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Abstract

In this paper we survey recent results on the precedence constraint single
machine scheduling problem to minimize the weighted sum of completion
times. We show how we can benefit from known results in dimension theory
of partial orders to obtain improved approximate solutions when precedence
constraints have low fractional dimension. We believe that dimension theory
of partial orders could be of interest for other linear ordering problems as
well.

1 Introduction
The problem we consider in this paper is a classical problem in scheduling theory,
known as 1|prec|

∑
w jC j in standard scheduling notation (see e.g. Graham et

al. [15]). A set N = {1, . . . , n} of n jobs are to be scheduled, without interruptions,
on a single machine that can process at most one job at a time. Each job j has a
processing time p j and a weight w j, where p j and w j are non-negative integers.
The precedence constraints are given by a binary relation P ⊆ N×N that describes,
for certain pairs of jobs in the set, the requirement that one of the jobs must be
completed before the other starts, i.e., any feasible solution must schedule job i
before job j if (i, j) ∈ P. The goal is to find a feasible schedule which minimizes∑n

j=1 w jC j, where C j is the time at which job j completes in the schedule.
Several polynomial time 2-approximation algorithms are known [7, 8, 16, 25,

31, 32, 36], and improving on them is a major open problem (see e.g. [37]).
Schulz [36], and Hall, Schulz, Shmoys & Wein [16] gave 2-approximation algo-
rithms by using linear programming relaxations. Chudak & Hochbaum [8] gave
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another algorithm based on a linear programming relaxation with two variables
per constraints. Independently, Pisaruk [31, 32], Chekuri & Motwani [7] and
Margot, Queyranne & Wang [25], provided identical, simple 2-approximation al-
gorithms based on Sidney’s decomposition theorem [39] from 1975. Correa &
Schulz [9] proved the equivalence of all these approximation algorithms.

Woeginger [43] proved that the special case in which all jobs either have
p j = 1 and w j = 0 or p j = 0 and w j = 1 is not easier to approximate as the general
case. On the other hand, the structure of the precedence constraints can have a big
impact on the approximability of the problem. Indeed, Smith [40] showed that, in
absence of precedence constraints, an optimal solution can be found by sequenc-
ing the jobs in non-increasing order of the ratio wi/pi. Lawler [22] gave an exact
algorithm for series-parallel precedence constraints already in 1978 (other classes
of polynomially solvable instances are also known and the interested reader is re-
ferred to [23] for a survey). For interval orders and convex bipartite precedence
constraints, Woeginger [43] gave approximation algorithms with approximation
ratio arbitrarily close to the golden ratio 1

2 (1 +
√

5) ≈ 1.61803.
In this paper we survey recent results [1, 2, 3, 4, 9] that profited from the

rich dimension theory of partial orders [41]. Indeed, the set N of jobs with the
precedence constraints P forms a partially ordered set (poset) P = (N, P). Dushnik
& Miller [11] introduced dimension as a parameter of partial orders in 1941. The
dimension is one of the most heavily studied parameters of partial orders, and
many beautiful results have been obtained (see e.g. [41]).

There is a natural way to associate with a poset P a hypergraph HP, called the
hypergraph of incomparable pairs, so that the dimension of P is the chromatic
number of HP [13]. Furthermore, the fractional dimension of P, a generalization
due to Brightwell & Scheinerman [6] is equal to the fractional chromatic number
of HP.

Interestingly, it turns out that another classical problem in graph theory, namely
the vertex cover problem, when defined on hypergraph HP, has a nice inter-
pretation as a linear ordering problem. Indeed, any minimal vertex cover of
HP describes a total ordering complying with P and vice versa. In this vein,
1|prec|

∑
w jC j can be seen as a special case of the weighted vertex cover on

HP (whereas the general version turns out to be equivalent to the weighted vari-
ant of the minimum feedback arc set problem). Moreover, in a series of pa-
pers [33, 8, 9, 1, 3] it was established that optimizing 1|prec|

∑
w jC j can be re-

duced to computing a vertex cover in the graph of incomparable pairs GP, instead
of the hypergraph HP. The (ordinary) graph GP is obtained by removing from
HP all edges of cardinality larger than two. This result allows to apply the rich
vertex cover theory to 1|prec|

∑
w jC j together with the dimension theory. For ex-

ample one can conclude that two-dimensional precedence constraints are solvable
in polynomial time, as GP is bipartite in this case [10, 13, 9], and the vertex cover
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problem is well-known to be solvable in polynomial time on bipartite graphs (see
e.g. [19]). This considerably extends Lawler’s result [22] from 1978 for series-
parallel precedence constraints.

These connections between the 1|prec|
∑

w jC j and the vertex cover prob-
lem on GP, and between dimension and coloring, yield a framework for ob-
taining (2 − 2/ f )-approximation algorithms for classes of precedence constraints
with bounded (fractional) dimension f [2, 3]. The framework is inspired by
Hochbaum’s approach [18] for the vertex cover problem on “easily” colorable
graphs. It yields the best known approximation ratios for all previously consid-
ered special classes of precedence constraints. Furthermore, it establishes the
dimension as a parameter of the complexity of an instance.

This result also triggered the first inapproximability results for 1|prec|
∑

w jC j.
The objective function of the scheduling problem can be split into a so-called
“fixed” cost and a “variable” cost (see Section 4 for details). Only the variable
cost depends on the schedule, whereas the fixed cost is the same for all feasible
schedules. In [4] it was shown that the variable part is as hard to approximate
as the vertex cover problem. Moreover, when the fixed cost part is taken into
consideration, a recent reduction from the maximum edge biclique problem [4]
makes the existence of a polynomial time approximation scheme unlikely.

The structure of the paper is as follows. In Section 2 we survey dimension
theory of partial orders. Section 3 covers the framework which allows to obtain
better approximation algorithms for posets with bounded dimension. Section 4
is devoted to the equivalence between 1|prec|

∑
w jC j and vertex cover on GP.

Section 5 sketches the new inapproximability results for 1|prec|
∑

w jC j.

2 Dimension Theory of Partial Orders
A partially ordered set (or poset) formalizes the intuitive concept of an ordering,
sequencing, or arrangement of the elements of a set. The theory of partially or-
dered sets is central to combinatorics and arises in many different contexts. We
are going to introduce it by giving an example.

Consider the set A = {a, b, c, d} and a set N consisting of subsets of A, namely
S 1 = {a}, S 2 = {b}, S 3 = {c}, S 4 = {a, b, c} and S 5 = {b, d}. The elements of the set
N, called the groundset, can be partially ordered by the reflexive, antisymmetric
and transitive relation P which we define, in the example, by using the set inclu-
sion “⊆” (see also Figure 1): for any S , S ′ ∈ N we have (S , S ′) ∈ P if and only if
S ⊆ S ′. To emphasize the order concept, we write x ≤ y when (x, y) ∈ P.

For any S , S ′ ∈ N, in case S ′ ≤ S or S ≤ S ′, we will say that the pair (S , S ′) is
comparable, otherwise it is called incomparable (for S , S ′ we call S ′ larger than
S , if S ≤ S ′, also denoted by S < S ′). For instance, S 1 and S 4 are comparable

3



since S 1 ≤ S 4, whereas neither S 1 ≤ S 5 nor S 5 ≤ S 1 holds which makes the pairs
(S 1, S 5) and (S 5, S 1) incomparable. The groundset N together with the partial
order P define a partially ordered set (poset) P = (N, P). We denote the set of
all incomparable points of a poset P by inc(P). A poset that does not have any
incomparable pairs is called a linear order.

S1 = {a}

S4 = {a, b, c} S5 = {b, d}

S2 = {b} S3 = {c}

Figure 1: The Hasse diagram of the example poset P (each element of N is repre-
sented by a vertex on the plane and an upwards going line segment is drawn from
x to y whenever x < y, unless there is a z ∈ N such that x < z < y).

An extension of a poset P = (N, P) is any poset P′ = (N, P′) such that P ⊆ P′.
Moreover, if P′ is a linear order, we call P′ a linear extension of P. Letting aside
the set-inclusion interpretation of the example poset, we can construct an exten-
sion of P by adding, for example, S 3 ≤ S 5 to P. The resulting poset P′ is depicted
in Figure 2. We say that the extension P′ reverses the (ordered) incomparable pair
(S 5, S 3).

S1

S4 S5

S2 S3

Figure 2: The Hasse diagram of the poset P′(N, P′), an extension of the poset
P(N, P) with P′ = P ∪ {(S 3, S 5)}

Constructing a linear extension that satisfies certain properties is central to sev-
eral problems in combinatorics. The addressed scheduling problem 1|prec|

∑
w jC j

falls in this category. The construction of linear extensions of a poset also arises
when determining its dimension, as explained in the following.
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For a family R of linear extensions of P, we call R a realizer of P if
⋂
R = P,

i.e. for all a, b, ∈ N, a ≤ b in P if and only if a ≤ b in every L ∈ R. Note
that for each incomparable pair (a, b) ∈ inc(P), there must be at least one linear
extension in the realizer that reverses it. The least positive integer t for which there
is such a realizer R = {L1, . . . , Lt} of P is called the dimension of P, denoted by
dim(P). Generalizing this concept, a k:t-realizer is a multiset of t linear extensions
R = {L1, . . . , Lt} in which each incomparable pair is reversed at least k times. The
fractional dimension of P, denoted by fdim(P), is the infimum of the set of ratios
t/k for which there exist k:t-realizers [6].

A natural question is for which posets one can construct a k-realizer in polyno-
mial time. In the general case, Yannakakis [44] proved that determining whether
the dimension of a poset is at most k is NP-complete for every k ≥ 3. Moreover,
Hedge & Jain [17] recently proved that it is hard to approximate the (fractional)
dimension of a poset with n elements within a factor n0.5−ε , in the general case.
However, for several special cases, a minimal realizer can be computed in poly-
nomial time (see e.g. [41, 26]).

The Hypergraph of Incomparable Pairs. It is easy to see that, when construct-
ing an extension of P, there are some groups of incomparable pairs that cannot
be reversed at the same time. Obviously, an extension of P cannot reverse both
(S 3, S 5) and (S 5, S 3) at the same time. This implies that, unless a poset is already
a linear order, any realizer needs to contain more than one linear extensions in or-
der to reverse every incomparable pair at least once. For the pairs of incomparable
pairs mentioned above, it is obvious that they cannot be reversed at the same time.
There are also less obvious pairs of incomparable pairs for which this is true. By
examining the Hasse-diagram of P (see Figure 1), one can conclude that reversing
both (S 2, S 1) and (S 1, S 5) would lead to an inconsistency, i.e. a “cycle” in the
ordering: adding S 1 ≤ S 2 and using transitivity leads to S 1 ≤ S 2 ≤ S 5, which
contradicts S 5 ≤ S 1. In general, there can also be groups bigger than two pairs
that cannot be all reversed at the same time without introducing contradictions
(see, e.g., (S 2, S 1), (S 1, S 3) and (S 3, S 5)).

The above observations naturally lead to the definition of the hypergraph of
incomparable pairs HP of a poset P [13] defined as follows. The vertices of HP are
the incomparable pairs in P. The edge set consists of those sets U of incomparable
pairs such that:

1. No linear extension of P reverses all incomparable pairs in U.

2. For every proper subset of U there is a linear extension that reverses all
incomparable pairs in U.
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Figure 3 depicts the hypergraph of incomparable pairs for our example poset.
The graph resulting from HP by restricting the set E to hyperedges of size 2
(i.e. common graph edges), is called the graph of incomparable pairs and denoted
by GP.

1, 2

2, 1

1, 3

5, 1

5, 3

4, 5

5, 4

3, 5
2, 3

1, 5
3, 2

3, 1

1, 2

2, 1

1, 3

5, 1

5, 3

4, 5

5, 4

3, 5
2, 3

1, 5
3, 2

3, 1

Figure 3: The graph GP and the hypergraph HP of incomparable pairs of our
example poset P. The graph of incomparable pairs GP is depicted on the left. The
hypergraph HP can be obtained by adding the hyperedges on the right to the edges
on the left.

Two classical problems in graph theory are the (fractional) coloring prob-
lem [35], and the vertex cover problem [19] (analogously the hitting set prob-
lem [19] for hypergraphs). In the fractional coloring problem, a t:k-coloring is an
assignment of sets of k colors to vertices of a graph by using a pool of at most t
colors, such that vertices of any edge receive disjoint sets. A set of vertices that
covers the edges of a graph is called a minimal vertex cover if it does not have a
proper subset that covers all the edges.

The graph theoretic problems on the graph of incomparable pairs mentioned
above have interesting counterparts in combinatorics. In [13, 6] it is pointed out
that the classical (fractional) coloring problem, when defined on hypergraph HP,
is equivalent to the problem of computing the (fractional) dimension of poset P.
Moreover, it is easy to see that any linear ordering L of P “defines” a vertex cover
on HP, i.e. the set of incomparable pairs (x, y) ∈ inc(P) such that (x, y) ∈ L forms
a minimal vertex cover on HP. In the following, we observe that the converse
is also true, namely, a minimal vertex cover problem on hypergraph HP defines
a linear extension of P. Therefore, it follows that the weighted vertex cover on
HP defines a linear ordering problem. (Actually, 1|prec|

∑
w jC j is just a special
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case of the linear ordering problem. It is not difficult to check that the vertex
cover on HP is equivalent to the weighted variant of the minimum feedback arc
set problem [20, 24, 38, 21], and the independent set on HP is a generalization of
the maximum acyclic subgraph problem [5, 29].)

Proposition 2.1. Let P = (X, P) be a poset which is not a linear order, and let HP
be its hypergraph of incomparable pairs. Then

a) [13, 6] HP can be t:k-colored if and only if P has a k:t-realizer.

b) A linear extension of P defines a minimal vertex cover of HP, and a minimal
vertex cover of HP defines a linear extension of P.

Proof. For statement a), note that a t:k-coloring suggests a way of reversing each
incomparable pair in at least k linear extensions, with each color corresponding
to a linear extension. Since a valid coloring does not use a color common to all
vertices of a hyperedge, these extensions do not contain contradictions and are
therefore valid partial orders. On the other hand, a k:t-realizer suggests a way of
coloring the vertices of the graph by assigning color i to each pair (a, b) ∈ inc(P)
if and only if it is reversed in Li. Since a linear extension can only reverse a proper
subset of vertices for each hyperedge, there is no hyperedge that contains vertices
that share a common color. Therefore, the coloring is valid.

For statement b), observe that for each (a, b) ∈ inc(P) a linear extension picks
either (a, b) ∈ P or (b, a) ∈ P. Since vertices of this type are connected by an
edge, this vertex cover is minimal. On the other hand, assume towards con-
tradiction that a feasible minimal vertex cover on HP is not a linear extension.
For this to happen, some incomparable pairs in the considered minimal vertex
cover solution define a cycle C = {(x1, y1), (x2, y2), . . . , (xk, yk)}, with (yi, xi+1) ∈ P
for all i (modulo k). Since the pairs in C form a cycle, there must be a hy-
peredge e = {(y1, x1), (y2, x2), . . . , (yk, xk)}, and at least one of these pairs, say
(yi, xi), is in the vertex cover. This means that both (xi, yi) and (yi, xi) are in
the vertex cover and none of them can be removed, since we are assuming that
the vertex cover is minimal. The latter implies the existence of two hyperedges
e1 = {(xi, yi), (a1, b1), . . . , (ah, bh)} and e2 = {(yi, xi), (c1, d1), . . . , (cl, dl)} that are
only covered by (xi, yi) and (yi, xi) respectively. However, note that this implies
that there is a further hyperedge e3 = {(a1, b2) . . . , (ah, bh), (c1, d1), . . . , (cl, dl)} that
remains uncovered, contradicting the feasibility of the vertex cover. �

In the following section we show how to use known results in dimension
theory of partial orders to obtain approximation algorithms for two well-known
ordering problems: the scheduling problem 1|prec|

∑
w jC j, and the maximum

acyclic subgraph problem.
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3 Using Dimension Theory for Approximation

The usefulness of dimension theory of partial orders for approximating ordering
problems might be best seen by considering a well known graph problem, namely,
the linear ordering problem (LOP) ([20, 5, 29]): Given a complete weighted di-
rected graph, the Linear Ordering problem is to find a linear ordering of the ver-
tices that maximizes the weight of the forward edges (edge (i, j) is a forward edge
if i precedes j in the ordering). This problem is equivalent to finding a maximum
acyclic subgraph of a given graph.

The linear ordering problem is NP-hard [20], and the following simple algo-
rithm gives the best-known polynomial time computable approximation factor for
the problem: according to any linear ordering of the vertices, partition the edges
into two sets, those going forward in the ordering and those backward. Both sets
are acyclic, and one of these sets has weight half the total weight of all the edges
(the approximation ratio is therefore 1/2).

A natural generalization of the linear ordering problem can be obtained by as-
suming that the set N of vertices are partially ordered to form a poset P = (N, P).
The goal is to find a linear extension that maximizes the weight of the forward
edges.1 We observe that we cannot use the simple approximation algorithm de-
scribed above for this more general version of the problem. However, the dimen-
sion of partial orders is a useful tool to obtain approximation algorithms for this
more general variant. In the following we sketch this approach that will be as
well the core ingredient for obtaining improved approximation algorithms for the
scheduling problem 1|prec|

∑
w jC j with special precedence constraints.

Let R = {L1, . . . , Lt} be a k:t realizer of P. By definition of a k:t realizer, each
incomparable pair is a forward edge in at least k linear extensions of R. So if we
pick uniformly at random one linear extension from R, say Li, the probability that
an incomparable pair is a forward edge in Li is k/t, and the expected weighted sum
of the forward edges in Li is k

t W, where W is the sum of all weights. Since W is
an upper bound of the optimal value, k/t is the expected approximation ratio. We
will say that a poset P admits an efficiently samplable k:t-realizer if there exists a
randomized algorithm that, in polynomial time, returns any linear extension from
a k:t realizer with probability 1/t.

As an example, we show how to apply this framework for a well-known and
heavily studied poset (see e.g. [14]), namely interval orders.

1Note that, whenever (i, j) ∈ P, with i , j, we can enforce that i is before j in any “good” linear
ordering by choosing wi j large enough. However, this would change the value of the solution
together with the approximability of the problem.
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An Example: Interval Orders. A poset P = (N, P) is an interval order if there
is a function F, which assigns to each x ∈ N a closed interval F(x) = [ax, bx] of
the real line R, so that x < y in P if and only if bx < ay in R. Interval orders can be
recognized in O(n2) time [27, 30]. The fractional dimension is known to be less
than 4 [6], and this bound is asymptotically tight [12]. In the following we show
how to obtain a 1/4-approximation algorithm for the linear ordering problem.

Given a poset P = (N, P), disjoint subsets A and B of the ground set N, and
a linear extension L of P, we say that B is over A in L if, for every incomparable
pair of elements (a, b) with a ∈ A and b ∈ B, one has b > a in L. The following
property of interval orders is fundamental for our approach.

Theorem 3.1 (Rabinovitch [34, 14]). A poset P = (N, P) is an interval order if
and only if for every pair (A, B) of disjoint subsets of N there is a linear extension
L of P with B over A.

By using this property we can easily obtain a k:t realizer F = {L1, . . . , Lt} with
k = 2n−2 and t = 2n, where n = |N |. Indeed, consider every subset A of N and
let LA be a linear extension of P in which B = N \ A is over A. Now let F be
the multiset of all the LA’s. Note that |F | = 2n. Moreover, for any incomparable
pair (x, y) there are at least k = 2n−2 linear extensions in F for which x ∈ A and
y ∈ B. Finally, observe that we can efficiently pick uniformly at random one
linear extension from F : for every job j ∈ N put j either in A or in B with the
same probability 1/2.

By using the described framework, we have a randomized polynomial time ap-
proximation algorithm for the linear ordering problem with interval orders, whose
expected approximation ratio is 1/4. The described algorithm can easily be de-
randomized by using the classical method of conditional probabilities.

The Vertex Cover Problem on HP. Approximating the linear ordering prob-
lem where we want to minimize the weight of the forward edges, i.e., by Proposi-
tion 2.1 the minimum vertex cover problem on HP (or, equivalently, the weighted
minimum feedback arc set problem), is more delicate, as we have no longer a
“good” and easy to calculate, lower bound on the optimal value. Indeed, by using
the proposed framework, we can easily obtain a solution with expected value at
most (1 − k/t)W, since the expected value of the pairs that are reversed in any
uniformly picked linear extension is at least k

t W. However, to obtain a “good” ap-
proximation ratio we would need a polynomial time computable lower bound of
the optimum that is “close” to W, which is not known in the general case (the ap-
proximability of the weighted minimum feedback arc set problem is a well-known
open problem [42]).

As will be shown in Section 4, 1|prec|
∑

w jC j can be reduced to finding a
vertex cover on HP. The reduction preserves the approximation ratio: An α-

9



approximation of vertex cover of HP can be turned into an α-approximation for
1|prec|

∑
w jC j.

However this reduction does not lead to a good approximation algorithm di-
rectly. What comes to the rescue is that instead of computing a vertex cover on
HP, it suffices to compute a vertex cover on GP. This is quite remarkable as it is
not the case in general that a minimal vertex cover of GP corresponds to a linear
extension of P. However, as we will show in Section 4, for perturbed weights and
processing times of the jobs, the minimum vertex cover instance obtained from
the reduction indeed has a unique optimum solution which corresponds to a linear
extension of P (and is a feasible vertex cover for HP). This property does only
hold because of the special structure of the objective function of 1|prec|

∑
w jC j,

and it is not restricted to optimal solutions. One can show that any vertex cover of
GP can be turned into one that is feasible for HP without increasing its weight.

The approximation algorithm for 1|prec|
∑

w jC j that makes use of this reduc-
tion is inspired by Hochbaum’s preprocessing approach [18]. It works as follows.
First compute an optimum solution for the linear programming relaxation of the
vertex cover problem. This can be done very efficiently using a minimum cut al-
gorithm (see [18]). It is well known that such a solution is half-integral [28]. Let
V1 be the vertices of GP which attain value 1 in this solution; and let V1/2 be the
vertices which attain value 1/2. It is not hard to see that the vertices V1 together
with a cover of the subgraph induced by V1/2 are sufficient to cover the whole
graph GP. To decide the cover on the induced subgraph, we apply our framework
by choosing a linear extension L from the k:t realizer of P uniformly at random.
By Proposition 2.1, we know that L corresponds to a vertex cover of HP and there-
fore also of GP. Let C be this vertex cover. Thus, V1 ∪ (V1/2 ∩C) is a vertex cover
for GP and in expectation it is a (2 − 2

t/k )-approximation of the minimum vertex
cover. As mentioned above, this solution can then be turned into a solution for
1|prec|

∑
w jC jwith the same approximation ratio [1].

In Table 1 we list some well-known posets that admit an efficiently samplable
k:t-realizer with the corresponding approximation ratios that can be achieved for
LOP and 1|prec|

∑
w jC j. For all of them it is easy to obtain a derandomized

approximation algorithm. The interested reader can find more details in [2, 3].

4 The Vertex Cover of GP and Scheduling with Prece-
dence Constraints

In this section we show that the scheduling problem can be reduced to the ver-
tex cover problem on GP. We start by reducing the scheduling problem to the
weighted vertex cover problem on the hypergraph HP.
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Table 1: Approximation Ratios

Poset LOP 1|prec|
∑

w jC j

2-dimensional 1/2 1
semi-orders 1/3 4/3
convex bipartite 1/3 4/3
interval-orders 1/4 3/2
interval dimension 2 1/8 7/4
Bounded degree d 1/(d + 1) 2 − 2

d+1

Problem 1|prec|
∑

w jC j and the vertex cover on HP. Let us consider an in-
stance of the scheduling problem where the precedence constraints are given by
poset P = (N, P). The feasible solutions of problem 1|prec|

∑
w jC j can be ex-

pressed in terms of sets E ⊆ inc(P) such that P ∪ E forms a linear extension of P.
It is not hard to see that the objective function value of solution E can be written
as follows. ∑

i∈N

wiCi =
∑

(i, j)∈E

piw j︸     ︷︷     ︸
variable part

+
∑

(i, j)∈P

piw j︸     ︷︷     ︸
fixed part

. (1)

The first summand is called variable part of the objective function, since its
value depends on the set E of incomparable pairs that we choose to be part of the
linear extension of P. The second summand is called fixed part, as its value does
not depend on E, i.e. it is contained in all feasible solutions. Finding an optimal
solution for 1|prec|

∑
w jC j can therefore be reduced to finding a optimal solution

for the variable part of the objective function. By Proposition 2.1, it is easy to
check that the variable part of the problem is equivalent to the vertex cover on HP
where the the weight of any (i, j) ∈ inc(P) is equal to piw j.

Problem 1|prec|
∑

w jC j and the vertex cover on GP. For any given scheduling
instance S of 1|prec|

∑
w jC j, where precedence constraints are given by a poset

P = (N, P), we will use GS
P to denote the graph of incomparable pairs GP where

any vertex corresponding to (i, j) ∈ inc(P) has weight equal to piw j. In what
follows, the Vertex Cover problem on GS

P will be denoted by π. For problem π,
the feasibility conditions on E are slightly weaker than for 1|prec|

∑
w jC j. We

give a detailed description in the following.
Recall that in GS

P there is an edge between two vertices (i, j) and (k, l) of GS
P if

and only if adding the arcs ( j, i) and (l, k) would lead to a cycle in P. This translates
into three conditions which E has to fulfill, depicted in Figure 4. Condition (i)

11



states that between any pair of unordered jobs, at least one of (i, j) and ( j, i) must
be in E. Condition (ii) states that for any triple of jobs i, j, k, with (i, j) ∈ inc(P),
( j, k) ∈ inc(P) and (i, k) ∈ P, at least one of (i, j) and ( j, k) must be in E. Finally,
Condition (iii) requires that for a quadruple with (i, j) ∈ inc(P), (k, j) ∈ P, (k, l) ∈
inc(P) and (i, l) ∈ P, at least one of (i, j) and (k, l) must be in E.

i i i

j k

j

l k

j

(i) (ii) (iii)

Figure 4: In each of the three cases, at least one of the two dotted arcs must be
present in E.

The objective function of π translates to
∑

(i, j)∈E piw j, which is exactly the
variable part of the objective function of 1|prec|

∑
w jC j.

It turns out that the vertex cover on GS
P is a proper formulation of the variable

part of the scheduling problem.

Theorem 4.1 ([1, 9, 8]). For any given instance S of 1|prec|
∑

w jC j, any ver-
tex cover of GS

P can be turned into a feasible solution for S in polynomial time,
without deteriorating the variable part of the objective value.

For the sake of simplicity, we will only give the proof of Theorem 4.1 for an
optimal vertex cover of GS

P. For a complete proof refer to [1].
Again for simplicity let us perturb the weights and the processing times of

the jobs by replacing their original weight wi and processing time pi by wi + εi

and pi + εi, respectively. For ε > 0 small enough, the optimal solution with the
perturbed values will also be optimal for the original values.

Lemma 4.2. [9] An optimum solution E for π has either (i, j) ∈ E or ( j, i) ∈ E,
but not both.

Proof Sketch. Removing arcs from E does always decrease the objective value as
all the weights and processing times are positive after perturbation.

We now prove that if neither (i, j) nor ( j, i) can be removed from E, then E is
infeasible itself. To see this, assume both (i, j) and ( j, i) could not be removed be-
cause each of them was blocked by one of the two structures from Conditions (ii)

12



and (iii). There are nine cases to be considered. Since all of them are very similar
in nature, only the one depicted in Figure 5 is considered here.

In the figure, (i, j) cannot be removed because of Condition (ii) as ( j, k) < E
and ( j, i) cannot be removed because of Condition (iii) as (m, l) < E. Note that
transitivity of P implies (m, k) ∈ P. Hence, Condition (iii) applied to the quadruple
m, k, j, l is violated. �

i

k

j l

m

Figure 5: Contradiction to the assumption that removing either (i, j) or ( j, i) was
not possible.

Lemma 4.3. There exists an optimal solution for π which is also feasible for
1|prec|

∑
w jC j.

Proof. Condition (i) together with Lemma 4.2 implies that any optimal solution
strictly orders every pair of vertices. We still have to prove that there are no
oriented cycles in E ∪ P. Since all pairs of vertices are strictly ordered, it is
enough to prove that there are no oriented 3-cycles in E ∪ P. 3-cycles involving
precedence constraints are already dealt with by Condition (ii). The only 3-cycles
we still have to consider are those involving three arcs from E. We denote a 3-
cycle involving the arcs (i, j), ( j, k), and (k, i) by 〈i jk〉.

Let E be an optimum solution for π which contains at least one 3-cycle. We
will show that this solution can still be improved, thus contradicting optimality.

For q ∈ N, let Eq be the set of arcs (i, j) for which 〈i jq〉 ⊆ E. Figure 6 depicts,
up to symmetry, the cases in which the reversal of (i, j) alone would violate one of
the Conditions (ii) and (iii). The nice property of Eq is that reversing all arcs of Eq

together yields another feasible solution. Indeed, observe that the reversal of an
arc (i, j) cannot lead to an infeasible solution. This is because any arc of E which
could block the reversal by violating Condition (ii) or (iii) gets reversed as well.
In Figure 6, the reversal of (i, j) is apparently blocked by (i, k), (k, j), and (l, k),
respectively. Note that all curved arcs are implied by the straight arcs and the
precedence constraints: if they were pointing in the other direction, Condition (ii)

13



would be violated. But the presence of the curved arcs allow to conclude that the
blocking arcs are in Eq as well since they form a 3-cycle together with q. Hence,
(i, j) can be reversed in all cases.

k k k

j

i

qq

j

i

l

i j

q

(a) (c)(b)

Figure 6: Arcs blocking the reversal of (i, j) are in Eq as well.

Denote by ∆q the change in the objective function after reversing the arcs in
Eq. It holds

∆q =
∑
〈i jq〉⊆E

p jwi − piw j.

Because of the perturbation, it holds that ∆q , 0 unless Eq = ∅. It remains to
show that there always exists a q with ∆q < 0. Observe that

∑
q∈N

pq∆q =
∑
q∈N

pq

∑
〈i jq〉⊆E

(
p jwi − piw j

)
=

∑
q∈N

pq

∑
〈i jq〉⊆E

p jwi −
∑
q∈N

pq

∑
〈i jq〉⊆E

piw j

=
∑
〈i jk〉⊆E

(
pk p jwi + pi pkw j + p j piwk

)
−

∑
〈i jk〉⊆E

(
pk piw j + pi p jwk + p j pkwi

)
= 0.

Therefore, since Eq , ∅ for some q and we have pk > 0 for all k ∈ N after
perturbation, there must exist a q with ∆q < 0. �
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5 On the Hardness of the Scheduling Problem
In the previous sections, we obtained the best known approximation algorithms
for several classes of precedence constraints, by exploiting the vertex cover na-
ture of the problem, and deriving better than 2-approximation algorithms for the
variable part. It is a natural and interesting question to understand if a better than
2-approximate solution for the general version of the problem can be obtained in
a similar vein. In the following subsection we show this to be unlikely by show-
ing that the variable part of 1|prec|

∑
w jC j is in fact equivalent to vertex cover in

terms of approximability.
In the second part of this section, we establish a nice relationship between

the maximum edge biclique problem and the scheduling problem 1|prec|
∑

w jC j.
This relationship rules out, under some fairly standard assumption, the existence
of a PTAS for 1|prec|

∑
w jC j and also explains the difficulty in proving inap-

proximability results for 1|prec|
∑

w jC j, since providing strong inapproximabil-
ity results for the maximum edge biclique problem is a major open problem in
complexity theory.

5.1 Hardness of Variable Part
We show that approximating the variable cost of 1|prec|

∑
w jC j is equivalent to

approximating the vertex cover problem. Theorem 4.1 implies that minimizing
the variable cost of 1|prec|

∑
w jC j is a special case of vertex cover and therefore

is not harder to approximate. It remains to prove the other direction. We do so by
proving that for any graph G, we can construct a scheduling instance, for which
solving the variable part is essentially equal to finding a minimum vertex cover of
G.

Theorem 5.1. Approximating the variable cost of 1|prec|
∑

w jC j is as hard as
approximating vertex cover.

Proof. Let G = (V, E) be a vertex cover instance and let n = |V |. We will construct
a scheduling instance S as follows. The construction is inspired by the so-called
adjacency poset of G. Let r ≥ 1 and choose k > n2r/ε. For each vertex vi ∈ V ,
there are two jobs v′i and v′′i . The processing time and weight for a job v′i are 1/ki

and 0, respectively. Conversely, the processing time and weight for a job v′′i are 0
and ki, respectively.

S has the following precedence constraints: For each edge {vi, v j} ∈ E, the
precedence constraints v′i → v′′j and v′j → v′′i . Finally, we add v′i → v′′j for every
i, j with i < j. See Figure 7 for a small example.

Now consider the graph GS
P. It has at most n2 vertices. The n vertices corre-

sponding to the incomparable pairs (v′i , v
′′
i ) have weight 1. All other vertices have
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v′′
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2 v′′
3
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1 v′

2 v′
3

(v′
3, v

′′
1 )

(v′
1, v

′′
1 ) (v′

2, v
′′
2 ) (v′

3, v
′′
3 )

GS
P

Figure 7: The transformation of a graph G.

weight at most 1/k, which by the choice of k is very small. The total weight of
these light vertices is no more than n2/k.

Moreover, the subgraph induced by the vertices with weight 1 is isomorphic to
G. To see this, recall that there is an edge between the vertices (v′i , v

′′
i ) and (v′j, v

′′
j )

in GS
P if and only if both precedence constraints v′i → v′′j and v′j → v′′i are present

in S . This in turn is the case if and only if (vi, v j) ∈ G.
Using the connection between S and GS

P provided by Theorem 4.1 and the
close relation between GS

P and G, it is easy to see that an r-approximation algo-
rithm for the optimum variable cost of 1|prec|

∑
w jC j would imply an approxima-

tion algorithm for vertex cover with approximation ratio r(1 + n2/k) < (r + ε). �

We point out that the above reduction fails to yield inapproximability results if
the complete objective function (i.e. the fixed plus the variable part) is considered:
the fixed cost introduced during the reduction dominates the objective function
value, which makes any feasible solution be close to optimal. Nevertheless, one
can rule out, under some fairly standard assumption, the existence of a PTAS for
1|prec|

∑
w jC j by establishing a connection between the maximum edge biclique

problem and 1|prec|
∑

w jC j. This is done in the following section.

5.2 Ruling out a PTAS
We show a nice relationship between the maximum edge biclique problem (MEB)
and 1|prec|

∑
w jC j. This relationship together with the currently best inapprox-

imability result for MEB yields that the scheduling problem has no PTAS unless
NP-complete problems can be solved in randomized subexponential time.

Definition 5.2. Given an n by n bipartite graph G, the maximum edge biclique
problem is to find a k1 by k2 complete subgraph of G that maximizes k1 · k2.

With an n by n bipartite graph G = (U,V, E), we associate a bipartite schedul-
ing instance S G with jobs U ∪ V and precedence constraints P = U × V \ E. The
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jobs of U have processing time 1 and weight 0, and the jobs of V have processing
time 0 and weight 1.

v1 v2 v3

u1 u2 u3

Graph G

v1 v2 v3

u1 u2 u3

Scheduling instance SG

p = 0, w = 1

p = 1, w = 0

Figure 8: An example of a graph G with its associated scheduling instance S G.

The intuition behind the relationship between 1|prec|
∑

w jC j and MEB is best
seen by considering the 2D Gantt chart. In a 2D Gantt chart, we have a horizontal
axis of processing time and a vertical axis of weight. For a scheduling instance
of the above form, the chart starts at point (0, n) and ends at point (n, 0). A job
j is represented by a rectangle of length p j and height w j. Hence, a job of U is
represented by a horizontal line of length 1 and a job of V is represented by a
vertical line of length 1. The startpoint of a job is the endpoint of the previous job
(or (0, n) for the first job). The value

∑
j w jC j of a schedule is then the area under

the “work line” (see the shaded area in Figure 9), or equivalently, the area above
the work line subtracted from n2. The relationship to MEB now follows from the
following subtle observation: each point (s, t) on the work line of a schedule of
S G defines an edge biclique of G of size at least (n − s)t, by taking the vertices
corresponding to the jobs of U that complete after s (there are n − s of them)
and the jobs of V that complete before s (there are t of them), see striped area in
Figure 9. We can thus bound the area above the work line (and the value of an
optimal schedule of S G), in terms of the size of a maximum edge biclique of G.

Formalizing the above intuition gives us

Lemma 5.3. Let val(σ∗) denote the value of an optimal schedule σ∗ of S G. If a
maximum edge biclique of G has value an2 for some a ∈ (0, 1], then

n2 − an2(ln 1/a + 2) ≤ val(σ∗) ≤ n2 − an2.

Proof. We start by showing that val(σ∗) ≤ n2 − an2. Let A ⊆ U, B ⊆ V be an edge
biclique solution with value |A| · |B| = an2. Consider a schedule σ that schedules
the jobs in the order U \ A→ B→ A→ V \ B. The feasibility of such a schedule
can be seen by observing that there is no precedence constraints from the jobs in
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MEB defined by (s,t)

Weight

Processing time

(0,n)

(n,0)

(s,t)

Figure 9: 2D Gantt chart representation of a schedule.

A to the jobs in B. The bound now follows since val(σ∗) ≤ val(σ) and

val(σ) ≤ |U \A| · |B|+ |U | · |V \B| = (n− |A|)|B|+ n(n− |B|) = n2− |A||B| = n2−an2.

To prove the lower bound n2 − an2(ln 1/a + 2) ≤ val(σ∗) we shall use σ∗(i)
to denote the total number of jobs of V scheduled before i jobs of U have been
scheduled in σ∗. With this notation the value of σ∗ (where we let σ∗(n + 1) = n)
is

n∑
i=1

(σ∗(i + 1) − σ∗(i)) i = n2 −

n∑
i=1

σ∗(i).

Note that in any point of the schedule σ∗, the set of jobs of U that has not been
scheduled, say A, has no precedence constraints to the set of jobs of V that has
been scheduled, say B. It follows that A and B form an edge biclique of G with
value |A||B|. As a maximum edge biclique of G has value a · n2, we have that
σ∗(i)(n − i + 1) ≤ an2 for i = 1, . . . , n. Moreover, since |V | ≤ n we have that
σ∗(i) ≤ n for i = 1, . . . , n. Using these bounds on σ∗(i), it follows that

n2 −

n∑
i

σ∗(i) = n2 −

(1−a)n∑
i=1

σ∗(i) −
n∑

i=(1−a)n+1

σ∗(i)

≥ n2 − an2
(1−a)n∑

i=1

1
n − i + 1

−

n∑
i=(1−a)n+1

n

= n2 − an2(Hn − Han) − an2.
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The statement now follows by the bounds ln(n) ≤ Hn ≤ ln(n) + 1 on the harmonic
series.

�

A well-known way to boost hardness results for the Maximum Clique problem
is the usage of so–called graph products. The same technique can be applied to the
Maximum Edge Biclique problem and the result in [4] can be stated as follows.

Theorem 5.4 ([4]). There exist positive constants b and ε so that for all constants
u > 0, there is no polynomial algorithm that decides whether an n by n bipartite
graph

• (Completeness:) has an edge biclique of value (b + ε)un2 or
• (Soundness:) has no edge biclique of value bun2,

unless NP-complete problems can be solved in randomized subexponential time.

Combining the above theorem with the bounds of Lemma 5.3, we have that,
in the completeness case, S G has a schedule of value n2 (1 − (b + ε)u) whereas, in
the soundness case, all schedules of S G have value at least n2 (1 − bu(ln 1/bu + 2)).
Selecting u to be a sufficiently large constant (depending on b and ε) yields

Theorem 5.5. Problem 1|prec|
∑

w jC j has no PTAS unless NP-complete prob-
lems can be solved in randomized subexponential time.
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