSS), which we proceed to define:
Definition 16 (Minimum Spanning K-edge-connected Subgraph Problem).
In the Minimum Spanning K-edge-connected Subgraph Problem, given a graph
G and an integer k, the goal is to find a k-edge-connected spanning subgraph
of G with minimum number of edges.
Note that when k = 1, the k-ECSS problem is equivalent to finding a
spanning tree of the input graph G, hence we can solve this problem efficiently.
However, this problem is NP-hard already for k = 2. Indeed, in this case the
size of the optimal solution for this problem is equal to the number |V (G)| of
nodes if and only G has a Hamiltonian cycle. Moreover, it has been shown that
this problem does not admit PTAS for any k > 1 even for subcubic1 graphs.
1

A graph G is subcubic if the degree of the vertices of G is at most three.
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In terms of approximability 2-ECSS is a very well-studied problem. The first
result beating the factor 2 is the 32 -approximation algorithm by Khuller and
Vishkin [1994]. Cheriyan et al. [2001] improved the factor to 17
. A relatively
12
4
recent paper by Sebö and Vygen [2014] provides a 3 -approximation algorithm
given by using more elegant ear decompositions. Hunkenschröder et al. [2019]
obtain the same approximation factor by via a drastically different approach.
Surprisingly as k grows, it is easier to approximate k-ECSS. In this line
of research, an important result is by Gabow et al. [2009], in which using a
LP rounding technique, authors achieved an approximation algorithm of factor
1 + k2 for even k and 1 + k3 for odd k.
A very interesting generalization of TAP and 2-ECSS is the Forest Augmentation Problem (FAP):
Definition 17 (Forest Augmentation Problem). In the Forest Augmentation
Problem, as an input we are given a forest G = (V, E) and a set of links L and
the goal is to find a subset LÕ of L with minimum size such that G = (V, E ﬁ LÕ )
is 2-connected.
Note that in a point of view, 2-ECSS and TAP are the extreme cases of
FAP, where in one problem the forest G contains no edge and in the other
problem G has the maximum possible number of edges (i.e., it is a spanning
tree). To the best of our knowledge, there is no approximation algorithm with
approximation guarantee better than 2 for FAP. Another studied variant of
FAP, is the Matching Augmentation problem (MAP), in which the forest G is
simply a matching. MAP was first introduced in Cheriyan, Dippel, Grandoni,
Khan and Narayan [2020], who present a 74 -approximation for this problem.
The approximation factor was later improved to 53 by Cheriyan, Cummings,
Dippel and Zhu [2020].
All the mentioned problems are special cases of the following very general
survivable network design problem.
Definition 18. (The Steiner Network Problem) In the Steiner Network problem as an input we are given:
• A graph G = (V, E) with non-negative weights on the edges.
• And for each pair of vertices {u, v} ™ V , a number fu,v .
The goal is to find a subgraph H of G with minimum total weight such that for
every pair of vertices {u, v} ™ V , there are fu,v edge-disjoint paths from u to v
in H (i.e the minimum u ≠ v-cut has at least fu,v edges).
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For this problem Jain [2001] achieved a 2-approximation using an interesting
iterative LP rounding technique. It is not hard to show that approximating
Steiner Network is at least as hard as approximating CAP and k-ECSS.
Lemma 19. There exists an strict reduction from CAP to the Steiner Network
problem.
Proof. Consider an instance I of the Connectivity Augmentation with the kconnected graph G = (V, E) and the set of links L. We transform this to
an instance J of the Steiner Network in the following manner. We set GÕ =
(V, E ﬁL) and we assign weight zero and one to E and L, respectively. For each
pair of vertices of G also set the values of fu,v to k + 1. Now using Theorem
8, any feasible solution of size l for I is a feasible solution of cost l for J and
vice-versa.
Lemma 20. There exists an strict reduction from k-ECSS to the Steiner Network problem.
Proof. Consider an instance I of k-ECSS with the input graph G and k. From
this we obtain an instance J of the Steiner network design in the following
manner. We set GÕ = (V, E) and we assign weight one to E. For each pair of
vertices of G also set the values of fu,v to k. Now using Theorem 8, a subset
of edges E Õ is a feasible solution for I if and only if E Õ is a feasible solution for
J.
A simple variant of CAP is when there is a link for every pair of vertices.
Unlike the previously mentioned problems, there is a polynomial-time exact
algorithm for this problem (Watanabe and Nakamura [1987]).
One can consider also a weighted version of CAP, the Weighted Connectivity
Augmentation problem (WCAP), where links have a positive weight and our
goal is to minimize the total weight of selected links LÕ . The same reduction
as mentioned before also works in the weighted case. In particular, one can reduce WCAP to weighted version WTAP of TAP for odd k, and to the weighted
version WCacAP of CacAP for even k. The best-known approximation factor
even for WTAP (hence for WCAP) is 2. This factor was first established by
Frederickson and JáJá [1981]. Their algorithm was later simplified by Khuller
and Thurimella [1993]. A 2-approximation can also be achieved by various
other techniques developed later on, including a primal-dual approach (Goemans et al. [1994]) and iterative rounding (Jain [2001]). Improvements on the
factor 2 have only been obtained for restricted cases, including bounded diameter trees (Cohen and Nutov [2011]) and bounded weights (Adjiashvili [2017];
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Fiorini et al. [2018]; Grandoni et al. [2018]; Nutov [2017]). Very recently Traub
and Zenklusen [2021] published a paper on arXiv in which they provide a
(1 + ln 2 + ‘)-approximation for WTAP.
Another related problem is the node-connectivity augmentation in which
given a k-node-connected graph G and a set of links L, the goal is to find
a minimum size subset LÕ of L such that G = (V, E ﬁ LÕ ) is (k + 1)-nodeconnected. One can observe that increasing connectivity by one already poses
significant challenges and in general the node-connectivity versions of these
problems seem to be more difficult than their edge-connectivity counterparts.
The best-studied version is when k = 1, known as Block-Tree Augmentation:
Definition 21 (Block-Tree Augmentation Problem). Given a tree T = (V, E)
and a set of links L on V , the goal is to find a minimum size subset LÕ of L
such that G = (V, E ﬁ LÕ ) is 2-node-connected.
Frederickson and JáJá [1981] and Khuller and Thurimella [1993] achieved
a 2-approximation for Block-Tree Augmentation. However, unlike the edgeconnectivity counterpart (TAP), an approximation algorithm with ratio better
than 2 was achieved only very recently by Nutov [2020]. Nutov exploits our
1.91-approximation algorithm for CacAP (Byrka et al. [2020]) as a black box.

Chapter 3
The Cycle Augmentation Problem
Our first attempt to attack the 2-approximation barrier for the Cactus Augmentation problem (CacAP) was to investigate some interesting special cases.
In particular, we introduced the Cycle Augmentation problem (CycAP), which
is the special case of CacAP where the input cactus is a cycle. Figure 3.1
illustrates an instance of CycAP.
The best known approximation factor for this special case was still 2, like
for the general case, and CycAP was even not know to be NP-hard. We also
consider the natural weighted version WCycAP of CycAP. We obtained the
following main results:
• We present a fast and simple 53 -approximation for CycAP.
• We present a slower (still polynomial-time) ( 32 + ‘)-approximation for
CycAP.
• We show that CycAP is APX-Hard.
• We show that WCycAP is as hard to approximate as WCacAP.
• We introduce a new LP-formulation for CycAP with integrality gap of
( 32 + ‘).
Our first result is obtained via a greedy algorithm. The second result is based
on a procedure to solve the problem exactly and efficiently when there are
no long links. More precisely, we show that CycAP is FPT on the maximum
distance of the endpoints of the links. These first two results are described in
Section 3.2.
Our third result (see Section 3.3) shows that CycAP does not admit a
PTAS. We remark that prior to our work this special case was not even known
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Figure 3.1. An instance of CycAP. The blue edges are the input links. The bold
links form an optimal solution.

to be NP-hard. NP-hardness was not obvious at all. In particular, if we replace
the cycle with a path the problem can be solved exactly in polynomial time.
Our fourth result (see Section 3.4) shows that in the weighted case there is
no substantial difference between WCycAP and WCacAP. Hence unfortunately
focusing on the cycle case cannot help much as a first step towards addressing
the general case. On the positive side, researchers might focus on the cycle
case which is easier to state.
The recent literature on TAP approximation (Adjiashvili [2017]; Fiorini
et al. [2018]; Grandoni et al. [2018]) shows that finding strong LP relaxations for
the problem can be very helpful to design improved approximation algorithms.
In the same spirit, we tried to address the problem of finding LP relaxations for
CycAP with small integrality gap. For both TAP and CacAP (hence CycAP)
one can define a natural and simple standard cut LP (more details later).
While for TAP it was recently shown that the standard cut LP has integrality gap smaller than 2 (Nutov [2017]), interestingly for CycAP (hence for
CacAP) the standard cut LP has integrality gap 2. As the final result we
present a stronger LP that, for any Á > 0, has integrality gap at most 32 + Á
(hence matching the approximation ratio of our algorithm). In our opinion this
could be useful for future work on CacAP approximation.
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Definitions and Notations

For a set X and element y, we use the shortcut X \ y for X \ {y}, and similarly
for other set operations.
Given a graph G = (V, E), we let V (G) = V and E(G) = E. Recall
1 2
that in WCacAP we are given a cactus G = (V, E), a set of links L ™ V2
and a non-negative weight function c : L æ RØ0 . The task is to compute a
subset of links A ™ L such that the graph (V, E ﬁ A) is 3-connected while
q
minimizing c(A) := ¸œA c(¸). The special case where G is a cycle is called
WCycAP, and the unweighted versions of the above problems are called CacAP
and CycAP respectively. By n we will denote the number of nodes of the
considered instance of the problem.
Notice that, given an instance (G, L) of CacAP, we can check in polynomial
time if the graph (V (G), E(G) ﬁ L) is 3-connected by exhaustively checking
if the removal of any pair of elements from E(G) ﬁ L disconnects the graph.
Hence we will assume along this work that the instance always admits a feasible
solution.
Observation 22. The 2-edge cuts of a cactus G are identified by pairs S =
{e, eÕ } of distinct edges belonging to the same cycle, and consist of the node sets
(U, V \ U ) of the two connected components obtained by removing S from G. A
necessary and sufficient condition for a subset of links A to be a feasible solution
for WCacAP is that, for any such cut S, there is at least one ¸ =< u, v >œ A
that u œ U and v œ (V \ U ). (in which case ¸ satisfies the {e, eÕ }-cut).
Note that in the case of CycAP, Observation 22 implies that any feasible
solution must be an edge cover as 2-edge cuts defined by neighboring edges of
the cycle must be satisfied. Given a 2-edge cut S = {e, eÕ }, let LS be the subset
of links satisfying S. The standard cut LP for CycAP is as follows:
min
s.t.

ÿ

x¸

¸œL
ÿ

¸œLS

x¸ Ø 1

0 Æ x¸ Æ 1

(standard cut LP)
’S : S is a 2-edge cut
’¸ œ L

Now we proceed to define a standard building block for our algorithms, the
contraction of a link.
Definition 23. Contracting a subset of nodes W consists of the following operations: (i) remove the nodes in W and all edges/links incident to them; (ii)
add a new node w and, for each original edge/link of type (y, x), x œ W, y œ
/ W,
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Figure 3.2. Depiction of the Standard cut LP. The blue links are the set of all
the links that satisfy the cut {e1 , e2 }. Therefore this corresponds to the following
constraint: x2 + x3 Ø 1.
add the edge/link (y, w) (of the same weight for the case of links). Note that
we do not create loops this way but may introduce parallel links. We say that
(y, w) is the image of (y, x) and (y, x) is the preimage of (y, w).
We will sometimes slightly abuse notation and use the same label to denote
a link and its image: the meaning will be clear from the context.
For a link ¸ = (u, v), we define a sequence w0 , . . . , wq of boundary nodes
B(¸) as follows. Consider a simple path from u to v in the cactus, and let
C1 , C2 , . . . , Cq be the ordered sequence of cycles visited by this path (possibly
q = 1). Note that a path visits a cycle iff it includes an edge from the cycle.
We define wi , i = 1, . . . , q ≠ 1 as the unique common node between Ci and
Ci+1 , and set w0 = u and wq = v.
Definition 24. Contracting a link ¸ is the operation of contracting its boundary
nodes B(¸). We denote by G|¸ the graph obtained by this operation. Contracting
a set of links A is the operation of contracting any ¸ œ A, and then continue
recursively on G|¸ and on the image of A \ ¸ until A becomes empty.
Note that contracting a link in a cactus yields again a cactus. We will
extensively use the following standard fact.
Lemma 25. Let (G, L) be a CacAP instance, A ™ L, and ¸ œ A. Then A
is a feasible solution for (G, L) iff the image of A \ ¸ is a feasible solution for
(G|¸, L \ ¸).
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We require some further notation before proving the lemma. The internal
projections S(¸) of ¸ are the links (wi , wi+1 ), i = 0, . . . , q ≠ 1. In terms of
feasibility, ¸ and S(¸) are equivalent as the following proposition states.
Proposition 26. Let (G, L) be a CacAP instance and ¸ œ L. Then ¸ satisfies
precisely the same 2-edge cuts as S(¸).
Proof. Let B(¸) = (w0 , . . . , wq ) and C1 , . . . , Cq be the corresponding sequence
of cycles visited by a simple path between the endpoints of ¸. Notice that pairs
(wi , wi+1 ), i = 0, . . . , q ≠ 1, subdivide each Ci into two paths next denoted as
CiÕ and CiÕÕ . Trivially ¸ satisfies only cuts belonging to the cycles C1 , . . . , Cq ,
and the same holds for S(¸). Consider any pair (e1 , e2 ) belonging to some Ci .
Link ¸ satisfies the corresponding cut if and only if precisely one such edge ej
belongs to CiÕ . The same holds for (wi , wi+1 ), hence for S(¸).
In order to prove Lemma 25, let us first consider the simpler case where G
is a cycle.
Lemma 27. Let (G = (V, E), L) be a CycAP instance, A ™ L, and ¸ =
(u, v) œ A. Then A is a feasible solution for (G, L) iff the image of A \ ¸ is a
feasible solution for the CacAP instance (G|¸, L \ ¸).
Proof. Let C1 and C2 be the two cycles in G|¸, with common node w.
Suppose first that the image of A \ ¸ is a feasible solution for (G|¸, L \ ¸).
Consider a pair of edges {e1 , e2 } belonging to a common cycle Ci , and the
corresponding cut (S Õ , S ÕÕ ) in G|¸ with w œ S ÕÕ . There must be a link ¸Õ œ A \ ¸
satisfying this cut in G|¸. The preimage of ¸Õ has one endpoint in S Õ and the
other in V \ S Õ = (S ÕÕ \ {w}) ﬁ {u, v}, hence it satisfies the {e1 , e2 }-cut in G.
The remaining pairs of edges {e1 , e2 } of G satisfy e1 œ C1 and e2 œ C2 , modulo
symmetries. Those cuts are satisfied by ¸ in G.
Suppose now that A is feasible for (G, L). Consider a pair of edges {e1 , e2 }
belonging to a common cycle Ci . Let (S Õ , S ÕÕ ) be the corresponding cut in G|¸
with w œ S ÕÕ . Since ¸ does not satisfy that cut in G, this means that there is
some other link ¸Õ œ A \ ¸ satisfying it. The image of ¸Õ has one endpoint in S Õ
and the other in S ÕÕ , hence it satisfies the {e1 , e2 }-cut.
Now we can proceed with the proof of Lemma 25.
Proof of Lemma 25. By Proposition 26, we obtain an equivalent statement of
the lemma by replacing A with the set S(A) of the internal projections of links
in A and replacing ¸ with its internal projection S(¸).
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Figure 3.3. The graph G is introduced by the black edges, the internal links are
shown by the blue edges and the red edge is an external link. The bold blue edges
are a pair of crossing internal links.
Let B(¸) = (w0 , . . . , wq ) and C1 , . . . , Cq be the corresponding sequence of
cycles visited by a simple path between the endpoints of ¸. Consider any cycle
C not in the above list. Then trivially any pair of edges in C is covered by
links in S(A) \ S(¸). Therefore it is sufficient to consider pairs of edges e1 , e2
belonging to the same cycle Ci . Let ¸i = (wi , wi+1 ) be the internal projection
of ¸ with both endpoints in Ci , and define similarly Si (A) w.r.t. S(A). Then
it is sufficient to show that Si (A) is a feasible solution for the CycAP instance
induced by Ci if and only if Si (A) \ ¸i is a feasible solution for the CycAP
instance induced by Ci |¸i , which follows from Lemma 27.

3.2

Approximation algorithms

In this section, we present our approximation algorithms for CycAP. We start
with a simple 53 -approximation to show our main intuition
and
illustrate the
1
2
main ideas. Then we present a slightly more complex 32 + ‘ -approximation.
Both algorithms are based on greedy choices of links. The approach we will
follow in both cases is as follows: in the first phase, we iteratively add a properly chosen subset of a few links to the solution under construction, and then
contract them. Notice that, after the first contraction, the cycle structure may
be lost and we obtain a CacAP instance instead. These choices are designed
so that, at the end of the first phase, the remaining CacAP instance can be
solved efficiently, which is done in a second phase with an ad-hoc algorithm.
We remark that the running times of the presented algorithms are not analyzed
in detail, and indeed such a task may require to devise carefully crafted data
structures.
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We next describe a simple greedy algorithm that provides a 53 -approximation
for CycAP. We need the following definitions.
Definition 28. A link ¸ = (u, v) of a CacAP instance is internal if both its
endpoints belong to a common cycle, and external otherwise.
Definition 29. Given a CacAP instance, a pair of internal links {(u1 , v1 ), (u2 , v2 )}
of a cycle C is crossing if they are node disjoint and deleting u2 and v2 disconnects u1 from v1 in C.
In the first stage of the algorithm we only add external links plus crossing
pairs of links. More in detail, the algorithm has two main stages. The first stage
consists of a set of rounds, where in each round we first check if there exists an
external link ¸, in which case we add it to our solution, contract it and proceed
to the next round. Otherwise, if there exists a pair of (internal) crossing links
¸Õ and ¸ÕÕ , we add them to our solution, contract them and proceed to the
next round. If none of the two cases above applies, we are left with a CacAP
instance without any external link or crossing pairs of links which we address in
the second stage of the algorithm. We refer to this algorithm as crossing-first.
As the following lemma states, in the second stage we can efficiently compute
the optimal solution.
Lemma 30. Consider an instance (G = (V, E), L) of CacAP. If there are no
external links and no crossing pairs of links, then every minimal solution has
size exactly |V | ≠ 1 and induces a spanning tree over V .

Proof. We prove the first part of the claim by induction on n = |V |. The base
case n = 2 is trivial since in this case the instance is just a cycle consisting of
two parallel edges and any link must be incident to the two nodes of G (hence
defining a feasible solution). For the inductive case, assume the claim is true
up to instances having n ≠ 1 nodes, and consider an instance of the problem
defined by a cactus G having n nodes with optimal solution OPT. If G is not
a cycle of length n, then it is defined by a set of cycles of length at most n ≠ 1
where every link is internal, so we can apply the inductive hypothesis to each
cycle independently. If G is a cycle of n nodes, then let ¸ = (u, v) œ OPT.
Contracting ¸ leads to a CacAP instance on two cycles C1 and C2 sharing
a common node w, with |V (C1 )| + |V (C2 )| = n. Let OPTÕ be the optimal
solution for the new instance. By Lemma 25, |OPT| = |OPTÕ | + 1. Observe
that any remaining link ¸Õ must have both endpoints in the same Ci (otherwise
¸ and ¸Õ would be crossing). Thus by the inductive hypothesis the optimum
solution for the problem induced by Ci has size |V (Ci )| ≠ 1. It then follows
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that |OPTÕ | = |V (C1 )| ≠ 1 + |V (C2 )| ≠ 1 = n ≠ 2. Hence |OPT| = n ≠ 1 as
desired.
For the second part of the claim, it is sufficient to show that a minimal
solution does not induce a cycle. By contradiction, consider a minimal solution
containing a simple cycle LÕ , and consider now a solution where we remove
precisely one arbitrary link ¸ = (u, v) from LÕ . Consider any pair of edges e1 , e2
belonging to the same cycle such that ¸ satisfies the {e1 , e2 }-cut. Since LÕ \ ¸
induces a simple u-v path, then some ¸Õ œ LÕ \ ¸ must satisfy the cut. Thus
LÕ \ ¸ is a feasible solution, contradicting the minimality of LÕ .
By showing that the number of links in the second stage is a lower bound
on the size of the optimal solution we obtained the following result:
Theorem 31. The crossing-first algorithm is a 53 -approximation for CycAP.
Proof. Let OPT be the optimal solution and APX the computed solution. Let
also nÕÕ be the number of nodes remaining at the end of the first stage, and
APXÕ (resp. APXÕÕ ) be the set of links added to the solution during the first
(resp. second) stage. Since contracting an external link decreases the number
of nodes by at least 2 and contracting any pair of crossing links decreases the
number of nodes by at least 3, we have that |APXÕ | Æ 23 (n ≠ nÕÕ ).
By Lemma 30, |APXÕÕ | = nÕÕ ≠ 1, and hence |APX| Æ 23 (n ≠ nÕÕ ) + nÕÕ ≠ 1 =
2n+nÕÕ ≠3
. On the other hand, since any feasible solution must be an edge cover,
3
we have that |OPT| Ø n/2. Observe also that |OPT| Ø nÕÕ ≠ 1 since by Lemma
25 contracting links cannot increase the cost of the optimum solution. Thus
APX|
(2n+nÕÕ ≠3)/3
|OPT| Ø max{n/2, nÕÕ ≠ 1}. We can conclude that ||OPT
Æ
Æ 53 ,
|
max{n/2,nÕÕ ≠1}
being nÕÕ ≠ 1 = n/2 the worst case.
Finally we designed an input showing that the approximation ratio of
crossing-first is no better that 53 (see Figure 3.4), which shows that our analysis
in the proof of theorem 31 was tight.
Lemma 32. The approximation ratio of the crossing-first algorithm is not
better than 53 .
Proof. Consider the following construction: for each k Ø 2 consider an instance
(Gk , Lk ) of CycAP defined by a cycle of n = 6k nodes (assume that the cycle is
defined by the order of the nodes v1 , v2 , . . . , v6k ) and the following set of links
(see Figure 3.4 (Left)):
• (v1 , v n2 +1 ) œ Lk ;
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Figure 3.4. Left: Instance (G2 , L2 ) from the lower bound construction in
Lemma 32. Red links define an optimal solution. Right: If the algorithm in
the first phase picks and contracts the crossing links {(v1 , v3 ), (v2 , v4 )}, this is the
obtained CacAP instance.
• For each i = 1, . . . , n2 ≠ 1, (vi+1 , vn+1≠i ) œ Lk ;

• For each i = 1, . . . , n6 , (v3(i≠1)+1 , v3(i≠1)+3 ) œ Lk and (v3(i≠1)+2 , v3(i≠1)+4 ) œ
Lk ;
Notice that the first and second set of links define a feasible solution of
size n2 , hence being optimal: if we remove any two edges of the cycle, then
we are either satisfying the corresponding cut via (v1 , v n2 +1 ), or one side of the
partition is contained in either {v2 , . . . , v n2 } or in {v n2 +2 , . . . , vn } but the links
selected form a matching between those sets.
We will now prove that there exists a sequence of choices performed by
our algorithm that outputs a solution of size 5n
≠ 1, which implies that the
6
5
2
approximation ratio is at least 3 ≠ n and this value approaches 53 as k goes to
infinity. Notice first that the pair of links {(v1 , v3 ), (v2 , v4 )} ™ Lk is crossing,
and hence the algorithm can include them in the solution in the first round
(and finish the round). Furthermore, after these links are contracted no link
becomes external as the new cactus instance consists of a cycle of length n ≠ 3,
and also the links with endpoints vn , vn≠1 and vn≠2 are not part of any pair of
crossing links (see Figure 3.4 (Right)). If we now iteratively pick all the pairs
of crossing links {(v3(i≠1)+1 , v3(i≠1)+3 ), (v3(i≠1)+2 , v3(i≠1)+4 )} ™ Lk , i = 2, . . . , n6 ,
after n6 rounds we end up with a cycle of length n2 without crossing links, and
the algorithm must now take the remaining n2 ≠1 links to complete the solution.
Thus, the size of the computed solution is 2 · n6 + n2 ≠ 1 = 56 n ≠ 1, proving the
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claim.
Now we describe our more advanced ( 32 + ‘)-approximation algorithm. Here
we introduce a new classification of the links, namely a classification by size.
Definition 33. The length of an internal link (u, v) is the length of the shortest path between u and v in the corresponding cycle. For a given parameter
0 < ‘ < 1, an internal link is called long if its length is at least 1Á , and short
otherwise.
Our algorithm consists of the following two main phases. In the first phase,
we iteratively check if there exists a long (internal) link ¸. Otherwise, we check
if there exists an external link ¸. In both cases, we add ¸ to the solution under
construction and contract it. Observe that contracting links does not create
new long links, hence we will first select a set Llong of long links, and then a
set Lext of external links.
After exhausting the previous choices, we move to the second phase. Here
we are left with an instance where all links are short and internal. This allows
us to solve independently the sub-instance induced by each cycle. We refer to
this algorithm as long-first. This second stage can be solved efficiently, due to
the lack of long links, by means of the following lemma1 .
Lemma 34. Given a CycAP instance, there exists an algorithm based on dy2
namic programming that returns the optimal solution in time poly(n) · 2O(hmax ) ,
where hmax is the maximum length among the links.
Let Lshort be the collection of edges obtained in the second stage. The final
solution is Llong ﬁLext ﬁLshort . The intuition is that |Llong | is very small compared
to the size of the optimal solution, external edges are greedily good choices and
Lshort is an exactly optimal solution for the final stage and is a lower-bound for
the size of the optimal solution.
Theorem 35. The long-first algorithm is a ( 32 + Á)-approximation algorithm
for CycAP.
2

Proof. The running time of the algorithm is upper-bounded by poly(n)2O(1/Á ) .
Consider next the approximation factor. Note first that |Llong | Æ Án. Indeed,
contracting a long link always increases the number of cycles in the cactus by
one without decreasing the number of edges, and all these cycles always have
1

This lemma implies that CycAP is FPT with parameter hmax .
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size at least 1/Á, so there are at most Án of them. Similarly to Theorem 31, we
have that |OPT| Ø |Lshort | and |OPT| Ø n2 .
1
2
3
If |Llong |+|Lext |+|Lshort | Æ (3+2Á)n
then
we
already
have
a
+
Á
-approximation
4
2
n
as |OPT| Ø 2 . Otherwise, since the contraction of each external link reduces
the number of nodes by at least 2 and the contraction of any other link reduces
the number of nodes by at least 1, we have that |Llong |+2|Lext |+|L
1 short | Æ
2 n. So
(3+2Á)n
(1≠2Á)n
n+2Án
1
|Lext | Æ n ≠ 4 = 4 and hence |Lext | + |Llong | Æ 4 Æ 2 + Á |OPT|.
Since |OPT| Ø |Lshort |, we have that in this case the size of the solution is also
at most ( 32 + Á)|OPT|, concluding the proof.
Ô
Remark 36. By replacing Á with 1/ log n in the above construction, we can
obtain a slightly improved approximation factor of 3/2 + o(1) which still runs
in polynomial time.
It remains to prove Lemma 34. To do this, we need some more notations.
Given a link ¸ = (u, v), we say that the edges of the shortest path between u
and v in the cycle are covered by ¸ (in case of multiple shortest paths we choose
the one going from u to v in counter-clockwise order along the cycle). Given
an edge e of the cycle, we define the cut-neighborhood of e, namely N (e), as
the 2hmax ≠ 1 edges that are closest to e, e included. We also define NL (e) as
the set of links in L covering at least one edge from N (e).
Notice that in any feasible solution to a CycAP instance, at most one edge
of the cycle is not covered: if it is not the case, then the cut defined by two
uncovered edges is not satisfied as any link satisfying the cut would cover one
of these two edges. We can use this observation to characterize the feasibility
of a solution in terms of the cut-neighborhoods.
Lemma 37. Consider a CycAP instance and let A be a set of links such that
every edge of the cycle is covered by some link in A. A is feasible iff for each
edge e, all the {e, eÕ }-cuts, where eÕ œ N (e), are satisfied.

Proof. If A is feasible then the required properties are clearly satisfied since
every cut is satisfied. On the other hand, suppose that A satisfies that every
edge is covered by some link in A and the {e, eÕ }-cuts are satisfied for every
edge e and eÕ œ N (e). Consider a pair of edges {e, eÕ } such that eÕ œ
/ N (e).
By definition of N (e) there is no link in A covering both edges at the same
time, and as e is covered by some link, this link satisfies the {e, eÕ }-cut. This
implies that A is feasible as every cut is satisfied.
This lemma is useful as it implies that, given an edge e and a set of links
S, we can optimally complete S in order to satisfy every {e, eÕ }-cut in time
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Figure 3.5. Depiction of an iteration of the DP from Lemma 34, where we are
currently at edge ei . Left: Green links correspond to S and at this point we must
decide which extra links to add to S in order to satisfy the edges e1 , . . . , ei . Right:
This computation is done by looking at a proper previous cell in the table (orange
links) which contains S and satisfies e1 , . . . , ei≠1 , and then add the extra required
links Aú (red links) in order to satisfy ei too.
2

2O(hmax ) just by guessing the subset of links from NL (e) that must be added,
which are O(h2max ) only. Now we proceed to present the proof.
Proof of Lemma 34. Let us assume that we deal with instances of CycAP such
that there exists an optimal solution where every edge is covered by some link.
If it is not the case, as there may be only one uncovered edge, we can guess
this edge and contract it; this leads to an equivalent instance of the problem
where we can require that the optimum solution covers all the edges. We say
that an edge e is satisfied by a set of links A if it is covered by some link in A
and furthermore every {e, eÕ }-cut is satisfied by A. In particular A is a feasible
solution for the problem iff it satisfies all the edges.
We next design a dynamic programming algorithm to compute a minimum
cardinality feasible solution. Let us name the nodes v1 , v2 , ..., vn in counterclockwise order starting from some arbitrary node v1 , and let the edges be
ei = (vi , vi+1 ) for each i = 1, . . . , n (assuming vn+1 = v1 ).
For each edge ei and S ™ NL (ei ), we define a cell T [i][S] which will correspond to a set S Õ of links of smallest cardinality such that for each j œ {1, . . . , i},
ej is satisfied by S Õ , subject to S ™ S Õ . It is then sufficient to return T [n][ÿ].
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We initialize the table by computing T [1][S] for each set S ™ NL (e1 ),
which can be done by guessing how to complete S in order to satisfy e1 with
links from NL (e1 ). Then, for each i Ø 2 and S ™ NL (ei ), in order to fill
the cell T [i][S], we consider all the possible subsets A ™ NL (ei ) such that
S(A) := T [i ≠ 1][(S ﬁ A) ﬂ NL (ei≠1 )] ﬁ (S ﬁ A) satisfies ei . Among them we
select a set Aú that minimizes |S(A)|, and we set T [i][S] = S(Aú ) (see Figure 3.5
for a sketch).
The correctness of the computation follows by a simple induction on i. The
2
table can be filled in total time poly(n) · 2O(hmax ) , plus an extra factor n from
the initial guessing of an uncovered edge (that is contracted).
We complement Theorem 35 with an asymptotically matching lower bound.
Lemma 38. The approximation ratio of the long-first algorithm is at least 32 .
1
Proof. Consider the following construction: for each k > 2Á
consider an instance (Gk , Lk ) of CycAP defined by a cycle of n = 4k nodes (assume that the
cycle is defined by the order of the nodes v1 , v2 , . . . , v4k ) and the following set
of links (see Figure 3.6 (Left)):

• For each i = 1, . . . , n2 ≠ 1, (vi+1 , vn+1≠i ) œ Lk ;
• (v1 , v n2 +1 ) œ Lk ;
• For each i = 1, . . . , n4 ≠ 1, (vi+1 , v n2 +1≠i ) œ Lk .
As argued in Lemma 32, the first and second set of links define an optimal
solution of size n2 . We will now prove that there exists a sequence of choices
performed by our algorithm that outputs a solution of size 3n
≠1, which implies
4
3
2
that the approximation ratio is at least 2 ≠ n and this value approaches 32 as k
goes to infinity. Notice first that the link (v n4 +1 , v 3n +1 ) œ Lk has length 2k > 1Á
4
and hence it is long so the first stage of the algorithm can include it in the
solution. After doing that, the second and third set of links become external
and thus the algorithm will include them in the solution. Once all these links
are included and contracted, we get a cactus consisting of two cycles of n4 nodes
each and without crossing links (see Figure 3.6 (Right)). Hence, the algorithm
must pick all the remaining
1 links
2 to complete the solution. The size then of
n
n
this solution is 4 + 1 + 2 4 ≠ 1 = 3n
≠ 1.
4
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Figure 3.6. Left: Instance (G4 , L4 ) from the lower bound construction in
Lemma 38. An optimal solution is defined by red links. Right: If the algorithm picks first the thick red link (which is long) and then the links which become
external (blue links and (v1 , v9 )) we obtain this subinstance without crossing pairs
of links.

3.3

Hardness of Approximation for CycAP

In this section we prove that CycAP is APX-hard via a reduction from a restricted case of 3-Dimensional Matching (3DM). In the general version of 3DM
we are given three disjoint sets W, X and Y having equal cardinality p and a
set of m hyperedges H ™ W ◊ X ◊ Y . A (3D) matching is a subset M ™ H
such that each element of W ﬁ X ﬁ Y belongs to at most one hyperedge in M ,
and this matching is perfect if |M | = p. Notice that in a perfect matching M
each element of W ﬁ X ﬁ Y belongs to precisely one hyperedge. The goal is
to determine whether a perfect matching exists. We will consider the special
case 3DM-K, K œ N, where we add the constraint that each element from
W ﬁ X ﬁ Y appears in at most K hyperedges. The following result will help
us to conclude our final claim.
Theorem 39 (Petrank [1994]). For some fixed Á0 > 0, it is NP-hard to distinguish whether an instance of 3DM-5 with |W | = |X| = |Y | = q has a perfect
matching (of size q) or every matching has size at most (1 ≠ Á0 )q.
The proof of the following theorem is similar in spirit to the proof of NPhardness for WTAP due to Frederickson and JáJá [1981] and the extension
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presented by Kortsarz et al. [2004]. In the first reduction the authors start
from an instance A of 3DM with 3p nodes and m hyperedges, and build a
WTAP instance B such that: A has a feasible solution (with p hyperedges) iff
B has a feasible solution with p + m links. By duplicating the edges in B, one
obtains a CacAP instance C with exactly the same property over some cactus
G. Our main idea is to turn C into an instance D of CycAP by constructing
an Euler tour GÕ out of G and shortcutting some nodes. However, we need to
carefully choose the ordering in the Euler tour in order to preserve a mapping
between the feasible solutions of C and D. By following the refined approach
from the second reduction, we will show that it is hard to distinguish solutions
with a gap depending on the maximum degree in the instance and then use
Theorem 39 to conclude the following result.
Theorem 40. For some fixed Á > 0, it is NP-hard to approximate CycAP
within a factor 1 + Á.
Construction of the instance: Let H ™ W ◊X ◊Y be an instance of 3DM
with |H| = m, W = {w1 , . . . , wp }, X = {x1 , . . . , xp } and Y = {y1 , . . . , yp }. We
will define an instance (G = (V, E), L) of CycAP where nodes are placed on
the cycle in the order as they appear below in counterclockwise direction (see
Figure 3.7 for a depiction of the instance):
• For each node xi œ X we define a node xi ;
• For each node yi œ Y we define a node yi ;

• Let H(wi ) denote the hyperedges in H containing wi œ W . For each
hyperedge h œ H(wi ) we define two nodes, namely hX and hY (hyperedge
nodes). These nodes are added to the cycle in the following order. For
each i œ {1, . . . , p}, we add first nodes hX corresponding to hyperedges
in H(wi ) (in some arbitrary order) and then the corresponding nodes hY
respecting the same order used before. We will denote the first set of
nodes by HX (wi ), and the second set by HY (wi ).
The set of links L is defined as follows:
• For each hyperedge h œ H we add the link (hX , hY );

• For each hyperedge h œ H and a node x œ X, we add the link (hX , x) iff
x œ h;
• For each hyperedge h œ H and a node y œ Y , we add the link (hY , y) iff
y œ h.
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Figure 3.7. Example of the construction in Theorem 40. Red links correspond to
hyperedge h(2) = (w1 , x2 , y1 ) and green links join the copies of the hyperedges.
Lemma 41. If the 3DM instance H contains a 3D matching M with p hyperedges then the CycAP instance (G, L) constructed as above admits a solution
A of size p + m.
Proof. Suppose that H contains a 3D matching M of size p. We build a
solution A to (G, L) as follows: For each hyperedge h = (w, x, y) œ M we add
to A the links (hX , x) and (hY , y). Also, for each hyperedge h œ H \ M we
add the link (hX , hY ) to A. Observe that the total number of links in A is
2p + (m ≠ p) = p + m.
Let us show that A is a feasible solution. By Observation 22, it is sufficient
to consider any pair of edges {e1 , e2 }, and show that there exists some link
¸ œ A satisfying the corresponding {e1 , e2 }-cut. Let us denote by S Õ and S ÕÕ
the sets of nodes induced by the cut. Let HX (resp., HY ) be the collection of
nodes of type hX (resp., hY ). We make the following case distinction: Suppose
first that e1 is incident to two nodes in X or e1 = (xp , y1 ) (the case e1 being
incident to two nodes in Y is symmetric). We distinguish the following 3
subcases depending on e2 :
1. Suppose e2 is incident to at least one node in X ﬁ Y . Then one of the sets
in the cut, say S ÕÕ , contains all the hyperedge nodes while S Õ contains at
least one node in z œ X ﬁ Y . By construction each node in X (resp. Y )
is adjacent to some node in HX (resp., in HY ). Thus this cut is satisfied.
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2. Suppose e2 is not incident to any node in HY (wp ). Then one of the sets
in the cut, say S Õ , contains completely Y , while S ÕÕ contains HY (wp ). By
construction, for h = (wp , x, y) œ M , ¸ = (hY , y) œ A, hence this cut is
satisfied.
3. Suppose e2 is incident to some node in HY (wp ). Then one of the sets in
the cut, say S ÕÕ , contains HX while the other set contains at least one node
x from X. Again by construction, for h = (w, x, y) œ M , ¸ = (hX , x) œ A.
Hence this cut is satisfied.

Suppose on the other hand that e1 and e2 are incident to at least one
hyperedge node. Notice that one of the sets in the cut, say S Õ , contains X ﬁ Y .
We distinguish the following 2 subcases:
1. If S ÕÕ contains entirely HX (w) or HY (w) for some w œ W , then for h =
(w, x, y) œ M , (hX , x) or (hY , y) is contained in A and the cut is satisfied.
2. In the remaining case we prove that the following claim holds: There
exists an hyperedge h such that hX œ S Õ and hY œ S ÕÕ .

Suppose by contradiction that for every hyperedge h both hX and hY
belong to the same side of the considered cut. Let wi be such that either
HX (wi ) or HY (wi ) has non-empty intersection with both sides of the cut.
Note that such wi must exist, otherwise there would exist wj such that S ÕÕ
contains either HX (wj ) or HY (wj ) completely which was already covered
by the previous case. Assume w.l.o.g. that HX (wi ) = {h1X , . . . , hqX } is the
considered set with elements sorted in counterclockwise direction. Since
h1X and h1Y are on the same side of the partition and HX (wi ) is not fully
contained in any side of the partition, it must hold that one set of the
partition is properly contained in HX (wi ). Then any node inside that set
has its copy on the other side of the partition. This is in contradiction
with the assumption.
Let h be an hyperedge as in the previous claim. We are either adding
to the solution the link that joins both copies of h (i.e. the case when
hœ
/ M ) and the proof is finished, or we are adding the two links joining
the two copies of h to elements in X and Y (i.e. the case when h œ M ).
Since X ﬁ Y is contained in S Õ and both copies of h are in different sides
of the partition, one of the links satisfies the cut.
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For any z œ W ﬁ X ﬁ Y in a 3DM instance, let deg(z) be the number of
hyperedges in H containing z. Let also denote the maximum degree of the
instance, i.e.,
= maxzœW ﬁXﬁY deg(z). By following an analogous approach
to the one from Kortsarz et al. [2004], we can prove that even instances with
a gap can be mapped.
Lemma 42. If the CycAP instance (G, L) constructed as above admits a solution A with |A| Æ (1 + Á)(p + m), then the 3DM instance H contains a 3D
matching M with |M | Ø p ≠ (2 + 10 )(p + m)Á.

Proof. Let A be a feasible solution to (G, L) with |A| Æ (1 + Á)(p + m). Note
that G contains 2(p+m) nodes and the links must form an edge cover (otherwise
the resulting graph would not be 3-connected). Call a node permissible if it
is adjacent to exactly one link in A and impermissible otherwise. Let Vperm
and Vimperm be the set of permissible and impermissible nodes respectively. We
will first prove that the number of impermissible nodes is upper bounded by
2Á(p + m). In fact, if degA (v) denotes the number of links in A incident to v,
we have that
2|A| =

ÿ

vœV

| degA (v)| =

ÿ

vœVperm

degA (v) +

ÿ

vœVimperm

degA (v) Ø |Vperm | + 2|Vimperm |

where the last inequality comes from the fact that impermissible nodes are
adjacent to at least two links. Since |A| Æ (1+Á)(p+m), and |Vperm |+|Vimperm | =
2(p + m), we can conclude the claim.
We will now compute a set M Õ which is almost a matching. We initialize
M Õ = ÿ and then, iteratively for j = 1, . . . , p, we try to add an hyperedge to M Õ
as follows: if xj is permissible, then it is adjacent to one node h(j)
x œ HX (let us
(j)
(j)
(j)
assume hx œ HX (wi )); if both hx and its copy hy œ HY (wi ) are permissible,
then h(j)
y is adjacent to one node yk . If yk is permissible, then we add (wi , xj , yk )
Õ
to M . Notice that hyperedges added by this procedure are indeed in H by
construction. Our claim is that |M Õ | Ø p ≠ 2 (p + m)Á. Actually, if xj , h(j)
x or
(j)
hy are impermissible, then only one iteration fails (the one indexed by j). If
yk is impermissible then it can cause at most iterations to fail, since it can
be connected to at most
nodes in HY . If we denote by ny the number of
impermissible nodes yk involved in the procedure, then the number of iterations
that fail is at most (2Á(p + m) ≠ ny ) + ny . Since ny Æ 2Á(p + m) (the total
number of impermissible nodes), the number of iterations that fail is at most
2 (p + m)Á, proving the claim.
By construction, hyperedges in M Õ have different elements from X and Y
but elements from W might be repeated. Thus, for every wi belonging to more
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than one hyperedge in M Õ , we remove from M Õ all but one of such hyperedges,
obtaining M ÕÕ which is now a matching. Let µ = p ≠ |M ÕÕ | be the number of
vertices wi not appearing in any hyperedge of M Õ (equivalently of M ÕÕ ). Since
|M Õ | ≠ |M ÕÕ | Æ p ≠ |M ÕÕ | = µ, we can find a lower bound on the size of M ÕÕ by
bounding above µ. We indeed claim that µ Æ (2 + 8 )(p + m)Á.
(j)
(j)
(j)
Let LÕ be the links in L of the form (xj , hX ) and (yk , hY ) where hX
(j)
corresponds to a hyperedge (wi , xj , yk ) œ M Õ and hY corresponds to its copy.
We have that |LÕ | = 2|M Õ | Ø 2p ≠ 4 (p + m)Á, hence
|A \ LÕ | Æ (1 + Á)(p + m) ≠ 2p + 4 (p + m)Á = m ≠ p + (1 + 4 )(p + m)Á.
Consider on the other hand the µ nodes wi which are not intersected by
hyperedges in M Õ . Since A is a feasible solution, for each such wi there must
be a link in A connecting HX (wi ) ﬁ HY (wi ) and X ﬁ Y , because otherwise we
could disconnect HX (wi ) ﬁ HY (wi ) from the rest of the graph by removing the
two edges in the boundary of HX (wi ) ﬁ HY (wi ), contradicting the feasibility of
A. Notice that these µ links are part of A \ LÕ . Furthermore, since A is an edge
cover, the remaining 2m ≠ 2p ≠ µ nodes in HX ﬁ HY untouched by LÕ plus the
µ aforementioned links must be incident to some link in A, implying that
|A \ LÕ | Ø µ +

2m ≠ 2p ≠ µ
µ
=m≠p+ .
2
2

Combining both inequalities we get that µ Æ (2 + 8 )(p + m)Á, and hence
we conclude that the size of M ÕÕ is at least
|M Õ | ≠ µ Ø p ≠ 2 (p + m)Á ≠ (2 + 8 )(p + m)Á = p ≠ (2 + 10 )(p + m)Á,
completing the proof.
We can now use Lemmas 41 and 42 together with Theorem 39 to conclude
the proof of Theorem 40. Notice that in 3DM-5, since
= 5, we have that
m = |H| Æ 5|W | = 5p.
Proof of Theorem 40. We will show that our reduction presented above is gappreserving. Specifically, we will show that if H is an instance of 3DM-5 and
(G, L) is the corresponding CycAP instance, then
1. If H admits a matching of size p, then (G, L) admits a feasible solution
of size p + m;
2. If H does not admit a matching of size at least p(1 ≠ Á0 ), then (G, L)
Á0
does not admit a feasible solution of size at most (p + m)(1 + 312
).
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The first statement follows directly from Lemma 41, while the second is the
Á0
contrapositive of Lemma 42 when setting Á = 312
, as in this case we have that
p ≠ (2 + 10 )(5p + p)Á = p(1 ≠ 312Á) = p(1 ≠ Á0 ).

3.4

Hardness of Approximation for WCycAP

We now provide an approximation preserving reduction from WCacAP to
WCycAP. Note that finding a better-than-2-approximation for WCacAP is at
least as hard as finding such an approximation for WTAP, a big open problem
in the area. Therefore our reduction shows that achieving a similar result for
WCycAP is a very hard task as well.
Theorem 43. Given an instance A of WCacAP, it is possible to construct in
polynomial time an instance B of WCycAP (whose only possibly new weight
value is 0) such that any feasible solution to A can be mapped in polynomial
time into a feasible solution to B of the same cost and vice versa.
To prove Theorem 43 we make use of the “inverse” of the contraction of a
link, which we call an expansion: Consider a WCacAP instance with a node
v with degree greater than 2. An expansion of v will consist of taking two
cycles containing v and replacing them by the Eulerian tour that traverses
them starting from v. Every node appears exactly once except for v which
appears twice, for which we create two copies: v1 the starting node and v2 the
intermediate one. The links originally incident to v are replaced by links of the
same cost incident to v1 , and we also add a link of cost zero between v1 and
v2 (see Figure 3.8 for an example). The two main properties of this procedure
are that: (1) the contraction of a link created by an expansion brings back
the graph to the original state and (2) v is replaced by v1 and v2 , which have
degree deg(v) ≠ 2 and 2, respectively.

3.5

LP Relaxations for CycAP

We start by lower-bounding the integrality gap of the standard cut LP for
CycAP.
Lemma 44. The Integrality gap of the standard cut LP for CycAP is at least
2.
Proof. Consider the input to be a graph G that is a cycle of size k. Now for
each edge in edge in G, we introduce a link which is parallel to e.
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Figure 3.8. Depiction of an expansion applied to node v in the left graph considering
the cycles to the left and right of v. Dashed edges correspond to links and the
highlighted link in the right graph corresponds to the extra link of cost zero added
by the expansion.
In this case, since the 2-edge cuts are any pair of the edges of G, then a subset
LÕ of links is a feasible solution if and only if |L| > k ≠ 2. Moreover, setting
each variable to 12 , we can satisfy all the constraints of the standard cut LP,
which yields a feasible fractional solution of cost k2 .
This shows that the standard cut LP is not strong enough even for instances without crossing nor long links, cases that we can handle optimally via
combinatorial algorithms. We next present a stronger LP that exploits a more
general set of constraints.
Let (G = (V, E), L) be a CycAP instance and S ™ E. We define the Sreduced instance (GS , LS ) as follows: We contract the edges of E \ S, obtaining
a cycle with |S| edges which defines GS , and the set of links LS will correspond
to the images of L. Notice that there is a one-to-one relation between LS and
the links in L which satisfy some cut defined by a pair of edges from S. We
denote by OPTS the optimal solution for the instance (GS , LS )2 . The following
lemma characterizes the feasibility of a solution.
Lemma 45. Given an instance (G, L) of CycAP, a solution A ™ L is feasible
iff for every S ™ E it holds that |A ﬂ LS | Ø |OPTS |.
Proof. Suppose that there exists S ™ E such that |A ﬂ LS | < |OPTS |. This
means that A ﬂ LS is not a feasible solution for (GS , LS ) and hence there exist
two edges ei , ej œ S such that no link in A ﬂ LS satisfies the {ei , ej }-cut. As
2

For |S| Æ 1, we simply set OPTS = ÿ.
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Figure 3.9. Instance showing that the standard cut LP has integrality gap 2. The
label on the links correspond to their LP value.
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Figure 3.10. Depiction of the k-edge-cut LP. The set L{e1 ,e2 ,e3 } is formed by the
blue links. This corresponds to the following constraint: x1 + x2 + x3 Ø 1, which
does not appear in the standard cut LP.
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the remaining links in A \ LS also do not satisfy the cut by definition, this cut
remains unsatisfied in the original instance, implying that A is not feasible.
On the other hand, suppose that A satisfies the claimed property for every set S. If we consider just sets S consisting of two edges this is exactly
the characterization of feasibility shown in observation 22, implying that A is
feasible.
q

This implies that we can add the constraint ¸œLS x¸ Ø |OPTS | for S ™ E.
Unfortunately there is an exponential number of such constraints and most of
them require to compute |OPTS | for large instances. However, if we restrict
ourselves to sets of edges having constant size, we get an LP formulation with
polynomially many constraints that can be written in polynomial time. We
call this LP the k-edge-cut LP for a given constant k œ N, which is similar in
spirit to the bundle-LP for TAP introduced by Adjiashvili [2017].
min
s.t.

ÿ

x¸

¸œL
ÿ

¸œLS

x¸ Ø |OPTS |

0 Æ x¸ Æ 1

(k-edge-cut LP)
’S ™ E, |S| Æ k
’¸ œ L

Notice that for k = 2 this is exactly the standard cut LP. Now we will prove
some properties of this relaxation and bound its integrality gap.
Lemma 46. Given Á > 0, for k = Á12 the k-edge-cut LP restricted to instances
with links of length at most 1Á has integrality gap at most (1 + 2Á).
Proof. We will assume w.l.o.g. that the set of links L contains every possible
link of length 1. If it is not the case, let us include them obtaining a new set
of links LÕ ´ L. The optimal LP value can only decrease while the size of the
optimal solution cannot decrease, implying that the integrality gap can only
increase due to this operation. To see this last fact, assume by contradiction
that there exists a solution OPTÕ for the new instance having strictly smaller size
than OPT. Consider now a solution S consisting of OPTÕ ﬂ L plus a minimal set
of links from L that makes S feasible (this is possible since the instance admits
a feasible solution). If we in parallel iteratively contract the common links in
S and OPTÕ we arrive to the same CacAP instance, but now the remaining
links from OPTÕ have length 1 and the contraction of each of them reduces
the number of nodes in the instance by exactly one node while the contraction
of the remaining links in S reduces the number of nodes by at least 1. Thus
|S| Æ |OPTÕ | which is not possible since S ™ L.
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Let X = (x¸ )¸œL be an optimal solution for the k-edge-cut LP. We will
q
construct an integral feasible solution of size at most (1 + Á) ¸œL x¸ . To do
so, we will partition the cycle into disjoint intervals as follows: We will first
define an interval of size k (which we will call a long interval) and then an
interval of size 1Á (which we will call a short interval), and then continue with
this procedure until it is not possible to continue. If in the end there are at
most 1Á edges we define a last short interval consisting of these remaining edges,
otherwise we define a short interval consisting of the last 1Á edges and a long
interval consisting of the remaining edges (which willÍ have size
Î at most2 k). The
Á n
number of short intervals is upper bounded by 1 + 1/Á2n+1/Á Æ 1 + 1+Á
Æ Á2 n
assuming w.l.o.g. that n is lower bounded by a large enough constant.
q
Notice that ¸œL x¸ Ø n/2 by a simple averaging argument over the n constraints corresponding to all the pairs of consecutive edges: every link appears
in exactly two such constraints and the right-hand side of each constraint is 1.
Since the total number of links of length 1 having both endpoints in a short
q
interval is at most Á2 n · 1Á = Án Æ 2Á ¸œL x¸ , we can add them to our solution
at a negligible cost.
Consider now the set of long intervals S1 , S2 , . . . , ST . Notice that no link has
endpoints in different long intervals, and hence the LP constraints associated
q
to such intervals do not share common variables. This implies that ¸œL x¸ Ø
qT
i=1 |OPT Si |. Our feasible solution will consist of all the links of length 1
with both endpoints in a short interval plus the optimal solutions OPTSi for
each long interval Si . As argued before, the size of this solution is at most
q
(1 + 2Á) ¸œL x¸ and the feasibility of the solution follows since every {e, eÕ }cut where e is in a short interval is satisfied by a link of length 1, while the
remaining cuts are satisfied by the links computed optimally.
Lemma 47. Given Á > 0, for k = Á12 the k-edge-cut formulation has integrality
gap at most (1 + 4Á) restricted to instances without crossing pairs of links.
Proof. Let X = (x¸ )¸œL be an optimal solution for the k-edge-cut LP. Suppose
that the instance does not contain links of length at least 1Á , then we can
conclude the claim thanks to Lemma 46. Otherwise, we will pick any link of
length at least 1Á and contract it, obtaining a CacAP instance consisting of two
cycles without external links (as there are no crossing links), both of size at
least 1Á . If any cycle still contains some long link, we iterate this procedure. Let
Llong be the set of long links we picked during this procedure and C1 , C2 , . . . , CT
be the set of cycles at the end. By the same argument as in Theorem 35, we
q
have that |Llong | Æ Án Æ 2Á ¸œL x¸ .
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Applying Lemma 46 to each cycle, we obtain a feasible solution of size at
q
most (1 + 2Á) Ti=1 OPTLPi + |Llong |, where LPi is the k-edge-cut LP defined by
each cycle Ci and its internal links. As there are no external links, the sum of
the previous LP solutions is the optimal solution for the following LP:
min

ÿ

x¸

¸œL\Llong

s.t.

ÿ

¸œLS

x¸ Ø |OPTS | ’i œ {1, . . . , T }, ’S ™ E(Ci ), |S| Æ

0 Æ x¸ Æ 1

1
Á2

’¸ œ L \ Llong

The set of constraints of this LP is a subset of the constraints of the original
LP as links in Llong do not appear in these constraints and the set of variables is
q
q
a subset of the original one. Thus we have Ti=1 OPTLPi Æ ¸œL x¸ , and then we
q
can conclude that the constructed solution has size at most (1+4Á) ¸œL x¸ .
Following the proof of Theorem 35 plus the previous results we can get the
following bound on the integrality gap for general instances of CycAP.

Corollary 48. For any Á > 0, the integrality gap of the k-edge-cut LP for
k = Á12 is at most 32 + O(Á).
Proof. Let X = (x¸ )¸œL be
1 an 2optimal solution for the k-edge cut LP and
consider the output of the 32 + Á -approximation from Section 3.2 decomposed
into Llong , Lext and Lshort as in the proof of Theorem 35. As argued before, we
q
know that ¸œL x¸ Ø n2 and analogously to the proof of Lemma 47 we have that
q
|Lshort | Æ (1 + 2Á) ¸œL x¸ . Hence essentially the same analysis as in Theorem
35 provides the same bound of 3/2 + O(Á) up to an extra (1 + Á) factor.
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Chapter 4
The Cactus Augmentation
Problem
In this section we present our improved approximation algorithm for the Cactus Augmentation problem (CacAP). As mentioned earlier, this implies an improved approximation algorithm for the Connectivity Augmentation problem
(CAP).
Our result is based on a reduction to the (cardinality) Steiner tree problem
by Basavaraju et al. [2014], which is described later. The authors use this
connection to design improved parameterized algorithms (see also Marx and
Végh [2015] for a related result). Recall that in the Steiner Tree problem
we are given an undirected graph GST = (T ﬁ S, EST ), where T is a set of t
terminals and S a set of Steiner nodes. Our goal is to find a tree (Steiner tree)
OP TST = (T ﬁ A, F ) that contains all the terminals (and possibly a subset
of Steiner nodes A) and has the minimum possible number of edges |OP TST |.
Basavaraju et al. observed that, given a CacAP instance (G = (V, E), L), it is
possible to construct (in polynomial time) an equivalent Steiner Tree instance
GST = (T ﬁ L, EST ). Here T corresponds to the nodes of degree 2 in G, L are
the Steiner nodes, and the edges EST are defined properly. In particular, an
optimal solution to GST induces an optimal solution to (G, L) and vice versa.
An example of the reduction is given in Figure 4.2.
Unfortunately, this reduction is not approximation-preserving. In particular, by working out the simple details (see also Section 4.1), one obtains that a
ﬂST -approximation for Steiner Tree implies a ﬂ Æ 3ﬂST ≠ 2 approximation for
CacAP. The current best value of ﬂST is ln 4 + Á < 1.39 due to Byrka et al.
[2013]. Hence this is not good enough to obtain ﬂ < 21 . However the main
1

One would need ﬂST <

4
3

here. Notice that this is not ruled out by the current lower
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observation here is that after the reduction we obtain an instance of Steiner
Tree which is more structured than an arbitrary instance of this problem. This
allows us to use the same algorithm as Byrka et al. [2013], but with a refined
analysis that takes advantage of the special structures of our Steiner tree instances. Using this we break the barrier of 2 for CacAP for the first time. More
precisely, We show that:
Theorem 49. For any constant Á > 0, there is a polynomial-time 2 ln(4) ≠
967
+ Á < 1.9092 + Á approximation algorithm for the Cactus Augmentation
1120
Problem.
Corollary 50. For any constant Á > 0, there is a polynomial-time 2 ln(4) ≠
967
+ Á < 1.9092 + Á approximation algorithm for the Connectivity Augmenta1120
tion Problem.
Proof. It follows directly from Theorem 49 and the reduction to CacAP implied
by Dinitz et al. [1976].
We remark that, from a technical point of view, our result deviates quite
substantially from prior approximation algorithms for TAP. The first improvements on a 2 approximation where achieved via greedy-style algorithms and a
complex case analysis (see Even et al. [2009]; Kortsarz and Nutov [2016a,b];
Nagamochi [2003]). More recent approaches are based on rounding stronger
and stronger LP (or SDP) relaxations for the problem (Adjiashvili [2017];
Cheriyan and Gao [2018a,b]; Fiorini et al. [2018]; Grandoni et al. [2018]). We
also use an LP-based rounding algorithm, which is however defined for a generic
Steiner tree instance (while the properties of TAP are used only in the analysis).

4.1

Steiner Tree and Connectivity Augmentation

In this section we describe the mentioned reduction by Basavaraju et al. [2014]
from CacAP to Steiner tree.
Consider a CacAP instance (G = (V, E), L). For a link ¸ = (v0 , vq+1 ), let
v1 , . . . , vq be the sequence of nodes of degree at least 4 other than v0 and vq+1
that lie along every simple v0 -vq+1 path. Notice that each pair ¸i = {vi , vi+1 }
lies along a distinct cycle Ci visited by the mentioned path. We call each such
¸i the projection of ¸ on Ci . (See figure 4.1 for an example)
Consider two links ¸ = {x, y} and ¸Õ = {xÕ , y Õ } that have endpoints in the
same cycle C. Then we say that ¸ and ¸Õ interact if one of the following two
bounds on the approximability of Steiner tree.
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Figure 4.1. An example of projection. The dashed red edges are the projection of
the red link.
conditions hold: (1) they share one endpoint or (2) taking one simple x-y path
P along C, P contains exactly one node in {xÕ , y Õ } as an internal node. We
say that any two links ¸ and ¸Õ interact if there exists a projection ¸i of ¸ and
a projection ¸Õj of ¸Õ such that ¸i and ¸Õj belong to the same cycle and interact.
See Figure 4.2 (left) for an example. From (G, L) we construct a Steiner tree
instance GST = (T ﬁ S, EST ) as follows. For each one of the t nodes v of degree
2 in G, add a terminal v to T ; for each link ¸ œ L, add a Steiner node ¸ to S (i.e.,
S = L); for each ¸ œ L and endpoint v œ T of ¸, add {¸, v} to EST ; finally, for
any two links ¸ and ¸Õ that interact, add {¸, ¸Õ } to EST . See Figure 4.2 (right)
for an example. Note that the instance GST has the following properties:
Remark 51. Each Steiner node is adjacent to at most 2 terminals.
Remark 52. The neighbors of each terminal are Steiner nodes and form a
clique.
We will critically exploit the following lemma sketched in Basavaraju et al.
[2014] (Lemma 1). For the sake of completeness we give a (more detailed) proof
of it.
Lemma 53 (Basavaraju et al. [2014]). A ™ L is a feasible solution to a CacAP
instance (G, L) iff, in the corresponding Steiner tree instance GST = (T ﬁ
L, EST ), GST [T ﬁ A] is connected.
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Proof. ≈ Assume by contradiction that A is not a feasible CacAP solution.
Then there exists a 2-edge cut {e1 , e2 }, for two edges e1 , e2 belonging to some
cycle C of G, which is not covered by any link in A. Let GL = (VL , EL ) and
GR = (VR , ER ) be the two (vertex disjoint) connected components identified
by this cut. Let also tL and tR be any two degree 2 nodes in VL and VR ,
respectively. (Observe that these nodes must exist.) By assumption there
exists a (simple) path P = tL , ¸1 , . . . , ¸q , tR between tL and tR in GST [T ﬁ A],
where all ¸i ’s are link nodes. Since {e1 , e2 } is not covered, each such link has
both endpoints either in VL or in VR . Furthermore, ¸1 and ¸q have one endpoint
in VL and VR , resp. Hence there must be two consecutive links ¸i and ¸i+1 where
¸i has both endpoints in VL and ¸i+1 both endpoints in VR . These links cannot
be interacting, therefore contradicting the fact that {¸i , ¸i+1 } is an edge of GST .
∆ We first observe that, w.l.o.g., we can replace each link ¸ with its projections proj(¸). The feasibility of A is preserved. The same holds for the
connected components of GST [T ﬁ A] since the links in proj(¸) induce a path
in GST . Thus for simplicity we assume that all links in A have both their
endpoints in the same cycle. Let C1 , . . . , Ck be the cycles of G. For any cycle
Ci of the cactus G let Ai be the set of links in A with both their endpoints in
Ci . The following lemma shows that GST [Ai ] is connected.
Lemma 54. Let G = (V, E) be an input cactus of CacAP which consists
of exactly one cycle and let A be a feasible solution for G. Then GST [A] is
connected.
Proof. Assume that GST [A] is not connected. Then A can be partitioned in
LR and LB , such that for any lR œ LR and lB œ LB , lR and lB do not interact.
We call the links in LR red links and the links in LB blue links. We can also
partition V in VR and VB , such that the endpoints of red links belong to VR
and the endpoints of blue links belongs to VB . Therefore we call VB and VR ,
blue vertices and red vertices respectively.
Let V1 , V2 , . . . , V2k be the partition of vertices of the cycle G into maximal
consecutive blocks of vertices of the same color, so that V1 ﬁV3 ﬁ· · ·ﬁV2k≠1 = VR
and V2 ﬁ V4 ﬁ · · · ﬁ V2k = VB .
We say that a link ¸ = {u, w} œ A is nice, if u and v belong to different
blocks Vi and Vj , i ”= j. We say that an edge e = {u, v} œ E is colorful if u is
red and v is blue or vice versa. Note that G has precisely 2k colorful edges. If
there is no nice link in A, then any pair of colorful edges of G is not covered
by A, which is a contradiction.
Assume that ¸ = {u, v} œ A is a nice link, such that the distance between
u and v in the cycle G is minimum. Assume that u œ V1 and v œ V2x+1 (and
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therefore these are red vertices) and also that the vertices of V2 are in the
shortest path from u to v. Now let e1 and e2 be the colorful edges such that
exactly one of their endpoints is in V2 . Now we show that the cut formed by
e1 and e2 is not covered by A.
Assume that {e1 , e2 } is covered, then there should be a link ¸1 = (w, z) such
that w œ V2 and z ”œ V2 . Then either this link is a nice link that interact with
¸, which is a contradiction since ¸ œ LR and ¸1 œ LB , or ¸1 is a nice link such
that the distance of w and z is less than the distance of u and v.
For every pair of cycles Ci and Cj that share a vertex v, there is a link
¸i œ Ai and ¸j œ Aj which are incident to v, thus ¸i and ¸j interact. We can
conclude that GST [A] is connected. Finally, since A is feasible, there exists at
least one link ¸ œ A incident to each node t of degree 2 in G, which implies
that the edge {¸, t} belongs to EST . Thus GST [T ﬁ A] is also connected.
Notice that the above reduction is not approximation-preserving. Still, we
can state the following.
Corollary 55. The optimum solution OP T to the input CacAP instance, induces a solution OP TST of cost |OP TST | = |OP T | + t ≠ 1 for the associated
Steiner tree instance. Vice versa, given a solution AP XST to the Steiner tree
instance, one can construct in polynomial time a solution AP X to the input
CacAP instance with |AP X| = |AP XST | ≠ t + 1.
Proof. Both claims follow directly from Lemma 53. For the first claim, it is
sufficient to observe that a spanning tree of GST [T ﬁOP T ] contains t+|OP T |≠1
edges. For the second claim, observe that the Steiner nodes in AP XST induce
a feasible solution to CacAP. The claim follows since |AP XST | = s + t ≠ 1,
where s is the number of Steiner nodes in AP XST .
We will exploit also the following simple fact.
Lemma 56. There is a feasible solution OP TST to the Steiner tree instance
with |OP TST | = |OP T | + t ≠ 1 where terminals have degree exactly 1.
Proof. Given any feasible solution ST to the problem, we can transform it into
a solution ST Õ of the same cost where some terminal v of degree d(v) Ø 2 in
ST has degree d(v) ≠ 1 in ST Õ . In order to do that, consider any terminal v
adjacent to two Steiner nodes ¸ and ¸Õ in ST . By Remark 52, ¸ and ¸Õ are
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Figure 4.2. (left) Instance of CacAP, where dashed edges denote links. The
projections of ¸1 are {v7 , v1 }, {v1 , v8 } and {v8 , v9 }. Link ¸2 is interacting with
¸1 and ¸5 . (right) The Corresponding Steiner tree instance, where square nodes
denote terminals.
adjacent. Hence ST Õ := ST ﬁ {¸, ¸Õ } \ {v, ¸Õ } is a feasible Steiner tree of the
same cost and with the desired property.
By iteratively applying the above process to the solution OP TST guaranteed
by Corollary 55 one obtains the desired solution.
As mentioned earlier, a ﬂST approximation for Steiner tree (used as a black
box) provides a 3ﬂST ≠ 2 approximation for CacAP by the above construction.
Indeed, the Steiner tree instance has cost at most |OP T |+t≠1 by Corollary 55,
hence an approximate solution AP XST would cost at most ﬂST (|OP T | + t ≠ 1).
By the same corollary, we can convert this into a solution AP X to CacAP of
cost at most ﬂST (|OP T | + t ≠ 1) ≠ t + 1. Next observe that |OP T | Ø t/2.
Indeed, any node of degree 2 in the CacAP instance needs to have at least one
link incident to it in a feasible solution, and a link can be incident to at most
2 such nodes. Thus |AP X| Æ 3ﬂST |OP T | ≠ 2|OP T |. In order to improve on
this simple bound, we will have to open the box.

4.1.1

Steiner Tree via Iterative Randomized Rounding

As we mentioned in the introduction, the current best (ln 4 + Á)-approximate
Steiner tree algorithm from Byrka et al. [2013], used as a black box, is not good
enough to break the 2-approximation barrier for CacAP. However, it turns
out that the same algorithm achieves this goal in combination with a different
analysis that exploits the properties of the specific Steiner tree instances arising
from CacAP.

51

4.2 An Improved CacAP Approximation Algorithm

We next sketch the basic properties of the algorithm and analysis in Byrka
et al. [2013] that we need here. A more detailed description is given in Section A in the Appendix for the sake of completeness. The authors of Byrka
et al. [2013] consider an LP relaxation DCRk for the problem based on directed k-components for a proper constant parameter k depending on Á. They
iteratively solve this LP, sample a directed k-component C with probability
proportional to the LP values, and contract C. The process ends when all
terminals are contracted into one node. This algorithm can be derandomized,
and the deterministic version is good enough for our application. We do not
need more details about this algorithm, other than that it runs in polynomial
time.
In the analysis the authors of Byrka et al. [2013] consider any feasible
Steiner tree ST = (T ﬁ A, F ), which is seen as rooted at some arbitrary node
r. Then the authors define a marking scheme where some child edge of each
internal (Steiner) node is marked. A given marking scheme defines a witness
set W (e) for each edge e: this consists of pairs of terminals {tÕ , tÕÕ } such that
the (simple) tÕ -tÕÕ path in ST contains e and precisely one unmarked edge.
We let w(e) = |W (e)|. Notice that marked edges form a forest spanning all
nodes, with exactly one terminal in each connected component. Therefore,
each unmarked edge e is on a single path only, hence w(e) = 1. Then the
authors prove the following, where Hi := 1 + 12 + . . . + 1i is the i-th harmonic
number.
Lemma 57 (Byrka et al. [2013]). For any feasible Steiner tree ST = (T ﬁA, F )
and marking scheme, for a large enough parameter k = OÁ (1), the cost of the
q
solution computed by the above algorithm is at most (1 + Á) eœF E[Hw(e) ].

4.2

An Improved CacAP Approximation Algorithm

In this section we present our improved approximation for CacAP. The algorithm is rather simple: we just build the Steiner tree instance GST =
(T ﬁ L, EST ) associated with the input CacAP instance (G, L) and compute
an approximate solution AP XST to G via the algorithm in Byrka et al. [2013]
sketched in Section 4.1.1. Then we derive from AP XST a feasible solution
AP X to the input CacAP instance as described in Corollary 55. We let apx
denote the approximation ratio of this algorithm.
In Section 4.2.1 we describe our alternative marking scheme and prove some
of its properties. In Section 4.2.2 we complete the analysis of the approximation
factor.
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Figure 4.3. A feasible Steiner tree for the instance of Figure 4.2, which happens
to be well-structured. Bold edges denote a possible marking. One has m(¸3 ) =
e := {¸3 , ¸7 }, and W (e) contains {v9 , v12 }, {v9 , v5 } and {v9 , v3 }. Notice that
w(e) = |W (e)| = d(¸3 ) + d(¸1 ) ≠ 1. Leaf-Steiner nodes are drawn in grey. Here ¸2
(resp., ¸3 ) is a good (resp., bad) father. Consequently ¸5 (resp., ¸6 ) is good (resp.,
bad). A feasible grouping is g(¸2 ) = {¸2 }, g(¸3 ) = {¸3 , ¸7 }, g(¸1 ) = {¸1 , ¸6 },
g(¸4 ) = {¸4 }, and g(¸5 ) = {¸5 }.

4.2.1

An Alternative Marking Scheme

Recall that in the analysis of the Steiner tree approximation algorithm in Byrka
et al. [2013], one can focus on a specific feasible Steiner tree ST and on a
specific marking scheme (so that Steiner nodes are connected to some terminal
via paths of marked edges). As feasible solution ST we consider the solution
OP TST = (T ﬁ OP T, F ), of cost |OP T | + t ≠ 1 and with terminals being leaves,
guaranteed by Lemma 56.
We mark edges in the following way. Let us root OP TST at some Steiner
node r which is adjacent to at least one terminal. For a Steiner node ¸, we let
d(¸), s(¸) and t(¸) be the number of its children, Steiner children, and terminal
children, resp. In particular d(¸) = s(¸) + t(¸) and (by Remark 51) t(¸) Æ 2.
For each link node ¸, there are two options. If ¸ has at least one terminal
child, we select one such child t uniformly at random, and mark edge {¸, t}.
Otherwise, we choose a child ¸Õ of ¸ (¸Õ being a Steiner node) uniformly at
random, and mark edge {¸, ¸Õ }. Notice that this is obviously a feasible marking
scheme. Observe also that in our marking we favor edges connecting Steiner
nodes to terminals: this will be critical in our analysis. See Figure 4.3 for a
possible marking of this type.
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Let AP XST be the Steiner tree computed by the algorithm. Let Fmar and
Funm be the (random) sets of marked and unmarked edges, resp., that partition
F . Recall that for each e œ F , there exists a (random) witness set W (e) of
size w(e) = |W (e)|. Observe that each Steiner node ¸ has precisely one marked
child edge m(¸). We let the cost c(¸) of ¸ be E[Hw(m(¸)) ]. The following bound
on the approximation ratio holds.
Lemma 58. apx Æ 2Á +

1+Á
|OP T |

q

¸œOP T

c(¸).

Proof. Recall that by Lemma 57 the expected cost of the computed Steiner
tree AP XST is, modulo a factor (1 + Á), at most
E[
= E[

q

q

eœF

Hw(e) ] = E[

eœFmar

q

eœFmar

Hw(e) +

Hw(e) + |Funm |] = E[

q

q

eœFmar

eœFunm

Hw(e) ]

Hw(e) ] + t ≠ 1.

In the second-last equality above we used the fact that w(e) = 1 deterministically for an unmarked edge, and in the last equality above the fact that there
are precisely |OP T | marked edges and consequently exactly t ≠ 1 unmarked
ones. From AP XST we derive a feasible solution AP X to the input instance
of cost |AP X| = |AP XST | ≠ 1 + t by Corollary 55. Hence
|AP X| Æ (1+Á)(E[

ÿ

eœFmar

Hw(e) ]+t≠1)≠1+t Æ (1+Á)E[

ÿ

eœFmar

Hw(e) ]+2Á|OP T |.

In the last inequality above we used the trivial lower bound |OP T | Ø t/2 that
q
we mentioned earlier. The claim follows since by definition eœFmar E[Hw(e) ] =
q
¸œOP T c(¸).
From the above lemma, modulo factors (1 + Á), the approximation ratio
of our algorithm is given by the average cost of Steiner nodes. The following
lemma gives a generic upper bound on the cost for each non-root Steiner node
based on the degree sequence of its ancestors2 .
Lemma 59. Given a non-root Steiner node ¸, let ¸q be the lowest proper ancestor3 of ¸ with t(¸q ) > 0. Let ¸ = ¸1 , ¸2 , . . . , ¸q , q Ø 2, be the simple path
between ¸ and ¸q , and let di = d(¸i ). Then
c(¸) =
2
3

(dh+1 ≠ 1)Hd1 +...+dh ≠h+1 Hd1 +...+dq≠1 ≠q+2
+
.
d2 · . . . · dh+1
d2 · . . . · dq≠1
h=1
q≠2
ÿ

Observe that for the root r, c(r) = Hd(r)≠1 deterministically.
Observe that this ancestor exists since the root has this property by assumption.
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Proof. By definition c(¸) = c(¸1 ) = E[Hw(e) ], where e = m(¸1 ) = {¸1 , ¸0 } is the
marked child edge of ¸1 . Recall that W (e) contains one entry for each path in
the tree between terminals that contains e and precisely one unmarked edge. In
our specific case, condition on {¸0 , ¸1 }, {¸1 , ¸2 }, . . . , {¸h≠1 , ¸h } being a maximal
sequence of consecutive marked edges. Notice that by construction {¸q≠1 , ¸q }
is unmarked (since ¸q has a terminal child by definition), hence h Æ q ≠ 1. In
this case w(e) = d1 + . . . + dh ≠ (h ≠ 1). For h < q ≠ 1, the mentioned event
≠1
happens with probability d12 · . . . · d1h · dh+1
. For h = q ≠ 1, this probability is
dh+1
1
1
· . . . · dh . The claim follows by computing the expectation of Hw(e) .
d2
We next provide an upper bound on c(¸) as a function of d(¸) only. Let us
define the following variant of Hi :
ÿ 1
1
1
Ĥi := Hi + Hi+1 + . . . =
H .
j+1 i+j
2
4
jØ0 2

One has that Ĥ1 = ln(4) and Ĥj+1 = 2Ĥj ≠ Hj . Notice that, modulo an
additive Á, Ĥ1 is precisely the approximation factor for Steiner tree achieved
in Byrka et al. [2013]. The first few approximate values of Ĥi are Ĥ1 < 1.3863,
Ĥ2 < 1.7726, Ĥ3 < 2.0452, Ĥ4 < 2.2571, Ĥ5 < 2.4308, Ĥ6 < 2.5781, Ĥ7 <
2.7062, and Ĥ8 < 2.8195.
The proof of the following lemma, though not entirely trivial, is mostly
based on algebraic manipulations and therefore we postpone it to the appendix.
Lemma 60. For any ¸ œ OP T , c(¸) Æ Ĥd(¸) .
In next subsection we will see that for a carefully defined subset of Steiner
nodes ¸ it is possible to obtain a better upper bound on c(¸) than the one
provided by Lemma 60. This will be critical in our analysis since the latter
bound is not strong enough.

4.2.2

Analysis of the Approximation Factor

In this section we upper bound the approximation factor apx as given by Lemmas 58 and 59. In order to simplify our analysis, it is convenient to focus our
attention on a specific class of well-structured Steiner trees OP TST (see also
Figure 4.3). The following lemma shows that this is (essentially) w.l.o.g.
Definition 61. A rooted Steiner tree is well-structured if, for every Steiner
node ¸: (1) ¸ has at least 2 children and (2) ¸ has 0 or 2 terminal children.
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q

Lemma 62. Let ﬂ be the supremum of ﬂ(OP TST ) = |OP1 T | ¸œOP T c(¸) over
Steiner trees OP TST = (T ﬁ OP T, F ), and ﬂws be the same quantity computed
over the subset of well-structured Steiner trees OP TST of the mentioned type.
Then ﬂ Æ max{Ĥ1 , ﬂws }.
Proof. Recall that in OP TST each Steiner node ¸ has at most 2 terminal children. Consider any such tree where some Steiner node ¸Õ has precisely one
Õ
terminal child t. Consider the tree OP TST
which is obtained from OP TST by
Õ
Õ
appending to ¸ a second terminal child t . Observe that the value of c(¸) does
Õ
not decrease for any ¸, and it increases for ¸ = ¸Õ . Thus ﬂ(OP TST
) > ﬂ(OP TST ).
Hence ﬂ is equal to the supremum of ﬂ(OP TST ) over the subfamily of trees that
satisfies (2) in Definition 61.
Now consider any tree OP TST that satisfies (2), and let o(OP TST ) be the
number of its Steiner nodes with precisely one child. We prove by induction
on o(OP TST ) that ﬂ(OP TST ) Æ max{Ĥ1 , ﬂws }. The claim is trivially true for
o(OP TST ) = 0 since in this case OP TST is well-structured. Assume the claim is
true up to q ≠1 Ø 0, and consider OP TST = (T ﬁOP T, F ) with o(OP TST ) = q.
Let ¸Õ be any Steiner node with precisely one child ¸ÕÕ . Observe that ¸ÕÕ has to
be a Steiner node as well by (2), and that c(¸Õ ) Æ Ĥ1 by Lemma 60. Consider
Õ
the tree OP TST
= (T ﬁ OP T Õ , F Õ ) obtained by contracting edge (¸Õ , ¸ÕÕ ). We
Õ
Õ
observe that OP TST
satisfies (2), o(OP TST
) = q ≠ 1 and |OP T Õ | = |OP T | ≠ 1.
Note also that for any Steiner node ¸ different from ¸Õ and ¸ÕÕ the value of c(¸)
does not change, while for the new node ¸˜ resulting from the contraction one
˜ = c(¸ÕÕ ). We can conclude that
has c(¸)

=

1
(Ĥ1
|OP T |

+

1
|OP T |

q

q

¸œOP T Õ

¸œOP T

c(¸) Æ

1
(Ĥ1
|OP T |

+

c(¸)) Æ max{Ĥ1 , |OP1T Õ |

q

q

¸œOP T \{¸ÕÕ }

¸œOP T Õ

c(¸))

c(¸)} Æ max{Ĥ1 , ﬂws },

where in the last inequality we used the inductive hypothesis.
We next show an upper bound on ﬂws which is strictly greater than Ĥ1 . It
then follows from Lemma 62 that the same upper bound holds on ﬂ. For this
goal, we next assume that OP TST is well-structured.
The upper bound on c(¸) from Lemma 60 is not sufficient to achieve a good
approximation factor. In order to achieve a tighter bound, we consider the
following classification of the Steiner nodes (see also Figure 4.3).
Definition 63. A Steiner node ¸Õ is a good father if it has at least one terminal
child (hence precisely 2 such children by the above assumptions), and a bad
father otherwise. Each Steiner child ¸ of a good father ¸Õ is good, and all other
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Steiner nodes are bad. Let OP Tgf , OP Tbf , OP Tg and OP Tb denote the sets
of good fathers, bad fathers, good nodes and bad nodes, resp.
Notice that the above classification is not affected by the random choices
in the marking scheme. For good nodes, the analysis of the cost can be refined
as follows.
Lemma 64. For any ¸ œ OP Tg , c(¸) Æ Hd(¸) .
Proof. Suppose ¸ has a parent ¸Õ , which is a good father by definition. This
implies that the edge (¸Õ , ¸) is deterministically unmarked, hence w(m(¸)) =
d(¸) deterministically. If ¸ has no parent (i.e., it is the root r), then w(m(¸)) =
d(¸) ≠ 1. The claim follows.
Putting everything together, we obtain the following.
1+Á q

Lemma 65. apx Æ 2Á+ |OP T |

¸œOP T

Y
]H

cÕ (¸) where cÕ (¸) = [
Ĥd(¸)
d(¸)

if ¸ œ OP Tg ;
if ¸ œ OP Tb .

Proof. It follows from Lemma 58, by replacing c(¸) as in Lemma 59 with the
upper bounds given by Lemmas 60 and 64.
We rewrite the upper bound from Lemma 65 as follows. Let p œ [0, Ĥ2 ≠H2 ]
be a parameter to be fixed later. Intuitively, each good Steiner node ¸ œ OP Tg
pays a present p to its (good) father ¸Õ œ OP Tgf to thank ¸Õ for making itself
good. This increases the cost of ¸ by p. Symmetrically, each good father
¸Õ œ OP Tgf collects presents from its (good) Steiner children and uses them
to lower its own cost. Clearly by definition the total modification of the cost
is zero. Let us call cÕÕ (¸) the modified costs. Then one obtains the following
equality:
ÿ
ÿ
1
1
cÕ (¸) =
cÕÕ (¸)
|OP T | ¸œOP T
|OP T | ¸œOP T

where
cÕÕ (¸) =

Y
_
_
Hd(¸)
_
_
_
_
]

+ p ≠ s(¸)p if ¸ œ OP Tg ﬂ OP Tgf ;

Hd(¸) + p

_
_
Ĥd(¸)
_
_
_
_
[Ĥ
d(¸)

(4.1)

≠ s(¸)p

if ¸ œ OP Tg ﬂ OP Tbf ;
if ¸ œ OP Tb ﬂ OP Tgf ;
if ¸ œ OP Tb ﬂ OP Tbf .

In order to upper bound (4.1), we partition OP T into groups of nodes as
follows (see also Figure 4.3).
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Definition 66. A Steiner node ¸ is leaf-Steiner if it has no Steiner children
(i.e., d(¸) = t(¸) = 2) and internal-Steiner otherwise (i.e., s(¸) > 0). We let
OP Tlf and OP Tin be the set of leaf-Steiner and internal-Steiner nodes, resp.

We associate to each ¸ œ OP Tin a distinct subset OP Tlf (¸) of precisely
s(¸) ≠ 1 leaf-Steiner nodes, and let g(¸) = {¸} ﬁ OP Tlf (¸) be the group of
¸. The mapping is constructed iteratively in a bottom-up fashion as follows.
Initially all Steiner nodes are unprocessed. We maintain the invariant that
the subtree rooted at an unprocessed leaf-Steiner node or at a processed node
with unprocessed parent contains precisely one unprocessed leaf-Steiner node.
Clearly the invariant holds at the beginning of the process. We consider any
unprocessed internal-Steiner node ¸ whose Steiner descendants are either processed or leaf-Steiner nodes. By the invariant, each subtree rooted at a Steiner
child of ¸ (which is either an unprocessed leaf-Steiner node or a processed
internal-Steiner node) contains one unprocessed leaf-Steiner node. Among this
set of s(¸) unprocessed leaf-Steiner nodes, we select arbitrarily a set OP Tlf (¸)
of size s(¸) ≠ 1 and set g(¸) = {¸} ﬁ OP Tlf (¸). All nodes in g(¸) are marked as
processed. Observe that the subtree rooted at ¸ still contains an unprocessed
leaf-Steiner node, hence the invariant is preserved in the following steps. At
the end of the process (i.e., after processing the root r) there will be precisely
one leaf-Steiner node ¸ú which is still unprocessed, which forms a special group
g(¸ú ) = {¸ú } on its own. Notice that the groups define a partition of OP T . In
t
particular, OP T = {¸ú } ﬁ ¸œOP Tin g(¸). Notice also that |g(¸)| = s(¸) for all
¸ œ OP Tin (while |g(¸ú )| = 1).
Let a(¸) be the average value of cÕÕ (·) over the elements of g(¸). Then
obviously the maximum value of a(¸) over the groups upper bounds the average
value of cÕÕ (·):
ÿ
1
cÕÕ (¸) Æ
max {a(¸)}.
¸œOP Tin ﬁ{¸ú }
|OP T | ¸œOP T

(4.2)

For ¸ = ¸ú one has that a(¸ú ) = cÕÕ (¸ú ) = Ĥ2 if ¸ú is bad, and a(¸ú ) = cÕÕ (¸ú ) =
H2 + p Æ Ĥ2 otherwise. For the other groups g(¸), there is always a subset
of s(¸) ≠ 1 leaves whose contribution to the cost is at most Ĥ2 each by the
same argument as above. Furthermore, we have to add the cost cÕÕ (¸). We can
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conclude that:

a(¸) Æ

Y
_
_
a1 (s(¸))
_
_
_
_
_
_
a (s(¸))
_
_
] 2

a3 (s(¸))
_
_
_
_
_
_a4 (s(¸))
_
_
_
_
[

:=
:=
:=
:=

Hs(¸)+2 +p≠s(¸)p+(s(¸)≠1)Ĥ2
s(¸)
Hs(¸) +p+(s(¸)≠1)Ĥ2
s(¸)
Ĥs(¸)+2 ≠s(¸)p+(s(¸)≠1)Ĥ2
s(¸)
Ĥs(¸) +(s(¸)≠1)Ĥ2
s(¸)

Ĥ2

if ¸ œ OP Tg ﬂ OP Tgf ;
if ¸ œ OP Tg ﬂ OP Tbf ;
if ¸ œ OP Tb ﬂ OP Tgf ;
if ¸ œ OP Tb ﬂ OP Tbf ;
if ¸ = ¸ú .

In the first and third case above we used the fact that d(¸) = s(¸) + 2 (¸ is
a good father, hence has 2 terminal children), while in the second and fourth
case the fact that d(¸) = s(¸) (¸ is a bad father, hence has no terminal child).
We are now ready to prove the main result of this paper.
Proof of Theorem 49. Consider the above algorithm. Combining Lemma 65
with (4.1) and (4.2) one gets
apx Æ 2Á + (1 + Á) max{Ĥ2 , a1 (i), a2 (i), a3 (i), a4 (i)}.
iØ1

(4.3)

We need the following technical result (proof in Appendix).
Claim 67. For any p œ [0, Ĥ2 ≠ H2 ], the maximum of a1 (i), a2 (i), a3 (i), and
a4 (i) is achieved for i at most 6, 8, 6 and 8, resp.
From (4.3) and Claim 67, for any p œ [0, Ĥ2 ≠ H2 ], one has
apx Æ 2Á+(1+Á) max{Ĥ2 , max {a1 (i)}, max {a2 (i)}, max {a3 (i)}, max {a4 (i)}}.
1ÆiÆ6

1ÆiÆ8

1ÆiÆ6

1ÆiÆ8

(4.4)
Numerically the minimum of the right-hand side of (4.4) is achieved for p ƒ
0.135, and the two largest values inside the maximum turn out to be a2 (7)
and a3 (1). By imposing H7 +67Ĥ2 +p = a2 (7) = a3 (1) = Ĥ3 ≠ p one gets
p = 7Ĥ3 ≠H87 ≠6Ĥ2 . For that value of p the value of the maximum is precisely
H7 +6Ĥ2 +Ĥ3
967
= 2 ln 4 ≠ 1120
. The claim follows by scaling Á properly.
8

Chapter 5
Conclusions
In this thesis, we discussed several variants of Network Augmentation problems,
with the focus on the Connectivity Augmentation problem.
In the first attempt, we identified Cycle Augmentation as a challenging special case. We showed that CycAP does not admit a PTAS using a reduction to
the 3-Dimensional Matching problem and then we presented two approximation algorithms for this problem. Our first algorithm was simple and fast with
the approximation factor of 53 using a greedy approach. Then using a dynamic
programming we achieved a ( 32 + Á)-approximation algorithm for this problem
and showed that this problem is FPT on the length of the longest link.
In chapter 4 we presented the first approximation algorithm with factor
below 2 for CAP using a reduction to the Steiner Tree problem.
In the next section we propose some relevant open problems and interesting
directions for future research.

5.1

Open Problems

There are many Survivable Network Design problems that are worth investigating in terms of approximability.
Even after the worthy result of Cecchetto et al. [2021], still it is possible to
improve the approximability of CAP. In particular, 43 seems to be a challenging but reasonable goal. Proving an –-inapproximability result for some –
significantly above 1 is also of great importance.
A major problem that needs a substantial progress is WTAP. This problem
has received a lot of attention in the past decades, however, there has been no
59
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success in breaking the 2-approximation barrier1 .
The k-ECSS problem is another well-motivated problem that leaves room
for improvement. Obtaining an approximation algorithm of factor below 2 for
the weighted case would be an amazing breakthrough. Also improving the
current-best 43 approximation factor for 2-ECSS. There have been a few attempts to improve the mentioned factor down to 54 , however they all contained
technical bugs.
The last open problem that we wish to mention is related to FAP, an interesting and natural generalization of TAP and 2-ECSS. Breaching the 2approximation barrier for this problem is an intriguing open problem. One
possibility is to consider first some interesting special cases of this problem,
e.g. when the forest is a collection of paths (the Path Augmentation problem).

1

We recall that recently Traub and Zenklusen [2021] published a preprint (on arXiv)
which claims a (1 + ln 2 + ‘)-approximation for WTAP.

Appendix A
Details of the Steiner Tree
Approximation Algorithm of Byrka
et al. [2013]
We will briefly discuss the ln(4) + ‘ approximation algorithm from Byrka et al.
[2013] for the Steiner tree problem. For a complete presentation of the Steiner
tree algorithm we refer to the original paper (Byrka et al. [2013]). The algorithm is based on the Directed Component Relaxation (DCR) of the Steiner
tree problem.
min
s.t.

ÿ

(DCR)

c(C)xC

CœC

ÿ

+
Cœ”C
(U )

(A.1)

xC Ø 1

’ÿ ”= U ™ T \ {r}

(A.2)

xC Ø 0

’ C œ C.

(A.3)

Here C is a set of directed components, where each directed component
C is a minimum-cost Steiner tree (of cost c(C)) over a subset of terminals.
Furthermore, the leaves of C are precisely its terminals, and C is directed
towards a specific terminal: the latter node is the sink of C, and the remaining
terminals are the sources of C. Intuitively, our goal is to buy a minimum-cost
subset of directed components so that they induce a directed path from each
terminal to the root. In more detail, for any cut U that separates some nonroot terminal from the root, let ”C+ (U ) be the set of components with some
source in U and the sink not in U . Then every feasible solution has to buy
some component in ”C+ (U ). The DCR relaxation follows naturally.
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After restricting DCR to solutions that only use components with at most
k terminals we obtain DCRk . For constant k, DCRk has a polynomial number
of variables. Furthermore, the separation problem can be solved in polynomial
time via a reduction to minimum cut. Therefore DCRk can be solved in polynomial time. Moreover, the value of DCRk is known to be a (1+‘)-approximation
of the value of DCR for large enough k = OÁ (1).
The iterative randomised rounding algorithm from Byrka et al. [2013], until
all terminals are connected to the root, in iterations t = 1, 2, 3 . . ., does the
following:
• solve DCRk for the current instance of the Steiner tree problem to get
xt ;
• sample a component C t from Ck with probability proportional to xtC ;
• contract the sampled component C t .
For the ease of the analysis, by adding dummy components w.l.o.g, one may
assume that the total number of components in the fractional solution remains
q
constant across the iterations of the algorithm, i.e., CœC xtC = M for a proper
M for all t = 1, 2, . . .. It is argued that after t iterations of the algorithm, having
bought the first t sampled components, the residual instance of the problem is
expected to be less costly. To this end a reference solution S t is constructed
t
t
such that S t ﬁ t≠1
tÕ =1 C connects all the terminals. The initial reference solution
S 1 = OP TST is an optimal solution to the Steiner tree instance of cost opt.
Consecutive reference solutions S 2 , S 3 , . . . are obtained by gradually deleting
edges that are no longer necessary due to the connectivity provided by the
already sampled components.
Key to estimate the expected cost of the final solution is to bound the
number of iterations until a particular edge e œ S 1 can be removed. Define
D(e) = max{t|e œ S t }. In Byrka et al. [2013] (proof of Theorem 21) it is
shown that there exist a randomised process of constructing reference solutions
S 1 , S 2 , . . . such that E[D(e)] Æ ln(4) · M , which
Ëq allows one
È to bound the total
t
expected cost of sampled components as E tØ1 c(C ) Æ (ln(4) + ‘) · opt.
Note that the above per-edge guaranty allows for easily handling arbitrary
costs of individual edges. In our application to (unweighted) CacAP, we need
to average over multiple edges to achieve a good enough bound.
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A.1

Witness Tree and Witness Sets

We next slightly abuse notation and sometimes denote in the same way a tree
and its set of edges. The construction of reference solutions S 1 , S 2 , . . . is not
trivial. It involves:
• construction of a terminal spanning tree W , called the witness tree, based
on randomised marking (selection) of a subset of edges of S 1 . Each edge
e of S 1 is associated with a proper subset W (e) ™ W (witness set of e);
• randomised deletion of a proper subset of W in response to selecting a
particular component C t in iteration t;
• removing an edge e from S t when all edges W (e) have already been
deleted.
In the following we discuss the main idea behind and the key properties of
each of the three above mentioned processes. We also pin-point the element of
the analysis that can be modified in order to utilise the specific properties of
the instance we obtain from the reduction from CacAP.
Construction of the witness tree. The high level idea behind the witness
t
t
tree is that we need to always satisfy the condition that S t ﬁ t≠1
tÕ =1 C connects
all the terminals, which is that the remaining fragments of the initial reference solution S 1 together with the already sampled components must provide
sufficient connectivity. To this end a simpler object providing connectivity is
constructed. It is an auxiliary tree W whose node set is the terminals of the
instance (edges of W are independent of the edges of the input graph). It will
be easier to delete edges from W in response to sampling components rather
than deleting them directly from S t .
We will now discuss methods to construct W . Intuitively, removing edges
from a Steiner tree (in response to receiving connectivity from a component) is
directly possible for only a subset of edges of the Steiner tree. In particular it
appears more difficult to remove a Steiner vertex (and hence a path connecting
a Steiner vertex to a terminal). This is related to the concept of Loss and
Loss contracting algorithms (see, e.g., Robins and Zelikovsky [2005]), where
one accepts that the cost of the system of paths connecting Steiner nodes to
terminals is not removable.
Consider the following procedure: For each component1 S Õ of the Steiner
tree S 1 select a single Steiner vertex s and draw the component as a tree
1

Recall that a full component is a maximal subtree whose terminals are exactly its leaves.
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rooted in s. For every Steiner vertex of S Õ select and mark a single edge going
down (away from s). Note that for each Steiner vertex v the marked edges
will form a unique path towards a leaf containing terminal t(v). Note also
that connected components formed by the marked edges will all have a single
terminal node. Construct W (S Õ ) by adding to E(W (S Õ )) an edge {t(u), t(v)}
for each unmarked edge {u, v} of S Õ .2 Observe that the above constructed graph
W (S Õ ) is a tree spanning the terminals of S Õ . By repeating this procedure for
all full components of S 1 we obtain tree W spanning all terminals of the Steiner
tree instance.
So far we did not specify how to select the edge below Steiner node v œ S Õ
to be marked. In Byrka et al. [2013] the tree was assumed to be binary, and
the edge would be selected at random by tossing a fair coin. In the current
paper we use a different marking strategy as discussed in Section 4.2.1.
Marking edges of the witness tree. When edges of the witness tree W become unnecessary, we mark them. We keep the invariant that the unmarked
edges of W together with the already collected components are sufficient to
connect all terminals. Still, given a fixed collection of the already sampled components, the choice of which edges of W to mark is not obvious. In Byrka et al.
[2013] a randomised marking scheme was considered. It was shown (Lemma
19 in Byrka et al. [2013]) that there exists a random process marking edges in
W in response to sampled components, such that for every edge e œ W not
marked until iteration t the probability that it is marked in iteration t is at
least 1/M . In the current work we continue using the mentioned “uniform”
witness tree marking process, and utilise the following lemma.
Lemma 68 (lemma 20 in Byrka et al. [2013]). Let W̃ ™ W . Then the expected
number of iterations until all edges in W̃ are marked is at most H|W̃ | · M .
Removing edges of the reference tree S t . Which edges of the reference tree
can be removed? Clearly it suffices if S t provides the same terminal connectivity as the unmarked edges of the witness tree W . Note that a single edge
e œ W corresponds to a single path p(e) in S 1 . It then suffices to keep the
edges of S 1 that occur in a path p(e) of at least one unmarked edge e œ W .
2

Note that in Byrka et al. [2013] the role of marked and unmarked edges was reversed.
It was irrelevant for the analysis in Byrka et al. [2013] as it was assumed that the tree S Õ
is binary. In this paper however we will exploit the high degree of Steiner nodes in S Õ and
hence prefer to mark the "Loss" edges.
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We introduce the following notation: for an edge f in S 1 let W (f ) = {e œ
W |f œ p(e)}, we call W (f ) to be the witness set of f . Therefore, at iteration
t, the reference solution S t contains the edges from S 1 whose witness sets are
not fully marked until iteration t ≠ 1.
Observe that the expected number of iterations an edge f from the reference
solution survives (until being removed) E[D(f )] can be expressed using only
the size of its witness set W (f ).
Corollary 69. Let f œ S 1 , then E[D(f )] Æ H|W (f )| · M .
Following the argument from the proof of Theorem 21 in Byrka et al. [2013],
we also get
Corollary 70. For k = OÁ (1) large enough, the total cost of components bought
by the algorithm is at most
ÿ
1+Á ÿ
E[D(f )] · c(f ) Æ (1 + ‘) ·
H|W (f )| · c(f )
M f œS 1
f œS 1

Therefore, it suffices to analyse how the marking scheme used in the construction of the witness tree affects distributions of the sizes of the witness sets
for the individual edges of S 1 . To this end we will exploit two properties of our
instances: the high degree of the Steiner vertices in the optimal solutions, and
the fact that all edges of S 1 have the same cost.
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Appendix B
Omitted Proofs from Section 4.2
Claim 71. Hd1 +
Proof. Note that
Ĥd1

qŒ

1
j=d1 +1 j·2j≠d1

q

= Ĥd1 .

i
Œ H +
d1
Hd1 +i ÿ
j=1
=
=
i+1
i+1
2
i=0 2
i=0
Œ
ÿ

1
d1 +j

= Hd1 +

Œ
ÿ

j=1

qŒ

1
i=j 2i+1

d1 + j

1
.
j
j=1 (d1 + j)2

= Hd1 +

Œ
ÿ

Proof of Lemma 60. The claim is trivially true if ¸ is the root since in that case
c(¸) = Hd(¸)≠1 < Ĥd(¸) . So assume ¸ is not the root. For a generic sequence
S = (d1 , . . . , dk ) of positive integers, let us define
f (S) =

(dj+1 ≠ 1) · Hd1 +d2 +...+dj ≠j+1 Hd1 +d2 +···+dk ≠k+1
+
.
d2 · d3 . . . dj+1
d2 · d3 . . . dk
j=1

k≠1
ÿ

Intuitively, this is the right-hand side of the equation in Lemma 59. For an
infinite sequence S Õ = (d1 , d2 , . . .) of positive integers, we analogously define
f (S Õ ) =

(dj+1 ≠ 1) · Hd1 +d2 +...+dj ≠j+1
d2 · d3 . . . dj+1
j=1
Œ
ÿ

Given a finite sequence S = (d1 , . . . , dk ) of the above type, let S̄ = (d1 , . . . , dk , 2, 2, . . .)
be its infinite extension where we add an infinite sequence of 2 at the end.
Claim 72. f (S) Æ f (S̄).
67

68
Proof. By definition
f (S̄) ≠ f (S) =
Ø

(dj+1 ≠ 1) · Hd1 +d2 +...+dj ≠j+1 Hd1 +d2 +...+dk ≠k+1
≠
d2 · d3 . . . dj+1
d2 · d3 . . . dk
j=k
Œ
ÿ

(dj+1 ≠ 1) · Hd1 +d2 +...+dk ≠k+1 Hd1 +d2 +...+dk ≠k+1
≠
d
·
d
.
.
.
d
d2 · d3 . . . dk
2
3
j+1
j=k
Œ
ÿ

Œ
Hd1 +d2 +...+dk ≠k+1 ÿ
1
Hd +d +...+dk ≠k+1
=
≠ 1 2
j
d2 · d3 . . . dk j=1 2
d2 · d3 . . . dk

=

Hd1 +d2 +...+dk ≠k+1 Hd1 +d2 +...+dk ≠k+1
≠
= 0.
d2 · d3 . . . dk
d2 · d3 . . . dk

By the above claim it is sufficient to consider infine sequences of type S̄.
We can also assume w.l.o.g. that all di , i Ø 2, in such sequences are at least 2
by the following claim.
Claim 73. Let S̄ = (d1 , . . . , dk , 2, 2, . . .) and assume there exists di = 1 in the
sequence for some i Ø 2. Let S̄i = (d1 , . . . , di ≠ 1, di + 1, . . . , dk , 2, 2, . . .) be the
subsequence where the i-th entry is removed. Then f (S̄) = f (S̄i ).
Proof. Consider the entries in the sum defining f (S̄) and f (S̄i ). The entry
j = i ≠ 1 in f (S̄) has value 0. For j < i ≠ 1, the j-th entries in f (S̄) and f (S̄i )
are identical. For j > i ≠ 1, the j-th entry in f (S̄) is equal to the j ≠ 1-th entry
in f (S̄i ).
By the above claims we can focus on infinite sequences S = (d1 , . . . , dk , 2, 2, . . .)
where di Ø 2 for i Ø 2. Let us prove by induction on k Ø 2 that f (S) Æ Ĥd1 .
The claim is true by definition for k = 2. Next consider any k > 2 and assume the claim is true for all values up to k ≠ 1. Define S Õ = (d1 + d2 ≠
1, d3 , . . . , dk , 2, 2, . . .). By definition and inductive hypothesis:
f (S) = Hd1
By Claim 71,

d2 ≠ 1 f (S Õ )
d2 ≠ 1 Ĥd1 +d2 ≠1
+
Æ Hd1
+
.
d2
d2
d2
d2
Q

R

ÿ
d2 ≠ 1 Ĥd1 +d2 ≠1
d2 ≠ 1
1
1
b
Hd1
+
= Hd1
+ aHd1 +d2 ≠1 +
j≠d1 ≠d2 +1
d2
d2
d2
d2
jØd1 +d2 j · 2
d1 +d
ÿ2 ≠1

ÿ
1
1
+
j≠d1 ≠d2 +1
j=d1 +1 j · d2
jØd1 +d2 j · d2 · 2
ÿ –j
= Hd1 +
,
jØd1 +1 j

= Hd1 +
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where

Y
]1

–j := [ d2 1
i≠d ≠d
1

j·2

for d1 + 1 Æ j Æ d1 + d2 ≠ 1;
for j Ø d1 + d2 .

2 +1

We observe the following simple facts about the coefficients –j .
Claim 74. One has:
1.

q

jØd1 +1

–j = 1.

2. For every i > 1,
Proof.

1.

q

jØd1 +1

q

jØd1 +i

–j =

d2 ≠1
d2

–j Ø

qŒ

1
j=d1 +d2 d2 ·2j≠d1 ≠d2 +1

+

2. For i Ø d2 , one has
ÿ

jØd1 +i

–j =

Œ
ÿ

j=d1 +i

1
.
2i≠1

1

d2 · 2j≠d1 +d2 ≠1

=

=1≠

1
d2

+

1
.
d2

1
1
Ø
,
d2 · 2i≠d2
2i≠1

where in the inequality we used the fact that k Æ 2k≠1 for any integer
k Ø 1.
For 2 Æ i Æ d2 ≠ 1, one has:
ÿ

jØd1 +i

–j =

d2 ≠ i
1
d2 ≠ i + 1
1
1
+
=
Ø Ø i≠1 ,
d2
d2
d2
i
2

where in the first inequality above we used the fact that k≠j+1
is a dek
creasing function of k Ø j + 1 and d2 Ø i + 1, and in the second inequality
again the fact that k Æ 2k≠1 for k Ø 1.
q

–j
Intuitively, the term A = Œ
j=d1 +1 j is a convex combination of terms of
type 1/j under the constraint that the sum of the tail coefficients is large
enough. An obvious upper bound on A is obtained by choosing coefficients —j
that respect the constraints on –j given by Claim 74, and at the same time are
as large as possible on the smallest terms of the sum. An easy induction shows
1
that the best choice is —j = 2j≠d
for all j Ø d1 + 1. Thus we can conclude
1

f (S) Æ Hd1 +

Œ
ÿ —j
ÿ
–j
1
Æ Hd1 +
= Hd1 +
= Ĥd1 ,
j≠d1
j
j
j
·
2
jØd1 +1
jØd1 +1
j=d1 +1

ÿ

where last equality comes from Claim 71.
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Proof of Claim 67. Consider a1 (i). Excluding a fixed additive term Ĥ2 ≠ p, the
value of this function is aÕ1 (i) := Hi+2i ≠x , where x = Ĥ2 ≠ p œ (0, Ĥ2 ]. Taking
the discrete derivative
aÕ1 (i + 1) ≠ aÕ1 (i) =

x+

i≠1
i+3

≠ Hi+3
i(i + 1)

one might observe that this is negative for i Ø 6 since x + i≠1
Æ Ĥ2 + 1 <
i+3
2.7726 < H9 > 2.8289. The reader might skip the following cases that are
analogous.
Consider now a2 (i). Excluding a fixed additive term Ĥ2 , the value of this
function is aÕ2 (i) := Hii≠x , where x = Ĥ2 ≠ p œ (0, Ĥ2 ]. One has
aÕ2 (i + 1) ≠ aÕ2 (i) =

x + 1 ≠ Hi+1
,
i(i + 1)

which is negative for i Ø 8 since x + 1 Æ Ĥ2 + 1 < 2.7726 < H9 > 2.8289.
Consider next a3 (i). Excluding a fixed additive term Ĥ2 ≠ p, the value of
this function is aÕ3 (i) := Ĥi+2i≠Ĥ2 . One has
aÕ3 (i + 1) ≠ aÕ3 (i) =

Ĥ2 ≠ Ĥi+2 ÿ
1
Ĥ2 + 1 ≠ Ĥi+2
+
Æ
,
j
i(i + 1)
i(i + 1)
jØ1 2 (i + 1)(i + j + 2)

which is negative for i Ø 6 since Ĥ2 + 1 < 2.7726 < Ĥ8 > 2.8194.
It remains to consider a4 (i). Excluding a fixed additive term Ĥ2 , the value
of this function is aÕ4 (i) := Hi ≠i Ĥ2 . One has
aÕ4 (i + 1) ≠ aÕ4 (i) =

Ĥ2 ≠ Ĥi ÿ
1
Ĥ2 + 1 ≠ Ĥi
+
Æ
,
j
i(i + 1)
i(i + 1)
jØ1 2 (i + 1)(i + j)

which is negative for i Ø 8 since Ĥ2 + 1 < 2.7726 < Ĥ8 > 2.8194.
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