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Frqyh{ vhwv ri suredelolw| glvwulexwlrqv duh dovr fdoohg fuhgdo vhwv1 Wkh|

jhqhudol}h suredelolw| wkhru| e| uhod{lqj wkh uhtxluhphqw wkdw suredelolw|

ydoxhv eh suhflvh1 Fodvvl�fdwlrq/ l1h1 dvvljqlqj fodvv odehov wr lqvwdqfhv gh0

vfulehg e| d vhw ri dwwulexwhv/ lv dq lpsruwdqw grpdlq ri dssolfdwlrq ri

Ed|hvldq phwkrgv/ zkhuh wkh qdlyh Ed|hv fodvvl�hu kdv d vxusulvlqjo| jrrg

shuirupdqfh1 Wklv sdshu sursrvhv d qhz phwkrg ri fodvvl�fdwlrq zklfk lq0

yroyhv h{whqglqj wkh qdlyh Ed|hv fodvvl�hu wr fuhgdo vhwv1 H{dfw dqg h�hfwlyh

vroxwlrq surfhgxuhv iru qdlyh fuhgdo fodvvl�fdwlrq duh ghulyhg/ dqg wkh uh0

odwhg grplqdqfh fulwhuld duh glvfxvvhg1 Fuhgdo fodvvl�fdwlrq dsshduv dv d

qhz phwkrg/ edvhg rq pruh uhdolvwlf dvvxpswlrqv dqg lq wkh gluhfwlrq ri

pruh uholdeoh lqihuhqfhv1
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DPV Vxemhfw Fodvvl�fdwlrq= Sulpdu| 95K63/ 9;W43> vhfrqgdu|= 9;W6:/ <3F381

Nh|zrugv= Fuhgdo Vhwv> Fodvvl�fdwlrq> Sdwwhuq Uhfrjqlwlrq> Qdlyh Ed|hv Fodv0

vl�hu> Lpsuhflvh Suredelolwlhv

4 Lqwurgxfwlrq

Fodvvl�fdwlrq +dovr nqrzq dv sdwwhuq uhfrjqlwlrq/ lghqwl�fdwlrq/ ru vhohfwlrq, lv d

pxowlyduldwh whfkqltxh frqfhuqhg zlwk doorfdwlqj qhz remhfwv wr suhylrxvo| gh�qhg

jurxsv rq wkh edvlv ri revhuydwlrqv rq vhyhudo fkdudfwhulvwlfv ri wkh remhfwv> vhh

Jlul +4<<9,/ Kxehuw| +4<<7, dqg PfOdfkodq +4<<5,1 Irupdoo|/ d fodvvl�hu lv d

ixqfwlrq wkdw pdsv lqvwdqfhv ri d vhw ri yduldeohv/ fdoohg dwwulexwhv ru ihdwxuhv/ wr

d vwdwh ri d fdwhjrulfdo fodvv yduldeoh1 Vxfk d sdudgljp lv yhu| jhqhudo> sureohpv lq

yhu| gl�huhqw �hogv fdq eh uhsuhvhqwhg dv fodvvl�fdwlrq sureohpv1 Iru lqvwdqfh/ wkh

uhfrjqlwlrq ri kdqg0zulwwhq fkdudfwhuv ru idfhv/ dqg wkh sureohp ri gldjqrvlqj d

glvhdvh iurp v|pswrpv/ duh fodvvl�fdwlrq sureohpv1 Iru wkdw uhdvrq/ fodvvl�fdwlrq

lv lpsruwdqw lq pdq| �hogv ri uhvhdufk1 Sxeolfdwlrqv frqfhuqlqj fodvvl�fdwlrq fdq

eh irxqg lq wkh vwdwlvwlfdo olwhudwxuh +h1j1/ lq wkh Mrxuqdo ri Fodvvl�fdwlrq, dv zhoo

dv lq wkh olwhudwxuh ri duwl�fldo lqwhooljhqfh +Id||dg hw do1/ 4<<9,1

Ohduqlqj d fodvvl�hu iurp d udqgrp vdpsoh lv dq lpsruwdqw w|sh ri vwdwlvwlfdo

lqihuhqfh1 Diwhu revhuylqj wkh dwwulexwh ydoxhv dqg fdwhjru| +fodvv, iru hdfk xqlw

lq wkh vdpsoh/ wkh sureohp lv wr gh�qh dq dvvrfldwlrq uxoh wkdw suhglfwv wkh fruuhfw

fdwhjru| iurp ixwxuh lqvwdqfhv ri wkh dwwulexwhv1 Dq lqvwdqfh ri wkh dwwulexwhv lv

dovr uhihuuhg wr dv sdwwhuq1

Irupdoo|/ ohw xvh ghqrwh wkh fodvvl�fdwlrq yduldeoh e| �/ wdnlqj ydoxhv lq wkh �0

qlwh vhw F/ zkhuh wkh srvvleoh fodvvhv duh ghqrwhg e| orzhu0fdvh ohwwhuv1 Zh phdvxuh

? ihdwxuhv ��c � � � c �? wdnlqj jhqhulf ydoxhv @�c � � � c @? iurp wkh vhwv D�c � � � cD?/

zklfk duh dvvxphg wr eh �qlwh1 Zh fdq gh�qh d fodvvl�hu e| phdqv ri wkh glvfuhwh

mrlqw suredelolw| glvwulexwlrq � d�c��c � � � c �?o1 Wkh fodvvl�fdwlrq ri d qhz sdwwhuq
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E@�c � � � c @?� lv uhdol}hg e| vhohfwlqj d fodvv S 5 F wkdw pd{lpl}hv � dS m@�c � � � c @? o1
Zkhq plvfodvvl�fdwlrq frvwv duh htxdo/ wklv fodvvl�fdwlrq uxoh lv rswlpdo lq wkh

vhqvh wkdw lw plqlpl}hv wkh h{shfwhg frvw ri plvfodvvl�fdwlrq +Mrkqvrq dqg Zlfk0

huq/ 4<;;,1

Xqiruwxqdwho|/ zlwkrxw ixuwkhu dvvxpswlrqv/ wklv wkhruhwlfdo dssurdfk lv qrw

h�hfwlyh lq sudfwlfh1 Wkh qxpehu ri suredelolwlhv zklfk gh�qh wkh mrlqw glvwulex0

wlrq jurzv h{srqhqwldoo| zlwk wkh qxpehu ri dwwulexwhv1 Wkxv wkhlu hvwlpdwhv iurp

wkh vdpsoh duh jhqhudoo| srru dqg vr lv wkh suhglfwlrq dffxudf| ri wkh fodvvl�hu1

Gxgd dqg Kduw +4<:6, kdyh sursrvhg wr dvvxph lqghshqghqfh ri wkh dwwulexwhv

frqglwlrqdo rq wkh fodvv/

� d��c � � � c �? m� o '
?\
�'�

� d�� m� o � +414,

Wkh uhvxowlqj fodvvl�fdwlrq prgho lv uhihuuhg wr dv wkh qdlyh Ed|hv fodvvl�hu

+QEF,1 Qrz wkh mrlqw glvwulexwlrq � d�c��c � � � c �?o uhtxluhv wkh vshfl�fdwlrq ri

d vpdoohu qxpehu ri suredelolwlhv/ zklfk fdq eh hvwlpdwhg iurp wkh vdpsoh lq d

pruh urexvw zd|1 Qrwlfh wkdw wkhvh suredelolwlhv duh jhqhudoo| eldvhg ehfdxvh dv0

vxpswlrq +414, lv vwurqj dqg lv qrw olnho| wr krog lq pdq| grpdlqv1 Krzhyhu/ lw

lv zhoo nqrzq wkdw dvvxpswlrq +414, lv qrw fulwlfdo iru fodvvl�fdwlrq/ dv vkrzq e|

Grplqjrv dqg Sd}}dql +4<<:, dqg e| Iulhgpdq +4<<:,= wkh QEF lv yhu| riwhq

dffxudwh hyhq zkhq dvvxpswlrq +414, lv ylrodwhg vxevwdqwldoo|1 Lq idfw/ wkh QEF

lv frpshwlwlyh zlwk wkh vwdwh0ri0wkh0duw fodvvl�huv/ zkloh riwhq ehlqj idvwhu dqg

vlpsohu> dqg/ ghvslwh lwv uhodwlyho| orqj klvwru| lq sdwwhuq uhfrjqlwlrq/ wkh QEF lv

vwloo wkh vxemhfw ri dfwlyh uhvhdufk1

Wklv sdshu lv frqfhuqhg zlwk h{whqglqj wkh QEF wr d qhz dqg pruh jhqhudo

phwkrg ri fodvvl�fdwlrq zklfk zh fdoo fuhgdo fodvvl�fdwlrq1 D fuhgdo fodvvl�hu lv

d ixqfwlrq wkdw pdsv lqvwdqfhv ri dwwulexwhv wr d vhw ri fdwhjrulhv1 D vwdqgdug

fodvvl�hu lv d fuhgdo fodvvl�hu wkdw dozd|v rxwsxwv vlqjohwrqv1

Wkh gh�qlwlrq ri fuhgdo fodvvl�fdwlrq lv lqwlpdwho| uhodwhg wr wkh sdvvdjh iurp
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vwdqgdug suredelolw| wkhru| wr lpsuhflvh suredelolwlhv +Zdooh|/ 4<<4,1 Uhod{lqj

wkh uhtxluhphqw ri d xqltxh rxwsxw fodvv lv dqdorjrxv wr uhod{lqj wkh uhtxluhphqw

ri d vlqjoh suredelolw| phdvxuh/ lq idyru ri d vhw ri glvwulexwlrqv ru fuhgdo vhw

+Ohyl/ 4<;3,1 D fuhgdo vhw lv gh�qhg wr eh wkh frqyh{ kxoo ri d qrq0hpsw| dqg

�qlwh idplo| ri suredelolw| phdvxuhv1 Fuhgdo vhwv kdyh juhdw h{suhvvlyh srzhu/

hqfrpsdvvlqj d qxpehu ri rwkhu prghov iru xqfhuwdlqw| +h1j1/ srvvlelolw| phdvxuhv/

eholhi ixqfwlrqv/ Fkrtxhw fdsdflwlhv/ frkhuhqw orzhu suredelolwlhv,/ dqg wkh| duh

htxlydohqw wr frkhuhqw orzhu suhylvlrqv dv gh�qhg lq Zdooh| +4<<4,1 Wkh d{lrpv

ri suredelolw| duh pdlqwdlqhg iru hyhu| glvwulexwlrq lq wkh vhw> krzhyhu/ wkh mrlqw

ehkdylru ri wkh fuhgdo vhw ghwhuplqhv pdq| qhz fkdudfwhulvwlfv ri wkh wkhru|/ vr

wkdw fuhgdo vhwv fdqqrw eh vhhq vlpso| dv dq h{whqvlrq ri fodvvlfdo suredelolw|1

Wklv sdshu uhdol}hv d fuhgdo fodvvl�hu e| h{whqglqj wkh QEF wr fuhgdo vhwv/

wkxv gh�qlqj wkh qdlyh fuhgdo fodvvl�hu +QFF,1 Wkh QFF hqdeohv lpsuhflvlrq wr

eh wdnhq lqwr dffrxqw/ dv srvvleo| jhqhudwhg e| xqrevhuyhg ru uduh hyhqwv/ vpdoo

vdpsoh vl}hv dqg plvvlqj gdwd> dqg lw hqdeohv wklv wr eh grqh h!flhqwo|1 Dv d

frqvhtxhqfh/ iru d jlyhq sdwwhuq ri wkh dwwulexwhv/ lpsuhflvlrq lq wkh lqsxw pd|

suhyhqw d vlqjoh rxwsxw fodvv iurp ehlqj rewdlqhg> wkhq wkh uhvxow ri wkh QFF

fodvvl�fdwlrq lv d vhw ri fodvvhv/ doo ri zklfk duh fdqglgdwhv wr eh wkh fruuhfw

fdwhjru|1 Lq rwkhu zrugv/ wkh QFF uhfrjql}hv wkdw wkh dydlodeoh nqrzohgjh pd|

qrw vx!fh wr lvrodwh d vlqjoh fodvv dqg wkxv jlyhv ulvh wr d vhw ri dowhuqdwlyhv1

Wklv vhhpv d yhu| qdwxudo surfhvv ri ohduqlqj xqghu sduwldo lqirupdwlrq/ exw lw lv

fxuuhqwo| ghqlhg wr fodvvl�huv wkdw duh dozd|v uhtxluhg wr vdwlvi| wkh fklphud ri

suhflvlrq/ dqg wr rxwsxw d vlqjoh fodvv hyhq zkhq wkhuh lv yhu| olwwoh lqirupdwlrq1

Zh gh�qh wkh qdlyh fuhgdo fodvvl�hu lq Vhfwlrq 5/ zkhuh zh glvfxvv wkh prgho

dqg lqwurgxfh vrph whuplqrorj|1 Wkhq zh suhvhqw wzr surfhgxuhv iru fodvvl�fdwlrq1

Vhfwlrq 6 lqwurgxfhv wkh �uvw surfhgxuh dv dq h{whqvlrq ri wkh QEF fodvvl�fdwlrq

surfhgxuh1 Wklv lv edvhg rq wkh srvwhulru suredelolw| lqwhuydov iru wkh fodvv dqg

rq d fulwhulrq ri lqwhuydo grplqdqfh wr vhohfw wkh vhw ri rxwsxw fodvvhv1 Vhfwlrq 614
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irupdol}hv wkh rswlpl}dwlrq sureohpv wkdw gh�qh wkh srvwhulru suredelolw| lqwhu0

ydov1 Vhfwlrq 615 surylghv wzr dowhuqdwlyh dojrulwkpv wr vroyh vxfk sureohpv dqg

dqdo|}hv wkhlu frpsxwdwlrqdo frpsoh{lw|1

Wkh vhfrqg surfhgxuh iru fodvvl�fdwlrq lv edvhg rq d vwuhqjwkhqlqj ri wkh fulwh0

ulrq ri lqwhuydo grplqdqfh1 Zh glvfxvv wkh prwlydwlrqv wr uh�qh lqwhuydo grplqdqfh

dqg gh�qh wkh qhz fulwhulrq ri fuhgdo grplqdqfh lq Vhfwlrq 71 Wklv vhfwlrq dovr

surylghv d fodvvl�fdwlrq surfhgxuh edvhg rq fuhgdo grplqdqfh dqg dqdo|}hv lwv

frpsoh{lw|1 Wkh surfhgxuh lv vshfldol}hg wr wkh fuhgdo vhwv surgxfhg e| suredelo0

lw| lqwhuydov lq Vhfwlrq 7141 Qh{w/ lq Vhfwlrq 8 zh suhvhqw dq h{dpsoh ri qdlyh

fuhgdo fodvvl�fdwlrq/ dqg lq Vhfwlrq 9 zh surylgh d phwkrg wr frpsxwh wkh srvwh0

ulru suredelolw| ri wkh sursrvhg vhw ri fodvvhv1

Ilqdoo|/ Vhfwlrq : vxppdul}hv wkh uhvxowv ri wkh sdshu dqg kljkoljkwv wkh lvvxhv

wr eh dgguhvvhg lq ixwxuh uhvhdufk/ lqfoxglqj vwdwlvwlfdo lqihuhqfh ri wkh QFF iurp

d udqgrp vdpsoh1 Zh suhvhqw prwlydwlrqv vxssruwlqj wkh fkrlfh ri wkh lpsuhflvh

Glulfkohw prgho lq Zdooh| +4<<9e, iru wklv sxusrvh1

5 Wkh qdlyh fuhgdo fodvvl�hu

Ohw S� ghqrwh d vhw ri glvwulexwlrqv � d�o1 Iru d jhqhulf dwwulexwh �� dqg iru hdfk

S 5 F/ ohw SS
��

ghqrwh d fuhgdo vhw ri wkh frqglwlrqdo glvwulexwlrqv � d�� mS o1 Zh

uhihu wr wkhvh vhwv dovr dv wr orfdo fuhgdo vhwv1 Qrwh wkdw zh gr qrw dgguhvv wkh

zd| wkh orfdo fuhgdo vhwv pxvw eh surylghg1 Wklv fdq eh grqh e| xvlqj vwdwlvwlfdo

lqihuhqfh +h1j1/ dv glvfxvvhg lq wkh frqfoxglqj vhfwlrq, ru e| vxemhfwlyh mxgjhphqwv1

Lq wkh iroorzlqj zh dvvxph wkdw wkh orfdo fuhgdo vhwv duh jlyhq1

Gh�qlwlrq 514 Wkh qdlyh fuhgdo fodvvl�hu lv wkh prgho fkdudfwhul}hg e| wkh vhw

S ri mrlqw glvwulexwlrqv � d�c��c � � � c �?o wkdw duh rewdlqhg e| dvvxplqj +414, dqg
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pdnlqj hyhu| srvvleoh frpelqdwlrq ri wkh glvwulexwlrqv lq wkh orfdo fuhgdo vhwv/

S '

+
� d�o

?\
�'�

� d�� m� o
���� d�o 5 S�c � d�� mS o 5 SS

��
c � ' �c � � � c ?c S 5 F

,
�

Wkh gh�qlwlrq ri wkh QFF hpskdvl}hv wkdw wkh dydlodelolw| ri wkh orfdo fuhgdo

vhwv lv doo wkdw lv qhhghg wr exlog wkh fodvvl�hu1 Eurdgo| vshdnlqj/ zh fdq vshfli|

d fuhgdo vhw lq wzr gl�huhqw |hw irupdoo| htxlydohqw zd|v1 Lq wkh �uvw fdvh/ zh

surylgh d vhw ri glvwulexwlrqv dqg wkhq zh wdnh lwv frqyh{ kxoo1 Wklv fdq dozd|v eh

uhsuhvhqwhg e| wkh vhw ri lwv h{wuhph srlqwv ehfdxvh wkh frqyh{ kxoo ri wkh h{wuhph

srlqwv lv wkh ruljlqdo fuhgdo vhw1 Dq h{wuhph srlqw ru h{wuhph glvwulexwlrq ri d

fuhgdo vhw lv dq hohphqw wkdw fdqqrw eh h{suhvvhg dv frqyh{ frpelqdwlrq ri rwkhu

srlqwv lq wkh vhw1

Wkh vhfrqg ylhz fkdudfwhul}hv d fuhgdo vhw e| phdqv ri olqhdu frqvwudlqwv1 Lq

idfw/ wkh frqyh{ kxoo ri d qrq0hpsw| dqg �qlwh qxpehu ri srlqwv lv e| gh�qlwlrq

d sro|wrsh dqg wkh h{wuhph srlqwv duh wkh yhuwlfhv ri wkh sro|wrsh1 D sro|wrsh lv

dovr d forvhg dqg erxqghg jhrphwulf uhjlrq ghvfulehg e| olqhdu frqvwudlqwv1 Iru

d fuhgdo vhw/ wkh frqvwudlqwv fdq eh lpsrvhg rq wkh xqnqrzq suredelolwlhv ri wkh

hohphqwdu| hyhqwv1 Iru h{dpsoh/ wkh sro|wrsh S� pd| eh vshfl�hg e| lpsrvlqj

olqhdu frqvwudlqwv rq � dSo c S 5 F1
Wkxv h{wuhph srlqwv dqg frqvwudlqwv duh htxlydohqw uhsuhvhqwdwlrq ri d fuhgdo

vhw> lq wkh iroorzlqj zh vshdn hlwkhu ri h{wuhph srlqwv ru ri frqvwudlqwv dffruglqj

wr rxu frqyhqlhqfh1 Lq hlwkhu fdvh/ revhuyh wkdw wkh suredelolw| ri d jhqhulf hyhqw

olhv lq dq lqwhuydo zkrvh h{wuhphv duh wkh plqlpxp dqg wkh pd{lpxp ri wkh

suredelolw| zkhq wkh glvwulexwlrq ydulhv lq wkh fuhgdo vhw1 Vxfk h{wuhphv duh dovr

uhihuuhg wr dv wkh orzhu dqg xsshu suredelolw| ri wkh hyhqw dqg duh ghqrwhg e| �

dqg � / uhvshfwlyho|1
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Lq wkh qh{w vhfwlrqv zh ghulyh wkh surfhgxuhv iru fodvvl�fdwlrq1 Wkhvh krog iru

orfdo fuhgdo vhwv zklfk vdwlvi| wkh iroorzlqj dvvxpswlrqv/+
� dSo : f

� d@� mS o : f
iru doo S 5 Fc @� 5 D�c � ' � � � � ?� +514,

Ilqdoo|/ ohw xv hpskdvl}h wkdw wkh gh�qlwlrq ri wkh QFF dvvxphv wkdw wkh

orfdo fuhgdo vhwv fdq eh vshfl�hg vhsdudwho| +Zdooh|/ 4<<4,/ phdqlqj wkdw wkh| duh

orjlfdoo| lqghshqghqw1 Doo wkh jlyhq surfhgxuhv uho| rq wklv fkdudfwhulvwlf ri wkh

QFF1

6 Lqwhuydo0grplqdqfh fodvvl�fdwlrq

Wklv vhfwlrq ghyhorsv d surfhgxuh iru qdlyh fuhgdo fodvvl�fdwlrq e| d vwudljkw

h{whqvlrq ri wkh surfhgxuh iru wkh QEF1 Wkh QEF fodvvl�hv d jhqhulf sdwwhuq

E@�c � � � c @?� e| frpsxwlqj wkh suredelolw| � dS m@�c � � � c @? o iru hdfk S 5 F dqg frp0

sdulqj wkhp wr vhohfw wkh fodvv ri pd{lpxp srvwhulru suredelolw|1 Lq wkh fuhgdo

fdvh vxfk suredelolwlhv duh lqwhuydov dqg iru wklv uhdvrq zh pxvw surylgh surfhgxuhv

wr frpsxwh lqwhuydov dqg gh�qh wkh zd| wzr lqwhuydov vkrxog eh frpsduhg1

Zh dgguhvv wkh frpsdulvrq ri wzr jhqhulf lqwhuydov e| wkh iroorzlqj grplqdqfh

fulwhulrq +zklfk lv fdoohg vwurqj grplqdqfh lq Oxfh dqg Udl�d/ 4<8:,1

Gh�qlwlrq 614 Ohw f eh d glvfuhwh udqgrp yduldeoh gh�qhg ryhu [ dqg ohw

[ �c[ �� � [ eh wzr jhqhulf hyhqwv1 Ohw . uhsuhvhqw zkdw lv nqrzq/ dqg ohw wkh

suredelolwlhv � d[ � m. o dqg � d[ �� m. o eh uhvshfwlyho| uhsuhvhqwhg e| wkh lqwhuydov

U � '
�
� d[ � m. o c � d[ � m. o

�
dqg U �� '

�
� d[ �� m. o c � d[ �� m. o

�
� Wkh lqwhuydo U � lv

vdlg wr grplqdwh U �� li � d[ � m. o : � d[ �� m. o> lq wklv fdvh [ � lv vdlg wr lqwhuydo

grplqdwh [ ��1

Wkh udwlrqdoh ehklqg wkh fulwhulrq lv wkdw vlqfh hdfk suredelolw| lq U � lv juhdwhu

wkdq hdfk suredelolw| lq U ��/ [ � lv fhuwdlqo| pruh suredeoh wkdq [ ��1 Qrwlfh dovr
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wkdw lqwhuydo grplqdqfh jhqhudoo| lpsolhv rqo| d sduwldo rughu/ ehfdxvh li U � dqg

U �� ryhuods/ wkh| fdqqrw eh frpsduhg1

Wkh gh�qlwlrq ri lqwhuydo grplqdqfh udlvhv wzr txhvwlrqv1 Iluvw/ lq rughu

wr dsso| lqwhuydo grplqdqfh zh rqo| qhhg wkh h{wuhph srlqwv ri wkh lqwhuydov1

Zlwk vshfldo uhjdug wr wkh fodvvl�fdwlrq surfhgxuh/ zh rqo| qhhg wr frpsxwh

� dS m@�c � � � c @? o dqg � dS m@�c � � � c @? o iru hdfk S 5 F1 Wkhvh duh gh�qhg e| wzr

rswlpl}dwlrq sureohpv/

� dS m@�c � � � c @? o ' 4�?
� d�c��c��� c�?oM�

� dS m@�c � � � c @? o c +614,

� dS m@�c � � � c @? o ' 4@ 
� d�c��c��� c�?oM�

� dS m@�c � � � c @? o � +615,

Vhfwlrq 614 vroyhv vxfk sureohpv e| dq h!flhqw rujdql}dwlrq ri wkh fdofxodwlrqv/

dv vkrzq e| wkh frpsxwdwlrqdo frpsoh{lw| dqdo|vlv jlyhq lq Vhfwlrq 6151

Wkh vhfrqg srlqw lv pruh forvho| frqfhuqhg zlwk wkh qdwxuh ri fuhgdo fodvvl0

�fdwlrq1 Vlqfh lqwhuydo grplqdqfh rqo| surylghv xv zlwk d sduwldo rughu ri wkh

lqwhuydov/ wkhuh pd| eh qr xqltxh rswlpdo fkrlfh iru wkh fodvv1 Wklv ehkdylru lv

d ixqgdphqwdo fkdudfwhulvwlf ri d fuhgdo fodvvl�hu1 Fuhgdo fodvvl�fdwlrq grhv qrw

surylgh d vlqjoh fodvv xqohvv wkh frqglwlrqv mxvwli| rqh1

614 Frpsxwdwlrq ri wkh lqwhuydo

Lq wklv vhfwlrq zh dvvxph wkdw wkh orfdo fuhgdo vhwv vdwlvi| wkh iroorzlqj/+
� dSo : f

� d@� mS o : f
iru doo S 5 Fc @� 5 D�c � ' � � � � ?/ +616,

iru hdvh ri suhvhqwdwlrq1 Wkh ghulydwlrq h{whqgv wr wkh fdvh +514, e| Wkhruhp ;14

ri Zdooh| +4<;4,/ dv dovr glvfxvvhg dw wkh hqg ri wklv vhfwlrq1

Frqvlghu wkh frpsxwdwlrq ri wkh orzhu suredelolw| +wkh fdvh ri wkh xsshu sure0

delolw| lv dqdorjrxv,/ � dS m@�c � � � c @? o ' 4�?� d�c��c��� c�?oM� � dS m@�c � � � c @? o1 Wkh

;



remhfwlyh ixqfwlrq +l1h1 wkh ixqfwlrq wr rswlpl}h, fdq eh uhzulwwhq e| dsso|lqj wkh

gh�qlwlrq ri frqglwlrqdo suredelolw| dqg xvlqj pdujlqdol}dwlrq/ dv iroorzv=

� dS m@�c � � � c @? o '
� dSc @�c � � � c @?oS
S� � dS�c @�c � � � c @?o

+617,

'

�
� n

S
S� �'S � dS�c @�c � � � c @?o

� dSc @�c � � � c @?o

�3�

c +618,

zkhuh wkh sdvvdjh iurp Ht1 +617, wr Ht1 +618, lv srvvleoh vlqfh � dSc @�c � � � c @?o : f

e| dvvxpswlrq +616,1 Dffruglqj wr +414,/ h{suhvvlrq +618, lv dovr

� dS m@�c � � � c @? o '
#
� n

S
S� �'S � dS�o

T?
�'� � d@� mS� o

� dSo
T?

�'� � d@� mS o

$3�

1 +619,

Qrz wkh plqlpl}dwlrq sureohp lv zulwwhq e| uhsodflqj lwv remhfwlyh ixqfwlrq

zlwk wkh uljkw vlgh ri +619, dqg e| grlqj wkh plqlpl}dwlrq ryhu wkh orfdo fuhgdo

vhwv/

4�?
� d�oM��

4�?
� d���S� oM�S�

��
cS�M�c�'����?

#
� n

S
S� �'S � dS�o

T?
�'� � d@� mS� o

� dSo
T?

�'� � d@� mS o

$3�

� +61:,

Ohw xv irfxv rq wkh lqqhu plqlpl}dwlrq sureohp= wkh jrdo lv wkh pd{lpl}dwlrq

ri wkh iudfwlrqdo ixqfwlrq lq sduhqwkhvhv/ vlqfh wklv lv htxlydohqw wr plqlpl}lqj

wkh uhflsurfdo1 Qrwlfh wkdw lw lv srvvleoh wr plqlpl}h wkh ghqrplqdwru dqg wr

pd{lpl}h wkh qxphudwru vhsdudwho|/ vlqfh wkh| gr qrw vkduh dq| whup1 Wklv re0

vhuydwlrq doorzv wkh lqqhu rswlpl}dwlrq wr eh vroyhg1 Frqvlghu wkh ghqrplqdwru1

� dSo lv qrq0qhjdwlyh/ wkhuhiruh wkh ghqrplqdwru lv plqlpl}hg zkhq wkh surgxfwT?
�'� � d@� mS o lv plqlpl}hg1 Wklv lv grqh e| vhwwlqj hdfk � d@� mS o wr lwv orzhu sured0

elolw|/ jlylqj
T?

�'� � d@� mS o1 Dq dqdorjrxv dujxphqw krogv iru wkh qxphudwru> � dS�o

lv qrq0qhjdwlyh E;S� 9' S�/ dqg wkh vxp frqvlvwv ri whupv wkdw fdq eh rswlpl}hg vhs0

dudwho|1 Khqfh/ wkh qxphudwru lv pd{lpl}hg zkhq wkh surgxfw ri wkh frqglwlrqdo

suredelolwlhv lv vhw wr
T?

�'� � d@� mS� o E;S� 9' S�1 Sureohp +61:, ehfrphv

4�?
� d�oM��

#
� n

S
S� �'S � dS�o

T?
�'� � d@� mS� o

� dSo
T?

�'� � d@� mS o

$3�

1 +61;,
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Iroorzlqj d vlplodu dujxphqw/ lw lv vwudljkwiruzdug wr rewdlq wkh irupxod iru wkh

xsshu suredelolw|/ zklfk lv

4@ 
� d�oM��

#
� n

S
S� �'S � dS�o

T?
�'� � d@� mS� o

� dSo
T?

�'� � d@� mS o

$3�

1 +61<,

Revhuyh wkdw zh fdq wklqn ri � dSo dv sulru suredelolwlhv dqg
T?

�'� � d@� mS o '
� d@�c � � � c @? mS o/

T?
�'� � d@� mS o ' � d@�c � � � c @? mS o dv xsshu dqg orzhu olnholkrrg

ixqfwlrqv +uhjduglqj @�c � � � c @? dv gdwd dqg S dv srvvleoh sdudphwhu ydoxhv,1 Iurp

wklv srlqw ri ylhz/ sureohpv +61;, dqg +61<, duh vshfldo fdvhv ri irupxodh jlyhq lq

Zdooh| +4<<4/ Vhfwlrq ;1817,1 +Vhh dovr Zdooh|/ 4<<9d dqg Whvvhp/ 4<<5/ iru wkh

fdvh zkhq S� lv gh�qhg e| vshfli|lqj wkh xsshu dqg orzhu suredelolwlhv ri hdfk

srvvleoh fodvv1, Wkhvh suhylrxvo| dsshduhg lq Wkhruhp ;14 ri Zdooh| +4<;4, wkdw

dovr doorzv +61;, dqg +61<, wr eh h{whqghg wr wkh fdvh +514, e| uhzulwlqj wkhp lq

rughu wr uhpryh wkh uhflsurfdo1

615 Vroxwlrq surfhgxuhv dqg frpsoh{lw|

Wkh iroorzlqj vhfwlrqv ghvfuleh wzr gl�huhqw vroxwlrq phwkrgv iru sureohpv +61;,

dqg +61<,/ zklfk duh edvhg rq d frpelqdwruldo dqg d olqhdu surjudpplqj dssurdfk/

uhvshfwlyho|1 Wkh phwkrgv duh dovr dqdo|}hg zlwk uhvshfw wr wkhlu frpsxwdwlrqdo

frpsoh{lw|1 Zh h{suhvv wkh frpsoh{lw| e| wkh qrwdwlrq � E�� dv lq Judkdp hw do1

+4<;<,1 Jlyhq wkh uhdo0ydoxhg ixqfwlrqv sc } G Qn $ U/ zh zulwh s E%� ' � E} E%��

li wkhuh h{lvwv d frqvwdqw M vxfk wkdw ms E%�m � M m} E%�m iru hdfk %1

61514 Frpelqdwruldo surfhgxuh

Zh fdq vroyh sureohpv +61;, dqg +61<, e| d frpelqdwruldo dssurdfk1 Lq idfw/ lw

lv zhoo0nqrzq wkdw wkh rswlpdo glvwulexwlrqv fdq eh irxqg lq wkh vhw ri h{wuhph

glvwulexwlrqv +Zdooh|/ 4<<4,> lq rwkhu zrugv/ lw lv srvvleoh wr frpsxwh wkh rswlpd

e| h{dplqlqj d �qlwh qxpehu ri srlqwv1
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Ohw e%|SS
��

ghqrwh wkh �qlwh vxevhw ri SS
��

frqvlvwlqj ri lwv h{wuhph srlqwv

E;S 5 Fc � ' � � � � ?�1 Dqdorjrxvo|/ ohw e%|S� eh wkh vhw ri h{wuhph srlqwv ri S� 1

Sureohpv +61;, dqg +61<, duh uhvshfwlyho| htxlydohqw wr wkh iroorzlqj rqhv/

4�?
� d�oMe%|��

#
� n

S
S� �'S � dS�o

T?
�'� � d@� mS� o

� dSo
T?

�'� � d@� mS o

$3�

/ +6143,

4@ 
� d�oMe%|��

#
� n

S
S� �'S � dS�o

T?
�'� � d@� mS� o

� dSo
T?

�'� � d@� mS o

$3�

1 +6144,

Wkhvh fdq eh vroyhg e| hqxphudwlqj wkh h{wuhph glvwulexwlrqv lq e%|S�1

Ri frxuvh/ zh dovr qhhg wkh orzhu dqg xsshu suredelolwlhv ri � d@� mS� o E;S� 5
Fc � ' � � � � ?�> wkhvh fdq eh irxqg e| vroylqj wkh sureohpv4�?� d���S� oMe%|�S�

��

� d@� mS� o
dqg 4@ � d���S� oMe%|�S�

��

� d@� mS� o E;S� 5 Fc � ' � � � � ?�/ zklfk fdq djdlq eh grqh e|

hqxphudwlqj wkh h{wuhph glvwulexwlrqv lq wkh uhvshfwlyh ihdvleoh vhw1

Lq rughu wr dqdo|}h wkh frpsxwdwlrqdo frpsoh{lw| ri wkh surfhgxuh/ zh dvvxph

wkdw wkh h{wuhph glvwulexwlrqv ri wkh fuhgdo vhwv duh douhdg| dydlodeoh1 Qrwlfh

wkdw li wkh fuhgdo vhwv zhuh vshfl�hg e| frqvwudlqwv/ wkh surfhgxuh lq Vhfwlrq

61515 zrxog eh pruh dssursuldwh1 Wkh suhvhqw surfhgxuh pljkw eh dssolhg dv zhoo/

diwhu frpsxwlqj wkh h{wuhph glvwulexwlrqv iurp wkh frqvwudlqwv/ exw frpsxwdwlrqdo

sureohpv pljkw dulvh +uhihu wr Vhfwlrq 61515,1

Zh ghqrwh e| g wkh pd{lpxp ri wkh qxpehu ri h{wuhph glvwulexwlrqv/ wdnhq

ryhu doo wkh orfdo fuhgdo vhwv1 Khqfh/ wkh frpelqdwruldo frpsxwdwlrq ri wkh h{0

wuhphv ri � d@� mS� o wdnhv � Eg� wlph lq wkh zruvw fdvh1 Wklv pxvw eh uhshdwhg iru

hyhu| S� 5 F dqg doo � ' � � � � ?/ |lhoglqj � E?g mFm�1 Zh fdq uhjdug wklv h{suhvvlrq

dv wkh wlph uhtxluhg wr vhwxs wkh fodvvl�hu/ ehfdxvh wkh h{wuhpd ri wkh frqglwlrqdo

suredelolwlhv duh frpsxwhg rqfh iru doo wkh vxevhtxhqw fodvvl�fdwlrqv1

Zlwk uhjdug wr irupxodh +6143, dqg +6144,/ zkhq wkh ydoxhv ri wkh frqglwlrqdo

xsshu dqg orzhu suredelolwlhv duh nqrzq/ wkh h{suhvvlrq lqvlgh sduhqwkhvhv lv frp0

sxwhg lq wlph � E? mFm�1 Wkh odwwhu pxvw eh uhshdwhg iru hdfk h{wuhph glvwulexwlrq
lq e%|S�/ lq rughu wr hydoxdwh wkh rswlpxp/ |lhoglqj � E?g mFm�1 E| dgglqj wklv
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whup wr wkh vhwxs wlph zh kdyh wkh ryhudoo zruvw0fdvh frpsoh{lw|/ l1h1

� E?g mFm� � +6145,

61515 Olqhdu surjudpplqj surfhgxuh

Zlwk uhihuhqfh wr irupxod +6145,/ zh vhh wkdw wkh fodvvl�fdwlrq ri d sdwwhuq lv d

zhoo0vroydeoh wdvn/ li g lv qrw odujh1 Lq idfw/ wkh frpsoh{lw| jurzv rqo| olqhduo|

zlwk hlwkhu wkh qxpehu ri dwwulexwhv ru wkh qxpehu ri fodvvhv/ dqg wkhvh txdqwlwlhv

duh gluhfwo| xqghu wkh frqwuro ri wkh prgho exloghu1

Wkh fdvh ri g lv gl�huhqw1 Dowkrxjk wkh frpsoh{lw| jurzv olqhduo| zlwk g wrr/

g lv d srwhqwldoo| zhdn srlqw iru frpsxwdwlrqdo wlph1 Lq idfw/ wkh qxpehu ri yhu0

wlfhv ri d sro|wrsh ri glvwulexwlrqv fdq eh yhu| odujh dqg wklv qxpehu fdq eh klgghq

lq wkh gh�qlwlrq ri d fuhgdo vhw/ lq d zd| wkdw lw pd| qrw eh lpphgldwho| fohdu wr

wkh prgho exloghu= wkh odwwhu pljkw gh�qh wkh fuhgdo vhwv e| surylglqj frqvwudlqwv

rq wkh suredelolw| ri vrph hyhqwv> exw/ lq wklv zd|/ g fdq jurz h{srqhqwldoo| zlwk

wkh qxpehu ri frqvwudlqwv1

Dv dq h{dpsoh/ frqvlghu d vhw ri suredelolw| lqwhuydov Uf ' id,�c ��o m f � ,� �
�� � �c � ' � � � � |c | : �j gh�qlqj d fuhgdo vhw/ Sf / iru d jhqhulf yduldeoh f gh�qhg

ryhu i%�c � � � c %|j1 Sf lv wkh vhw ri glvwulexwlrqv � dfo vxemhfw wr wkh frqvwudlqwv

,� � � d%�o � ��/ � ' � � � � |1 Whvvhp +4<<5, kdv vkrzq wkdw wkh zruvw0fdvh qxpehu

ri yhuwlfhv ri Sf / vd| &f/ ghshqgv rq | dffruglqj wr wkh iroorzlqj irupxod/

&f E|� '

+ �
|n�

E|n��*2

�
|n�
e
/ li | lv rgg�

|
|*2

�
|
2
/ li | lv hyhq1

Iru lqvwdqfh= &f E�f� * ��2� �f�/ &f E2f� * ��H� �fS dqg &f E�f� * 2��� �fb1

Vxfk dq h{srqhqwldo jurzwk lv d vwurqj uhdvrq wr vhdufk iru dq dowhuqdwlyh

vroxwlrq surfhgxuh zklfk fdq jxdudqwhh d ehwwhu zruvw0fdvh frpsoh{lw|1 Olqhdu

surjudpplqj lv d edvlf wrro iru wklv sxusrvh1

Ohw xv uhfrqvlghu wkh vroxwlrq ri sureohp +61;,/ zkhuh zh dvvxph wkdw hdfk

orfdo fuhgdo vhw ri wkh QFF lv vshfl�hg e| d vhw ri olqhdu frqvwudlqwv1 Ohw u ghqrwh
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wkh zruvw0fdvh frpsoh{lw| wr vroyh d olqhdu surjudp +wdnhq ryhu doo wkh orfdo fuhgdo

vhwv,1

Vhwwlqj xs wkh fodvvl�hu uhtxluhv vroylqj wkh sureohpv 4�?� d���S� oM�S�

��

� d@� mS� o
dqg4@ � d���S� oM�S�

��

� d@� mS� o E;S� 5 Fc � ' � � � � ?�1 Wkhvh duh rswlpl}dwlrqv ri olqhdu

ixqfwlrqv ryhu olqhdu grpdlqv +lq sduwlfxodu/ wkh remhfwlyh ixqfwlrq lv uhsuhvhqwhg

e| wkh vlqjoh rswlpl}dwlrq yduldeoh � d@� mS� o,> wkhuhiruh wkh ryhudoo vhwxs frpsoh{lw|
lv � E?u mFm�1

Wkhq/ zh frpsxwh wkh orzhu suredelolw| e| pd{lpl}lqj wkh iudfwlrqdo ixqfwlrq

lqvlgh sduhqwkhvhv lq +61;,1 Revhuyh wkdw rqfh wkh frqglwlrqdo xsshu dqg orzhu

suredelolwlhv duh dydlodeoh/ vxfk d sureohp lv d iudfwlrqdo olqhdu surjudp1 Lq idfw/

wkh remhfwlyh ixqfwlrq lv d olqhdu frpelqdwlrq ri wkh rswlpl}dwlrq yduldeohv � dS�o

E;S� 9' S� glylghg e| d whup sursruwlrqdo wr wkh rswlpl}dwlrq yduldeoh � dSo> wkh

ihdvleoh vhw ri wkh sureohp lv wkh sro|wrsh S�1 Frqfhuqlqj frpsoh{lw|/ zh fdq

frpsxwh doo wkh surgxfwv wkdw gh�qh wkh remhfwlyh/ qdpho|
T?

�'� � d@� mS� o ES� 5 F�/
lq wlph � E? mFm�1 Vroylqj wkh sureohp lwvhoi uhtxluhv � Eu� wlph/ ehfdxvh iudfwlrqdo

olqhdu sureohpv fdq eh wxuqhg lqwr olqhdu sureohpv +e| d uhvxow lq Fkduqhv dqg

Frrshu/ 4<95/ dovr uhsruwhg lq Vfkdleoh/ 4<<8/ Vhfwlrq 51515,1 Wkhuhiruh/ wkh ryhudoo

wlph lv � E?u mFmn ? mFmn u� zklfk lv dovr

� E?u mFm� 1 +6146,

Frpsdulqj h{suhvvlrq +6146, zlwk +6145,/ zh vhh wkdw qrz u uhsodfhv g1 Iru0

pdoo|/ wklv phdqv wkdw wkh frpsoh{lw| ri wkh olqhdu surjudpplqj0edvhg vroxwlrq

surfhgxuh lv sro|qrpldo> wklv lv ehfdxvh olqhdu surjudpplqj fdq eh vroyhg lq

sro|qrpldo wlph +Nkdfkldq/ 4<:<,1 Lq rwkhu zrugv/ u rqo| jurzv dv d sro|qr0

pldo ixqfwlrq ri wkh vl}h ri wkh olqhdu sureohp +zklfk ghshqgv rq wkh qxpehu ri

yduldeohv dqg rq wkh qxpehu ri frqvwudlqwv,/ hyhq zkhq g jurzv h{srqhqwldoo|1

Wkxv wkh qhz vroxwlrq surfhgxuh surylghv wkh xvhu ri wkh v|vwhp zlwk d jrrg

wkhruhwlfdo erxqg rq frpsxwdwlrqdo wlph1 Revhuyh wkdw wkh surfhgxuh lv dovr sudf0

wlfdoo| h�hfwlyh1 Lq idfw/ wkh vlpsoh{ phwkrg lv zhoo0nqrzq wr h!flhqwo| vroyh yhu|
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odujh olqhdu sureohpv wrr1 Ilqdoo|/ qrwh wkdw vshfldol}hg phwkrgv duh dydlodeoh wkdw

vroyh olqhdu sureohpv rq sduwlfxodu fuhgdo vhwv +h1j1/ wkrvh jhqhudwhg e| suredelolw|

lqwhuydov/ dv lq Zdooh|/ 4<<9d/ s1 4;, lq hyhq d txlfnhu zd| 1

7 Fuhgdo0grplqdqfh fodvvl�fdwlrq

Vr idu/ rxu dqdo|vlv kdv irfxvhg rq frpsxwdwlrq ri wkh xqfhuwdlqw| lqwhuydov iru

wkh vwdwhv S 5 F/ zlwk wkh dlp ri frpsdulqj wkhp xvlqj lqwhuydo grplqdqfh1 Lw lv

lpsruwdqw wr revhuyh wkdw wkh lqirupdwlrq surylghg e| fuhgdo vhwv lv juhdwhu wkdq

wkdw surylghg e| lqwhuydov1 Wkh fuhgdo vhw fdq dovr uhsuhvhqw frqvwudlqwv ehwzhhq

suredelolwlhv/ zklfk glvdsshdu zlwk wkh lqwhuydo ylhz1 Lq sduwlfxodu/ wkh fuhgdo

vhw iru � d� m@�c � � � c @? o/ vd| S@�c��� c@?
� / jhqhudoo| frqyh|v pruh lqirupdwlrq wkdq

wkdw jlyhq e|
�
� dS m@�c � � � c @? o c � dS m@�c � � � c @? o

�
ES 5 F�1 Wkhuhiruh/ lw lv qdwxudo

wr zrqghu li d frpsdulvrq fulwhulrq gl�huhqw iurp lqwhuydo grplqdqfh fdq ehwwhu

h{sorlw vxfk lqirupdwlrq1

Frqvlghu wkh iroorzlqj h{dpsoh1 Vxssrvh wkdw F ' iS�c S��c S���j dqg wkdw S@�c��� c@?
�

kdv irxu h{wuhph glvwulexwlrqv= Ef�efc f��Dc f�2D�/ Ef�efc f�2Dc f��D�/ Ef�Dfc f��Dc f��D�

dqg Ef�Dfc f�eDc f�fD�/ zkhuh wkh hohphqwv ri wkh yhfwruv duh uhvshfwlyho| � dS�m@�c
� � � c @?o/ � dS�� m@�c � � � c @? o dqg � dS��� m@�c � � � c @? o1 Wkh lqwhuydov wkdw wkhvh srvwh0
ulru suredelolwlhv ehorqj wr duh df�efc f�Dfo/ df�2Dc f�eDo dqg df�fDc f��Do/ uhvshfwlyho|1

Zh kdyh wkdw S� lqwhuydo0grplqdwhv S��� +vr wkdw lw fdq eh glvfdughg, dqg wklv lv

wkh rqo| lqwhuydo grplqdqfh/ ehfdxvh wkh lqwhuydov ri wkh uhpdlqlqj vwdwhv ryhuods>

lqwhuydo grplqdqfh surgxfhv wzr xqgrplqdwhg vwdwhv/ S� dqg S��1 Exw lw lv hdv| wr

vhh wkdw iru dq| glvwulexwlrq lq wkh fuhgdo vhw/ � dS� m@�c � � � c @? o : � dS�� m@�c � � � c @? o
+ehfdxvh wklv lv wuxh iru doo wkh h{wuhph glvwulexwlrqv,/ l1h1 S�� lv grplqdwhg e| S�1

Lq rwkhu zrugv/ iru wkh fuhgdo vhw dw kdqg wkhuh lv rqo| d vlqjoh grplqdqw vwdwh/

exw wklv idfw lv klgghq zkhq lqwhuydo grplqdqfh lv xvhg1 Wkxv/ zh duh ohg wr wkh

gh�qlwlrq ri d grplqdqfh fulwhulrq iru vhwv ri glvwulexwlrqv1
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Gh�qlwlrq 714 Ohw f eh d glvfuhwh udqgrp yduldeoh gh�qhg ryhu [ dqg ohw

[ �c[ �� � [ eh wzr jhqhulf hyhqwv1 Frqvlghu wkh glvwulexwlrq � df m. o 5 S.
f /

zkhuh . uhsuhvhqwv zkdw lv nqrzq/ dqg S.
f lv d qrq0hpsw| vhw ri glvwulexwlrqv1

[ � lv vdlg wr eh fuhgdo grplqdqw dv frpsduhg wr [ ��/ [ � " [ ��/ li iru hyhu| glvwul0

exwlrq � df m. o 5 S.
f/ � d[ � m. o : � d[ �� m. o1

Fuhgdo grplqdqfh lv d vwuhqjwkhqlqj ri lqwhuydo grplqdqfh wr vhwv ri glvwulex0

wlrqv> lw lv dovr lv d vshfldo fdvh ri vwulfw suhihuhqfh dv gh�qhg lq Zdooh| +4<<4/

Vhfwlrq 61:1:,1 Qrwlfh wkdw lqwhuydo grplqdqfh lpsolhv fuhgdo grplqdqfh/ zkhuhdv

wkh frqyhuvh lv qrw wuxh dv wkh h{dpsoh deryh vkrzv1 Wkdw lv/ qrw doo fuhgdo

grplqdqfhv duh fdswxuhg e| lqwhuydo grplqdqfh1

Qrz/ zh h{dplqh zkhwkhu wkh frpsxwdwlrq ri fuhgdo grplqdqfh fdq eh uhdol}hg

lq dq h�hfwlyh zd|1 Ehiruh dgguhvvlqj wkh qdlyh fodvvl�fdwlrq fdvh/ lw lv xvhixo

wr revhuyh wkdw/ lq jhqhudo/ fuhgdo grplqdqfh fdq eh fkhfnhg e| frpelqdwruldo

phwkrgv1 Zkhq S.
f lv d sro|wrsh/ [ � " [ �� +, � d[ � m. o : � d[ �� m. o iru doo

� df m. o 5 e%|S.
f 1

Ohw xv ghyhors wkh sduwlfxodu fdvh ri wkh QFF1 Frqvlghu wzr vwdwhv ri �/ qdpho|

S� dqg S��1 Zh zdqw wr fkhfn zkhwkhu

� dS� m@�c � � � c @? o : � dS�� m@�c � � � c @? o +714,

krogv iru doo wkh mrlqw glvwulexwlrqv lq S1 Wkh txhvwlrq lv htxlydohqw wr vroylqj wkh

iroorzlqj sureohp +Zdooh|/ 4<<4,/

4�?
� d�c��c��� c�?oM�

E� dS�c @�c � � � c @?o� � dS��c @�c � � � c @?o� � +715,

Li wkh rswlpxp ri sureohp +715, lv srvlwlyh/ wkh dqvzhu wr wkh fuhgdo grplqdqfh

txhvwlrq lv d!updwlyh1 Zkhqhyhu wkh rswlpxp lv qrq0srvlwlyh/ wkh lqhtxdolw|

+714, lv idovh dqg S� " S�� lv qrw yhul�hg1 Qrwlfh wkdw sureohp +715, rqo| doorzv

S� " S�� wr eh fkhfnhg> whvwlqj S�� " S� uhtxluhv wkh plqlpl}dwlrq ri wkh qhjdwhg

remhfwlyh wr eh vroyhg1
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Sureohp +715, fdq eh uhzulwwhq iroorzlqj dq dujxphqw frpsohwho| dqdorjrxv

wr wkdw xvhg iru sureohp +61;,/ wkxv rewdlqlqj

4�?
� d�oM��

#
� dS�o

?\
�'�

� d@� mS� o� � dS��o
?\
�'�

� d@� mS�� o
$
� +716,

Dovr wkh vroxwlrq ri sureohp +716, lv vlplodu wr wkh vroxwlrq ri sureohpv +61;,

dqg +61<,1 Lq sduwlfxodu/ zh fdq vroyh sureohp +716, hlwkhu e| d frpelqdwruldo

dssurdfk ru e| olqhdu surjudpplqj1 Lq wkh iruphu fdvh/ zh rewdlq wkh rswlpxp

e| hqxphudwlqj wkh h{wuhph glvwulexwlrqv ri S�/ diwhu vlploduo| frpsxwlqj wkh

h{wuhphv ri wkh frqglwlrqdo glvwulexwlrqv1 Lq wkh odwwhu/ zh frpsxwh wkh h{wuhphv ri

wkh frqglwlrqdo glvwulexwlrqv e| olqhdu surjudpplqj dqg wkhq vroyh wkh uhpdlqlqj

olqhdu sureohp +716,1

Iurp wkh dqdo|vlv deryh/ lw dovr iroorzv wkdw fkhfnlqj fuhgdo grplqdqfh ehwzhhq

wzr vwdwhv +l1h1 fkhfnlqj erwk gluhfwlrqv ri wkh lqhtxdolw|, fdq eh shuiruphg pruh

txlfno| wkdq lqwhuydo grplqdqfh1 Wzr rswlpl}dwlrq sureohpv pxvw eh vroyhg/ dqg

wkh ryhudoo wlph uhtxluhg lv orzhu wkdq iru sureohpv +61;, dqg +61<, wrjhwkhu1

Frpsduh/ iru lqvwdqfh/ sureohp +716, zlwk sureohp +61;,1 Sureohp +716, lv vroyhg

pruh txlfno|/ ehfdxvh lw rqo| kdv �E?� whupv lq wkh qxphudwru yhuvxv wkh �E? mFm�
whupv lq sureohp +61;,1 E| v|pphwu|/ wkh vdph lv wuxh iru wkh uhpdlqlqj frxsoh

ri sureohpv1

Krzhyhu/ lw lv srvvleoh wkdw frpsxwlqj wkh vhw ri xqgrplqdwhg vwdwhv ri �

lv pruh h{shqvlyh xvlqj fuhgdo grplqdqfh wkdq xvlqj lqwhuydo grplqdqfh1 Zlwk

lqwhuydo grplqdqfh/ 2 mFm rswlpl}dwlrqv olnh sureohp +61;, doorz doo wkh lqwhuydov

iru � wr eh frpsxwhg1 Wkhq/ �EmFm2� lqwhuydo frpsdulvrqv vhohfw wkh lqwhuydo0

xqgrplqdwhg vwdwhv1 Zlwk fuhgdo grplqdqfh/ �EmFm2� rswlpl}dwlrqv olnh sureohp
+716, duh uhtxluhg/ zklfk duh jhqhudoo| pruh h{shqvlyh wkdq �EmFm2� lqwhuydo frp0
sdulvrqv1 Exw qrwlfh wkdw wkhvh frpsoh{lwlhv duh wkh vdph zkhq zh xvh suredelolw|

lqwhuydov/ dv Vhfwlrq 714 vkrzv1
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714 Wkh fdvh ri suredelolw| lqwhuydov

Sureohp +716, dgplwv d yhu| vlpsoh dqg h!flhqw vroxwlrq zkhq wkh fuhgdo vhwv ri

wkh QFF duh gh�qhg xvlqj suredelolw| lqwhuydov/ zklfk duh dq lpsruwdqw vshfldo

fdvh1

Ohw Uf ' id,�c ��o m f � ,� � �� � �c � ' � � � � |j eh d vhw ri suredelolw| lqwhuydov

iru wkh yduldeoh f gh�qhg ryhu [ 'i%�c � � � c %|j +dv lq Vhfwlrq 61515,1 Zh vwduw e|

gh�qlqj surshu dqg uhdfkdeoh suredelolw| lqwhuydov dv lq Fdpsrv hw do1 +4<<7,1

Gh�qlwlrq 715 Uf lv surshu li
S|

�'� ,� � � � S|
�'� ���

Gh�qlwlrq 716 Uf lv uhdfkdeoh li �� n
S|

�'�c� �'� ,� � � � ,� n
S|

�'�c� �'� ��/ � '

� � � � |�

Wkhvh gh�qlwlrqv duh vlpso| frkhuhqfh frqglwlrqv1 Lw lv srvvleoh wr vkrz +Fdp0

srv hw do1/ 4<<7, wkdw Uf lv surshu l� Sf lv qrw hpsw| dqg wkdw Uf lv uhdfkdeoh l�

wkh lqwhuydov duh wljkw/ l1h1 iru hdfk orzhu ru xsshu erxqg lq Uf wkhuh lv d glvwulex0

wlrq lq Sf dw zklfk wkh erxqg lv dwwdlqhg +qrwlfh wkdw d vhw ri uhdfkdeoh lqwhuydov

lv dovr surshu,1 Lq wkh iroorzlqj zh dozd|v dvvxph wkdw wkh lqwhuydov vdwlvi| Gh�ql0

wlrq 716> wklv uhtxluhphqw lv qrw uhvwulfwlyh= hdfk vhw ri surshu suredelolw| lqwhuydov

fdq eh wudqviruphg/ lq wlph � E|�/ lqwr d uhdfkdeoh vhw zlwkrxw dowhulqj Sf 1

Uhdfkdeoh lqwhuydov fdq dovr eh uhjdughg dv d vshfldo fdvh ri xsshu dqg orzhu

suredelolwlhv> wkh| duh Fkrtxhw fdsdflwlhv ri rughu wzr1 Lq wklv fdvh lw lv zhoo0

nqrzq +Zdooh| dqg Ilqh/ 4<;5, wkdw/ jlyhq wzr pxwxdoo| h{foxvlyh hyhqwv [ �c[ �� �
[ / wkhuh dozd|v h{lvwv d glvwulexwlrq � 5 Sf vxfk wkdw � d[ �o ' � d[ �o dqg

� d[ ��o ' � d[ ��o1 Zkhq S� lq sureohp +716, lv gh�qhg yld uhdfkdeoh lqwhuydov/

vxfk d surshuw| dssolhv dqg wkh rswlpdo ydoxh ri +716, lv

� dS�o
?\
�'�

� d@� mS� o� � dS��o
?\
�'�

� d@� mS�� o 1 +717,
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Wkh odwwhu kdv d srvlwlyh lpsdfw rq frpsxwdwlrqdo frpsoh{lw|1 Lq idfw/ li doo

wkh fuhgdo vhwv ri wkh QFF duh gh�qhg zlwk uhdfkdeoh lqwhuydov/ wkh h{wuhphv

ri wkh frqglwlrqdo suredelolwlhv lq +717, duh/ e| gh�qlwlrq/ uhdglo| dydlodeoh dqg

frqvhtxhqwo| wkh ydoxh +717, lv frpsxwhg lq wlph � E?�1 +Vwulfwo| vshdnlqj/ zh

vkrxog dovr frqvlghu wkh wlph uhtxluhg wr wxuq wkh lqwhuydov lqwr uhdfkdeoh rqhv>

exw wkhuh duh fdvhv zkhq wkh lqwhuydov/ ehlqj qdwxudoo| uhdfkdeoh/ gr qrw qhhg

vxfk d wuhdwphqw1 Iru lqvwdqfh/ wklv lv wkh fdvh iru wkh lqwhuydov surgxfhg e| wkh

lpsuhflvh Glulfkohw prgho lqZdooh|/ 4<<9e1, Wklv dovr phdqv wkdw wkh frpsxwdwlrq

ri wkh fuhgdo0xqgrplqdwhg vwdwhv ri � wdnhv �
�
? mFm2�1 Frpsdulqj wkh odwwhu zlwk

wkh wlph uhtxluhg e| wkh QEF wr fodvvli| d sdwwhuq/ qdpho| � E? mFm�/ zh vhh wkdw
wkh dgydqwdjhv ri qdlyh fuhgdo fodvvl�fdwlrq fdq eh dfklhyhg zlwk rqo| d plqru

lqfuhdvh lq frpsxwdwlrqdo frpsoh{lw|1

Wr �qg d vlpsohu frqglwlrq wkdw lv htxlydohqw wr fuhgdo grplqdqfh lq wkh

fdvh ri lqwhuydov/ revhuyh wkdw +717, lv vlpso| wkh gl�huhqfh � dS�c @�c � � � c @?o �
� dS��c @�c � � � c @?o dqg khqfh S� fuhgdo0grplqdwhv S�� li � dS�c @�c � � � c @?o : � dS��c @�c � � � c @?o>

exw wklv lv h{dfwo| wkh gh�qlwlrq ri lqwhuydo grplqdqfh dssolhg wr wkh lqwhuydov

d� dS�c @�c � � � c @?o c � dS�c @�c � � � c @?oo dqg d� dS��c @�c � � � c @?o c � dS��c @�c � � � c @?oo1 Lw iro0

orzv wkdw/ zkhq wkh QFF lv gh�qhg e| phdqv ri lqwhuydo suredelolwlhv/ zh fdq uh0

jdug wkh whvwv ri fuhgdo grplqdqfh dv whvwv ri lqwhuydo grplqdqfh rq wkh mrlqw sulru

suredelolwlhv ri wkh fodvv dqg wkh dwwulexwhv1 Zh xvh wklv revhuydwlrq lq Vhfwlrq 81

8 Dq h{dpsoh

Wklv vhfwlrq suhvhqwv d yhu| vlpsoh h{dpsoh wr vkrz wkh sulqflsohv ri fuhgdo fodvvl0

�fdwlrq dqg lq sduwlfxodu fuhgdo grplqdqfh1 Wkh h{dpsoh lv vlpsol�hg iru fodulw|>

wkh suredelolwlhv duh duwl�fldo1

Dq lqvxudqfh frpsdq| zdqwv wr dvvhvv wkh ulvn lw lqfxuv lq vhoolqj fdu lqvxudqfh

wr d qhz fxvwrphu1 Wkh ulvn +-, lv fodvvl�hg dv orz/ phglxp/ ru kljk/ dqg lv uhodwhg

4;



wr wkh qxpehu dqg w|sh ri fdu dfflghqwv wkdw duh h{shfwhg iru vxfk d fxvwrphu1 Wkh

frpsdq| ghflghv wr prgho wkh ulvn lq whupv ri wzr dwwulexwhv ri wkh fxvwrphu= wkh

djh +�/ gh�qhg ryhu i|rxqj/plggoh0djhg/rogj, dqg wkh flw| zkhuh wkh fxvwrphu

olyhv +A / ryhu iYhqh}ld +YH,/Wuhylvr +WY,/Plodqr +PL,j,1
Wkh fuhgdo vhwv ri wkh QFF duh edvhg rq wkh iroorzlqj dvvxpswlrqv1 Frqfhuqlqj

wkh fxvwrphu*v djh/ lw lv vxssrvhg wkdw plggoh0djhg shuvrqv kdyh ehwwhu ehkdylru/

dv frpsduhg wr erwk |rxqj dqg rog shrsoh> frqfhuqlqj wkh ulvn ri wkh Lwdoldq flwlhv/

wkh udqnlqj lv Yhqh}ld 	 Wuhylvr 	 Plodqr1 Wkh fuhgdo vhwv/ gh�qhg e| phdqv ri

uhdfkdeoh suredelolw| lqwhuydov +vhh Vhfwlrq 714,/ duh uhsruwhg lq Wdeohv 4/ 5 dqg 61

--- WDEOH 4 DERXW KHUH ---

--- WDEOH 5 DERXW KHUH ---

--- WDEOH 6 DERXW KHUH ---

Iru h{dpsoh/ Wdeoh 4 h{suhvvhv wkh idfw wkdw prvw ri fxvwrphuv duh nqrzq wr eh

orz0ulvn/ lq d shufhqwdjh wkdw ydulhv iurp ::( wr ;8(> d plqrulw| duh phglxp0ulvn

shrsoh +lq wkh udqjh 43( � 48(,/ dqg ihz shrsoh +8( � ;(, duh kljk0ulvn1 Wdeoh 5

h{suhvvhv wkh idfw wkdw zkhq wkh ulvn lv orz/ wkh prvw suredeoh djh lv plggoh0djh>

zkhq lw lv phglxp/ wkh wkuhh vwdwhv ri � kdyh vlplodu suredelolwlhv> zkhuhdv zkhq

wkh ulvn lv kljk/ shrsoh duh prvw suredeo| |rxqj/ rwkhuzlvh rog1

--- ILJXUH 4 DERXW KHUH ---

Ohw xv frqvlghu wkh fdvh ri dq rog shuvrq olylqj lq Yhqh}ld1 Iroorzlqj Vhfwlrq

714/ zh frpsxwh wkh wkuhh lqwhuydov iru � d-c� ' J,_c A ' T .o/ uhfdoolqj wkdw

� d-c� ' J,_c A ' T .o ' � d-o� d� ' J,_ m- o� dA ' T . m- o dqg � d-c� '

J,_c A ' T .o ' � d-o� d� ' J,_ m- o� dA ' T . m- o1 Wkh lqwhuydov duh vkrzq lq

Iljxuh 4 e| phdqv ri olqh vhjphqwv> iru lqvwdqfh/ � d- ' ,J�c� ' J,_c A ' T .o

ehorqjv wr wkh lqwhuydo df��D�c f�2fHo dv uhsuhvhqwhg e| wkh orzhvw vhjphqw1 E|

dsso|lqj lqwhuydo grplqdqfh wr vxfk lqwhuydov/ zh rewdlq d wrwdo rughu rq wkh vwdwhv

4<



ri - ehfdxvh wkh lqwhuydov gr qrw ryhuods1 Lq wklv fdvh wkh fxvwrphu lv fodvvl�hg dv

orz0ulvn1

Zh pd| eh lqwhuhvwhg lq wkh srvwhulru suredelolw| ri wklv ulvn fdwhjru|1 Zh

xvh +6143, dqg +6144, wr frpsxwh � d- ' ,J�m� ' J,_c A ' T .o dqg � d- '

,J�m� ' J,_c A ' T .o/ uhvshfwlyho|1 Vxfk irupxodh uhtxluh wkh h{wuhphv ri wkh wzr

frqglwlrqdo suredelolwlhv � d� ' J,_ m- ' ,J� o dqg � dA ' T . m- ' ,J� o1 Wkhvh

h{wuhphv duh uhdglo| dydlodeoh iurp Wdeohv 5 dqg 61 Wkh irupxodh dovr uhtxluh wkh

h{wuhph glvwulexwlrqv ri � d-o1 Wkhvh fdq eh frpsxwhg iurp wkh lqwhuydov lq Wdeoh

4 e| vlpsoh surfhgxuhv/ dv lq Fdpsrv hw do1 +4<<7,1 Lq wklv zd| zh �qg wkdw wkh

suredelolw| � d- ' ,J�m� ' J,_c A ' T .o olhv lq wkh lqwhuydo df�b22c f�b.Do1

--- ILJXUH 5 DERXW KHUH ---

Qh{w/ ohw xv frpsxwh wkh ulvn fdwhjru| ri d |rxqj shuvrq lq Plodqr1 Lqwxlwlyho|/

wkh vxemhfw vkrxog eh kljk0ulvn/ ehfdxvh hdfk dwwulexwh lv lq wkh zruvw vwdwh1 Wkh

lqwhuydov iru � d-c� ' +J�?}c A ' �Uo duh uhsuhvhqwhg lq Iljxuh 51 Qrz lqwhuydo

grplqdqfh rqo| lpsolhv d sduwldo rughu ri wkh vwdwhv ri - ehfdxvh wkh lqwhuydov

iru wkh vwdwhv orz dqg phglxp ryhuods/ exw lw lv vwloo srvvleoh wr rewdlq d vlqjoh

fuhgdo0grplqdqw vwdwh/ l1h1/ kljk ulvn1 Dv lq wkh suhfhglqj fdvh/ zh fdq frpsxwh

wkh srvwhulru orzhu dqg xsshu suredelolwlhv ri wkh grplqdqw fodvv1 Wkh suredelolw|

� d- ' ��}�m� ' +J�?}c A ' �Uo olhv lq wkh lqwhuydo df�e�Dc f�Sb�o1

--- ILJXUH 6 DERXW KHUH ---

Wkh odvw fdvh frqfhuqv d |rxqj shuvrq zkr olyhv lq Wuhylvr1 Wklv lv voljkwo|

pruh gl!fxow wr fodvvli|/ lqwxlwlyho|/ vlqfh wkhuh duh rssrvlwh whqghqflhv lq wkh

dwwulexwhv= ehlqj d |rxqj shuvrq pdnhv wkh ulvn kljkhu/ exw wkh ulvn vkrxog eh

orzhuhg e| olylqj lq d flw| zlwk prghudwh wud!f1 Wkh lqwhuydov iru wkh suhvhqw fdvh

duh lq Iljxuh 61 Wklv wlph d vlqjoh fuhgdo0grplqdqw vwdwh lv qrw dydlodeoh ehfdxvh

vwdwh kljk lv fuhgdo0grplqdwhg dqg wkh lqwhuydov iru wkh rwkhu wzr vwdwhv ryhuods1

Wkh uhvxow ri wkh fodvvl�fdwlrq lv wkh vhw i,J�c6e_��6j1
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Lq wklv fdvh/ wkh srvwhulru suredelolw| ri wkh fodvvl�fdwlrq lv ��� d- ' ��}�m� '

+J�?}c A ' AT o1 Wkh h{wuhphv ri � d- ' ��}�m� ' +J�?}c A ' AT o fdq eh

frpsxwhg dv lq wkh suhfhglqj h{dpsohv/ rewdlqlqj wkh lqwhuydo df��ffc f�2S.o1 Lw

iroorzv wkdw � d- 9' ��}�m� ' +J�?}c A ' AT o olhv lq df�.��c f�bffo1 Lq jhqhudo

zh fdqqrw dsso| wklv vlpsoh phwkrg wr frpsxwh wkh srvwhulru orzhu dqg xsshu

suredelolwlhv ri d vhw ri fodvvhv/ li F kdv pruh wkdq 6 vwdwhv1 Vhfwlrq 9 ghvfulehv d

jhqhudo phwkrg1

9 Srvwhulru orzhu dqg xsshu suredelolwlhv ri d

vhw ri fodvvhv

Wklv vhfwlrq dgguhvvhv wkh sureohp ri frpsxwlqj wkh suredelolw| ri d vhw ri fodvvhv

F� � F/ frqglwlrqdo rq wkh revhuyhg vwdwh ri wkh dwwulexwhv1 Dv xvxdo/ vxfk d

suredelolw| lv dq lqwhuydo/ rewdlqhg e| vroylqj wzr rswlpl}dwlrq sureohpv/

JR|
� d�c��c��� c�?oM�

� dF � m@�c � � � c @? o c +914,

zkhuh JR| 5 i4�?c4@ j1 +Zh ghulyh wkh irupxodh iru wkh rswlpxp e| dvvxp0

lqj +616,> vlplodu frqvlghudwlrqv wr wkrvh suhvhqwhg lq Vhfwlrq 614 dsso|1, Frq0

vlghu wkh frpsxwdwlrq ri � dF � m@�c � � � c @? o1 Revhuyh wkdw � dF� m@�c � � � c @? o 'S
SM�� � dS m@�c � � � c @? o vlqfh wkh hyhqwv duh pxwxdoo| h{foxvlyh1 Wkh sureohp eh0

frphv

� dF� m@�c � � � c @? o ' 4�?
� d�c��c��� c�?oM�

[
SM��

� dS m@�c � � � c @? o +915,

' 4�?
� d�c��c��� c�?oM�

S
SM�� � dSc @�c � � � c @?oS
SM� � dSc @�c � � � c @?o

� +916,

Wkh dujxphqwv xvhg lq suhylrxv vhfwlrqv doorz sureohp +916, wr eh zulwwhq dv

4�?
� d�oM��

#
� n

S
SM�Kt�� � dSo

T?
�'� � d@� mS oS

SM�� � dSo
T?

�'� � d@� mS o

$3�

c +917,
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zkhuh tF� ghqrwhv wkh frpsohphqw ri F�1
Wkh sureohp uhodwhg wr wkh xsshu suredelolw| lv ghulyhg lq dqdorjrxv zd|/

rewdlqlqj

4@ 
� d�oM��

#
� n

S
SM�Kt�� � dSo

T?
�'� � d@� mS oS

SM�� � dSo
T?

�'� � d@� mS o

$3�

� +918,

Ilqdoo|/ revhuyh wkdw/ dv xvxdo/ sureohpv +917, dqg +918, fdq eh vroyhg e|

rswlpl}lqj wkh iudfwlrqdo olqhdu ixqfwlrqv lq sduhqwkhvhv> wklv lv dfklhyhg hlwkhu e|

olqhdu surjudpplqj ru yld d frpelqdwruldo dssurdfk1

: Frqfoxvlrqv

Wklv sdshu sursrvhv fuhgdo fodvvl�fdwlrq dv d jhqhudol}dwlrq ri vwdqgdug fodvvl�fd0

wlrq dqg uhdol}hv lw e| h{whqglqj wkh qdlyh Ed|hv fodvvl�hu wr fuhgdo vhwv1 Lw ghulyhv

wkh uhodwhg surfhgxuhv iru fodvvl�fdwlrq dqg iru wkh frpsxwdwlrq ri srvwhulru orzhu

dqg xsshu suredelolwlhv1 E| dqdo|}lqj wkh frpsxwdwlrqdo frpsoh{lw| ri wkh sur0

fhgxuhv/ lw vkrzv wkdw qdlyh fuhgdo fodvvl�fdwlrq lv d zhoo0vroydeoh wdvn1 Lq rwkhu

zrugv/ lw vkrzv wkdw wkh dssolfdwlrq ri fuhgdo vhwv wr qdlyh fodvvl�fdwlrq lv vlpsoh

wr uhdol}h dqg doorzv lpsuhflvlrq derxw suredelolw| ydoxhv wr eh lqfoxghg lq wkh

prgho1

Qdlyh fuhgdo fodvvl�fdwlrq suhvhuyhv wkh dgydqwdjhv ri wkh QEF dssurdfk zkloh

dgglqj  h{lelolw| dqg uhdolvp1 Iru wkdw uhdvrq lw zrxog eh xvhixo wr h{whqg fuhgdo

fodvvl�fdwlrq wr pruh jhqhudo prghov1 Wkdw pljkw eh dfklhyhg/ iru lqvwdqfh/ e|

h{sorlwlqj nqrzq sdwwhuqv ri ghshqghqfh ehwzhhq dwwulexwhv/ frqglwlrqdo rq wkh

fodvv/ lq wkh gluhfwlrq ri uhod{lqj dvvxpswlrq +414,1

Wr pdnh wkh QFF dssolfdeoh wr frpprq fodvvl�fdwlrq sureohpv/ wkh ixqgd0

phqwdo lvvxh wkdw qhhgv wr eh dgguhvvhg lv krz wr ohduq wkh orfdo fuhgdo vhwv iurp

d udqgrp vdpsoh ri gdwd1 Ri frxuvh/ wkdw lv d sureohp ri vwdwlvwlfdo lqihuhqfh1
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Zh fdq uhjdug wkh gdwd dv d udqgrp vdpsoh iurp d pxowlqrpldo glvwulexwlrq1 Zh

glvwlqjxlvk wzr fdvhv dffruglqj wr wkh devhqfh ru suhvhqfh ri plvvlqj ydoxhv1

Iluvw frqvlghu frpsohwh gdwd1 Iru wklv fdvh/ Zdooh| +4<<9e, kdv sursrvhg wkh

lpsuhflvh Glulfkohw prgho/ zklfk prghov sulru ljqrudqfh wkurxjk d vhw ri Glulfkohw

glvwulexwlrqv dqg pdnhv srvwhulru lqihuhqfhv e| frpelqlqj lw zlwk wkh revhuyhg

olnholkrrg ixqfwlrq1 Wkhuh duh d qxpehu ri lpsruwdqw surshuwlhv ri wkh prgho wkdw

pdnh lw d qdwxudo fdqglgdwh wr lqihu wkh orfdo fuhgdo vhwv> iru h{dpsoh/ lqihuhqfhv

duh lqghshqghqw ri wkh gh�qlwlrq ri wkh vdpsoh vsdfh1 Frpelqlqj wkh lpsuhflvh

Glulfkohw prgho zlwk dvvxpswlrq +414,/ zklfk lv vshfl�f wr wkh QFF/ vhhpv d

zhoo0irxqghg dqg surplvlqj zd| wr lqihu wkh orfdo fuhgdo vhwv1

Rq wkh rwkhu kdqg/ wkh QFF vkrxog eh deoh wr ghdo dovr zlwk plvvlqj gdwd/

zklfk duh d shuydvlyh sureohp lq dssolhg vwdwlvwlfdo lqihuhqfh1 Wkdw lv srvvleoh

ehfdxvh/ zkhq qr dvvxpswlrqv duh pdgh frqfhuqlqj wkh plvvlqjqhvv phfkdqlvp/

lqfrpsohwh gdwd fdq eh uhjdughg dv dqrwkhu vrxufh ri lpsuhflvlrq/ dv lq ]d�dorq

+5333,= wkh lpsuhflvlrq lqgxfhg e| plvvlqj gdwd fdq eh gluhfwo| uhsuhvhqwhg lq

wkh orfdo fuhgdo vhwv ri wkh QFF1 Wkdw sdshu dovr vkrzv wkdw/ lq vrph fdvhv/ lw lv

srvvleoh wr frpelqh wkh lpsuhflvlrq gxh wr plvvlqj gdwd zlwk Zdooh|*v lpsuhflvh

Glulfkohw prgho1 Lw dsshduv wkdw wklv dssurdfk zloo hqdeoh wkh QFF wr eh lqihuuhg

iurp lqfrpsohwh gdwd vhwv lq d vlpsoh dqg vrxqg zd|1

Dfnqrzohgjhphqwv

L dp lqghewhg wr Shwhu Zdooh| iru klv vxssruw gxulqj doo wkh ghyhorsphqw ri

wkh zrun1 Kh frqwulexwhg zlwk yhu| lqvljkwixo frpphqwv/ e| vxjjhvwlqj uhohydqw

uhihuhqfhv dqg dovr e| khoslqj ph wr lpsuryh wkh Hqjolvk vw|oh ri wkh sdshu1

Wklv sdshu kdv ehqh�whg juhdwo| iurp klv vxjjhvwlrqv1 Wkdqnv dovr wr Mhdq0Pduf

Ehuqdug dqg wr wzr dqrq|prxv uhihuhhv iru khosixo frpphqwv/ dqg wr Oxfd Pduld

Jdpedughood dqg Fduor Ohsrul iru wkhlu nlqg dwwhqwlrq dqg vxssruw1 Wklv zrun
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zdv vxssruwhg lq sduw e| VXSVL GLH/ kwws=22zzz1vxsvl1fk/ xqghu FWL judqw &

NWL 754:141

Uhihuhqfhv

Fdpsrv/ O1/ Kxhwh/ M1/ Prudo/ V1/ 4<<71 Suredelolw| lqwhuydov= d wrro iru xqfhuwdlq

uhdvrqlqj1 Lqwhuqdw1 M1 Xqfhuwdlq1 Ix}}lqhvv Nqrzohgjh0Edvhg V|vwhpv 5/ 49:�

4<91

Fkduqhv/ D1/ Frrshu/ Z1Z1/ 4<951 Surjudpplqj zlwk olqhdu iudfwlrqdo ixqfwlrq0

dov1 Qdydo Uhv1 Orjlvw1 Txduwhuo| </ 4;4�4;91

Grplqjrv/ S1/ Sd}}dql/ P1/ 4<<:1 Rq wkh rswlpdolw| ri wkh vlpsoh Ed|hvldq fodv0

vl�hu xqghu }hur0rqh orvv1 Pdfklqh Ohduqlqj 5</ 436�4631

Gxgd/ U1R1/ Kduw/ S1H1/ 4<:61 Sdwwhuq Fodvvl�fdwlrq dqg Vfhqh Dqdo|vlv1 Zloh|/

Qhz \run1

Id||dg/ X1P1/ Sldwhwvn|0Vkdslur/ J1/ Vp|wk/ S1/ Xwkxuxvdp|/ U1 +Hgv1,/ 4<<91

Dgydqfhv lq Nqrzohgjh Glvfryhu| dqg Gdwd Plqlqj1 PLW Suhvv/ Orqgrq1

Iulhgpdq/ M1/ 4<<:1 Rq eldv/ yduldqfh/ 324 0 orvv/ dqg wkh fxuvh0ri0glphqvlrqdolw|1

Gdwd Plqlqj dqg Nqrzohgjh Glvfryhu| 4/ 88�::1

Jlul/ Q1F1/ 4<<91 Pxowlyduldwh Vwdwlvwlfdo Dqdo|vlv1 Pdufho Ghnnhu/ Qhz \run1

Judkdp/ U1O1/ Nqxwk/ G1H1/ Sdwdvkqln/ R1/ 4<;<1 Frqfuhwh Pdwkhpdwlfv= d Irxq0

gdwlrq iru Frpsxwhu Vflhqfh1 Dgglvrq0Zhvoh|/ Uhdglqj/ PD1

Kxehuw|/ F1M1/ 4<<71 Dssolhg Glvfulplqdqw Dqdo|vlv1 Zloh|/ Qhz \run1

Mrkqvrq/ U1D1/ Zlfkhuq/ G1Z1/ 4<;;1 Dssolhg Pxowlyduldwh Vwdwlvwlfdo Dqdo|vlv/

5qg hgq1 Suhqwlfh Kdoo/ Qhz \run1

Nkdfkldq/ O1J1/ 4<:<1 D sro|qrpldo dojrulwkp iru olqhdu surjudpplqj1 Grnodg|

Dndg1 Qdxn1 XVVU 577/ 43<6�43<91 Wudqvodwhg lq Vrylhw Pdwk1 Grnodg| 53/

4<4�4<71

Ohyl/ L1/ 4<;31 Wkh Hqwhusulvh ri Nqrzohgjh1 PLW suhvv/ Orqgrq1
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Oxfh/ U1G1/ Udl�d/ K1/ 4<8:1 Jdphv dqg Ghflvlrqv1 Zloh|/ Qhz \run1

PfOdfkodq/ J1M1/ 4<<51 Glvfulplqdqw Dqdo|vlv dqg Vwdwlvwlfdo Sdwwhuq Uhfrjqlwlrq1

Zloh|/ Qhz \run1

Vfkdleoh/ V1/ 4<<81 Iudfwlrqdo surjudpplqj1 Lq= Kruvw/ U1/ Sdugdorv/ S1P1 +Hgv1,/

Kdqgerrn ri Joredo Rswlpl}dwlrq1 Noxzhu/ Wkh Qhwkhuodqgv/ ss1 7<8�93;1

Whvvhp/ E1/ 4<<51 Lqwhuydo suredelolw| sursdjdwlrq1 Lqwhuqdw1 M1 Dssur{1 Uhdvrq1

:/ <8�4531

Zdooh|/ S1/ 4<;41 Frkhuhqw orzhu +dqg xsshu, suredelolwlhv1 Vwdwlvwlfv Uhvhdufk

Uhsruw Qr1 551 Xqlyhuvlw| ri Zduzlfn/ Fryhqwu|/ XN1

Zdooh|/ S1/ 4<<41 Vwdwlvwlfdo Uhdvrqlqj zlwk Lpsuhflvh Suredelolwlhv1 Fkdspdq dqg

Kdoo/ Qhz \run1

Zdooh|/ S1/ 4<<9d1 Phdvxuhv ri xqfhuwdlqw| lq h{shuw v|vwhpv1 Duwl�fldo Lqwhool0

jhqfh ;6/ 4�8;1

Zdooh|/ S1/ 4<<9e1 Lqihuhqfhv iurp pxowlqrpldo gdwd= ohduqlqj derxw d edj ri

pdueohv1 M1 Ur|1 Vwdwlvw1 Vrf1 Vhu1 E 8;/ 6�8:1

Zdooh|/ S1/ Ilqh/ W1O1/ 4<;51 Wrzdugv d iuhtxhqwlvw wkhru| ri xsshu dqg orzhu

suredelolw|1 Dqq1 Vwdwlvw1 43/ :74�:941

]d�dorq/ P1/ 53331 H{dfw fuhgdo wuhdwphqw ri plvvlqj gdwd1 M1 Vwdwlvw1 Sodqq1

Lqihuhqfh1 Dffhswhg iru sxeolfdwlrq1
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Wdeoh 4= Sulru suredelolw| lqwhuydov/
�
� d-o c � d-o

�
/ ri ulvn fodvvhv

orz ^31::/31;8`

U phglxp ^3143/3148`

kljk ^3138/313;`
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Wdeoh 5= Frqglwlrqdo suredelolw| lqwhuydov iru djh jlyhq ulvn fdwhjru|�
� d� m- o c � d� m- o

�
U

orz phglxp kljk

|rxqj ^3148/3155` ^315:/3165` ^3193/31:3`

D plggoh0djhg ^3183/3188` ^3166/316;` ^3138/3148`

rog ^315;/3167` ^3167/316;` ^3153/3163`

5:



Wdeoh 6= Frqglwlrqdo suredelolw| lqwhuydov iru flw| jlyhq ulvn fdwhjru|�
� dA m- o c � dA m- o

�
U

orz phglxp kljk

YH ^31:3/31:5` ^3148/3153` ^3135/3139`

W WY ^314;/3153` ^3193/3198` ^3155/315;`

PL ^313;/3143` ^3153/3158` ^3199/31:5`

5;
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