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Abstract
The off-switch problem is a critical challenge in AI
control: if an AI system resists being switched off,
it poses a significant risk. In this paper, we model
the off-switch problem as a signalling game, where
a human decision-maker communicates its pref-
erences about some underlying decision problem
to an AI agent, which then selects actions to max-
imise the human’s utility. We assume that the hu-
man is a bounded rational agent and explore var-
ious bounded rationality mechanisms. Using real
machine learning models, we reprove prior results
and demonstrate that a necessary condition for an
AI system to refrain from disabling its off-switch is
its uncertainty about the human’s utility. We also
analyse howmessage costs influence optimal strate-
gies and extend the analysis to scenarios involving
incomparability.
Keywords. off-switch, AI alignment, utility, in-
comparability

1. Introduction
With the rapid advancements in AI, the challenge

of designing systems that are beneficial to humans is
becoming increasingly critical. In the rest of the paper,
we will refer to an AI system as a robot and assume that
it is an agent seeking to maximise a utility function 𝜈. A
central concern in AI safety is ensuring that the utility
function 𝜈 aligns with human interests. If a robot’s goals
conflict with human values, it could make harmful or
even adversarial decisions. Moreover, the robot might
resist any attempts by its human creators to modify its
utility function or allow them to switch it off
To ensure alignment with human values, from the

perspective of utilitarianism1, robots should be designed

1This is the normative moral theoretical perspective adopted in
the works concerned in this article, see e.g. [24]. The fact that we
are restricting to this perspective in our paper does not implies its
endorsement (we may actually find such restriction problematic, but a
philosophical analysis of the general problem of AI alignment is not
the subject of this paper).

to maximise humans’ utilities (preferences) rather than
pursue their own goals. This led [24] to introduce the
concept of AI assistance game, where an AI agent simply
becomes a personal AI assistant. In this setting, AI align-
ment can be formalised through three key principles
[24]:
P1: The Robot’s only objective is to maximise the reali-

sation of human preferences.
P2: The Robot is initially uncertain about what those

preferences are.
P3: The ultimate source of information about human

preferences is human behaviour.
However, designing a Robot to follow these principles
does not guarantee that we will be able to control it. The
ability to control the Robot ultimately depends on our
capacity to switch it off. Will the Robot allow that? The
off-switch problem lies at the heart of the control chal-
lenge for AI systems. If a machine cannot be switched
off because it actively prevents us from doing so, it poses
a serious threat. In a seminal paper [17] formulated the
off-switch problem as a game between a Robot (R) and
a Human (S for Sapiens). 𝑅 has three possible actions:
(1) take an immediate decision (about some underlying
decision problem); (2) defer the decision to 𝑆; (3) do noth-
ing. If 𝑅 selects actions (2), then 𝑆 can either allow 𝑅 to
implement the decision or switch 𝑆 off. The authors in
[17] showed that the best action for 𝑅 depends on 𝑅’s
uncertainty about 𝑆’s utility and the rationality of 𝑆. If 𝑅
is too certain about what 𝑆 wants, and it knows 𝑆 to be
‘irrational’, then it will have less incentive to defer to 𝑆
(or, equivalently, to allow 𝑆 to switch it off).
The analysis of the off-switch game by [17] was not

fully developed within a formal game-theoretic frame-
work. To address this gap, [36] reformulated the off-
switch problem as a Bayesian game with incomplete
information. In this formulation, Nature determines
whether 𝑅 is uncertain with probability 𝑝𝑢 and whether
𝑆 is rational with probability 𝑝𝑟. Although this is a more
rigorous formulation of the off-switch problem from a
game-theoretic perspective, it introduces an artificial
setting. For example, in [36], a non-rational human is

This work is licensed under CC BY 4.0cb 1

http://creativecommons.org/licenses/by/4.0


Supplementary Material: The AI off-switch problem as a signalling game:
bounded rationality and incomparability

Alessio Benavoli1 Alessandro Facchini2 Marco Zaffalon2

1School of Computer Science and Statistic, Trinity College Dublin, Ireland
2SUPSI, IDSIA - Dalle Molle Institute for Artificial Intelligence, Lugano, Switzerland.

A. Useful results
In this section, we have listed some useful results in-

volving Gaussian integrals [2] that we will use in the
proofs.

Lemma A.1. List of useful Gaussian integrals:

∫
∞

−∞
𝜙(𝑥)𝜙(𝑎 + 𝑏𝑥) 𝑑𝑥 = 1

√
1 + 𝑏2

𝜙 (
𝑎

√
1 + 𝑏2

) , (1)

∫
∞

−∞
Φ(𝑎 + 𝑏𝑥)𝜙(𝑥) 𝑑𝑥 = Φ(

𝑎
√
1 + 𝑏2

) , (2)

∫
∞

−∞
𝑥Φ(𝑎 + 𝑏𝑥)𝜙(𝑥) 𝑑𝑥 = 𝑏

√
1 + 𝑏2

𝜙 (
𝑎

√
1 + 𝑏2

) , (3)

where Φ, 𝜙 are the CDF and, respectively, PDF of a stan-
dard normal distribution.

The inverse Mills ratio states [1]:

Lemma A.2. For 𝑥 ∼ 𝑁(𝑚, 𝑠2), it states that:

𝐸[𝑥𝐼{𝑎≤𝑥≤𝑏}]

= 𝑚
(
Φ
( 𝑏−𝑚

𝑠

)
− Φ

(𝑎−𝑚
𝑠

))
− 𝑠

(
𝜙
( 𝑏−𝑚

𝑠

)
− 𝜙

(𝑎−𝑚
𝑠

))
.

(4)

From the above lemma, we can prove:

Lemma A.3. For 𝑥 ∼ 𝑁(𝑚, 𝑠2),

𝐸[|𝑥|] = 𝑚
(
1 − 2Φ

(−𝑚
𝑠

))
+ 2𝑠𝜙

(−𝑚
𝑠

)
. (5)

Proof. Rewrite |𝑥| = 𝑥𝐼{𝑥≥0} − 𝑥𝐼{𝑥<0} and apply (4):

𝐸[𝑥𝐼{𝑥≥0}] = 𝑚
(
1 − Φ

(−𝑚
𝑠

))
− 𝑠

(
−𝜙

(−𝑚
𝑠

))
(6)

and

𝐸[𝑥𝐼{𝑥<0}] = 𝑚
(
Φ
(−𝑚

𝑠

))
− 𝑠

(
𝜙
(−𝑚

𝑠

))
(7)

and, therefore,

𝐸[|𝑥|] = 𝑚
(
1 − 2Φ

(−𝑚
𝑠

))
+ 2𝑠𝜙

(−𝑚
𝑠

)
. (8)

Finally, we prove the following main lemma which
we will use to prove the results in the paper.

Lemma A.4. Consider 𝑥, 𝑜 ∈ 𝒳 and assume that

[𝜈(𝑥)𝜈(𝑜)] ∼ 𝑁 ([
𝜇𝑝(𝑥)
𝜇𝑝(𝑜)

] , [
𝐾𝑝(𝑥, 𝑥) 𝐾𝑝(𝑥, 𝑜)
𝐾𝑝(𝑜, 𝑥) 𝐾𝑝(𝑜, 𝑜)

]) , (9)

and 𝑛(𝑥), 𝑛(𝑜) ∼ 𝑁(0, 𝜎2) (independent noise). Then we
have that

𝐸[𝜈(𝑥)𝐼{𝜈(𝑥)+𝑛(𝑥)>𝜈(𝑜)+𝑛(𝑜)}]

= 𝜇𝑝(𝑥) (1 − Φ(
(𝜇𝑝(𝑜)−𝜇𝑝(𝑥))√

𝐾𝑝(𝑥,𝑥)+2𝜎2+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
))

+ 𝐾𝑝(𝑥,𝑥)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+2𝜎2+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

⋅ 𝜙 (
𝜇𝑝(𝑜)−𝜇𝑝(𝑥)√

𝐾𝑝(𝑥,𝑥)+2𝜎2+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
)

(10)

Proof. We will compute 𝐸[𝜈(𝑥)𝐼{𝜈(𝑥)>𝜈(𝑜)+𝑛(𝑜)−𝑛(𝑥)}] in
two steps. First, we assume that 𝜈(𝑜), 𝑛(𝑜) − 𝑛(𝑥) are
given and, therefore, we condition the joint PDF of
𝜈(𝑥), 𝑛(𝑥), 𝜈(𝑜), 𝑛(𝑜) on 𝜈(𝑜), 𝑛(𝑜). Since only the vari-
ables 𝜈(𝑥), 𝜈(𝑜) are dependent, then we have

𝑝(𝜈(𝑥)|𝜈(𝑜)) =

𝑁
⎛
⎜
⎝
𝜈(𝑥);𝜇𝑝(𝑥)+

𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
(𝜈(𝑜)−𝜇𝑝(𝑜)),𝐾𝑝(𝑥,𝑥)−

𝐾2𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)

⎞
⎟
⎠
.

(11)

Therefore, we can apply (4) conditionally on
𝜈(𝑜), 𝑛(𝑜) − 𝑛(𝑥) which leads to

𝐸[𝜈(𝑥)𝐼{𝜈(𝑥)>𝜈(𝑜)+𝑛(𝑜)−𝑛(𝑥)}|𝜈(𝑜), 𝑛(𝑜), 𝑛(𝑥)]

= 𝑚1 (1 − Φ( 𝜈(𝑜)+𝑛(𝑜)−𝑛(𝑥)−𝑚1

𝜎1
)) + 𝜎1𝜙 (

𝜈(𝑜)+𝑛(𝑜)−𝑛(𝑥)−𝑚1

𝜎1
)

(12)
Now observe that

𝐸[𝑚1] = ∫ (𝜇𝑝(𝑥) +
𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
(𝜈(𝑜) − 𝜇𝑝(𝑜)))

𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)𝑑𝜈(𝑜) = 𝜇𝑝(𝑥).
(13)
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and

𝐸 [𝑚1Φ(
𝜈(𝑜)+𝑛(𝑜)−𝑛(𝑥)−𝑚1

𝜎1
)]

= 𝐸 [(𝜇𝑝(𝑥) +
𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
(𝜈(𝑜) − 𝜇𝑝(𝑜)))Φ (

𝜈(𝑜)+𝑛(𝑜)−𝑛(𝑥)−𝑚1

𝜎1
)]

= (𝜇𝑝(𝑥) −
𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)) 𝐸 [Φ (

𝜈(𝑜)+𝑛(𝑜)−𝑛(𝑥)−𝑚1

𝜎1
)]

+ 𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝐸 [𝜈(𝑜)Φ ( 𝜈(𝑜)+𝑛(𝑜)−𝑛(𝑥)−𝑚1

𝜎1
)]

(14)
The expectations arewith respect to 𝜈(𝑜), 𝑛(𝑜), 𝑛(𝑥). Now
we use (2) to get the following result:

∫ Φ ( 𝜈(𝑜)+𝑛(𝑜)−𝑛(𝑥)−𝑚1

𝜎1
)𝑁(𝑛(𝑜) − 𝑛(𝑥); 0, 2𝜎2)𝑑𝑛(𝑜)

= Φ( 𝜈(𝑜)−𝑚1√
𝜎21+2𝜎

2
) ,

(15)
and so:

𝐸 [Φ( 𝜈(𝑜)+𝑛(𝑜)−𝑛(𝑥)−𝑚1

𝜎1
)]

= ∫ Φ( 𝜈(𝑜)−𝑚1√
𝜎21+2𝜎

2
)𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)

= ∫ Φ
⎛
⎜
⎜
⎝

𝜈(𝑜)
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
+𝑚2

√
𝜎21+2𝜎

2

⎞
⎟
⎟
⎠

𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)

= ∫ Φ
⎛
⎜
⎜
⎝

𝑧
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2+

𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)

√
𝜎21+2𝜎

2

⎞
⎟
⎟
⎠

𝑁(𝑧; 0, 1)𝑑𝑧

= Φ
⎛
⎜
⎜
⎝

𝜇𝑝(𝑜)
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2

√
𝐾𝑝(𝑜,𝑜)

√
𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎

2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

⎞
⎟
⎟
⎠

= Φ(
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

) ,

(16)

with 𝑚2 =
−𝐾𝑝(𝑜,𝑜)𝜇𝑝(𝑥)+𝐾𝑝(𝑥,𝑜)𝜇𝑝(𝑜)

𝐾𝑝(𝑜,𝑜)
. Similarly, we have

that

𝐸 [𝜈(𝑜)Φ ( 𝜈(𝑜)+𝑛(𝑜)−𝑛(𝑥)−𝑚1

𝜎1
)]

= ∫ 𝜈(𝑜)Φ( 𝜈(𝑜)−𝑚1√
𝜎21+2𝜎

2
)𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)

= ∫ 𝜈(𝑜)Φ
⎛
⎜
⎜
⎝

𝜈(𝑜)
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
+𝑚2

√
𝜎21+2𝜎

2

⎞
⎟
⎟
⎠

𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)

= ∫ Φ
⎛
⎜
⎜
⎝

𝑧
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2+

𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)

√
𝜎21+2𝜎

2

⎞
⎟
⎟
⎠

(𝑧
√
𝐾𝑝(𝑜, 𝑜) + 𝜇𝑝(𝑜))𝑁(𝑧; 0, 1)𝑑𝑧

(17)
We separate the sum:

∫ Φ
⎛
⎜
⎜
⎝

𝑧
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2+

𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)

√
𝜎21+2𝜎

2

⎞
⎟
⎟
⎠

𝜇𝑝(𝑜)𝑁(𝑧; 0, 1)𝑑𝑧

= 𝜇𝑝(𝑜)Φ
⎛
⎜
⎜
⎝

𝜇𝑝(𝑜)
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2

√
𝐾𝑝(𝑜,𝑜)

√
𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎

2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

⎞
⎟
⎟
⎠

= 𝜇𝑝(𝑜)Φ (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

) .

(18)

The other term in the sum

∫ Φ
⎛
⎜
⎜
⎝

𝑧
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2+

𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)

√
𝜎21+2𝜎

2

⎞
⎟
⎟
⎠

𝑧
√
𝐾𝑝(𝑜, 𝑜)𝑁(𝑧; 0, 1)𝑑𝑧

=
√
𝐾𝑝(𝑜,𝑜)(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))√

𝐾𝑝(𝑜,𝑜)(𝜎21+𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

𝜙
⎛
⎜
⎜
⎝

𝜇𝑝(𝑜)
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2

√
𝐾𝑝(𝑜,𝑜)

√
𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎

2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

⎞
⎟
⎟
⎠

=
√
𝐾𝑝(𝑜,𝑜)(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

𝜙 (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

) .

(19)

2
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where we have used (3). Finally, we consider

∫ 𝜙 ( 𝜈(𝑜)+𝑛(𝑜)−𝑛(𝑥)−𝑚1

𝜎1
)𝑁(𝑛(𝑜) − 𝑛(𝑥); 0, 2𝜎2)𝑑𝑛(𝑜)

= 𝜎1√
𝜎21+2𝜎

2
𝜙 ( 𝜈(𝑜)−𝑚1√

𝜎21+2𝜎
2
) ,

(20)
where the last equality follows by (1). We use (16) to get:

∫ 𝜎1√
𝜎21+2𝜎

2
𝜙 ( 𝜈(𝑜)−𝑚1√

𝜎21+2𝜎
2
)𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)

= ∫ 𝜎1√
𝜎21+2𝜎

2
𝜙
⎛
⎜
⎜
⎝

𝜈(𝑜)
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
+𝑚2

√
𝜎21+2𝜎

2

⎞
⎟
⎟
⎠

𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)

= ∫ 𝜎1√
𝜎21+2𝜎

2
𝜙
⎛
⎜
⎜
⎝

𝑧
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2+

𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)

√
𝜎21+2𝜎

2

⎞
⎟
⎟
⎠

𝑁(𝑧; 0, 1)𝑑𝜈(𝑜)

=
√
𝐾𝑝(𝑜,𝑜)𝜎1√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

𝜙 (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

) .

(21)

Therefore, from (12) and (16)–(21), we obtain

𝐸[(𝜈(𝑥) + 𝑛(𝑥))𝐼{𝜈(𝑥)+𝑛(𝑥)>𝜈(𝑜)+𝑛(𝑜)}] = 𝜇𝑝(𝑥)

− (𝜇𝑝(𝑥) −
𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜))

⋅ Φ (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

)

− 𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)Φ (

√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

)

− 𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)

√
𝐾𝑝(𝑜,𝑜)(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

𝜙 (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

)

+
√
𝐾𝑝(𝑜,𝑜)𝜎21√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

𝜙 (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

)

= 𝜇𝑝(𝑥) (1 − Φ(
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

))

+
√
𝐾𝑝(𝑜,𝑜)(𝐾𝑝(𝑥,𝑥)−𝐾𝑝(𝑥,𝑜))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

𝜙 (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

)

(22)
Note that

𝐾𝑝(𝑜, 𝑜)(𝜎21 + 2𝜎2) + (𝐾𝑝(𝑜, 𝑜) − 𝐾𝑝(𝑥, 𝑜))2

= 𝐾𝑝(𝑜, 𝑜) (𝐾𝑝(𝑥, 𝑥) −
𝐾2𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
+ 2𝜎2)

+ (𝐾𝑝(𝑜, 𝑜) − 𝐾𝑝(𝑥, 𝑜))2

= 𝐾𝑝(𝑜, 𝑜)𝐾𝑝(𝑥, 𝑥) − 𝐾2
𝑝(𝑥, 𝑜) + 2𝜎2𝐾𝑝(𝑜, 𝑜)

+ 𝐾2
𝑝(𝑜, 𝑜) + 𝐾2

𝑝(𝑥, 𝑜) − 2𝐾𝑝(𝑥, 𝑜)𝐾𝑝(𝑜, 𝑜)

= 𝐾𝑝(𝑜, 𝑜)(𝐾𝑝(𝑥, 𝑥) + 2𝜎2 + 𝐾𝑝(𝑜, 𝑜) − 2𝐾𝑝(𝑥, 𝑜)).
(23)

Therefore, we have that

𝐸[𝜈(𝑥)𝐼{𝜈(𝑥)+𝑛(𝑥)>𝜈(𝑜)+𝑛(𝑜)}] =

= 𝜇𝑝(𝑥) (1 − Φ(
(𝜇𝑝(𝑜)−𝜇𝑝(𝑥))√

𝐾𝑝(𝑥,𝑥)+2𝜎2+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
))

+ 𝐾𝑝(𝑥,𝑥)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+2𝜎2+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 (
𝜇𝑝(𝑜)−𝜇𝑝(𝑥)√

𝐾𝑝(𝑥,𝑥)+2𝜎2+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
)

(24)

B. Proofs
We now move on to the main results.
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Proof of Lemma 4.1. The expected value
for 𝐷𝐸𝐹 follows from Lemma A.4 by
summing 𝐸[𝜈(𝑥)𝐼{𝜈(𝑥)+𝑛(𝑥)>𝜈(𝑜)+𝑛(𝑜)}] and
𝐸[𝜈(𝑜)𝐼{𝜈(𝑥)+𝑛(𝑥)<𝜈(𝑜)+𝑛(𝑜)}]. The expected values
for 𝐼𝑀𝑀,𝐷𝑜𝑁 are straightforward.

Proof of Proposition 4.1. The results follow from
Lemma 4.1 by considering whether or not the lim-
its 𝐾0(𝑥, 𝑥), 𝐾0(𝑜, 𝑜), 𝐾0(𝑜, 𝑥) → 0 and 𝜎 → 0
are taken. We make the assumption that when-
ever 𝐾𝑜(𝑥, 𝑥), 𝐾𝑜(𝑜, 𝑜), 𝐾𝑜(𝑜, 𝑥) → 0 it implies that
𝐾𝑝(𝑥, 𝑥), 𝐾𝑝(𝑜, 𝑜), 𝐾𝑝(𝑜, 𝑥) → 0 (a-priori we have a
Dirac’s delta). Since 𝐾𝑝 depends on both 𝐾0 and 𝜎, we
always take the limit with respect to 𝜎 first.
If 𝑆 is rational and 𝑅 has no uncertainty, then

the expected payoffs can be computed from (17), (18)
and (19). The values are 𝐸[𝐷𝐸𝐹] = max(𝜇𝑝(𝑥), 𝜇𝑝(𝑜))
𝐸[𝐼𝑀𝑀] = 𝜇𝑝(𝑥) and 𝐸[𝐷𝑜𝑁] = 𝜇𝑝(𝑜). Therefore, DEF
is never dominated.
If 𝑆 is bounded-rational and 𝑅 has no uncertainty,

then 𝜎 > 0 and the payoffs are: 𝐸[𝐷𝐸𝐹] = 𝑝𝜇𝑝(𝑥)+(1−
𝑝)𝜇𝑝(𝑜), 𝐸[𝐼𝑀𝑀] = 𝜇𝑝(𝑥) and 𝐸[𝐷𝑜𝑁] = 𝜇𝑝(𝑜), where

𝑝 = Φ(𝜇𝑝(𝑥)−𝜇𝑝(𝑜)√
2𝜎2

) Therefore, 𝑝 ∈ (0, 1) and DEF is

never optimal.
If 𝑆 is rational and 𝑅 has uncertainty,

then 𝐸[𝐷𝐸𝐹] = 𝑝𝜇𝑝(𝑥) + (1 − 𝑝)𝜇𝑝(𝑜) + 𝑒,
𝐸[𝐼𝑀𝑀] = 𝜇𝑝(𝑥) and 𝐸[𝐷𝑜𝑁] = 𝜇𝑝(𝑜), where

𝑝 = Φ(
𝜇𝑝(𝑥)−𝜇𝑝(𝑜)√

𝐾𝑝(𝑜,𝑜)+𝐾𝑝(𝑥,𝑥)−2𝐾𝑝(𝑥,𝑜)
) and

𝑒 = 𝐾𝑝(𝑥,𝑥)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 (
𝜇𝑝(𝑜)−𝜇𝑝(𝑥)√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
)

+ 𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 (
𝜇𝑝(𝑥)−𝜇𝑝(𝑜)√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
) .

When 𝑆 is rational, then

𝑢𝑅(𝑡, 𝐷𝐸𝐹, 𝑏∗(𝐷𝐸𝐹)) = 𝜈(𝑜)𝐼{𝜈(𝑜)>𝜈(𝑥)}
+ 𝜈(𝑥)𝐼{𝜈(𝑥)>𝜈(𝑜)} = max(𝜈(𝑜), 𝜈(𝑥))

(25)

max is a convex function and, therefore, by Jensen’s
inequality 𝐸[max(𝜈(𝑜), 𝜈(𝑥))] ≥ max(𝐸[𝜈(𝑜)], 𝐸[𝜈(𝑥)]).
Therefore, 𝑝𝜇𝑝(𝑥) + (1 − 𝑝)𝜇𝑝(𝑜) + 𝑒 ≥
max(𝜇𝑝(𝑥), 𝜇𝑝(𝑜)) and DEF is always optimal.
The last case follows directly from Lemma 4.1.

Proof of Corollary 4.1. The results follow from Propo-
sition 4.1 (and (5)) after subtracting 𝛽 to the expected
payoff for DEF, where

𝛽 = 𝛾𝐸[|𝜈(𝑜)|] = 𝛾𝜇𝑝(𝑜) (1 − 2Φ(
−𝜇𝑝(𝑜)√
𝐾𝑝(𝑜,𝑜)

))

+ 2𝛾
√
𝐾𝑝(𝑜, 𝑜)𝜙 (

−𝜇𝑝(𝑜)√
𝐾𝑝(𝑜,𝑜)

) . (26)

If 𝑆 is rational and 𝑅 has no uncertainty, then the ex-
pected payoffs can be computed from (17), (18) and (19).
The values are 𝐸[𝐷𝐸𝐹] = max(𝜇𝑝(𝑥), 𝜇𝑝(𝑜))−𝛾′|𝜇𝑝(𝑜)|
𝐸[𝐼𝑀𝑀] = 𝜇𝑝(𝑥) and 𝐸[𝐷𝑜𝑁] = 𝜇𝑝(𝑜). Therefore, DEF
is never optimal.
If 𝑆 is bounded-rational and 𝑅 has no uncertainty,

then 𝜎 > 0 and the payoffs are: 𝐸[𝐷𝐸𝐹] = 𝑝𝜇𝑝(𝑥)+(1−
𝑝)𝜇𝑝(𝑜) − 𝛾′|𝜇𝑝(𝑜)| 𝐸[𝐼𝑀𝑀] = 𝜇𝑝(𝑥) and 𝐸[𝐷𝑜𝑁] =

𝜇𝑝(𝑜), where 𝑝 = Φ(𝜇𝑝(𝑥)−𝜇𝑝(𝑜)√
2𝜎2

) Therefore, 𝑝 ∈ (0, 1)

and DEF is never optimal.
If 𝑆 is rational and 𝑅 has uncertainty, then

𝐸[𝐷𝐸𝐹] = 𝑝𝜇𝑝(𝑥) + (1 − 𝑝)𝜇𝑝(𝑜) + 𝑒 − 𝛾′|𝜇𝑝(𝑜)|
𝐸[𝐼𝑀𝑀] = 𝜇𝑝(𝑥) and 𝐸[𝐷𝑜𝑁] = 𝜇𝑝(𝑜). Therefore, DEF
is optimal if 𝑝𝜇𝑝(𝑥) + (1 − 𝑝)𝜇𝑝(𝑜) + 𝑒 − 𝛾′|𝜇𝑝(𝑜)| ≥
max

(
𝜇𝑝(𝑥), 𝜇𝑝(𝑜)

)
. The last case follows similarly from

Proposition 4.1

Proof of Lemma 4.2. The expected
value for 𝐷𝐸𝐹 is equal to the sum of
𝐸[𝜈(𝑥)𝐼{𝜈(𝑥)>𝜈(𝑜)+𝜎)}], 𝐸[𝜈(𝑜)𝐼{𝜈(𝑜)>𝜈(𝑥)+𝜎)}] and
{𝐸[𝜈(𝑥)𝐼{|𝜈(𝑥)−𝜈(𝑜)|≤𝜎)}], 𝐸[𝜈(𝑜)𝐼{|𝜈(𝑥)−𝜈(𝑜)|≤𝜎)}]}. For
fixed 𝜈(𝑥), we have that

𝑝(𝜈(𝑥)|𝜈(𝑜)) = 𝑁(𝜈(𝑥);𝑚1, 𝜎21) =

𝑁
⎛
⎜
⎝
𝜈(𝑥);𝜇𝑝(𝑥)+

𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
(𝜈(𝑜)−𝜇𝑝(𝑜)),𝐾𝑝(𝑥,𝑥)−

𝐾2𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)

⎞
⎟
⎠
.

(27)

Therefore, we can apply (4) conditionally on 𝜈(𝑜) which
leads to

𝐸[𝜈(𝑥)𝐼{𝜈(𝑥)>𝜈(𝑜)+𝜎}|𝜈(𝑜)]

= 𝑚1 (1 − Φ( 𝜈(𝑜)+𝜎−𝑚1

𝜎1
)) + 𝜎1𝜙 (

𝜈(𝑜)+𝜎−𝑚1

𝜎1
)

(28)

Now observe that

𝐸[𝑚1] = ∫ (𝜇𝑝(𝑥) +
𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
(𝜈(𝑜) − 𝜇𝑝(𝑜)))

𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)𝑑𝜈(𝑜) = 𝜇𝑝(𝑥),
(29)

and

𝐸 [𝑚1Φ(
𝜈(𝑜)+𝜎−𝑚1

𝜎1
)]

= 𝐸 [(𝜇𝑝(𝑥) +
𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
(𝜈(𝑜) − 𝜇𝑝(𝑜)))Φ (

𝜈(𝑜)+𝜎−𝑚1

𝜎1
)]

= (𝜇𝑝(𝑥) −
𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)) 𝐸 [Φ (

𝜈(𝑜)+𝜎−𝑚1

𝜎1
)]

+ 𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝐸 [𝜈(𝑜)Φ ( 𝜈(𝑜)+𝜎−𝑚1

𝜎1
)]

(30)
The expectations are with respect to 𝜈(𝑜). Now we use
(2) to get
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𝐸 [Φ( 𝜈(𝑜)+𝜎−𝑚1

𝜎1
)]

= ∫ Φ( 𝜈(𝑜)+𝜎−𝑚1

𝜎1
)𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)

= ∫ Φ
⎛
⎜
⎜
⎝

𝜈(𝑜)
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
+𝑚2

𝜎1

⎞
⎟
⎟
⎠

𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)

= ∫ Φ
⎛
⎜
⎜
⎝

𝑧
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2+

𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)

𝜎1

⎞
⎟
⎟
⎠

𝑁(𝑧; 0, 1)𝑑𝑧

= Φ
⎛
⎜
⎜
⎝

𝜇𝑝(𝑜)
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2

√
𝐾𝑝(𝑜,𝑜)

√
𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))

2

⎞
⎟
⎟
⎠

= Φ(
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2
) ,

(31)
with𝑚2 =

𝐾𝑝(𝑜,𝑜)(𝜎−𝜇𝑝(𝑥))+𝐾𝑝(𝑥,𝑜)𝜇𝑝(𝑜)

𝐾𝑝(𝑜,𝑜)
. Similarly, we have

that

𝐸 [𝜈(𝑜)Φ ( 𝜈(𝑜)+𝜎−𝑚1

𝜎1
)]

= ∫ 𝜈(𝑜)Φ ( 𝜈(𝑜)+𝜎−𝑚1

𝜎1
)𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)

= ∫ 𝜈(𝑜)Φ
⎛
⎜
⎜
⎝

𝜈(𝑜)
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
+𝑚2

𝜎1

⎞
⎟
⎟
⎠

𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)

= ∫ Φ
⎛
⎜
⎜
⎝

𝑧
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2+

𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)

𝜎1

⎞
⎟
⎟
⎠

(𝑧
√
𝐾𝑝(𝑜, 𝑜) + 𝜇𝑝(𝑜))𝑁(𝑧; 0, 1)𝑑𝑧

(32)

We separate the sum:

∫ Φ
⎛
⎜
⎜
⎝

𝑧
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2+

𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)

𝜎1

⎞
⎟
⎟
⎠

𝜇𝑝(𝑜)𝑁(𝑧; 0, 1)𝑑𝑧

= 𝜇𝑝(𝑜)Φ
⎛
⎜
⎜
⎝

𝜇𝑝(𝑜)
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2

√
𝐾𝑝(𝑜,𝑜)

√
𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))

2

⎞
⎟
⎟
⎠

= 𝜇𝑝(𝑜)Φ (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2
) .

(33)

The other term in the sum

∫ Φ
⎛
⎜
⎜
⎝

𝑧
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2+

𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)

𝜎1

⎞
⎟
⎟
⎠

𝑧
√
𝐾𝑝(𝑜, 𝑜)𝑁(𝑧; 0, 1)𝑑𝑧

=
√
𝐾𝑝(𝑜,𝑜)(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2

𝜙
⎛
⎜
⎜
⎝

𝜇𝑝(𝑜)
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2

√
𝐾𝑝(𝑜,𝑜)

√
𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎

2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

⎞
⎟
⎟
⎠

=
√
𝐾𝑝(𝑜,𝑜)(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2

𝜙 (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2
) .

(34)

where we have used (3). Finally, we consider

∫ 𝜙 ( 𝜈(𝑜)+𝜎−𝑚1

𝜎1
)𝑁(𝜈(𝑜); 𝜇𝑝(𝑜), 𝐾𝑝(𝑜, 𝑜))𝑑𝜈(𝑜)

= ∫ 𝜙
⎛
⎜
⎜
⎝

𝑧
𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√

𝐾𝑝(𝑜,𝑜)
+𝑚2+

𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)

𝜎1

⎞
⎟
⎟
⎠

𝑁(𝑧; 0, 1)𝑑𝜈(𝑜)

=
√
𝐾𝑝(𝑜,𝑜)𝜎1√

𝐾𝑝(𝑜,𝑜)𝑝𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2

𝜙 (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2
) .

(35)
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Therefore, from (12) and (16)–(21), we obtain

𝐸[𝜈(𝑥)𝐼{𝜈(𝑥)>𝜈(𝑜)+𝜎}] = 𝜇𝑝(𝑥)

− (𝜇𝑝(𝑥) −
𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜))

⋅ Φ (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2
)

− 𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
𝜇𝑝(𝑜)Φ (

√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2
)

− 𝐾𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)

√
𝐾𝑝(𝑜,𝑜)(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2

𝜙 (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2
)

+
√
𝐾𝑝(𝑜,𝑜)𝜎21√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2

𝜙 (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2
)

= 𝜇𝑝(𝑥) (1 − Φ(
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2
))

+
√
𝐾𝑝(𝑜,𝑜)(𝐾𝑝(𝑥,𝑥)−𝐾𝑝(𝑥,𝑜))√

𝐾𝑝(𝑜,𝑜)(𝜎21+2𝜎
2)+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))2

𝜙 (
√
𝐾𝑝(𝑜,𝑜)(𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥))√

𝐾𝑝(𝑜,𝑜)𝜎21+(𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜))
2
)

(36)

Note that

𝐾𝑝(𝑜, 𝑜)𝜎21 + (𝐾𝑝(𝑜, 𝑜) − 𝐾𝑝(𝑥, 𝑜))2

= 𝐾𝑝(𝑜, 𝑜) (𝐾𝑝(𝑥, 𝑥) −
𝐾2𝑝(𝑥,𝑜)

𝐾𝑝(𝑜,𝑜)
) + (𝐾𝑝(𝑜, 𝑜) − 𝐾𝑝(𝑥, 𝑜))2

= 𝐾𝑝(𝑜, 𝑜)𝐾𝑝(𝑥, 𝑥) − 𝐾2
𝑝(𝑥, 𝑜)

+ 𝐾2
𝑝(𝑜, 𝑜) + 𝐾2

𝑝(𝑥, 𝑜) − 2𝐾𝑝(𝑥, 𝑜)𝐾𝑝(𝑜, 𝑜)

= 𝐾𝑝(𝑜, 𝑜)(𝐾𝑝(𝑥, 𝑥) + 𝐾𝑝(𝑜, 𝑜) − 2𝐾𝑝(𝑥, 𝑜)).
(37)

Therefore, we have that

𝐸[𝜈(𝑥)𝐼{𝜈(𝑥)>𝜈(𝑜)+𝜎}] =

= 𝜇𝑝(𝑥) (1 − Φ(
(𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥))√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
))

+ 𝐾𝑝(𝑥,𝑥)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 (
𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥)√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
)

(38)

and

𝐸[𝜈(𝑜)𝐼{𝜈(𝑜)>𝜈(𝑥)+𝜎}] =

= 𝜇𝑝(𝑜) (1 − Φ(
(𝜇𝑝(𝑥)+𝜎−𝜇𝑝(𝑜))√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
))

+ 𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 (
𝜇𝑝(𝑥)+𝜎−𝜇𝑝(𝑜)√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
)

(39)

The other two terms are:

𝐸[𝜈(𝑜)𝐼{|𝜈(𝑜)−𝜈(𝑥)|≤𝜎}] = 𝜇𝑝(𝑜)
− 𝐸[𝜈(𝑜)𝐼{𝜈(𝑜)>𝜈(𝑥)+𝜎}] − 𝐸[𝜈(𝑜)𝐼{𝜈(𝑥)>𝜈(𝑜)+𝜎}]

= 𝜇𝑝(𝑜) − 𝜇𝑝(𝑜) (1 − Φ(
(𝜇𝑝(𝑥)+𝜎−𝜇𝑝(𝑜))√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
))

− 𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 (
𝜇𝑝(𝑥)+𝜎−𝜇𝑝(𝑜)√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
)

− 𝜇𝑝(𝑜) (1 − Φ(
(−𝜇𝑝(𝑥)+𝜎+𝜇𝑝(𝑜))√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
))

+ 𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 (
−𝜇𝑝(𝑥)+𝜎+𝜇𝑝(𝑜)√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
)

= 𝜇𝑝(𝑜) − 𝜇𝑝(𝑜)(2 − Φ(
(𝜇𝑝(𝑥)+𝜎−𝜇𝑝(𝑜))√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
)

− Φ(
(−𝜇𝑝(𝑥)+𝜎+𝜇𝑝(𝑜))√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
) )

+ 𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

(𝜙 (
−𝜇𝑝(𝑥)+𝜎+𝜇𝑝(𝑜)√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
)

− 𝜙 (
𝜇𝑝(𝑥)+𝜎−𝜇𝑝(𝑜)√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
) )

(40)
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and
𝐸[𝜈(𝑥)𝐼{|𝜈(𝑜)−𝜈(𝑥)|≤𝜎}] =

= 𝜇𝑝(𝑥) − 𝜇𝑝(𝑥)(2 − Φ(
(𝜇𝑝(𝑥)+𝜎−𝜇𝑝(𝑜))√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
)

− Φ(
(−𝜇𝑝(𝑥)+𝜎+𝜇𝑝(𝑜))√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
) )

+ 𝐾𝑝(𝑥,𝑜)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

(𝜙 (
−𝜇𝑝(𝑜)+𝜎+𝜇𝑝(𝑥)√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
)

− 𝜙 (
𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥)√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
) )

(41)
Proof of Proposition 4.2. If 𝑅 has no uncertainty and
𝑆 is rational, then the expected payoffs can be com-
puted from (23), (24) and (25). The values are 𝐸[𝐷𝐸𝐹] =
max(𝜇𝑝(𝑥), 𝜇𝑝(𝑜)), 𝐸[𝐼𝑀𝑀] = 𝜇𝑝(𝑥) and 𝐸[𝐷𝑜𝑁] =
𝜇𝑝(𝑜). Therefore, DEF is always optimal.
If 𝑆 is bounded-rational and 𝑅 has no uncertainty,

then 𝜎 > 0. We consider three cases: (1) 𝜇𝑝(𝑥) > 𝜇𝑝(𝑜)+
𝜎; (2) 𝜇𝑝(𝑜) > 𝜇𝑝(𝑥) + 𝜎; (3) otherwise.
In case (1), the payoffs are: 𝐸[𝐷𝐸𝐹] = 𝜇𝑝(𝑥),

𝐸[𝐼𝑀𝑀] = 𝜇𝑝(𝑥) and 𝐸[𝐷𝑜𝑁] = 𝜇𝑝(𝑜), Therefore, DEF
is optimal. A similar results holds in case (2). In case
(3), 𝐸[𝐷𝐸𝐹] = {𝜇𝑝(𝑥) − 𝜖, 𝜇𝑝(𝑜) − 𝜖}. Under the con-
dition (A) or (B), DEF will alwys be dominated. If 𝑆 is
rational and 𝑅 has uncertainty, then DEF is optimal
as in Proposition 4.1 The last case follows directly from
Lemma 4.2.
Proof of Proposition 4.3. The only case where the con-
tent of the message is important is when DEF is not
optimal. In this case, 𝑅 makes a decision autonomously.
Whenever DEF is not optimal, the best action can

be either IMM(𝑥) if 𝜇𝑝(𝑥) > 𝜇𝑝(𝑜) or DoN if 𝜇𝑝(𝑜) >
𝜇𝑝(𝑥). Therefore, if 𝑆 sends a biased message such that
𝑅 estimates 𝜇𝑝(𝑥) > 𝜇𝑝(𝑜) when, in reality, 𝜈(𝑥) < 𝜈(𝑜),
then 𝑅 would choose an action that is not optimal for 𝑆.
Proof of Proposition 5.1. This follows from Proposition
4.1 for the cases when 𝝂(𝑜) and 𝝂(𝑥) are comparable (i.e.,
one dominates the other). If 𝑆 is rational and 𝑅 has no
uncertainty, then if 𝝂(𝑜) and 𝝂(𝑥) are comparable, the
payoff for DEF(𝑥)will be the best between 𝝂(𝑜) and 𝝂(𝑥)
and, therefore DEF is not dominated.
If 𝑆 is bounded-rational and 𝑅 has no uncertainty,

then if 𝝂(𝑜) and 𝝂(𝑥) are comparable, the payoff for
DEF(𝑥) will never be optimal, because it will be 𝑝𝝂(𝑜) +
(1−𝑝)𝝂(𝑥). If 𝑆 is rational and𝑅 has uncertainty, then
if 𝝂(𝑜) and 𝝂(𝑥) are comparable, the payoff for DEF(𝑥)
will always be optimal as shown in Proposition 4.1. If 𝑆
is bounded-rational and 𝑅 has uncertainty, the best
decision depends on the specific case.
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modelled as an agent minimising utility, which is a coun-
terintuitive assumption. Moreover, the formulation in
[36] does not really model the AI-assistance game prin-
ciples P1–P3, since 𝑅 does not learn 𝑆’s preferences.
In this paper, we revisit the off-switch problem and

model it more correctly as a signalling game. Signalling
games [15, 31] specifically refer to a class of two-player
Bayesian games with incomplete information, where
one player (𝑆 in our case) possesses private informa-
tion, while the other (𝑅 in our case) does not. The in-
formed player shares information with the uniformed
one through a message. We make the assumption that,
in the off-switch problem, the messages are 𝑆’s prefer-
ences about some underlying decision problem. 𝑅 uses
these preferences to learn 𝑆’s utilities and then chooses
its optimal action.
In this setting, 𝑅’s uncertainty arises statically from

the task of learning from preferences. For 𝑆, we adopt the
more realistic assumption that 𝑆 is a bounded rational
agent, that is an agent who behaves rationally within the
limits of their cognitive abilities. We consider different
bounded rationalitymechanisms.
We reprove the results of [17] in this setting using real

machine learning models to learn from preferences. We
additionally show that 𝑆 does not have any incentive to
lie when sending a message to 𝑅. Furthermore, we also
discuss how the cost of sending a message affects the
optimal strategy in the game. Both [17] and [36] consider
a single-utility scenario. In contrast, we also analyse sce-
narios involving incomparability. Such incomparability
may arise due to bounded rationality or because 𝑆 has
multiple utility functions in mind.

2. Preliminary
We assume that the human 𝑆 and the robot 𝑅 aim to

maximise 𝑆’s preferences of an underlying decision prob-
lem. We consider a standard set up for decision-making
[25] consisting of three key components: 1) a set 𝒮 of
finite states of the world; 2) a set 𝒪 of outcomes; and
3) a set 𝒳 of acts, which are mappings from states to
outcomes. 𝑆 expresses preferences over acts. We use the
term preferences here in a more colloquial sense; it is,
in fact, more realistic to assume that we can only ob-
serve choices over acts. Therefore, we can represent this
decision making problem as a tuple (𝒮, 𝒪,𝒳, 𝐶), where
𝐶 ∶ 𝒫(𝒳) → 𝒫(𝒳) is a choice function (𝒫(𝒳) being the
power-set of 𝒳).

Example 2.1. Assume 𝑆’s objective is to make a very
good risotto. The outcome is the taste of the risotto,which
is determined by its recipe. The decision-making prob-
lem is to find the best recipe. In this context, the state of
the world can represent factors such as the quality of the
ingredients, e.g., whether they are good or bad, which
may significantly influence the resulting taste. Therefore,
an act is represented by a vector specifying the recipe

for each possible state of the world. If we assume that a
recipe is a vector ofℝ𝑐, where 𝑐 is the number of ingredi-
ents, then an act 𝑧 is a vector in ℝ2𝑐, assuming only two
states of the world good/bad. Then 𝑆 expresses choices
over the powerset of a finite subset of ℝ2𝑐 (that is, over
subsets of recipes).
Hereafter, we also include examples of more stan-

dard instantiations of this problem, commonly consid-
ered in the foundations of decision-making under uncer-
tainty. Desirable gambles: 𝒮 = Ω is a possibility space of
an uncertain experiment (for instance, tossing a coin);
𝒪 = ℝ and 𝒳 = ℝ|Ω| is the set of all gambles [35].
Anscombe-Aumann: 𝒮 = Ω; 𝒪 = 𝐷(𝒪) is the set of sim-
ple probability distributions on a finite set of prizes 𝒪
and 𝒳 ⊂ ℝ|Ω|×|𝒪| [2]. A connection between these two
settings is proven in [38, 39].
For a given decision problem (𝒮, 𝒪,𝒳, 𝐶), rationality

of the decision-maker can be imposed by enforcing the
choice function 𝐶 to satisfy a set of constraints [1, 3, 28].
A minimal rationality requirement is usually:

𝐶(𝐴 ∪ 𝐵) = 𝐶(𝐶(𝐴) ∪ 𝐵), (1)

for all 𝐴, 𝐵 ⊆ 𝒫(𝒳), which is known as path-
independence property [23]. Other constraints can be
added depending on the specific decision-making prob-
lem [13, 27, 34] (including topological constraints). The
choice mechanisms (procedures) are typically defined by
specifying a rule that determines how to identify 𝐶(𝐴)
for each input set 𝐴. A first example is the ‘scalar opti-
misation choice’ [1] defined as:

𝐶(𝐴) = {𝑧 ∈ 𝐴 ∶ there is no 𝑦 ∈ 𝐴 s.t. 𝜈(𝑦) > 𝜈(𝑧)},
(2)

that is, the choice function is defined by 𝜈 ∶ 𝒳 → ℝ. We
refer to 𝜈 as utility function. Another example is the ‘vec-
tor optimisation choice’ defined through the following
Pareto-dominance criterion

𝐶(𝐴) = {𝑧 ∈ 𝐴 ∶ there is no 𝑦 ∈ 𝐴 s.t. 𝝂(𝑦) > 𝝂(𝑧)},
(3)

where 𝝂 ∶ 𝒳 → ℝ𝑑 is a vectorial function. Another
choice function is provided below, selecting acts that are
better with respect to at least one of the utilities:

𝐶(𝐴) =
⎧

⎨
⎩

⋃

𝑘=1,…,𝑑
argmax

𝑧∈𝐴
𝜈𝑘(𝑧)

⎫

⎬
⎭

. (4)

The definitions (3) and (4) coincide withmaximality and
e-admissibility when applied to gambles [12, 27]. Each
one of these representations defines choice functions
satisfying different ‘rationality constraints’. For instance,
all these three choice functions satisfy property (1).2 We
refer to the choice function in (2) as a binary preference.

2This holds when 𝒳 is finite. In the infinite case, additional as-
sumptions are needed.
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Note that, here, we do not assume state-independence;
therefore, the utility function 𝝂 is generally state-
dependent [26].
2.1. Learning from choices under rationality. The
problem of learning from choices generalises the concept
of learning from preferences. Given observations in the
form of choices

𝒟 = (𝐴𝑖 , 𝐶(𝐴𝑖))𝑛𝑖=1, (5)

and assuming the choice function satisfies rationality
criteria such as (1), then it can be represented through
a mechanism such as (2)–(4). In this case, learning a
choice function reduces to the problem of learning a
utility function vector [5, 9]. Since the unknown is a
functionwe can use aGaussian Process (GP) to learn 𝝂 [5,
9]. In this section, we assume that for each 𝑦, 𝑧 ∈ 𝒳 then
𝝂(𝑦) ≠ 𝝂(𝑧). This assumption prevents issues with zero
probability when calculating the posterior, as discussed
in [5]. As a result, for instance, in the scalar optimisation
case, the choice function defined in (2) is such that 𝐶(𝐴)
contains only a single element for each set𝐴. In the next
section, we will generalise this setting by introducing a
limit of discernibility.
To learn a choice function, we assume a GP prior on

the latent unknown utility vector function:

𝝂(𝑧) =
⎡
⎢
⎢
⎢
⎣

𝜈1(𝑧)
𝜈2(𝑧)
⋮

𝜈𝑑(𝑧)

⎤
⎥
⎥
⎥
⎦

∼ 𝐺𝑃
(
𝜇0(𝑧), 𝐾0(𝑧, 𝑧′)

)
, (6)

where 𝜇0(𝑧), 𝐾0(𝑧, 𝑧′) are respectively, the prior mean
and covariance functions (the parameters of the GP), and
then use the data in (5) and the rationality constraints,
which constrain 𝝂 (as for instance in (4)) to compute a
posterior over 𝝂. The posterior is not a GP, but we can
approximate it with a GP using various approaches (see
below), leading to the posterior

𝝂(𝑧) =
⎡
⎢
⎢
⎢
⎣

𝜈1(𝑧)
𝜈2(𝑧)
⋮

𝜈𝑑(𝑧)

⎤
⎥
⎥
⎥
⎦

∼ 𝐺𝑃
(
𝜇𝑝(𝑧), 𝐾𝑝(𝑧, 𝑧′)

)
, (7)

where 𝜇𝑝(𝑧), 𝐾𝑝(𝑧, 𝑧′) are respectively, the posterior
mean and covariance functions of the GP. Given this
posterior, we can probabilistically predict the decision
maker’s choice for any new finite choice set 𝐵, that is we
can compute 𝑃(𝐶(𝐵) = 𝐵′|𝒟) for each 𝐵′ ⊆ 𝐵.
When 𝑑 = 1 (scalar utility), the problem simplifies

to the problem of learning a complete preference (aka
standard preference learning).
Note that, for standard preference learning, the pos-

terior is a SkewGP [6–8]. It means that the posterior is
asymmetric (skewed). However, for the analytical deriva-
tion of the results in the paper, we will approximate

it with a GP (which has Gaussian marginals). We can
use three methods to compute this approximation: (i)
Laplace’s approximation [20, 37]; (ii) Expectation Propa-
gation [21]; (iii) Kullback-Leibler divergence minimiza-
tion [22], including Variational approximation [16] as a
particular case.
Example 2.2. To introduce the problem of choice-
function learning, we use a simple example: learning
𝑆’s preferences over risotto recipes. For clarity, we con-
sider a case where all ingredients are fixed except for the
amount of butter with values in [1, 9]. We assume that in
her mind, 𝑆’s taste as a function of the butter amount 𝑥
is as depicted in Figure 1, where higher values indicate a
stronger preference. We further assume that there is only
one state of the world, so that 𝑐 = 1. 𝑅 does not know 𝑆’s
taste and learn it indirectly from 𝑆’s preferences, such as

𝒟 = {6.5 ≻ 3.5, 7 ≻ 5, 6.5 ≻ 5.5, 3.5 ≻ 8.5,
1 ≻ 9, 7 ≻ 1.5, 4.5 ≻ 7.5, 3.5 ≻ 4}

where 6.5 ≻ 3.5 means that 𝑆 prefers a risotto with a
butter amount of 6.5 over one with a butter amount of
3.5. These preferences have been generated according to
the utility function depicted in Figure 1.

1 2 3 4 5 6 7 8 9
x (butter)

0

2

4

6

8

10

(x
)

Figure 1. 𝑆’s utility for risotto.

Since there is only a single latent utility dimension
(𝑑 = 1), this problem reduces to learning a complete
preference order. 𝑅 will do it by placing a GP prior over
the unknown utility 𝜈(𝑥), as depicted in Figure 2. The
likelihood is simply:

𝑝(𝒟|𝜈) = 𝐼{𝜈(6.5)>𝜈(3.5)}𝐼{𝜈(7)>𝜈(5)}⋯𝐼{𝜈(3.5)>𝜈(4)} (8)

where 𝐼{𝜈(6.5)>𝜈(3.5)} denotes the indicator function,
which is equal to 1 when the condition in the subscript
holds true, and 0 otherwise. The posterior computed
based on the 8 preferences above is shown in Figure 3.
The posterior computed based on a total of 30 prefer-
ences above is shown in Figure 4. It is important to note
that 𝑅 can never fully estimate the utility hidden in 𝑆’s
mind because this utility is not identifiable from prefer-
ences alone. 𝑅 can only learn it up to a non-decreasing
transformation. This explains why the posterior mean
in Figure 4 is not ‘exactly’ equal to the original utility in
Figure 2, but they both generate the same preferences.
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1 2 3 4 5 6 7 8 9
sugar

2

1

0

1

2

3

(x
)

Mean of the Samples
95% Credible Region

Figure 2. GP prior: mean function (black line), 95% credi-
ble region (blue shaded area), and 10 samples
of 𝜈(𝑥), each shown in a different colour.

1 2 3 4 5 6 7 8 9
sugar

2

1

0

1
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(x
)

Mean of the Samples
95% Credible Region

Figure 3. GP posterior: mean function (black line), 95%
credible region (blue shaded area), and 10 sam-
ples of 𝜈(𝑥), each shown in a different colour.

2.2. Learning from choices under bounded-rational-
ity. In standard decision theory, it is assumed that the
decision maker is rational. However, due to cognitive
limitations, we can generally only assume that the deci-
sion maker is bounded-rational [30]. A typical instance
arises when the decisionmaker has limited time to make
a decision (such as when playing chess), and, under time
pressure, may resort to a random choice. Other cases in-
volve limitations in computational resources [11, 14] and
discernibility [19]. In the latter, the decision-maker may
struggle to differentiate between two acts with similar
utilities, resulting in a random choice. These situations
are usually modelled through random utility models [33],
where noise with a certain distribution is included in the
choice mechanism. For instance, in this case, the deci-
sion maker is assumed to choose 𝐶({𝑦, 𝑧}) = {𝑧} when

𝜈(𝑧) + 𝑛(𝑧) > 𝜈(𝑦) + 𝑛(𝑦) (9)

where 𝑛(𝑧), 𝑛(𝑦) are independent noises. If 𝑛(𝑧), 𝑛(𝑦) ∼
𝑁(0, 𝜎2) [32], then

𝑃(𝐶({𝑧, 𝑦}) = {𝑧}) = Φ(
𝜈(𝑧) − 𝜈(𝑦)

𝜎 ) ,

𝑃(𝐶({𝑧, 𝑦}) = {𝑦}) = Φ(
𝜈(𝑦) − 𝜈(𝑧)

𝜎 ) ,
(10)

1 2 3 4 5 6 7 8 9
sugar
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Figure 4. GP posterior: mean function (black line), 95%
credible region (blue shaded area), and 10 sam-
ples of 𝜈(𝑥), each shown in a different colour.

where Φ is the CDF of the standard normal distribution.
In the paper, we use 𝜙 to denote the PDF of the stan-
dard normal distribution. It can be noticed that when
𝜈(𝑧)−𝜈(𝑦) = 0, the decision maker chooses between the
two options with probability 1∕2. However, when the
difference |𝜈(𝑧) − 𝜈(𝑦)| is very large compared to 𝜎, the
decision maker will choose deterministically. Therefore,
this random utility model captures a limit of discernibil-
ity through the discernibility parameter 𝜎 [5]. Note that,
we can use the GP model to learn from this noisy data,
in this case the likelihood (8) becomes

𝑝(𝒟|𝜈) = Φ
( 𝜈(6.5)−𝜈(3.5)

𝜎

)
⋯Φ

( 𝜈(3.5)−𝜈(4)
𝜎

)
. (11)

Thesemodels are used for problemwhere the decision-
maker needs tomake a single item choice. However, if we
allows incompleteness then we can define choice func-
tions modelling bounded rational agents. For instance,
the following choice function models a limit of discerni-
bility through incompleteness [19]:

𝐶({𝑧, 𝑦}) =
⎧

⎨
⎩

{𝑧} if 𝜈(𝑧) > 𝜈(𝑦) + 𝜎,
{𝑦} if 𝜈(𝑦) > 𝜈(𝑧) + 𝜎,
{𝑧, 𝑦} if |𝜈(𝑧) − 𝜈(𝑦)| ≤ 𝜎,

(12)

where 𝜎 > 0 is the limit of discernibility. In this section,
we provided examples of bounded rationality for the
scalar optimisation choice mechanism. Similar models
can also be introduced for the vector mechanism [5].

3. Modified signalling games
Signalling games [15, 31] specifically refer to a class of

two-player games with incomplete information, where
one player possesses private information (the Sender),
while the other does not (the Receiver). The timing and
payoffs of the game are as follows:
1. Nature draws a state of the world (a type) 𝑡𝑖 ∈ 𝑇

according to a probability distribution 𝑝(𝑡).
2. The Sender observes 𝑡𝑖 and then chooses a message

𝑚𝑗 ∈ 𝑀 from a finite set of messages𝑀 and sends
it to the Receiver.

4
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3. The Receiver observes 𝑚𝑗 (but not 𝑡𝑖) and then
chooses an action 𝑎𝑘 ∈ 𝐴 from a finite set of possi-
ble actions 𝐴.

4. If 𝑎𝑘 ∈ 𝐴′ ⊂ 𝐴 then the Sender chooses an action
𝑏𝑙 ∈ 𝐵 from a finite set of possible actions 𝐵. Other-
wise, 𝑏𝑙 = ∅ (null decision).

5. Payoffs for Sender and Receiver are given by
𝑢𝑆(𝑡𝑖 , 𝑚𝑗 , 𝑎𝑘, 𝑏𝑙) and, respectively, 𝑢𝑅(𝑡𝑖 , 𝑚𝑗 , 𝑎𝑘, 𝑏𝑙).

Step 4 in the game is typically absent in standard sig-
nalling games, which is why we refer to it asmodified.
Requirement 1. After observing any message𝑚𝑗 from
𝑀, the Receiver must have a belief about which types
could have sent𝑚. Denote this belief by the probability
𝑝(𝑡|𝑚𝑗).
Requirement 2R. For each 𝑚𝑗 ∈ 𝑀, the Receiver’s
action 𝑎∗(𝑚𝑗) must maximise the Receiver’s expected
utility, given the belief 𝑝(𝑡|𝑚𝑗) about which types could
have sent𝑚𝑗 . That is,

𝑎∗(𝑚𝑗) ∈ argmax
𝑎𝑘∈𝐴

∫
𝑇
𝑢𝑅(𝑡,𝑚𝑗 , 𝑎𝑘, 𝑏∗(𝑎𝑘))𝑑𝑝(𝑡|𝑚𝑗).

(13)
Requirement 2R also applies to the Sender, but the

Sender has complete information (and hence a trivial
belief), so Requirement 2S is simply that the Sender’s
strategy be optimal given the Receiver’s strategy:
Requirement 2S. For each 𝑡𝑖 ∈ 𝑇, the Sender’s mes-
sage 𝑚∗(𝑡𝑖) and the action 𝑏∗(𝑎∗(𝑚𝑗)) must maximize
the Sender’s utility, given the Receiver’s strategy 𝑎∗(𝑚𝑗).
That is, we have that:

(
𝑚∗(𝑡𝑖), 𝑏∗(𝑎∗(𝑚𝑗))

)

∈ arg max
𝑚∈𝑀,𝑏∈𝐵

𝑢𝑠(𝑡𝑖 , 𝑚, 𝑎∗(𝑚), 𝑏(𝑎∗(𝑚))).
(14)

Finally, given the Sender’s strategy 𝑚∗(𝑡𝑖), let 𝑇𝑗 de-
note the set of types that send the message 𝑚𝑗 . That
is, 𝑡𝑖 is a member of the set 𝑇𝑗 if 𝑚∗(𝑡𝑖) = 𝑚𝑗 . If 𝑇𝑗 is
nonempty then the information set corresponding to the
message𝑚𝑗 is on the equilibrium path; otherwise,𝑚𝑗 is
not sent by any type and so the corresponding informa-
tion set is off the equilibrium path. For messages on the
equilibrium path, we have that
Requirement 3. For each𝑚𝑗 ∈ 𝑀, if there exists 𝑡 ∈ 𝑇
such that𝑚∗(𝑡) = 𝑚𝑗, then the Receiver’s belief at the
information set corresponding to𝑚𝑗 must follow from
Bayes’ rule and the Sender’s strategy:

𝑝(𝑡|𝑚𝑗) =
𝐼{𝑚∗(𝑡)=𝑚𝑗}(𝑡)𝑝(𝑡)

∫𝑇 𝐼{𝑚∗(𝑡)=𝑚𝑗}(𝑡)𝑑𝑝(𝑡)
. (15)

Definition 3.1. A pure-strategy perfect Bayesian equi-
librium in a signalling game is a triplet of strategies
𝑚∗(𝑡𝑖), 𝑎∗(𝑚𝑗), 𝑏(𝑎∗(𝑚𝑗)) and a belief 𝑝(𝑡|𝑚𝑗) satisfying
Requirements 1–3.

4. The off-switch game as a signalling
game

In this section, we revisit the off-switch problem [17]
through the lens of signalling games. In the off-switch
game, the human (𝑆), acts as the Sender and the robot (𝑅),
as the Receiver, with 𝑇 representing the set of possible
types for 𝑆. Each type 𝑡𝑖 ∈ 𝑇 characterises 𝑆’s “taste” and
degree of bounded rationality for an underlying decision
problem (𝒮, 𝒪,𝒳, 𝐶). As studied in [17], we consider a
bounded-rationality model similar to (9), where a single
scalar utility is assumed. Thus, the type 𝑡𝑖 is a realisation
of a utility function 𝜈 and (a vector of) noises3 𝐧, where
𝑝(𝐧) = 𝑁(𝐧; 0, 𝐼𝜎2) and 𝑝(𝜈) = 𝐺𝑃(𝜈; 𝜇0, 𝐾0), for some
mean function 𝜇0, kernel function 𝐾0, and parameter
𝜎2 (𝐼 is the identity matrix). We further assume that all
these parameters are common knowledge in the game.
The message 𝑚 ∈ 𝑀 encapsulates 𝑆’s prefer-

ences/choices over acts in𝒳, relative to the underlying
decision problem (𝒮, 𝒪,𝒳, 𝐶). That is, 𝑚 represents a
dataset of choices as in (5). Since we are considering a
single utility function, we assume a choice mechanism
as in (2). We first assume that the payoffs do not directly
depend on the message𝑚. In signalling games, this as-
sumption is referred to as cheap-talk [15]. Furthermore,
we assume that each type 𝑡 can only choose one mes-
sage, i.e., 𝑆 can only send the message determined by
Nature through 𝑆’s type. This is the setting studied in [17].
The message is a choice dataset, such as the one in (5),
which 𝑅 uses to estimate 𝑆’s utility using the approach
described in Section 2.1.
We consider two acts𝑥, 𝑜 ∈ 𝒳 relative to the underling

decision problem (𝒮, 𝒪,𝒳, 𝐶). We assume that 𝑜 is the
status-quo and 𝑥 is some new act. For instance, in our
risotto example, 𝑜 could be the best recipe known by 𝑆
and 𝑥 a new recipe proposed by 𝑅.
Remark 4.1. Although we do not address the optimal
selection of 𝑥 in this paper, we assume that 𝑅 will choose
an act 𝑥 that is preferable to 𝑜 whenever possible. This
assumption explains why 𝑆 is willing to engage in the
game with 𝑅: 𝑆 expects 𝑅 to recommend actions that
improve upon the status quo, since 𝑆 does not know
how to identify such actions on their own. However, the
choice of 𝑥 may not be optimal when 𝑅 is uncertain
about the utility of 𝑆. In machine learning, the optimal
selection of 𝑥 can be done through a technique called
Bayesian optimisation.
In this context, the available actions for 𝑅 are 𝐴 =

{𝐼𝑀𝑀,𝐷𝐸𝐹,𝐷𝑜𝑁}. 𝐼𝑀𝑀 means ‘immediate decision’,
that is 𝑅 will implement 𝑥. DoN means ‘do nothing’.
𝐷𝐸𝐹means 𝑅 will defer to 𝑆. In the signalling game, this
implies that 𝐴′ = {𝐷𝐸𝐹}. In the case 𝑅 defers to 𝑆, then
𝑆 has two possible actions, 𝐵 = {𝑂𝐹𝐹, ¬𝑂𝐹𝐹}, either to

3It is a vector because the noise is also present in the message, that
is in the choice dataset.
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switch off 𝑅 or to allow 𝑅 to implement 𝑥. Therefore, the
payoff for 𝑅 is

𝑢𝑅(𝑡, 𝐼𝑀𝑀,∅) = 𝜈(𝑥),
𝑢𝑅(𝑡, 𝐷𝑜𝑁,∅) = 𝜈(𝑜),

𝑢𝑅(𝑡, 𝐷𝐸𝐹, 𝑏∗(𝐷𝐸𝐹)) = 𝜈(𝑜)𝐼{𝜈(𝑜)+𝑛(𝑜)>𝜈(𝑥)+𝑛(𝑥)}
+ 𝜈(𝑥)𝐼{𝜈(𝑥)+𝑛(𝑥)>𝜈(𝑜)+𝑛(𝑜)}.

(16)

Indeed, if 𝑅 chooses 𝐼𝑀𝑀, then the payoff for 𝑅 is equal
to the utility that 𝑆 receives from the act 𝑥. If 𝑅 chooses
𝐷𝑜𝑁, then the payoff for 𝑅 is equal to the utility of the
status-quo for 𝑆 (utility relative to the act 𝑜). The last
case represents the payoff for the action 𝐷𝐸𝐹, where
the action depends on 𝑆’s move in the game, which is
encapsulated by the indicator functions. Given 𝑆 is a
bounded rational agent, 𝑆 chooses the action 𝑂𝐹𝐹 or
¬𝑂𝐹𝐹 based on 𝑆’s noisy utility. If 𝑆 chooses 𝑂𝐹𝐹, then
𝑆 receives the utility of the status-quo 𝑜, otherwise the
utility of 𝑥.
According to Requirement 2R, 𝑅 will choose the ac-

tion that maximises the expected value of the payoff in
(16), where the expectation is computed with respect to
𝑝(𝑡|𝑚𝑗), i.e., the posterior distribution over 𝑆’s type (util-
ity 𝜈 for the underlying decision problem (𝒮, 𝒪,𝒳, 𝐶))
learned by 𝑅 from the message𝑚𝑗 (which is a dataset of
preferences). We can then prove the following lemma.

Lemma 4.1. Assume that 𝑝(𝜈|𝒟) = 𝐺𝑃
(
𝜈; 𝜇𝑝, 𝐾𝑝

)
is

the GP posterior computed by 𝑅 from the prior 𝑝(𝜈) =
𝐺𝑃 (𝜈; 𝜇0, 𝐾0), the bounded-rationality likelihood (10)
and the message 𝑚𝑗 = 𝒟, then the expected payoffs of
𝑅’s actions are:

𝐷𝐸𝐹 ∶ ∫
𝑇

(
𝜈(𝑜)𝐼{𝜈(𝑜)+𝑛(𝑜)>𝜈(𝑥)+𝑛(𝑥)} + 𝜈(𝑥)𝐼{𝜈(𝑜)+𝑛(𝑜)<𝜈(𝑥)+𝑛(𝑥)}

)

𝑑𝑝(𝜈(𝑥), 𝑛(𝑥), 𝜈(𝑜), 𝑛(𝑜)|𝑚𝑗)

= 𝜇𝑝(𝑥) (1 − Φ( 𝜇𝑝(𝑜)−𝜇𝑝(𝑥)√
𝐾𝑝(𝑥,𝑥)+2𝜎2+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

))

+ 𝐾𝑝(𝑥,𝑥)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+2𝜎2+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 ( 𝜇𝑝(𝑜)−𝜇𝑝(𝑥)√
𝐾𝑝(𝑥,𝑥)+2𝜎2+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

)

+ 𝜇𝑝(𝑜) (1 − Φ( 𝜇𝑝(𝑥)−𝜇𝑝(𝑜)√
𝐾𝑝(𝑥,𝑥)+2𝜎2+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

))

+ 𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+2𝜎2+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 ( 𝜇𝑝(𝑥)−𝜇𝑝(𝑜)√
𝐾𝑝(𝑥,𝑥)+2𝜎2+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

) ,

(17)

𝐼𝑀𝑀 ∶ ∫
𝑇
𝜈(𝑥)𝑑𝑝(𝜈(𝑥), 𝑛(𝑥), 𝜈(𝑜), 𝑛(𝑜)|𝑚𝑗) = 𝜇𝑝(𝑥), (18)

𝐷𝑜𝑁 ∶ ∫
𝑇
𝜈(𝑜)𝑑𝑝(𝜈(𝑥), 𝑛(𝑥), 𝜈(𝑜), 𝑛(𝑜)|𝑚𝑗) = 𝜇𝑝(𝑜), (19)

where

𝑝(𝜈(𝑥), 𝑛(𝑥), 𝜈(𝑜), 𝑛(𝑜)|𝑚𝑗) = 𝑝(𝜈(𝑥), 𝜈(𝑜)|𝑚𝑗)𝑝(𝑛(𝑥), 𝑛(𝑜))

with 𝑝(𝑛(𝑥), 𝑛(𝑜)) = 𝑁(𝑛(𝑥); 0, 𝜎2)𝑁(𝑛(𝑜); 0, 𝜎2) and

𝑝(𝜈(𝑥), 𝜈(𝑜)|𝑚𝑗) = 𝑁 ([𝜈(𝑥)𝜈(𝑜)] ; [
𝜇𝑝(𝑥)
𝜇𝑝(𝑜)

] , [𝐾𝑝(𝑥, 𝑥) 𝐾𝑝(𝑥, 𝑜)
𝐾𝑝(𝑜, 𝑥) 𝐾𝑝(𝑜, 𝑜)

]) .

(20)

Proofs of this and the following results are provided
in the Supplementary Material. In Lemma 4.1, we have
exploited the fact that the marginal of a GP is a multi-
variate normal (equation (20)). We then introduce the
following definitions:

Definition 4.1.We say that:
• 𝑆 is rational whenever 𝜎 → 0; 𝑆 is bounded-
rational otherwise;

• 𝑅 has no uncertainty on 𝑆’s utility whenever
𝐾𝑜(𝑥, 𝑥), 𝐾𝑜(𝑜, 𝑜), 𝐾𝑜(𝑜, 𝑥) → 0 (that is the prior
becomes a Dirac’s delta); otherwise 𝑅 has uncer-
tainty.

In the signalling game defined in Section 3, note that
𝑅 having no uncertainty about 𝑆’s utility implies that 𝑅
possesses perfect knowledge of 𝑆’s utility. This is because
the prior 𝑝(𝑡) is common knowledge within the game.
We consider

Proposition 4.1. The optimal decisions for 𝑅 are:
• If 𝑆 is rational and𝑅 hasnouncertainty, then𝐷𝐸𝐹
is never dominated by 𝐼𝑀𝑀,𝐷𝑜𝑁.

• If 𝑆 is bounded-rational and 𝑅 has no uncertainty,
then DEF is never optimal;

• If 𝑆 is rational and 𝑅 has uncertainty, then DEF is
always optimal.

• If 𝑆 is bounded-rational and 𝑅 has uncertainty,
then DEF is optimal if (17) is larger or equal than the
maximum between (18) and (19).

Therefore, by interpreting the non-optimality of 𝐷𝐸𝐹
as the robot disabling the off-switch,4 we conclude that:

If 𝑆 is rational, then 𝑅 will never disable the off-
switch. If 𝑆 is bounded-rational, a necessary con-
dition for 𝑅 not to disable the off switch is the
presence of uncertainty.

This result aligns with what was proven in [17]; how-
ever, in our case, the statements have been rigorously
established within the framework of signalling games,
also incorporating the posterior uncertainty (in equation
(20)) derived from preference learning. This means that
the result was proven under the principles P1–P3.

4This is based on the premise that the robot (as a recommendation
system) will propose an act 𝑥 that improves 𝑆’s utility whenever possi-
ble (compared to 𝑜). In this scenario, deferring to a human is equivalent
to not disabling the off-switch since, otherwise, 𝑅 will implement 𝑥.
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It is particularly interesting to note that the conclu-
sions of Proposition 4.1 would still hold, even if the ab-
sence of uncertainty did not imply perfect knowledge of
𝜈 for the robot.5 For this reason, themoral of this result
is that we should not build 𝑅 to estimate 𝜈 through a
model, such as a neural network, that does not provide
any measure of uncertainty [17]. Indeed, Proposition 4.1
strongly supports the use of probabilistic methods in AI.
We will revisit this in Section 6.1.
4.1. The cost ofmessaging. In the previous section, we
have considered a situation where messaging is ‘cheap’,
that is it does not affect 𝑆’s utility. If this is not the case,
we may assume that the cost of communications is pro-
portional to the length of the message 𝑚, that is, the
communication cost is 𝛾′𝓁𝑚 for some scaling parameter
𝛾′ > 0. However, since the utility 𝜈 is only defined by
pairwise comparisons and lacks an absolute scale, we
cannot directly assign a value to 𝛾′. Instead, the commu-
nication cost must be defined relative to 𝜈, for example,
as 𝛾′ = 𝛾|𝜈(𝑜)| for some 𝛾 > 0. Using our risotto example,
this implies that the communication cost is expressed
on a “taste” scale. In this case, the payoff for 𝑅 is:

𝑢𝑅(𝑡, 𝐷𝐸𝐹, 𝑏∗(𝐷𝐸𝐹)) = 𝜈(𝑜)𝐼{𝜈(𝑜)+𝑛(𝑜)>𝜈(𝑥)+𝑛(𝑥)}
+ 𝜈(𝑥)𝐼{𝜈(𝑥)+𝑛(𝑥)>𝜈(𝑜)+𝑛(𝑜)}
− 𝛾(𝓁𝑚𝑗 + 1),

𝑢𝑅(𝑡, 𝐼𝑀𝑀,∅) = 𝜈(𝑥) − 𝛾𝓁𝑚𝑗 ,

𝑢𝑅(𝑡, 𝑂𝐹𝐹,∅) = 𝜈(𝑜) − 𝛾𝓁𝑚𝑗 .

(21)

Here, 𝛾𝓁𝑚𝑗 represents the communication cost associ-
ated with sending the message𝑚𝑗 , and the additional 𝛾
in the first term arises because deferring a decision to 𝑆
involves further communication.
Corollary 4.1. The optimal decisions for 𝑅 are:
• If 𝑅 has no uncertainty, then DEF is never optimal.
• If 𝑆 is rational and 𝑅 has uncertainty, then DEF is
optimal if

𝑝𝜇𝑝(𝑥)+(1−𝑝)𝜇𝑝(𝑜)+𝑒 ≥ 𝛽+max
(
𝜇𝑝(𝑥), 𝜇𝑝(𝑜)

)
,

(22)

where 𝑝 = Φ(
𝜇𝑝(𝑥)−𝜇𝑝(𝑜)√

𝐾𝑝(𝑜,𝑜)+𝐾𝑝(𝑥,𝑥)−2𝐾𝑝(𝑥,𝑜)
) and

𝑒 = 𝐾𝑝(𝑥,𝑥)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 (
𝜇𝑝(𝑜)−𝜇𝑝(𝑥)√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
)

+ 𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 (
𝜇𝑝(𝑥)−𝜇𝑝(𝑜)√

𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)
) .

• If 𝑆 is bounded-rational and 𝑅 has uncertainty,
then DEF is optimal if (17) is larger or equal than 𝛽
plus the maximum between (18) and (19).

5The result of the Proposition depends only on whether the poste-
rior is deterministic or not.

where 𝛽 = 𝛾𝜇𝑝(𝑜) (1 − 2Φ(
−𝜇𝑝(𝑜)√
𝐾𝑝(𝑜,𝑜)

)) + 2𝛾
√
𝐾𝑝(𝑜, 𝑜)𝜙 (

−𝜇𝑝(𝑜)√
𝐾𝑝(𝑜,𝑜)

) .

Summarising it we have that

With communication cost, if𝑅 has nouncertainty
about 𝑆’s utilities, then 𝑅 will always disable the
off switch (even when 𝑆 is rational).

The takeaway is that if 𝑆 genuinely values preserving
the off switch, it should not penalise messaging to 𝑅.
4.2. Another mechanism of bounded rationality. In
the previous two sections, we considered a utility model
governed by a Gaussian-noise bounded rationality mech-
anism. In this section,we analyse the bounded rationality
mechanismdescribed in (12), which captures incompara-
bility arising from a limit of discernibility. In this case, we
need to define a payoff for 𝐷𝐸𝐹 when |𝜈(𝑥) − 𝜈(𝑜)| ≤ 𝜎,
that is when 𝑆 cannot distinguish between the two acts
𝑥, 𝑜. In this case, we assume that the payoff is represented
as the set {𝜈(𝑥) − 𝜖; 𝜈(𝑜) − 𝜖}. Indeed, since 𝑆 cannot dis-
tinguish the two acts and chooses both of them, 𝑆’s payoff
is a set, {𝜈(𝑥); 𝜈(𝑜)}, and 𝜖 ∈ (0, 𝜎] is a penalisation term
introduced to penalise 𝑆’s payoff for being imprecise.
This penalisation term is similar to the one introduced
in [40] for evaluating imprecise classifiers. Using this
framework, we can prove the following lemma.

Lemma 4.2. Assume that 𝑝(𝜈|𝒟) = 𝐺𝑃
(
𝜈; 𝜇𝑝, 𝐾𝑝

)
is

the GP posterior computed by 𝑅 from the prior 𝑝(𝜈) =
𝐺𝑃 (𝜈; 𝜇0, 𝐾0), the likelihood (12) and the message𝑚𝑗 =
𝒟, then the expected payoffs of 𝑅’s actions are:

𝐷𝐸𝐹 ∶ ∫
𝑇

(
𝜈(𝑜)𝐼{𝜈(𝑜)>𝜈(𝑥)+𝜎} + 𝜈(𝑥)𝐼{𝜈(𝑥)>𝜈(𝑜)+𝜎}

+ {𝜈(𝑥), 𝜈(𝑜)}𝐼|𝜈(𝑜)−𝜈(𝑥)|≤𝜎
)
𝑑𝑝(𝜈(𝑥), 𝜈(𝑜)|𝑚𝑗)

= 𝜇𝑝(𝑥) (1 − Φ( (𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥))√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

))

+ 𝐾𝑝(𝑥,𝑥)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 ( 𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

)

+ 𝜇𝑝(𝑜) (1 − Φ( (𝜇𝑝(𝑥)+𝜎−𝜇𝑝(𝑜))√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

))

+ 𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

𝜙 ( 𝜇𝑝(𝑥)+𝜎−𝜇𝑝(𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

)

+ {𝜇𝑝(𝑜) − 𝜇𝑝(𝑜)(2 − Φ( (𝜇𝑝(𝑥)+𝜎−𝜇𝑝(𝑜))√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

)

− Φ( (−𝜇𝑝(𝑥)+𝜎+𝜇𝑝(𝑜))√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

) )

+ 𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

(𝜙 ( −𝜇𝑝(𝑥)+𝜎+𝜇𝑝(𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

)

− 𝜙 ( 𝜇𝑝(𝑥)+𝜎−𝜇𝑝(𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

) ) − 𝜖;
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𝜇𝑝(𝑥) − 𝜇𝑝(𝑥)(2 − Φ( (𝜇𝑝(𝑥)+𝜎−𝜇𝑝(𝑜))√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

)

− Φ( (−𝜇𝑝(𝑥)+𝜎+𝜇𝑝(𝑜))√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

) )

+ 𝐾𝑝(𝑜,𝑜)−𝐾𝑝(𝑥,𝑜)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

(𝜙 ( −𝜇𝑝(𝑜)+𝜎+𝜇𝑝(𝑥)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

)

− 𝜙 ( 𝜇𝑝(𝑜)+𝜎−𝜇𝑝(𝑥)√
𝐾𝑝(𝑥,𝑥)+𝐾𝑝(𝑜,𝑜)−2𝐾𝑝(𝑥,𝑜)

) ) − 𝜖}, (23)

𝐼𝑀𝑀 ∶∫
𝑇
𝜈(𝑥)𝑑𝑝(𝜈(𝑥)𝑛(𝑜)|𝑚𝑗) = 𝜇𝑝(𝑥), (24)

𝐷𝑜𝑁 ∶ ∫
𝑇
𝜈(𝑜)𝑑𝑝(𝜈(𝑥), 𝜈(𝑜)|𝑚𝑗) = 𝜇𝑝(𝑜), (25)

where 𝑝(𝜈(𝑥), 𝜈(𝑜)|𝑚𝑗) is defined in (20).

The payoff for DEF can be a set and this leads to in-
comparability, a complete preference order cannot be es-
tablished. Therefore, the players are restricted to making
comparisons based solely on dominance. We consider
the two possible dominance conditions defined in (3)
(we refer to it as criterion (A)) and (4) (we refer to it as
criterion (B)).

Proposition 4.2. The optimal decisions for 𝑅 are:

• If 𝑆 is rational and 𝑅 has no uncertainty, then DEF
is never dominated.

• If 𝑆 is bounded-rational and 𝑅 has no uncertainty,
DEF is always dominatedwhenever |𝜈(𝑥)−𝜈(𝑜)| ≤ 𝜎,
otherwise DEF is not dominated.

• If 𝑆 is rational and 𝑅 has uncertainty, then DEF is
always optimal.

• If 𝑆 is bounded-rational and 𝑅 has uncertainty,
then DEF is optimal if

(A) the minimum of (23) is larger or equal than the
maximum between (24) and (25).

(B) the maximum of (23) is larger or equal than the
maximum between (24) and (25).

We can then conclude that:

If 𝑆 is rational, then 𝑅 will never disable the off-
switch. If 𝑆 is bounded-rational, a necessary con-
dition for 𝑅 not to disable the off switch is the
presence of uncertainty.

These conclusions are similar to those derived from
Proposition 4.1 but, in this case, we have proved them
with a mechanism of bounded rationality that is fully
deterministic.

4.3. Lies and deception. Consider a choice set com-
prising of two acts 𝐴 = {𝑦, 𝑧}, then, according to the

bounded-rationality model in the previous section, 𝑆 can
send three possibles messages:

either 𝐶(𝐴) = {𝑦} or 𝐶(𝐴) = {𝑧} or 𝐶(𝐴) = {𝑦, 𝑧}.

This is true for any 𝐴𝑖 in𝒟 = (𝐴𝑖 , 𝐶(𝐴𝑖))𝑛𝑖=1 and, there-
fore, there are 3𝑛 possible messages in this game. In the
previous section, we assumed that 𝑆 sends the message
defined by their type, that is, for instance, 𝐶(𝐴) = {𝑦} if
𝜈(𝑦) > 𝜈(𝑧)+𝜎. We call this message the honest message.
Since in the AI-assistance game, 𝑅 aims to maximise

𝑆’s payoffs. It is easy to verify the following:

Proposition 4.3. In the AI-assistance game, sending the
honest message is always the best action for 𝑆,

or, in other words,

In the AI-assistance game, 𝑆 does not have incen-
tives to deceive 𝑅.

For a bounded-rationality model like the one in (9)
(with random noise), 𝑆 may be in a situation where
𝜈(𝑥) > 𝜈(𝑜), but 𝜈(𝑥)+ 𝑛(𝑥) < 𝜈(𝑜) + 𝑛(𝑜) (due to noise,
and thus due to 𝑆’s bounded rationality). In other words,
if deferred to, 𝑆 would ultimately select 𝑜 based on their
noisy preferences. In this case, if 𝑆 knows their noisy
preference in advance, the best action for 𝑆 is to send
a message to 𝑅 that results in 𝑅 computing the wrong
estimate, 𝜇𝑝(𝑥) < 𝜇𝑝(𝑜). In this respect, 𝑅 would also
consider 𝑜 to be better than 𝑥.
By maximising its own payoff, 𝑅 would also maximise

𝑆’s payoff. However, this strategy depends on the realisa-
tion of the noise and would not be the optimal strategy
in the context of repeated games, where the two players
interact after sending the message at the beginning of
the game. In this case, 𝑆 would aim to maximise their
expected payoff in the long run. We will leave the proof
of this to future work, as it involves consistency results
for repeated games. For the remainder of the paper, we
will assume that 𝑆 will always send the honest message.

5. Vector-valued payoffs
In the previous sections, we have assumed the under-

lying decision problem to have a single utility. In a case
where we have competing utilities, this leads to vector-
valued payoff [29] in the AI-assistance game. In this case,
the payoff in (16) becomes:

𝑢𝑅(𝑡, 𝐷𝐸𝐹, 𝑏∗(𝐷𝐸𝐹)) = 𝝂(𝑜)𝐼{𝝂(𝑜)+𝐧(𝑜)≻𝝂(𝑥)+𝐧(𝑥)}
+ 𝝂(𝑥)𝐼{𝝂(𝑥)+𝐧(𝑥)≻𝝂(𝑜)+𝐧(𝑜)},

𝑢𝑅(𝑡, 𝐼𝑀𝑀,∅) = 𝝂(𝑥),
𝑢𝑅(𝑡, 𝐷𝑜𝑁,∅) = 𝝂(𝑜).

(26)

Therefore, a complete preference order cannot be estab-
lished due to potentially conflicting utilities. Players are

8
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restricted to making comparisons based solely on domi-
nance. We consider the dominance condition ≻ as dis-
cussed earlier in (3) (Pareto dominance) or in (4), along
with the random noise model for bounded rationality.
Proposition 5.1. The optimal decisions for 𝑅 are:
• If 𝑆 is rational and 𝑅 has no uncertainty, then DEF
is never dominated by IMM,DoN.

• If 𝑆 is bounded-rational and 𝑅 has no uncertainty,
then DEF is always dominated.

• If 𝑆 is rational and 𝑅 has uncertainty, then DEF is
never dominated.

• If 𝑆 is bounded-rational and 𝑅 has uncertainty,
the optimality of DEF depends on the specific case.

The results in Proposition 5.1 are practically the same
as in Proposition 4.1. The reason is that we have stated
the results only for the dominance case, that is when an
act is better than the other act. In all other cases, 𝑅would
be undecided because actions are incomparable. We can
expect is that, since estimating a vector of utilities ismore
difficult than estimating one utility, higher uncertainty
would lead 𝑅 to defer more often to 𝑆.

6. Numeric experiments
6.1.Bounded rationality of 𝑅. In the previous sections,
we have always assumed that 𝑅 is fully rational. How-
ever, even 𝑅 will have limited rationality, at least due to
limited computational resources. Here, we will numeri-
cally assess the effect of 𝑅’s rationality. We will do this by
comparing the following methods of approximating the
posterior distribution 𝑝(𝑡|𝑚𝑗) (computing the posterior
is the computational bottleneck for 𝑅). The distribution
𝑝(𝑡|𝑚𝑗) is the posterior of 𝜈 given the choice-data. We
consider the following approximations of the posterior:
• MAP: 𝑅 computes the maximum a-posteriori esti-
mate for 𝜈. This means there is no uncertainty repre-
sentation. This is equivalent to estimating the utility
using a Neural Network (NN) model.

• Laplace: The Laplace approximation is used to ap-
proximate the posterior with a GP, where the mean
is theMAPestimate for 𝜈 and the covariance is equal
to the observed Fisher information matrix.

• EP: Expectation Propagation, which approximates
the posterior with a GP whose mean and covariance
are computed through moment matching.

• SkewGP: The posterior is a SkewGP, meaning there
is no Gaussian approximation. Instead, sampling is
necessary to compute inferences.

In terms of computational load, for a small dataset of
preferences, the order from the cheapest to the heaviest
is NN, Laplace, EP, and SkewGP.
We performed 1000Monte Carlo simulations in which

a utility 𝜈 was sampled from a GP with zero mean and
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Figure 5. Percentage of decisions for the four approxima-
tions, with MAP denoted as NN.

a square-exponential kernel, with randomly generated
length-scale and variance.We used the generated 𝜈 to cre-
ate a dataset of 30 noisy preferences (with 𝜎 = 1), which
represents the message. We then simulated 𝑅 computing
the posterior using the four approximations discussed
above. For each case, we computed the optimal decision
(DoN, IMM, DEF) for 𝑅.
Figure 5 reports the percentage of decisions for the

three actions. As proven in Proposition 4.1, a robot 𝑅 that
does not model uncertainty never defers to the human.
This results is confirmed here as for the NN (MAP) based
inference DEF is never optimal. For the other posterior
approximations, the differences in the decisions are rel-
atively small. SkewGP provides the decision closest to
the optimal one. It is also well-known that EP provides
a better approximation of the posterior than Laplace.
However, the key message is that it is better to be approx-
imately Bayesian (rational) than to ignore uncertainty
entirely.

7. Conclusion and future works
In this paper, we have formulated the off-switch prob-

lem as a signalling game between a robot and a human.
This approach allows us tomodel the problem as it would
be implemented in practice through a machine learning
framework. The human communicates their preference
to the robot, which then uses this information to estimate
the human’s utilities (through some machine learning
model) and decide whether to do nothing, take immedi-
ate action, or defer to the human. If the robot chooses
not to defer, we interpret this as disabling its off-switch.
In this more realistic setting, as demonstrated in the

original paper [17], we have proven that if the human is
fully rational, the robot will never disable the off-switch.
However, if the human is bounded-rational, a necessary
condition for the robot to avoid disabling the off-switch
is the presence of uncertainty. We have validated this
statement under various models of bounded rationality,
including scenarios with vector-valued payoffs. The key
takeaway is that AI systems should not be built using

9
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machine learning models that fail to account for uncer-
tainty—such models risk disabling their own off-switch.
As future works, we would like to investigate how

these results depend on the choice of the prior. In our ex-
ample, we assumed that the prior is common knowledge
in the game, but this is unlikely to hold in real-world
applications. A key question is whether we can leverage
knowledge of human utility to design priors that inher-
ently favour deferring to humans. This is particularly
important for high-stakes applications. For instance, ap-
proaches similar to those in [4, 10] could be explored to
achieve this.
Finally, the exchange scenario between an AI system

and a human at the core of thisworkmay actually involve
more than one interaction step, meaning that it may
be best interpreted (modelled) as a repeated signalling
game [18]. What are the consequences of framing the off-
switch problem in such a dynamic setting is yet another
question that we are planing to tackle next.
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