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Distinct to linear superpositions of basis functions, NN are composed substructures

Neural Networks  -  from Biology to Mathematics
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From the modeling of biology to the learning of high dimensional, nonlinear systems
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• NN can approximate any high-dim,
nonlinear input-output relationship.

• NN imply a correspondence between
    - Equations,

    - Architectures,

    - Local Algorithms.

Mathematical Neural Networks  -  A Correspondence Principle

# variables

non-
linearity

Linear Algebra

Calculus
Neural 

Networks

)( 12 xWfWy =

Input

Hidden

Output

Extensions to complex systems
are straight forward.
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Pattern by Pattern Learning  -  More than a Minimum Search

p-by-p learning:
steepest descentstochastic search

Notation:
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 stochastic search - is easy to compute
 - helps to omit local minima

- is a local algorithm, that scales well
- implies a curvature penalty for free !!!

In general, noise on the weights acts as a curvature regularization

Pattern by pattern learning                   induces a local penalty on w
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The Observer - Observation Dilemma

Psychological Dilemma:

How far should observations
determine our picture of the world?

&

How far should our picture of the
world evaluate observations ?

What is the optimal balance between
model building and data cleaning ?

Geometry of Cleaning

Accepting a correction
in x may decrease the
error in y significant.

y

1x

2x

dy

Technical Dilemma:

How far should observations
determine a model ?

&

How far should a model evaluate
observations ?

Calculus of Cleaning

Input

Hidden

Output
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Improved Modeling using the Extended Learning Approach

Validation set

Six month forecast
model of the German

Bond based on 20
economic indicators.

Generalization

Training

Training

Generalization set

Generalization

Training

Generalization

Training

error development during learning
by standard backpropagation

Generalization set

error level during learning by solving the
observer - observation dilemma

Training

evaluation of the input
data by the model
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Neural Networks  -  From Data Mining to Model Building

Neural networks (SENN) allow systems analysis, forecasting
& risk analysis as well as the setup of decision support systems.

Data alone often do not cover the modeling task. Thus, we merge
model building by data, prior knowledge and first principles.

Network
Architectures

&
Learning

Algorithms

Fuzzy Logic

Rule based Modeling

Time Series Data

Data Cleaning

Specific Knowledge

Multi-Agent Models

Dynamical Systems

Time / Causality

Understanding

Falsification of Causality

Forecast Model

Deterministic - Stochastic

Decision Support

Forecast & Risk
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Forecasting by Pattern Recognition versus State Space Modeling

The pattern recognition approach includes a limited understanding of time, while the
state space approach models time recursively in form of a memory.
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System identification is solved by minimizing the error function    .
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Finite unfolding in time transforms
time into a spatial architecture.

Open systems are superpositions
of autonomous & external driven
subsystems.

Long-term predictability depends
on the extraction of a strong
autonomous subsystem.

From Temporal Equations to Neural Network Architectures

( )
CBA

T

t

d
tt yy

,,
1

2
min!"#

=

state transition

output equation

identification

3+ts

3+ty

C

3!tu

B

2!ts

2!tu

A

B

1!tu

1!ts
A

B

ts

C

ty

A
1+ts

1+ty

C

A
2+ts

2+ty

C

A

1!ty

C

2!ty

C

tu

4+ts

4+ty

C

A

B

( )ttt usfs ,1 =+

( )tt sgy =

y

s

u

© Siemens AG, CT IC 4, H.-G. Zimmermann10

  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
 C

 O
 R

 P
 O

 R
 A

 T
 E

  
  
 T

 E
 C

 H
 N

 O
 L

 O
 G

 Y

From Unknown Initial States to Finite Volume Trajectories

• The cleaning calculus allows to estimate the uncertainty of the unknown initial state s0.
• By noise on the initial state we stiff the model against the unknown s0:

• Matrix A becomes a contraction to squeeze out the initial uncertainty.
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An error correction system considers the
forecast error in present time as a reaction on
unknown external information.

In order to correct the forecasting this error is
used as an additional input, which substitutes
the unknown external information.
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Modeling Dynamical Systems with Error Correction Neural Networks
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Selected Topics of Interest
From Data Time to Model Time

s

t
model time = data time

model time < data time

By coarsing the time grid we 

would suppress information.

A consistent time grid refinement 

can be derived from the a priori 

assumption of uniform causality.

If we understand time as a 

recurrency, uniform causality 

implies that iterated steps along 

the finer time grid have to match 

the measurements of the original 

time grid.

t

s

Variance-Invariance Separation

separation

dynamicst

invariants variantst

variantst+1

dynamicst+1

forecastidentity

invariants

combination

separation

dynamicst

invariants variantst

variantst+1

dynamicst+1

forecastidentity

invariants

combination

By invariants, the dynamics is 

constrained to move on a 

manifold in the phase space.

Examples of invariants:

energy & impuls conservation,

arbitrage freedom in finance.

For measured dynamical 

systems the existence of 

invariants is not a priori evident.

If we can identify invariants, the 

dimensionality of the forecasting 

problem can be lowered.

Optimal State Space Reconstruction

The observed dynamics yt may be 

measured in a non-optimal coordinate 

system. This can result in a very 

inefficient description 

yt+1 = F (yt).

In economics the measurement of a 

dynamics is tricky, because the units 

themselves change over time.

Find coordinate transformations g, h,

such that the transformed trajectory st

is easier to forecast.

Technically, the trajectory st should have 

a lower curvature than the original one. 
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Optimal State Space Reconstruction

The observed dynamics yt may be 

measured in a non-optimal coordinate 

system. This can result in a very 

inefficient description 

yt+1 = F (yt).

In economics the measurement of a 

dynamics is tricky, because the units 

themselves change over time.

Find coordinate transformations g, h,

such that the transformed trajectory st

is easier to forecast.

Technically, the trajectory st should have 

a lower curvature than the original one. 
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Neural Networks in Mathematics

ContentMethod

PhysicsDiff. Equations

Complex SystemsNeural Networks

Study of large, nonlin. Syst. in Nature & Economics

Significance Insights

InterrelationshipsFunctional Equations

• NN offer a unique correspondence between

Equations - Architectures - Local Algorithms.

• Interesting topics in nonlin. science are

not an extension of linear models.

• Small systems are not a guideline for the

 analysis of large systems.

Neural

Networks

Differential Geometry

Control

Lie Theory

Chaos

Dyn. Systems

Econometrics

Optimization

Approximation

Statistics

1dim, nonlinear functional equation

high dim, linear functional equation

state transition functional equation
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