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Abstract

Exchangeability is a fundamental concept in probability theory and statistics.
It allows to model situations where the order of observations does not mat-
ter. The classical de Finetti’s theorem provides a representation of infinitely
exchangeable sequences of random variables as mixtures of independent and
identically distributed variables. The quantum de Finetti theorem extends
this result to symmetric quantum states on tensor product Hilbert spaces.
It is well known that both theorems do not hold for finitely exchangeable
sequences. The aim of this work is to investigate two lesser-known rep-
resentation theorems, which were developed in classical probability theory
to extend de Finetti’s theorem to finitely exchangeable sequences by using
quasi-probabilities and quasi-expectations. With the aid of these theorems,
we illustrate how a de Finetti-like representation theorem for finitely ex-
changeable sequences can be formulated through a mathematical representa-
tion which is formally equivalent to quantum theory (with boson-symmetric
density matrices). We then show a promising application of this connection
to the challenge of defining entanglement for indistinguishable bosons.

Keywords: Exchangeability, de Finetti, quantum de Finetti, bosons

1. Introduction

Let (t1,ts,...,t.) be a sequence of r random variables, each variable tak-
ing values in a finite possibility space 2, and let P(ty,ts,. .., t,) be their joint
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probability distribution. When P(tq,ts, ..., t,) is symmetric to permutations
of the labels of the variables ¢;, the sequence is called finitely exchangeable
with respect to P. The classical de Finetti theorem states that, whenever the
considered sequence is finitely exchangeable with respect to P and for every
s > r there is a finitely exchangeable sequence (t,ts,...,ts) with respect
to a joint probability P’ such that P coincides with the marginal of P’ on
(t1,t2,...,t;), then P(ty,ts,...,t,) can be represented as:

P(ty,ta, ..., t,) = E[P(t1)P(ts) - - - P(t,)]

1
— [ PPy P)aP), v
with ¢ a probability measure on the marginal probability distribution P(t)
(of one variable).

One well known issue with this theorem is that it necessarily requires an
infinite sequence extending (¢y, %, . .., t,) for which exchangeability holds for
each segment longer than r. Without such requirement, and thus by sticking
to a finitely exchangeable sequence only, the representation of the operator
E in Eq. (1) as a probabilistic mixture of identical product distributions
fails in general. However, if the finitely exchangeable sequence of r variables
is part of a finite but large enough finitely excheangable sequence of s >> r
variables, the joint distribution of the initial » random variables can be well-
approximately represented in a de Finetti-like manner. Much of the work on
finite exchangeability in classical probability has actually focused on deriving
analytical bounds for the error of this approximation [1, 2].

A quantum analogue of de Finetti’s theorem has been derived in [3—
8]. Widely used in quantum information theory, it states the following.
Let p") be a density matrix on the r-tensor product Hilbert space H®" (
if dim(H) = d, then p( is a d" x d" complex Hermitian positive semi-
definite matrix with trace one). Whenever p(") is symmetric, that is it is
such that Hsymp(”)HI,ym = p(’”) with the matrix II,,, being the so-called
‘symmetriser’, and there is a symmetric density matrix p® on H®* such that
p(’") = Trs_r(p(s)) for every s > r, where Tr,_, denotes the partial-trace
( which performs a marginalisation operation over the subset of the s — r
subsystems), then it holds that
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with o a density matrix in H, ¢®* denotes the tensor product of o with itself
s-times, and ¢ a probability measure on the set of all density matrices in .
The research on analytical bounds has also been extended to the quantum
setting [5, 6] with applications to quantum cryptography [9, 10|, emergence
of classical reality [11] and, more recently, the black hole information puzzle
[12].

In this paper we investigate two other representation theorems that ex-
tend the classical de Finetti’s theorem so as to cover also the case of finitely
exchangeable sequences. Both modify the definition of operator F in Eq. (1).
The first solution keeps the same representation as in the original theorem,
except that ¢ is a normalised signed-measure (a quasi-probability) [13—15|
(which also holds true in the quantum de-Finetti case [6, 16, 17]). The sec-
ond solution instead employs a quasi-expectation operator applied to certain
polynomial functions [14, 15, 18-20]. Our objective is to illustrate, with
the aid of the above results, how de Finetti-like representation theorems for
finitely exchangeable systems can be formulated using a mathematical rep-
resentation which is formally equivalent to quantum theory (QT for short).
This objective is achieved in two steps. First, we will use polynomials of com-
plex conjugate variables to re-derive the extension of the classical de Finetti’s
theorem based on quasi-expectation operators but expressed with the same
mathematical objects as in QT. Second, we will demonstrate that such quasi-
expectation operators are equivalent to boson-symmetric density matrices.
In doing so, we will be able to simulate finite exchangeable sequences us-
ing quantum experiments with bosons. In summary, we will show that a de
Finetti-like representation of finite exchangeability leads to a representation
theorem which encompasses both classical and quantum theories as special
cases. We will then discuss how such representation is related to previous
results [21-23] and to other formulations of QT involving quasi-probability
densities and expectations. Finally, we will use this representation to provide
fresh insights into the challenge of defining entanglement for indistinguishable
bosons. There are at least five main different definitions of entanglement for
indistinguishable bosons in literature. Recently, [24] attempted to systema-
tise these different definitions by proposing a set of properties that should be
used to characterise entanglement for indistinguishable particles. Through
our connection between QT and classical finitely exchangeable probabilities,
we will show that the definitions of two properties given in [24] lead to clearly
interpretable contradictions when applied to classical finitely exchangeable
probabilities. For instance, one of these properties, local operators, would im-



ply that the uniform distribution is finitely but not infinitely exchangeable,
which is clearly false. We then use this analysis to reformulate this property
in a way that avoids this issue.

To provide a clearer and more practical understanding of the different rep-
resentation theorems, in what follows we use a dice rolling experiment as a
case study. These examples will later help to clarify the application of ex-
changeability to the problem of defining entanglement for indistinguishable
bosons.

2. The classical de Finetti’s representation theorem

Consider a dice whose possibility space is given by its six faces:

Q:Z{ ,,,,, }

Let us assume that the upward-facing side of the dice is the one that is facing
the reader. By t1,ts,...,t. we denote the results of r-rolls of the dice. For
example, for r = 3, we can have the three outcomes:

tv, to i3

that is t| = 2, t = 3, and t3 = 3.

Definition 1. Let t,ts,...,t, a sequence of variables and P a joint prob-
ability. The sequence is said to be finitely exchangeable with respect to P,

if
P<t17t27 <o 7tT‘) = P(tﬂ'(l)7tﬂ'(2)7 s 7t7r('r))7

for any permutation m of the index sequence (1,2,...,1).

Considering the previous example. To say that the three rolls are finitely
exchangeable means that

r(@80)-r(B960)-r(B8606).



Definition 2. The sequence is called infinitely exchangeable (with respect to
P) if it is finitely exchangeable (with respect to P) and if for any s > r, there
is a distribution P' with respect to which ti,ts, ..., ts is finitely exchangeable
and such that

P(ty, ... t,) = Z Pty .. byt .o ts).
tr+17~--7t5

Stated otherwise, an infinitely exchangeable sequence can be understood
as a subsequence

subsequence of length r

LU 7tk717 tk7 tk+17 tk‘+27 sy tk‘+n717 tk+7’7 tk‘+7’+17 L

of an infinite sequence of random variables whose joint distribution is invari-
ant under permutations, meaning that their order is irrelevant.

Given r exchangeable rolls t1, ts, . . ., ., their output is fully characterised
by the counts:

L= LA L) LAl L= L

P P G OGP Y 6

n1 No M3 MNg Ny Ng
where n; denotes the number of times the dice landed on i-th face in the
r-rolls. Based on this fact, de Finetti proved his famous representation the-

orem. 1

Proposition 1 (|25]). Let Q be the possibility spaces given by the siz faces of
a dice, and let (ty,...,t,) be a sequence of random variables that is infinitely
exchangeable with probability measure P. Then there exists a distribution
function q such that

P(ty,...,t,) = / 671657 - - - 02°0¢°dq(0), (3)
G

where @ = [01,0,,...,05]" are the probabilities of the corresponding faces and
whose values belong to the possibility space:

6
@:{aemﬁzeizo, Zei:1},

=1

'De Finetti actually proved his theorem for the binary case, a coin. His result can
easily be extended to the dice.



and n; = Y., 0i(t;), where 8,(b) is the Kronecker delta®, that is n; is the

number of occurrences of the i-th face in the sequence tq,. .., t, (this means
that 30 n; =),

In the context of Bayesian statistics, the theorem states that any in-
finitely exchangeable sequence can be seen as generated by first selecting
a probability distribution € from some prior ¢ (probability distribution on
the space of probability distributions) and then letting the ¢; to be i.i.d.
with common distribution 8. For a selected 6, this for instance means that
P(ty = 2,ty = 3,t3 = 3) = 6,02 (the product comes from the independence
assumption).

As mentioned in Section 1, one known issue with the above theorem is
that the assumption of an infinite exchangeable sequence is necessary for the
specific representation to hold |26, 27]. As a counter-example, consider:

P(tl :’L,tzzl) :0,

P(ty =i, to=7) = P(ty = j,ta = i) = — @
Y ) 30

for all © # j = 1,2,...,6. The variables ¢;,t, are finitely exchangeable.

Assume that a representation like (3) holds. Then

0= Pt =ity =1i) = / 02dq(6)
e

for all 7, would imply that ¢ puts mass 1 at all the #; = 0, which is im-
possible. This means that, although the P in (4) is a valid probability, we
cannot express it as (3). In other words, exchangeability is not equivalent to
independence.

Examples of situations that are truly finitely exchangeable were already
discussed by de Finetti in [26]. They can be illustrated by the act of selecting
items from an urn without replacement.

Example 1. Suppose we have an urn containing one black (B) ball and one
white (W) ball. Draw out balls, one at a time and without replacement, and
note the colour. Then we have that

2The Kronecker delta is defined as follows §,(b) = 1 if a = b and zero otherwise.



P(ty = B,ty = B) =0,
P(tl :B,tg :W) :P(tl :W,tg :B) :05,
Pty =Wty =W) =0,

which s finitely but not infinitely exchangeable.

In QT, we can rule out this type of urn-model dependence by choosing
the direction of the measurement randomly and independently for each par-
ticle. This is done in Bell’s experiments. This comment is relevant for the
relationship between exchangeability and entanglement, which we discuss in
Section 5.

Kendall [28] proved that every finite system of exchangeable events is
indeed equivalent to a random sampling scheme without replacement, where
the number of items in the sampling has an arbitrary distribution.

While it is evident that de Finetti’s theorem can be invalid for finite ex-
changeable sequences, for a large enough integer s > r, the distribution of
the initial » random variables of an exchangeable vector of length s can be
approximately represented as in Eq. (3). As previously mentioned, much of
the work on finite exchangeability has focused on deriving analytical bounds
for the error of this approximation [1, 2|. To clarify the meaning of the term
‘bound’ in this context, we use the dice-rolling example to discuss the gen-
eral problem of bounding a linear function of event probabilities, where the
underlying probability measure P, is a probability distribution of a finitely
exchangeable sequence t1, ..., t,.. In the rest of the manuscript, the subscript
r in P, will be used to indicate the length of the sequence ¢4, ... t,.

Example 2. Consider r = 2 (two rolls) and assume, for example, we aim
to find a lower bound for the following quantity

RO -RO8)+n (@), (5)

where Py is a probability distribution of the finitely exchangeable sequence
t1,ts (two rolls). In other words, among all probability measures Py we aim
to find the one which minimises (5). We will focus only on the lower bound
(minimisation) as an example.



Therefore, our goal is to compute:
- (R (@) -n(09) @) )
2

It 1s not difficult to see that the minimum is vy = —0.5 and the finitely ex-
changeable Py which achieves it is given by setting P, ( > =P ( ) =

0.5 and zero otherwise.

Now assume that these two rolls are part of a finitely exchangeable se-
quence of three rolls, and let P3 be the relative finitely exchangeable probabil-
ity. In this case, we aim to solve the problem

w=up (R (@F) -1 (@) +n(@9) )

where P3(ty,t3) is computed from Ps(ti,ta,t3) via marginalisation, that is

Pi(ty = a,ty = b) = S0 Ps(ty = a,ty = bty = i) for every a,b €
{1,2,...,6}. Note that, since Ps is the probability distribution of the ex-
changeable sequence ti,ty,t3 then Ps(ty = a,ty = bt = i) = P3(t; = b,ty =
a,t3 =1) = Py(t; = i,ty = b, t3 = a) and so on for all the 3! permutations. In
this case, computing vs is more challenging because exchangeability imposes
many constraints on Ps, such as:

R(ESO)-REO3)-R(EOO).

In particular, this means that, in this case, to compute vy we cannot set
P ( ) equal to zero. Indeed, since its value depends on the value of
P ( ) via marginalisation, then if Ps < ) were zero, than also
P ( ) would be zero. We will later show that in this case the solution

of the minimisation problem is vs ~ —0.167.
We can also show that when the two rolls are part of an infinitely ex-
changeable sequence of rolls it holds that

[e°)

voozglf<Poo<>_Poo<)+Poo(>>

=0.



In summary, we can compute lower bounds of P, ( ) - P, < ) +
P, ( ) for any n > 2 and these bounds satisfy the inequalities

05 =y <3< - <y =0.

This means that as n increases, v, approaches the value computed using the
probability Py, of an infinitely exchangeable sequence. In Section 4, we will
discuss a general numerical algorithm to compute a lower bound of any linear
function of event probabilities.

It is tmportant to emphasize that the inequalities vy < v3 < +++ < VU
do not hold for every linear function of event probabilities. For example, if

we consider the lower bound w, = minp, (Pn ( ) + P, ( ) ) then
Wy = w3 = -+ = Wy = 0. The linear function of event probabilities in (5)
acts as a “witness”. Specifically, it can be used (by solving the minimisation
problem) to distinguish the probability distribution of a finitely exchangeable
sequence from that of an infinitely exchangeable one.

Why are these bounds important? First, statistical problems and experi-
ments involve exchangeable sequences that are always finite. It is not pos-
sible to perform an infinite number of trials. Second, de Finetti’s theorem
provides a useful and simple representation of the mechanism generating
the data (which, in turn, can be inverted to estimate @ from the counts
ni,...,ng via Bayes’ rule). Consequently, practitioners are still inclined to
use de Finetti’s theorem as an approximation for the mechanism generating
the finite exchangeable sequence and use these bounds to assess the error
of the approximation for a particular inference.> These facts motivate the
search for representation theorems that apply to both the finitely and the
infinitely exchangeable case.

3. First representation

A fact about finite exchangeability that has not received equal attention
is that a de Finetti-like representation actually holds in the finite case if we

3In the previous example, the inference is the computation of P, ( ) —

P(B3F)+r(33D)



drop the non-negativity condition for q. The result was already known to
de Finetti [29]. Explicitly derived in [13, 14| for some special cases, it was
generalised by [15].

Proposition 2 ([15]). Given a sequence of finitely exchangeable variables
t1,to, ..., t., there exists a signed measure v, satisfying f@ dv(0) = 1, such
that:

Plt,....t.) = / 0O - 0150 (). (6)
(S

Signed measure means that v can have negative values. Note that, in
Eq. (6), the only valid signed-measures v are those which give rise to well-
defined (non-negative and normalised) probabilities P(ty,ts, ..., t,).

By comparing the two representations (3) and (6), it becomes apparent
that there exists a significant difference that may not be immediately notice-
able.

Any probability measure ¢ originates, via Eq. (3), into a valid (non-
negative and normalised) probability P(ty,...,t,), that is for any [n, ..., ng]
such that >0 n; = r, we have that:

[ ooz oopdue) = o (7)
(C]

Z bnllnéné3 /@ 9?&0;,2 U eggggng(e) =1, (8)

[n’l,...,né]:z?zl ni=r

where by, n,. g = 7!/ (n1!n2!n3Ing!nsIng!) is the multinomial coefficient. Note
that, (7)-(8) imply that P(ti,...,t,) > 0 and >, P(t,...,t,) = 1.
Indeed, consider P(ty,...,t,) and let n; = >°7_, &;(t;) the number of occur-
rences of the i-th face in the sequence ty,...,t.. From (3), we have that
P(ty, ... t,) = [o 071057 ---05°05°dq(6) (which is nonnegative). This equal-
ity holds for any permutation tr(1),tx(2),...,tx(r), as they all have the same
amount of counts mny,ns,...,ng. There are r!/(nilnynglng!ns!ng!) of these
permutations. Therefore, we have that

(C]

ty,. oty n=[n/,..ngl:>_, ni=r

(normalised). Notice that not all signed measures v that integrate to one de-
fine valid probabilities P(ty, .. .,t,) via Eq. (6). In some cases, these measures

10



may result in a negative value for P(ty,...,t,). This is why this represen-
tation is not used in practice. Similarly, this is why in QT we avoid using
‘negative probabilities’, despite the well-known fact that such probabilities
could enable a hidden variable representation, at least mathematically.

For finite exchangeability, Jaynes’ work [14] is interesting because it con-
tains a method to define valid P via Eq. (6) using Bernstein (or Legendre)
polynomials. A more recent approach is discussed in the next section.

4. Second representation

Reasoning about finitely exchangeable variables ¢; can be reduced to rea-
soning about polynomials of count vectors, known as Bernstein polynomials
[14, 15, 18-20]. Working with this polynomial representation automatically
guarantees that finite exchangeability is satisfied and that P are valid prob-
abilities, without having to deal directly with the signed measure v.

The multivariate Bernstein polynomials are polynomials of the form

6
011057 - 055 (1 — 6y — -+ — 05)™ with » n;=r, (9)
=1

where 7 is the number of rolls. They satisfy many useful properties, such as
forming a base for the linear space of all polynomials whose degree is at most
r and forming a partition of unity. To simplify the notation, we will denote
1—60;—---— 05 as g, so that Z?:191: 1.

The fundamental concept behind the new representation theorem that
focuses on Bernstein polynomials involves working directly with the linear
operator L defined as

L(...) = /@(...)dy(e), (10)

and determining the specific properties that L must adhere to in order to
produce valid probabilities.

More precisely, let L be a linear operator from the space B, of polynomi-
als of degree at most r to R. Our goal is to write any finitely exchangeable
Pty ty, ..., t,) as L(O7052 - --050), where S°°_ n; = r. In the aim of deter-
mining the appropriate properties of L, we first introduce the closed convex
cone

zs;r:{ > une?le?---egﬁzuneﬂ%*}, (1)
=

n=[ni,...,nel:y_,; n;=r

11



which includes all non-negative linear combinations of Bernstein’s monomials
of degree r, as well as all constant polynomials with value ¢ > 0. This latter
property holds because

c=c(bh+0o4 - +06) =c > b nefi05 - G5 (12)

n=[ni,...,ne]:>_; ni=r

and the coefficients ¢ by, pn,. n, are positive. In the following, we will use g to
denote generic polynomials of the vector of variables @ and ¢ to represent the
constant polynomial with value ¢, meaning ¢(8) = ¢ for all 6.

Proposition 3 (|20]). Given a sequence of finitely exchangeable variables
t,ta, ..., t,., there exists a linear operator L : B, — R satisfying

L(g) > supc s.t. g—c € B, (13)

for all polynomials g € B, and where c is the constant polynomial of value c,
such that:
P(ty,...,t,) = L(67"05%---0°05°), (14)

where n; = Y ._, 8i(t;) denotes the number of occurrences of the i-th face in
the sequence tq,...,t,.

With the expression in Eq. (13), we mean that L(g) > 7 where v =
{supc | g — ¢ € Bf}. Note that, the supremum in (13) is taken over the
value ¢, which defines the constant polynomial c. We call a linear operator L
satisfying (13) a quasi-expectation operator. The general definition of quasi-
expectation operator, along with some of its main properties, are outlined in
Appendix A. Proposition 3 states that that any probability distribution P of

an exchangeable sequence t1, ..., t,. can be defined as a quasi-expectation of a
polynomial of the variables 6, ..., 6. Since the polynomial 67652 - - - 02°65°
only depends on the sequence tq, ..., t, through the number of occurrences n;,

the probability P defined by (14) is by definition finitely exchangeable. The
condition (13) ensures that the quasi-expectation operator L defines valid
(non-negative and normalised) probabilities P via (14). In fact, note that,
for g = ¢ (the constant polynomial), the condition (13) is equal to L(c) > c.
Similarly for ¢ = —c¢, we have that L(—c) > —c. Since L is linear, we have
that L(—c) = —L(c¢) > —c and so L(c) < ¢. The two inequalities imply that

12



L(c) = c. For ¢ =1, we have that L(1) = 1. Hence, from (12) for ¢ = 1 and
by linearity of L, we can derive that

N bumeneL (0707 050) = L(1) = 1.

Consider now P(ty,...,t,) and let n;, = Y ._, §;(t;) the number of occur-

j=1

rences of the i-th face in the sequence ti,...,t,. From (14), we have that
P(ty,...,t,) = L(67"05% - - - 02°6¢°). This equality holds for any permutation
tr()s tr(2)s - - -5 tr(r) @s they all have the same amount of counts ny, ng, ..., ne.

There are 7!/(n;!ng!ngng!ns!ng!) of these permutations. Therefore, we have
that

Z P(tl,...,tr) = Z bnlng...n6L<9?1032“'686) :L(l) =1

(normalised). It remains to show that P(tq,...,t.) > 0 for every ti,...,t,.
Note that, for g(8) = 67'605% - --0:°0¢°, the supremum value of ¢ such that
the polynomial g — ¢ € B is ¢ = 0. From (13), it follows that L(g) > 0
(non-negative) for every ¢g(0) = 071 65% - - - 02°0;°.

Remark 1. It is important to note that L is defined on B,., which is the space
of polynomials of degree up to r, but since Bernstein polynomials of degree r
form a basis for the space of polynomials of degree up to r, L is completely
determined once we specify its value L(g) for every Bernstein polynomial g
of degree r.

Example 3. Consider the case r = 2 and a probability P defined via a linear
operator L such that L(6,65) = 0.5 and L(0;6,) = 0 for any other monomial
of degree two in By. It is easy to check that L satisfies (13) and, therefore,
defines a non-negative and normalised finitely exchangeable P. From (14),
it follows that:

Pty =1,t, =1) = L(#}) =0,
P(tl = 1,t2 = 2) - P(tl - 2,t2 - 1) - L(9192) - 05,
P(t; = 2,t, =2) = L(#3) = 0,

and zero otherwise.

13



We will now use this representation through the quasi-expectation operator
to determine bounds for linear functions of event probabilities. In particular,
in the next example, we will exploit (13) to compute a lower bound for L(g)
for g(0) = 07 — 0,0, + 0.

Example 4. Let us consider again the problem discussed in Example 2, with
r = 2. Assume we aim to find the finitely exchangeable probability Py which
Minimises

U2:II]13i2n<P2( )_p2<>+P2()>.

Using the operator L, this quantity can be rewritten as
Vo = H[l/lIl LQ(Q% — (9102 + 03)
2

= min (Lg(@f) — Ly(6,62) + L2(9§))

Lo

where Ly indicates the linear operator corresponding to Ps.
By (13), knowing that g :== 1—0;—- - -—05, the value vy can be determined
by solving the following optimisation problem:*

vy =max ¢ s.t. 07 — 010, + 03 —c € By, (15)

where . )
Bz = {U20000091 + 11100000102 + 1010000103+

U100100 61 04 + u100010‘91 95

+ 10000161 (1 — 6y — -+ - — 05) (16)
+ U020000Q§ + -+ ugooo110s(1 — 61 — - - — 05)
+ U000002(1 — 01— — 95)2 " Uy na,..oing) = 0}-

For a particular ¢, the polynomial 62 — 0,05 + 03 — ¢ belongs to By if we can
find coefficients 200000, U110000, - - - » Uooooo2 = 0 such that

4The supremum can be attained in this case and, therefore, we have replaced sup with
max.

14



9% — 0105 + 9% —Cc= Uzoooooef + U11000001 02

+ 1010000103 + 11001000104 + 210001060105

+ u10000161 (1 — 01 — -+ - — 05) (17)
+ UOQOOOOHS + U00001195(1 -0 - = 6‘5)
+ ugooooz(1 — 61 — -+ — 05)*.

Therefore, the solution of (15) can be computed by solving the following
linear programming problem:

— Upoo002 + 100001 — U200000 + 1 =0
— 2000002 + 010001 + U100001 — U110000 — 1 =0 (18)
— Upoooo2 + Uo10001 — Uo20000 + 1 =0
— ¢ — Ugpoooz = 0
— 20002 — 101000 + U100001 + Uoo1001 = 0
additional 21 constraints

where the equality constraints have been obtained by equating the coefficients
of the monomials in (17). For instance, consider the constant term in the
r.h.s. of (17): that is ugoopo2- It must be equal to the constant term —c.
Therefore, we have that

—C — Ugopoo2 = 0.

Similarly, consider the coefficient of the monomial 03 in the r.h.s. of (17):
this s U200000 — U100001 + Uooooo2- 1t must be equal to the coefficient of the
monomial 07 in 62 — 0,05 + 05 — ¢, which is 1, that is

1 — (200000 — 100001 + Uoo0002) = 0.

The last specified constraint in Eq. (18) is relative to the monomial 0105:
since 0103 is not in 0% — 0,05 + 03 — c, its coefficients are equated to zero. In
total, there are 26 constraints.
The solution of Eq. (15) can be computed using any linear programming
solver and 1s
Vg = —0.5.

15



The problem
vpgﬁqﬁmfm6ﬁwa@ﬁ»

where Py(t, = a,ty = b) = S0 Py(t; = a,ty = bty = i) and Py is the
probability distribution of the finitely exchangeable sequence ty,ts,t3, can be
also solved via linear programming. In this case, we only need to express the
above marginalisation in terms of the Lg operator, for instance:

Py (B @) = Ls(0u62(61 + 02 + -+ 65) (19)
Py (B B) = Lo(B(6: + 62+ + )
where we have exploited that 61 4+ 05 + --- + 0 = 1. We can thus compute
marginals on the result of two rolls by using a linear operator which is only

defined on polynomials of degree 3, an operation that, as clarified in the next
section, corresponds to the operation partial trace in QT. The solution is

v3 ~ —0.167.

Note that, in the infinitely exchangeable case, the operator Ly(...) =
Jo(...) dq(0) applied to the polynomial 67 — 010, + 63, satisfies

Voo = iLnf Loo (07 — 0105 + 63)
= inf Log(67) — Loo(6102) + Loo(63) = 0.

Observe that, ve, = 0 because 03 — 0105 + 05 is nonnegative and its infimum
15 0.
Figure 1 shows the value of v, = min L,(g) for g(0) = 07 — 0,05 + 63

and n = 2,...,6, where the subscript in L, indicates the linear operator
corresponding to P,, that is

%qw@ﬂﬁﬁ—ﬂ@ﬁ)”“ﬁ@>

as a function of n. Notice that the gap between the value computed using de
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L«(g) - infinitely exchangeable
0.0

—0.14

—0.24

min L,(g)

Vp=

—0.4

—— min Ly(g)

-0.5

2 3 a 5 6
Figure 1: Value of v, as a function of n. The red line corresponds to vye-

Finetti’s theorem (red line) and the value computed for finitely exchangeable
probabilities reduces as of the number of rolls n increases. This implies that,
as the total number of rolls increases, the worst-case marginal expectation
for two rolls, which are part of a longer finitely exchangeable sequence of
additional 0,1,2,... rolls, converges to the classical probability (infinitely
exchangeable) value. We can refer to this phenomenon as the ‘emergence of
classical probability’. We will discuss it again in the next Section.

. &

B, 18y | 80|85 8|Be8 |80

8 8| | Pglg 8 )
8 | S

Figure 2: The worst-case marginal expectation for two rolls, which are part of a longer
finitely exchangeable sequence of additional 0,1,2,... rolls, converges to the classical
probability value.

5. Making the connection with QT

In this section, we will strengthen the connection between finite exchange-
ability and finite dimensional QT.

Let x be a complex vector in C? such that x'x = 1. We can express the
probabilities of the six faces (d = 6) of the dice as:

0= [91, e ,66] = [I‘J{Jfl, S ,xg.%@].

where T denotes conjugate transpose. Moreover, notice that we can represent
the monomials of the Bernstein polynomials with a specific degree r as ®,.0,
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where ® is the Kronecker product. It follows that any polynomial in B, can
equivalently be written as

9(0) = (®,x)'D(®,x), (20)

for some diagonal Hermitian matrix D.

Example 5. The polynomial 63 — 6,104 + 605 can be written as

g(x", %) = (a}21)* = (af2)) () + (2]a2)’
= (@9x)' D(®9%)
where D is a diagonal matriz (diag(D) = [Dy, Dy, ..., Dsg)" ) with all zero
entries expect D1 =1 = Dg and Dy = D; = —0.5. Note that, to emphasise

that the polynomials we will consider in this section are function of a complex
vector x and its conjugate-transpose x', we will denote them as g(x',x).

We now introduce a new linear operator L: S, — R, where
S, = {(®,x)'G(®,x) : G is Hermitian},

is the vector space of polynomials of degree 2r of the variables xi,xz for
i=1,...,d. Note that, S, includes the polynomials of the form (20).
From linearity of the trace T'r(-) and of L, we have:

L(g) = L((2,x) D(@,x))

- 1r(DE((@ (%)), .

Note that, E((@rx)(®rx)f) is a Hermitian matrix of dimension d" x d'.

Example for r = 2,d = 6:

@ @Dlow . @
(z129)T2?  (wym0)Tmizy ... (2120) 22

L<(®2X)(®2x)T> =1 | (mzs)la} (ias)iizs .. (was)fag | (22)
(1‘%)%% (%23)*561552 (xg)fxg
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where L is applied element-wise. Observe that the above matrix has addi-
tional symmetries (besides being Hermitian), which follow by the symmetries
of (®,x)(®,x)T. We can then prove the following representation theorem.

Theorem 4. Consider a linear operator L: S, — R satisfying
f/(g) >supc s.t. g—ce ST, (23)

for all polynomials g € S,, where c is the constant polynomial of value® c
and S = {(®,x)TH(®,x) : H is Hermitian and PSD} with PSD meaning
Positive Semi-Definite. We can then prove that

1. If L satisfies (23) for each polynomial g € S, then the matriz M =
E((@rx)(@)rxﬁ) is PSD with trace one.

2. P(ty,....t,) = L((®,x)I D) (®,x)) = Tr(DU) M) — where D)
15 a diagonal Hermitian matriz depending on ty, ..., t,,
and M = E((@ﬂ()(@TX)T) — is a probability (nonnegative and nor-
malised) and is symmetric to permutations of the labels of the variables

£

We have constructed a quasi-expectation operator Lona space of poly-
nomials of complex variables, which is completely determined by trace-one
PSD matrices M (PSD with trace one and having the same symmetries as
the matrix (®,x)(®,x)"). Moreover, this operator, when applied to poly-
nomials (®,x)"D*+)(®,x), defines a probability P which is symmetric to
permutations of the labels of the variables ;.

Example 6. Consider the case d = 2 (a coin) and r = 3. Then, for instance,
we have that

p(ti =1ty = 1,13 = 2) = (®3x) DM (@5x) = (a]21)?(xda),
plt =1ty = 2,15 = 1) = (23%) D1V (®3x) = (2]21)?(x)y),
plty = 2,ts = 1,t3 = 1) = (@3x) DV (@3x) = (2]21)?(v]2s),

with x = [x1,25]" and DM? = diag(0,1,0,0,0,0,0,0),
D12V = diag(0,0,1,0,0,0,0,0), D@ = diag(0,0,0,0,1,0,0,0).

>This can be obtained by choosing H = cI where I is the identity matrix.
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For the second statement in Theorem 4, note that T'r(DM) = Tr(D diag(M))
holds for any diagonal matrix D. Hence Theorem 4 uses some redundant

quantities through z((®rx)(®Tx)T>. This withstanding, it enables another

representation result that links finite exchangeability to QT, as discussed
next.

First, we recall some useful definitions. Let H®" be the compound Hilbert
space of r particles. A fundamental postulate of QT for bosons is that the
quantum states are symmetric upon exchange of the subsystems, respectively.
This postulate is formulated mathematically by introducing a projection op-
erator Ilg,,, from the tensor product space to this symmetric subspace. The
projector is called symmetriser and is defined as [30, B-2-c|:

1
Maym = 53 > oI, (24)

where the summations are performed over the N! permutation matrices, II;,
associated to the permutations of the labels of the particles. Then the postu-
late states that a density matrix p of r particles is said to be Bose-symmetric
if:

P = HsympHsym-

As briefly derived in Appendix B.2, this definition is equivalent to the more
commonly employed one (for instance in [3, 6]), namely, p = II;p = pII! for
every permutation matrix IT;.

Example 7. Assume that dim(H) = d = 2 and r = 2. In this case, the
symmetriser is equal to:

0 0
0.5 0.5
0.5 0.5

0 0

Hsym -

S O O
— o O O

It can be verified that, for instance, the following density matrices

DO | —
_ o O =
o O OO
o O OO
_ o O =
DO | —
o O OO
O = = O
O~ = O
o O OO
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are all Bose-symmetric, as they satisfy p = Ilgypllsym. Let us write a
general density matriz as:

P11 P12 P13 P14

T
P P22 P23 P24
; , (26)

/313 /%3 P33 P34

_PLL P£4 P:TM P44 |

which must also be Hermitian with trace-one (the elements in the diagonal
are nonnegative real numbers and sum up to one), then

_ 1 1 -
p11 5 (p12+p13) 5 (p12+p13) P14
i i

1 p22+p3s+p2stpys poatpsstpastpls 1

5(01{2"’91{3) 4 23 4 23 §(PQ4+P34)
HsympHsym = i t (27)

1 p22+p33+p23+p33 p22+p33+p23+pPo3 1

§(pJ{2+pJ{3) 4 23 4 23 §(P24+P34)

1 1
L P §(p§4+p§4) §(p§4+p§4) paa ]

We can then define the conditions for a generic matrix p to be Bose-symmetric
by equating the elements of the two matrices in (26) and (27). For in-
stance, for the element in the first-row and second-column, this leads to
P12 = %(012 + p13), which implies that p1a = p13. Similarly, we can de-
rive that pay = p34. For the four central elements, we have that pes = poz =
P33 = %, which 1s a real number. Therefore, a generic 4 x 4
Bose-symmetric matriz must have these symmetries:

P11 P12 P12 P14
/)Iz P22 P22 P24
012 P22 P22 P24

_PLL P;zx P£4 P44 |
where p; € R and pyy + 2p2s + pag = 1.

We can in general prove the following equivalence result.
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Theorem 5. The following sets are equal:

St ={p: p=1sympllsym, p= 0, Tr(p) =1}, (29)
Sy ={M: M= L((®x)(®,x)"}, (30)

where p is the density matriz of r-indistinguishable bosons (each one being
a d-level quantum system), and p = 0 means that the matriz p is positive
semi-definite.

This results states that boson-symmetric density matrices and the set of
matrices M obtained by applying the operator L to the matrix (®,x)(®,x)}
of r-th degree polynomials in the variables z;, xj for i = 1,...,d are equiv-
alent. Eq. (30) is obtained by applying a simple change of variables to the
classical probability models for finitely exchangeable probabilities, and actu-
ally offers an alternative representation of the second-quantisation formalism
in QT, which is of interest in its own right (as discussed in the proof of The-
orem 5 in Appendix B.3).

Example 8. For the case dim(H) = d = 2 and r = 2, this equivalence can
be seen by comparing the matriz in (28) with

(ﬁ)“ﬁf ($1$2)T~’U% (171%2)“5% (ﬁg)ch%

~ ~ Nwywy (vimo) mizy  (1120) w110 (22) 2129
E((omean) -1 | (1 :

(®2%)(®:%) (:E%)Txlxg (xlxg)Txlxg ($1$2>TZL'1172 (x%)Txlxg

(iU%)Tffg (951932)%3 (351932)T5U§ (fcg)T$§

(31)

computed for x = [x1,25]". The two matrices have the same symmetries. It
can also be noted that, in both matrices, the four central elements are real
numbers and the diagonal elements sum up to one, as (xi21)2+2(x122) x 20+

(2}22)2 = 02 + 20,0, + 62 = (0, + 65)2 = 1 and L(1) = 1.
From Theorems 4-5, the following result follows directly.

Corollary 1. The operator defined by f)(g) =Tr(GM) for all g € S,, with
M being (i) PSD; (i) trace one; and (iii) having the same symmetries as
(®,%)(®,%)'; satisfies (23) for each g € S,.
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Remark 2.

o In [21, 22/, we derived a representation for indistinguishable particles
for bosons using exchangeability and the symmetries p = gy pIlsym,
but not in the same way as the de Finetti’s representation. In the de
Finetti’s representation of the probability distribution for an exchange-
able sequence, the only relevant information about the sequences is the
number of occurrences of an event (such as the number of rolls n; of the
i-th face). This naturally leads to a sort of second-order quantisation
representation, where the variables (e.g., 01,...,0s) appear exponenti-
ated (e.g., 07", ...,05°) in the polynomial term, such as in Eq. (3). In
this paper, we have shown that we can provide a stmilar representation
(with exponentiated variables x,x') for QT (bosons), which is equiva-
lent to p = sy pllsym, as proven in Theorem 5.

e An approach based on a similar exponentiated polynomial representa-
tion was proposed in [23] to define a criterion to determine if a den-
sity matriz of distinguishable particles is entangled or not. This ap-
proach is known as the Doherty-Parrilo-Spedalieri (DPS) hierarchy.
For a bipartite density matriz pAP, the level-k DPS relazation de-
termines whether there exists an extension pt-AxBi-Br that satisfies
the following conditions: (i) it is invariant under left or right mul-
tiplication by any permutation of the A or B subsystems, and (i) it
remains positive semidefinite under partial transposition of any sub-
set of the systems. The latter condition is commonly referred to as
Positivity under Partial Transpose (PPT). Such a level-k extension
exists if and only if pAP is not entangled [23, Th. 1]. Notably, finding
such an extension p reduces to solving k semidefinite programming prob-
lems or, dually, k sum-of-squares optimisation problems [31]. Their
main result [23, Th. 1] is proven using the quantum de Finetti theo-
rem. Unlike this method, which serves as a mathematical optimisation
tool to determine whether a density matrix is not entangled, our main
results (Theorem 4 and 5) provides a representation theorem for boson-
symmetric density matrices. However, the condition (23) that defines
valid linear operators L could also be used to define a hierarchy of opti-
masation problems to verify if the density matrix of n indistinguishable
particles is not entangled, using [23, Th. 1].
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e Theorem 5 demonstrates that any finite system of exchangeable events is
equivalent to a quantum experiment involving indistinguishable bosons
measured using projective measurements along the coordinate axes. This
implies that we can build a quantum experiment whose probability of
the measurement outcomes coincides with the probability of a finitely
exchangeable sequence of dice rolling. This means that quantum exper-
iments provide an alternative way to the urn-model discussed in Ez-
ample 1 to realise a finitely exchangeable probability. To illustrate this
observation, we provide an example.

Example 9. We can compute v, = minp, P, ( ) - P, ( > +

P, ( ) using n indistinguishable bosons. Let p™ denote the density

matrix of n 6-level bosons, and ngzn be the symmetriser for the n bosons.

Note that, we consider 6-level bosons because we are focusing on a dice
rolling experiment. Here n corresponds to the number of rolls (n = r).
From Theorems 4—5, we can rewrite v, as v, = min () TT(D[”],O(”)) with
p = ngznp(")ﬂgzzn, Tr(p™) =1 and p™ = 0. All the superscripts are
just indezes. Note that, the superscript in D™ denotes the number of bosons
(the number of rolls in the dice experiment). For instance, for n = 2, D
can be written as an algebraic sum of the matrices D) In particular, we
have that DPl = Dt=1t=1) _ o 5pti=1t2=2) _ ( 5D(t1=2L=1) | D(t2=2t2=2)
and it 1s a diagonal matriz with all zero entries except D?] =1= Ds[f} and
DE] = D?] = —0.5 (DP is a physical-observable operator, as it is symmetric
to permutations). This holds because the diagonal of p® corresponds to the
monomials [02,60,0,,...,0501,0%,...,0%. Any D" (for n > 2) can be defined
m a stmilar way exploiting the ‘partial trace’-style operations illustrated in
Eq. (19).

The value of v, is shown in Figure 3 as a function of n. Note that, in this
case, in order to compute v, = minm Tr(DMp™), we would in principle
need to solve a semidefinite programming problem due to the constraint p™ >
0 (it must be a PSD matriz). However, since D™ is diagonal, this problem
reduces to a linear programming problem.

The values of v, in Figure 8 coincide exactly with the values in Figure 1.

This means that the worst-case marginal expectation for an operator D"
on two bosons, which are part of a longer sequence of additional 0, 1, 2,. .. bosons,
converges to the classical probability value as the total number of bosons in-
creases, see Figure 4. In QT, we would refer to this phenomenon as the
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L«(g) - classical probability limit
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Figure 3: Value of v,, as a function of n. The red line corresponds to v

‘emergence of classical reality’. In probability theory, this is the convergence
from finite to infinite exchangeability.

¢ @)

Figure 4: The worst-case marginal expectation for two bosons, which are part of a longer
indistinguishable sequence of additional 0,1, 2, ... bosons, converges to the classical prob-
ability value.

The example above illustrates the following connection between finite ex-
changeability and entanglement. To understand it, for simplicity, we consider
the case when r = d = 2, which corresponds to a coin tossing experiment
with two coins. By Theorem 5, the finitely exchangeable sequence t1,t5 with
respect to the probability Pa(t; = H,ta = T) = Py(t; = T,ty = H) = 0.5
(H=Heads, T=Tails) can be represented as

0O 0 0 0

0.5 0.5 0

0.5 05 0

0 0 0 (32)
@Dl @iz (@) iz (@) nm

— M =1L (mrzo)ta?  (wymo)Tmime (21m0)fzimy  (2120) 2020

(m1zo)t2?  (mymo)Tmizy (zme)iaimy  (2129) 202
@2 @D @ne (@) o

S
I
oo o

where E((,Ill'g)T{lflJ?Q) = 0.5 and zero otherwise.

25



The diagonal elements of p include the probabilities p1; = Py(t; = H,ty =
H) =0, po = Pao(ty = Hity =T) = 0.5, p33 = Po(ty = T,to = H) = 0.5
and pyy = Py(ty = T,t, = T) = 0. The symmetry condition p = Iy, pIls,m
implies that the off-diagonal elements pa3, p32 are equal to 0.5. In fact, when
considering the matrix defined by L, the four elements Mayg, Mos, Mz, Ms3 are
equal: by definition, the operator L applies to the same monomial x{xéxlmg.

In Example 9, we then chose a Hermitian operator D2, which for the
two coins case reduces to D? = diag([1, —0.5, —0.5,1]), and results in the
value Tr(DPlp) = —0.5. This value is the same value obtained by solving
ve =minp, Py(H,H) — Py(H,T) 4+ P(T,T) =0— 0.5+ 0= —0.5.

In Example 5, we observed that the coefficients in the diagonal of D! give
rise to the polynomial 67 — 0,0, + 62. This polynomial is always nonnegative
and, therefore, can serve as a finite exchangeability witness. In fact, we used
the inequality —0.5 = vy < vs = 0 to prove that P, is finitely exchange-
able. The reader may thus ask: is D also an entanglement witness for p, as
defined in Eq. (32)?% Several nonequivalent ways of identification and quan-
tification of the entanglement for bosons have been proposed, see [24] for a
recent review. One of the main notions of entanglement for bosons states
that non-entangled states are equivalent to simple symmetric tensors |33
51]. Following [24], we refer to this definition of entanglement for identical
particles as Entanglement-1. In the case of two bosons, this definition implies
that a pure state is non-entangled if and only if it is a tensor product of
two identical one-particle states [40]. Notice that this definition is consistent
with the model introduced through the operator L in Theorem 4. Indeed, a
pure” non-entangled density matrix is simply the matrix M = (®,%)(®,%)}
for some x € C? with X% = 1, corresponding to the product of identical one-
particle states (each state corresponding to x). In the dice experiment, this
means that we have complete knowledge of the probabilities of each face of
the dice. Therefore, DIl = diag([1, —0.5, —0.5,1]) is a witness for this defini-
tion of entanglement. Indeed, observe that the polynomial (®.x)"D?(®,x)

5In QT, in the case of distinguishable particles, witnesses are commonly [32] used to
differentiate entangled density matrices from separable (non-entangled) ones, which are
compatible with classical probability theory.

"A pure (or atomic) probability measure, corresponding to a non-entangled case, is
one that assigns a precise probability distribution concentrated on a single outcome x. In
other words, it represents complete certainty about x, as the probability measure cannot
be decomposed into a convex combination of other measures.
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is nonnegative. Since 7r(DZp) = —0.5 < 0, this means that p in Eq. (32) is
entangled.

Remark 3. To clarify this point, consider the polynomial
(®2X)TD[2}(®2X) = 9% — 9192 + 93

This polynomial is nonnegative for every probabilities [0, 0] we choose for
the faces of the coin. According to the Entanglement-I definition, the only
pure non-entangled states are those where [01,05] are fully known. In other
words, in this pure case, an operator L is not entangled if L ((®2X)<®TX) ) =
(®2X>(®2X)T for some x € C? with X'x = 1. A pure state X attains the in-
fimum of (2.x)T D (®9x), since any mizture of pure states yields a higher
value. Therefore, since (i) (®.x)TD2l(®yx) > 0; (i) the operator L defined
as L ((®2x)(®2x)1) = p, with p in Eq. (32), is such that L ((®:%)TDB(@,x)) <
0; this means that this operator L must be Entangled-1 (it cannot be written
as p =Y, w;i(RaX;)(®oX;) for any probabilistic mizture of X;).

Entanglement-I has been challenged as a definition of entanglement for
indistinguishable particles [24]. We will discuss these arguments in the next
Section 6.

6. Application

For indistinguishable particles (IPs) systems, many (of the standard equiv-
alent) notions of entanglement are ambiguous. The reason is that the symme-
tries resulting from indistinguishability have mathematically the same struc-
ture as a conventional superposition. Therefore, symmetries generate a sort
of structural entanglement, which is simply determined by the particles fun-
damental indistinguishability.  For instance, the density matrices in (25)
are Bose-symmetric, and therefore valid density matrices for indistinguish-
able bosons. Their structure is constrained by this symmetry. However,
in the case of distinguishable particles, both matrices correspond to density
matrices of two entangled particles. This creates an ambiguity between the
symmetries arising from indistinguishability and the structural features that
give rise to entanglement in the distinguishable case. This has given rise to
different viewpoints about physical meaning and assessment of entanglement
for IPs. There at least five main different definitions of entanglement for IPs
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in literature — we refer the reader to [24] for an overview, and a survey of the
literature on the argument.

Recently, [24] attempted to systematise these different definitions by
proposing a set of properties that should be used to characterise entangle-
ment for IPs. These properties have been defined by trying to generalise
properties that hold for entanglement of distinguishable particles.

The proposed properties are: (i) local operators: entanglement for IPs
must correspond to the presence of non-local correlations; (ii) effective dis-
tinguishability: the entanglement theory developed for IPs must reduce to
the one for distinguishable particles when applied to IPs that have effectively
become distinguishable by “freezing” suitable degrees of freedom; (iii) infor-
mation processing resources: local operators acting on separable states must
not enhance the performances of informational tasks with respect to classical
ones. It is important to note that [24] does not relate entanglement to the
violation of Bell-type inequalities ( that is, through Dutch-book arguments).

In [24], it is claimed that ‘Entanglement-I" violates the properties local
operators and effective distinguishability. We will use the analogy between fi-
nite exchangeability and quantum theory developed in this paper to highlight
some issues in the definitions of local operators used in [24], and explain the
argument about effective distinguishability. In particular, we will show that
the definitions given in [24] lead to contradictions when applied (through our
connection between QT for bosons and classical finite exchangeability) to
classical finitely exchangeable probabilities. We then propose a modification
of these properties, which avoids this issue.

6.1. Local operators

We start first with the argument about local operators |24, Sec. 3.1.1].
Consider two single-particle operators ( Hermitian matrices) O; for particle
1 and O for particle 2. We know that

Ol (029 02 = (01 ® [2>(Il & O2>7

where I; is the identity-matrix for the i-th particle. For distinguishable par-
ticles, it is well known that a bipartite density matrix p;o is separable if and
only if, for all Oy, Os:

Tr((01® 02) prz) = > pTr(01p) (026, (33)

Jj=1
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for some probabilities pj, Z;n:l p; = 1, and single-particle density matrices

pg;) and, respectively p§»2)

implies that:

. For a pure density matrix p;o, the above equation

Tr((O1 ® O2)p12) = Tr((O1 @ Iz) pr2)Tr((Iy ® O2) p12) = 0. (34)

The extension of this definition to IPs is quite challenging because it requires
that each particle is individually addressable. For IPs, O ® Oy, O1 ® I,
and [; ® Oy are not physical observable in general, because they are not
symmetric.

To account for this issue, [24, Sec. 3.1.1| considers two commuting op-
erators O1, Oy and define their symmetrised versions P(Oq, 1), P(I,O3), as
follows:

PO,I)=P(I,0)=0®1+18O0. (35)

Commutativity of Oy, Oy implies that they have a common eigenbasis {|ey) }a

corresponding to eigenvalues {05\1)} » for Oy, and {05\2) } for O,. Now consider
a non-entangled-I state of the form |¢) ® |¢) with

_lex) £ lex)
) = R (36)

and \ # r, where [¢)) denotes a column-vector in C?, (1| denotes its trans-
pose; each vector [¢) has unit-norm, that is (¢|¢)) = 1.

Then, the analogous (according to the definition in [24]) of (34) for a
non-entangled-I state becomes:

(Y @Y[P(Or, YP(Oo, 1) [¢p @ 9) —

W@ PPOLT) [ @4Y) (¥ @ P[P(O2, 1) [ @ )
1« 2

= 5(o) = o") (o} o) . (37)
The above difference is zero if and only if either 05\1) = oM or 05\2) = 0,(€2), which
is not true in general for generic commuting O, Oy. According to the defi-
nition of local operators in [24], this means that, in general, non-entangled-I
states do not satisfy the factorisation of expectations for (symmetric) local
operators, which ( in the distinguishable particles case) highlights the pres-
ence of non-local correlation ( entanglement).
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6.1.1. Analogy with finite/infinite exchangeability

Hereafter, by using the analogy between finite exchangeability and QT,
we challenge this conclusion and, in particular, the definition (35) of local
operators.

Consider a coin tossing experiment with two coins (r = d = 2).  We
choose the following diagonal matrices to define polynomials over the prob-
abilities of the coin sides.

01:{(1) 8} @:[8 ﬂ (38)

They commute in the sense that 0105 — 0,07 = 0. These diagonal ma-
trices are defined for the single coins, we then extend them to two coins
using the approach described in [24, Sec. 3.1.1]. This results in the following
symmetrised versions:

2 0 0 0]

01 00
73(017]) = 00 1 ol
00 0 0]

[0 0 0 0]

01 00
P(I7O2) = 00 1 ol
000 2

[0 0 0 O]

0100
POLDPILO) = |0 o 1 o
00 0 0]

which are all diagonal operators and, therefore, they are valid observables for
the tossing of two finitely exchangeable coins. Indeed, these operators define
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the following polynomials

q1(x", %) = (®2%)"P(01, I)(®2x)

= 2(axlz))? + 2zl 2 (xhas) (39)
= 207 4 20,0, (40)
g2 (x, x) = (@2%)TP(I, 03) (®2x)
= 2(z{z1)(zhas) + 2(2)2)? (41)
= 20,0, + 20; (42)
g12(x", %) = (®x)"P(O1, I)P(I, 03)(®2x%)
= 2(xla1) (2fas) (43)
= 20,0,. (44)

For a pure state (that is, for a choice of the probability of Heads #; and
Tails 6, of the coin), the local operators condition (37) requires that:

20105 — (207 + 20,0,)(26,6, + 265)
= —291(1 - 91) — O,

(we have exploited that 6, = 1 — 6 ), which is zero if and only if either ; = 0
or §; = 1. The local operators condition (37) is therefore violated by the
independent tossing of two identical coins with 6; € (0,1). For instance, for
01 = 0.5, the difference is equal to —26;(1 —6;) = —0.5, which coincides with
the value computed by using (37) (for O, Os defined in (38)). This shows
that the argument about local operators is problematic. If it were true —
by exploiting the connection between entangled states being equivalent to fi-
nite exchangeability and non-entangled states being equivalent to infinite ex-
changeability — this would imply that the uniform probability P(t; = H,t, =
H) = 9% = 025, P(tl = H,tz = T) = P(tl = T,tg = H) = 9192 = 0.25 and
Pty =Tty =T) = (1 —6,)(1 — 63) = 0.25 is finitely (entangled) but not
infinitely exchangeable (not entangled), which is clearly false.

The key issue here is the definition of local operators, and we will use the
analogy with exchangeability to properly define them. From the results in
Section 5, it is immediate verify that, for any an observable G,

I} GI1; +11} G 11,
2

L((@x)G@x) = L{(@x)] (@),
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for all I1;, IT; € Py, where [P, denotes the collection of all permutation matrices
of two particles, and

~

L<(®TX)TG(®TX)) - E((®rx)fnsym(;nsym(®rx)).

This holds because Il,,(®,x) = (®,x) from Theorem 5. The symmetries

in exchangeability (and, analogously, indistinguishability) thus define equiv-
alence classes of observables, consisting of all permuted gambles with the
same expectation as Tr(GM), where M = f)((@rx)(@)Tx)T). This equiv-
alence class contains physical observables, that is operators that are sym-
metric to permutations. We can thence calculate the expectation value of a
non-physical observable G by simply choosing any physical observable in the
equivalence class {G}*? and computing its expectation value. It is immediate
to show that

O ®1+1®0,

. € {0, ® I} (45)
1 1
®02;02® €{I®02}eq (46)
010+ 0,20
1 ® 2J2r 2 ® 16{01®02}6q (47)

In fact, notice for instance that

01 ® 03+ 0y ® Oy
2

for each O, Oy. Therefore, it holds that

Hsym Hsym = Hsym(Ol X OZ)Hsym

(®2X)Tw(®zx)_
(©gx) 1 RELIE0L (9,%)

- (©9x) 112921020 (@), x)

= (©2%)1(01 ® 02)(®9x)—
(®2X)T(01 ® I)(®9x)

- (®2%)1(1 ® O0y)(©2%) = 0,
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or, using the bra-ket notation:

(1) @ | AE2FREC |y @ ¢) —
(¥ ® | HEE [y @ ¢)

(Y @ ] FEEEL Y @ )

= (@Y (01 ®0) | ® 1Y) —
W@y (01® )| @)

(W ev|(I®0,) [ ®¢) =0.

This shows that the difference in (48) is zero when we account for the con-
stant 1/2 in the computations. To sum up, entangled-I states satisfy the
factorisation of expectations for (symmetric) local operators, once we de-
fine these operators within the equivalence class of the local operators for
distinguishable particles.

6.2. Effective distinguishability

As done in [24], we consider now particles described by an “external”
degree of freedom with values L, R, and an “internal” degree of freedom with
values 1,]. Therefore, the single-particle Hilbert space is spanned by the
orthogonal states |L,1),|L,{),|R,T),|R,{). Among the vectors of the two-
particle symmetrized Hilbert space, we focus on those of the form [24]:

1
V2

Suppose L and R are orthogonal single-particle states, such as when particles
are in separate spatial regions (left and right), so that (L|R) = 0. Then the
external degree of freedom, which can be identified as position, can be used
to distinguish the particles, as if they were labelled. Indeed, by measuring
and then fixing the spatial degree of freedom, one can assign the particle in
the region L as particle 1, and the particle in R, as particle 2.

The label attribution is incompatible with particle identity. However,
with respect to the observables P(P, ® Oy, Pr ® Os), where Pp, g are the
projectors |L) (L| and |R) (R| onto states localised in the left, respectively
right region, while O; and O, are arbitrary observables relative to the internal
degree of freedom, we cannot distinguish the states satisfying Eq. (48) from
those of the form

60y = = IL 1) @ [R) + IR Dy @ |L, 1) |. (48)

|67°) =L, 1) @ R, ). (49)
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In other words, the mean values of the observables P(P, @ Oy, Pr ® Os)
satisfy the equalities:

(o1 P(PL® O1, Pr @ On) |1) =

= <1;7¢W }?L ® ()1 |1;7T> <}{7¢J }?R & ()2 |}{7i>

= <¢(1hSt (PL ® 01) ® (PR ® 02) {¢?i$t> . (50)
The same equality is also true for
|65%) = [R.4) ® |L, 1), (51)

as

(6] P(PL® O, Pr @ 05) | 679) =
_ <¢c2hst’ (PR ® 02) ® (PL X 01) {¢§list>’ (52)

where ‘¢‘fiSt> , }¢§i$t> are the “non-symmetric” parts of ‘gbilnd>.

According to [52], this is an argument against Entanglement-I. The rea-
son is that one can construct two-particle states of the form (48), therefore
Entangled-I, that, by using spatial orthogonality, can be made effectively
correspond to distinguishable particle separable states, such as those satis-
fying Eq. (49) (or Eq. (52)). Therefore, [52] claims that distinguishable
particle-entanglement cannot be recovered from Entanglement-I.

6.2.1. Analogy with finite/infinite exchangeability

Hereafter, we leverage again the similarities between finite exchangeabil-
ity and indistinguishability to clarify this counter-example. The derivations
presented in Section 5 need a modification to account for the inherent partial
exchangeability of this example.

We make the analogy using a pair of coins, and we assume that the
possibility space is given by:

0610010000}

We have two types of coins, one with faces L/R and the other with faces
1/ |. In this case, by t1,1s,...,t,, we denote the results of r-tosses of the
pair, such as for example:

t1 to ts
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We assume that the sequence tq,1s,...,t,. is finitely exchangeable. For
two tosses of the pair, this for instance means that

H0OI00)KI(0CI00)
P (OO OO) =P (OO @O)-

Technically, this is a definition of finite partial exchangeability as proposed
by de Finetti in [53]. Noticed that the definition assumes the pair being
exchangeable, not the single coins. This means that in general:

4001002 (COIO0) N

where we have exchanged only the first coin in the pair. We then adapt
Proposition 2 as follows. Let 61,6z be the probability for face-L and face-R
and 64,0, the probability for face-1 and face-|. Then we have that:

P(ti,...,t,)

= [0 000,01 01, 0), o
where n; is the number of times the pair landed on L, T, nsy is the number of
times the pair landed on L, | and so on.

To make the connection with QT in the context under consideration, we
introduce a complex vector x = [11, Z12, Z21, IQQ]T in C*, such that x'x = 1.
We can then express the probabilities of the four outcomes of the two coins
as:

[eLeTa eLeia eReTa eRei] [:Cllxlla xIQ:UlQa 1'311’21, 1‘321;22]
and consider r = 2 rolls.

Observe that, expressed in the “language of coins”, the assumption that
the particles are in separate spatial regions (left and right) means that

L(016:0,6;) = L((x},211)?) = 0, and also L((a,001)(2]y210)), L((2]y210)?)
are all zeros (similarly for the quasi-expectations obtained replacing 6, by
Or). In other words, we assign zero quasi-expectation to the cases in which
the coin with face L/R lands on the same side, either L or R. There remain
only eight cases:

(OO @O) - (BO @O) - (OO ®O)- (OO ®0):
(O OO) (BOOO) (B OO) (O OO)-
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The elements within the same column are exchangeable. By leveraging the
spatial degrees of freedom to distinguish the two pairs of coins, one effectively
uses the L/ R outcomes as contextual variables to label the coin showing the 1
or | face as “left” or “right”. In other words, the outcome L/R is used to select
one of the rows above. Since the probabilities associated with elements in
each row are not finitely exchangeable (as noted in (53)), they are not subject
to any exchangeability constraints.

Therefore, the argument in [24] against “Entanglement I” (that is, that one
can construct two-particle states Entangled-I such that, by exploiting spag-
tial orthogonality, they effectively correspond to separable (non-entangled)
states of distinguishable particles) appears rather weak. As we have shown,
exchangeability imposes constraints only on the columns, not on the rows.
Hence, there is no reason why “Entanglement I” (finite exchangeability)
should constrain the rows.

However, we agree with [24] that, the equivalence in Theorem 5 solely pro-
vides a mathematical representation of indistinguishability and, as such, we
should not use it directly to define a notion of entanglement. Entanglement
should not depend on the definition of objective reality that the modeller
has in their mind. However, we believe that this mathematical representa-
tion (and the analogy between classical finite exchangeability and quantum
theory) can help to better understand and compare the various definitions of
entanglement for indistinguishable particles.

7. Conclusions

We have established a link between the mathematical representation of
finite and infinite exchangeability in classical probability and the mathemat-
ical model of indistinguishable bosons in QT. We have demonstrated the
parallelism between approaches from two ‘independent’ research communi-
ties: probability theorists and quantum physicists. Both communities have
developed related mathematical models, with similar structure and purpose,
to tackle analogous problems, such as negative probabilities, symmetries and
bounds with respect to the classical probability limit. They both have also
obtained finite dimensional representations, via L, L and p, for computing
probabilities instead of relying on infinite dimensional objects such as the
signed measure v.

We believe that what above points to a deeper and fundamental connec-
tion between the two areas. For instance, the representations in Propositions
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2 and 3 can actually be seen as specific instances of representations in Gen-
eralised Probabilistic Theory [54-82]. Moreover, as discussed in Section 6
(Application), the strong affinities between the two perspectives can help
to clarify the definition of entanglement for indistinguishable particles. As
future work, in addition to digging into the aforementioned two research av-
enues, we plan to explore how the interpretation of density matrices in QT as
quasi-expectations might yield new insights into quantum information theory.
For example, we believe that this interpretation and connection could prove
useful in comprehending measures of uncertainty developed in quantum in-
formation theory, such as Von Neumann’s entropy and quantum discord, and
why, surprisingly in certain instances (quantum discord for separable density
matrices), they deviate from their classical counterparts. Finally, we intend
to investigate the feasibility of extending our results to fermions.

Appendix A. Quasi-expectation operator

Consider a vector of variables x taking value in the possibility space €2,
and a vector space F of real-valued bounded functions on x including the
constants. Let F be the closed convex cone ® of nonnegative functions in

F.

An expectation operator is defined as follows.

Definition 3 ([83, Sec. 2.8.4]). Let L be a linear functional L : F — R. L
is an expectation operator if it satisfies the following property:

L(g) > supc s.t. g—c € FF, (A)
for every g € F and c is the constant function of value c.

It can be easily verified that (A) is equivalent to:
L(g) > inf g(x). (A1)

x€eQ)
In the following, to simplify the notation, we simply write inf g instead of
infxeq g(x). Linearity and (A.1) are the two properties that define a classical
expectation operator. Indeed, from these two properties, we can derive that

8A subset C of a real-vector space F is a cone if for each f € F and positive scalar
a > 0, the element af is in C. A cone C is a convex cone if af 4+ Sg belongs to C, for any
scalars a, 3 > 0 and f,g € F.
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A linears
¢ 02 L(0)=L(g—g) " =" L(g) + L(—g) and so L(g) = —L(—g);
which, together with L(—g) > inf —g = —sup ¢, leads to
inf g < L(g) < supg. (A.2)

This means that L(g) is a ‘weighted-average’ of g: the weights being the
probability measure associated to the expectation operator; note in fact that
infg < fQ gdp < sup g for any probability measure p. This formulation in
terms of probabilities is not necessary. Indeed, we can more generally work
with expectation operators.

A quasi-expectation operator is instead defined as follows.

Definition 4. Let L be a linear functional L:F >R and C* be a closed
conver cone (including the constants) such that Ct C FT. We call L a
quasi-expectation operator (QEQ) if it satisfies

E(g) >supec s.t. g—c€CT, (A%)
for every g € F.

Let ¢, be equal to the supremum value of ¢ such that g —c € C*. It can
be verified that (A*) implies:
L(g) > ¢, Where)icrégg(x) > c, (A.3)
A QEO (conservatively) relaxes property (A) by providing a lower bound
¢, toinf g.
From property (A*), similarly to what was done for expectation operators,

we can derive B

with ¢, be equal to the infimum value of ¢ such that ¢ — g € C*, where
¢, <infg <supg <7 (A.5)

Notice that since the external inequalities of Eq. (A.5) can be strict for
some g, we cannot in general define a QEO as an integral with respect to a
probability measure and, therefore, a QEO cannot be a ‘weighted average’.
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In other words, a QEO is not a classical expectation operator. In general, in
order to write a QEO as an integral and satisfy (A.5), we need to introduce

some negative values:
L(g) = / gdv,
Q

where v is a signed-measure.

Appendix B. Proofs

Appendiz B.1. Proof of Theorem

We will first prove the first statement. R
About the trace, by exploiting linearity of L, note that

Tr(M) = E((&X)U(@Tx))

where [ is the identity matrix. Remember that, by an abuse of notation, by ¢
we denote the constant polynomial of value c. For g(x,x!) = (®,x)'1(®,x),
we have that g — ¢ is equal to (1 —¢)(®,x)"/(®,x). This polynomial belongs
to S provided that the matrix (1 — ¢)/ is PSD. Therefore, sup ¢, such that
(1—c¢)I is PSD, is equal to ¢ = 1. Similarly, we can consider the polynomial
—g — ¢, with g as before, and note that sup ¢ is equal to —1. Therefore, we
have shown that R R R
L(g) > 1, L(—g)=—L(g) = -1
which implies that f/(g) = 1. For the proof about M being PSD, note that
for any polynomial (®,x)'G(®,x) with G PSD, we have that z(g) > 0. This
implies that Tr(GM) > 0 for all PSD matrices G. From a well-known result
in linear algebra this implies that M is PSD.

For the second part of the theorem, we first notice that (®,x)'D(®,x) =
1" D(®,0), where 1 is a column vector of ones of suitable dimension. From
(14), this allows us to rewrite

P(ty,... t,) = L6762 ---02902°) = L(17 D(®,0)).

We will now prove that, for each fixed L, there exists one L such that
L(1"D(®,0)) = L((®,x)'D(®,x)) for each diagonal D. This shows that
we can represent any finitely exchangeable P via L and that, moreover, the
relative P is nonnegative and normalised.
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The result is obtained by showing that, for any polynomial ¢(®,0) =
1"D(®,0) = g(x,x") = (2,x)'D(®,x) with D diagonal, having defined

L(g) > supey s.t. g —c1 € B, (B.1)

and R
L(g) > supey sit. g —cy € SF, (B.2)

we have that ¢; = .

This is immediate, because g — ¢, = (®,x)7(D — ¢2I)(®,x). This poly-
nomial is in the cone of S when the coefficients diag(D — cyI) are all
nonnegative. The same condition, being nonnegative, holds for the coef-
ficients of the polynomial in 8. Note that, we can write any polynomial
9(®,0) as 1" D(®,0), where 1 is the column vector of ones. Therefore,
g—c1=1"(D—c¢;1)(®,0). Since 17 (D — ¢,1) = diag(D — ¢, 1), the polyno-
mial g — ¢; belongs to the cone B whenever the coefficients diag(D — ¢11)
are all nonnegative, equivalently when D — ¢;1 is PSD. Then the statement
follows by convexity of the cones B, S;" and Proposition 3.

Appendix B.2. Equivalent definitions of Bose-symmetric density matrix

Proposition 6. The following definitions of Bose-symmetric density matriz
p (for r particles) are equivalent:

p = sympsym (B.3)
p=1Lp= pHI for each permutation matrixz 11;. (B.4)

We start the proof by showing that condition (B.4) implies condition
(B.3). From p = I;p for each II;, we obtain that p = 57 >, IIl;p. Then, by
the definition (24) stating that ILy,, := 57 >, II; it follows that

p = symp. (B.5)
Similarly, from p = pII! and the fact that (-)7 distributes over sum, for each
IT;, we get that p = p(5 >, 1) = p(5 > 11;)T. By applying definition (24)
and since IIf, = T, (see for instance [30, B-2-c|), from (B.4), we have

sym
that

p = pllsym. (B.6)
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From equation(B.5), by multiplying both sides by Il from the right, we
obtain that pllg,,, = [Ls,,plls,,. Finally, using Eq. (B.6), we obtain that:

P = HsympHsym .

To verify that condition (B.3) implies condition (B.4), let us assume the
former. But since 11,11, = Il (see for instance [30, B-2-c|), H;fym = Iy
and therefore Iy, = (I;Il,,)! = HlymHI = HsymHI, it is immediate to
derive that

I;ip = IL1Lsympsym = Isympllsym = p,

and that
pH;‘[ - l—Isympl—IsymHl’L = HsymPHsym =P

Appendiz B.3. Proof Theorem &5

In order to prove Theorem 5, we need to introduce some notation and
state a lemma.

First, we recall some results from [84]. They will allow us to rewrite
any density matrix of r-particles as p = L((z1 ® 20 ® -+ ® 2,)(21 ® 2o ®
.- ® z,)1) where z; € C" (n=2 for a qubit) such that z'z; = 1, where L
is a linear operator from the monomials represented by the elements of the
matrix (z, 2o ®@ -+ @ 2,)(21 ® 2 ® --- ® z,) to C, such that the matrix
Lz ®2:® - R 2,)(2, @25 --- @ 2,)7) is PSD and with trace one (L
preserves the constants).

We can equivalently rewrite the elements of p;; as (Ya8)a8 = (z(za(zT)ﬂ))aﬂ

where z := [z],2],...,2']" and a and B are a binary encoding of the in-
dexes i and, respectively j. In particular, we have o := [avy, ..., ;| where

«y, is a vector in N which has all zero entries expect one element which is

equal to one. The notation z* must be interpreted as [T;_; [T}_; 2;;”-
Example 10. For instance, for n = 2 and r = 2 (two particles), we
have that z = [zn,zlg,zm,zm]T. We can then rewrite for instance p11 as

L(z11201(211201)1) = L(z%(z")B) = L(zM010 (211010 yhere o = [y, o]
with oy = [1,0] and ay = [1,0], and B = . Note that, we have

0

[1,0,1,0] _ 1 1.0
z = Z11R12721%”22 = <11%21

(ZT)[LO’LO} = Zirlz;l'
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Introducing the notation (Yo g)a.g = (E(zo‘(ZT)ﬁ))aﬁ, we have that the ele-
ments of the matriz p, for the ezample n =r = 2, can be denoted as follows:

Y[1,0,1,0],[1,0,1,0] ¥Y[1,0,1,0],[1,0,0,1] Y[1,0,1,0],[0,1,1,0] ¥[1,0,1,0],[0,1,0,1]

_ | %n,0,0,1],[1,0,1,0] Y[1,0,0,1],[1,0,0,1] ¥[1,0,0,1],[0,1,1,0] ¥Y[1,0,0,1],[0,1,0,1]
pP= Y[o,1,1,0],[1,0,1,0] ¥Y[o0,1,1,0],[1,0,0,1] ¥0,1,1,0],[0,1,1,0] ¥[0,1,1,0],[0,1,0,1] | *

Y[0,1,0,1],[1,0,1,0] ¥Y[0,1,0,1],[1,0,0,1] Y[0,1,0,1],[0,1,1,0] ¥[0,1,0,1],[0,1,0,1]

where Y[1,0,1,0],[1,0,1,0] = L(2112’21(211221)T) and so on.

If p is the density matrix of r indistinguishable bosons, then it has to
satisfy the constraint Il,,plls,,, = p. We can then prove the following
lemma.

Lemma 1. Let pog = E(za(zf)ﬁ) = Yap. If p satisfies Ugympllsym = p
then for all the indexes o, 3, the elements pa g have to satisfy the following
constraints:

y[al""»aT‘]’[ﬁlw“zﬁr] = y[ala"'yaT})[ﬁﬂ(l)7"'7&77(7')]
= y[aﬂ'(l) 7777 aﬂ'(r)]V[ﬂl 7777 /87"} = y[aﬂ'(l) 7777 a?‘r(r)]v[ﬂr(l)ﬂ'"wgﬂ(r)}
for any permutation m of the labels of the variables.

Proof. This follow from the following known property of the symmetriser:
Hsympﬁ = Pstym - Hsym

where Py is any permutation matrix (defined by the permutation 7 of the la-
bels) associated with the r particles. Note that, previously in the manuscript,
we denoted permutation matrices with II; instead of P,. Here we use P to
state that this is the permutation matrix relative to the label permutation
m.  Given that p = Il pllsym, this means that
Pwp = PWHsympHsym = HsympHsyme
= PWHsympHsymPﬂ' = HsympHsym = p-

Therefore, by linearity of i, we have that

p=L(2102:90  ®2,) (21022 @ - D32,))

=P L(2, 020 ®2,)(21 ®2:® - ®2z,)")
—L(Pr(21®2:® - ®2,)(21 D22 R -+ @ 2,)1)
—L(21®2:® - ®2,) (21 Q22D - - R 2,) Py)
= L(Pr(21®2:®  R2,)(2) R2y @ - @ 2,) Py)
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for every P,. Note that, the permutation matrix rearranges the a-th element
of the vector z; ® z, ® - - - ® z, according to the following rule:

Pr(21 ® -+ @ Zr)jay ] = (21 @ -+ @ Zr) o 1))

— Z[aﬁ(1)7""a7'r(’l‘)]

which ends the proof. O

For the example in (B.7), the results of the above lemma implies for
instance that
¥11,0,0,1,[1,0,0,1] = Y[1,0,0,1],[0,1,1,0]
= ¥0,1,1,0],[1,0,0,1] = ¥0,1,1,0],[0,1,1,0]-
We are now ready to prove Theorem 5. First we prove that S; C .
Note that

Woym Mgy, = L <Hsym(®rx) (®TX)THiym>
= i((@x)(@x)) = M, (B.7)

where we have exploited (24) to derive Il,,,(®,x) = ®,x. Note in fact that,
®,x is clearly symmetric to permutations, being the r-times tensor product
of x.

We will now prove that & C Sy. This part is based on the same in-
sight that motivates the second quantisation formalism in QT. We start from
Lemma 1 and note that in

y[al"“’aT‘L[ﬁlwwﬂr] = y[al""7a7‘}»[:37r(1)7"'7ﬁ7-r(r)]
= y[aﬂ'(l) 77777 aﬂ'('l”)]’[ﬁl 7777 /37"} = y[aﬂ'(l) ----- aﬂ'(T‘)]’[ﬁﬂ'(l) 7777 ﬁﬂ(’!‘)}

the permutation acts on the indexing vectors. Each «; is an indicator vec-
tor which denotes a component of the vector z; and the permutation sim-
ply swaps this indicator vectors. We now introduce the occupation number

vector [ki, ks, ..., k,] which, for a given oy, ..., a,, counts the number of
variables z; that are in their state 1, state 2,..., or state n. All the vectors
[Qr(1); - - -, Our(ry) have the same occupation number. For instance, for the pre-

vious example Y[1,0,0,1],[1,0,0,1] = ¥Y[1,0,0,1],[0,1,1,0] = ¥[0,1,1,0],[1,0,0,1] = ¥[0,1,1,0],[0,1,1,0]-
The occupation number for [1,0,0,1] is [1, 1] because variable 1 is in state
1 and variable 2 in state 2. [0,1,1,0] has the same occupation number.

Therefore, we can write ¥(1,00,1],(1,001] = ¥[1,00,1,00,1,1,00 = Y[0,1,1,0},[1,0,0,1] =
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Y0,1,1,00,00,1,1,00 = Ylkr kallk) ky) With ki, o3 k7, k5 = 1, where we used ' to denote
the occupation number relative to B. The representation of ¥1,0,1,0,1,0,1,0
using the occupation number as index is yp,0),12,0)-

We conclude the proof by noticing that we can represent the elements of

~

L((®,x)(2,%)1) as (L(x*(x")¥))xw = vk, where k = [ky, ... k] is such
that each k; € N denotes the degree of the i-th variable in the monomial. For
instance, L(z12o(x122)") = yp1yp,1 and L(z3(21)7) = yp.opo-
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