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Devwudfw

Wkh Ioh{leoh Mre Vkrs Sureohp lv dq h{whqvlrq ri wkh fodvvlfdo mre
vkrs vfkhgxolqj sureohp zklfk doorzv dq rshudwlrq wr eh shuiruphg e|
rqh pdfklqh rxw ri d vhw ri pdfklqhv1 Wkh sureohp lv wr dvvljq hdfk rshu0
dwlrq wr d pdfklqh +urxwlqj sureohp, dqg wr rughu wkh rshudwlrqv rq wkh
pdfklqhv +vhtxhqflqj sureohp,/ vxfk wkdw wkh pd{lpdo frpsohwlrq wlph
+pdnhvsdq, ri doo rshudwlrqv lv plqlpl}hg1 Wr vroyh wkh Ioh{leoh Mre Vkrs
sureohp dssur{lpdwho|/ zh xvh orfdo vhdufk whfkqltxhv dqg suhvhqw wzr
qhljkerukrrg ixqfwlrqv +�JR|�/�JR|2,1 �JR|2 lv suryhg wr eh rswlpxp
frqqhfwhg1 �JR|� grhv qrw glvwlqjxlvk ehwzhhq urxwlqj ru vhtxhqflqj dq
rshudwlrq1 Lq erwk fdvhv/ d qhljkeru ri d vroxwlrq lv rewdlqhg e| pry0
lqj dq rshudwlrq zklfk d�hfwv wkh pdnhvsdq1 Rxu pdlq frqwulexwlrq lv
d uhgxfwlrq ri wkh vhw ri srvvleoh qhljkeruv wr d vxevhw iru zklfk fdq eh
suryhg wkdw lw dozd|v frqwdlqv wkh qhljkeru zlwk wkh orzhvw pdnhvsdq1
Dq h!flhqw dssurdfk wr frpsxwh vxfk d vxevhw ri ihdvleoh qhljkeruv lv
suhvhqwhg1 D wdex vhdufk surfhgxuh lv sursrvhg dqg dq h{whqvlyh frp0
sxwdwlrqdo vwxg| lv surylghg1 Zh vkrz wkdw rxu surfhgxuh rxwshuirupv
suhylrxv dssurdfkhv1

Nh|zrugv=  h{leoh mre vkrs/ wdex vhdufk1

WVxssruwhg e| Vzlvv Qdwlrqdo Vflhqfh Irxqgdwlrq surmhfw 54088::;1<;/ �Uhvrxufh Doorfd0

wlrq dqg Vfkhgxolqj lq Ioh{leoh Pdqxidfwxulqj V|vwhpv�1
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4 Lqwurgxfwlrq

Lq wkh mre vkrs vfkhgxolqj sureohp +MVS,/ wkhuh lv d vhw M @ iM4> = = = > Mqj ri q
mrev wkdw pxvw eh surfhvvhg rq d jurxs P @ i4> = = = >pj ri p pdfklqhv1 Hdfk
mre Mm frqvlvwv ri d vhtxhqfh ri qm rshudwlrqv R4m >R5m > = = = > Rqmm / zkhuh Rlm

pxvw eh surfhvvhg zlwkrxw lqwhuuxswlrq rq pdfklqh plm 5 i4> = = = >pj gxulqj
slm wlph xqlwv1 Wkh rshudwlrqv R4m > R5m > = = = > Rqmm pxvw eh surfhvvhg rqh diwhu
dqrwkhu lq wkh jlyhq rughu dqg hdfk pdfklqh fdq surfhvv dw prvw rqh rshudwlrq
dw d wlph1

Lq wklv sdshu zh vwxg| d jhqhudol}dwlrq ri MVS fdoohg wkh  h{leoh mre vkrs
sureohp +IMVS,/ zklfk surylghv d forvhu dssur{lpdwlrq wr d zlgh udqjh ri
sureohpv hqfrxqwhuhg lq uhdo pdqxidfwxulqj v|vwhpv1

IMVS h{whqgv MVS e| doorzlqj dq rshudwlrq Rlm wr eh h{hfxwhg e| rqh
pdfklqh rxw ri d vhw Plm ri jlyhq pdfklqhv/ zkhuh Plm � P 1 Wkh surfhvvlqj
wlph iru rshudwlrq Rlm rq pdfklqh n 5 Plm lv slmn A 31 Wkh jrdo lv wr fkrrvh
iru hdfk rshudwlrq Rlm d pdfklqh �+Rlm, 5Plm dqg d vwduwlqj wlph vlm zkhq lw
pxvw eh shuiruphg vr wkdw pdnhvsdq lv plqlpl}hg1

IMVS lv wkhuhiruh pdgh pruh frpsoh{ wkdq MVS e| wkh qhhg wr ghwhuplqh
d urxwlqj srolf| +l1h1/ wkh dvvljqphqw ri rshudwlrqv wr pdfklqhv, rwkhu wkdq wkh
wudglwlrqdo vhtxhqflqj ghflvlrqv1 Wkh IMVS lv QS0kdug vlqfh lw lv dq h{whqvlrq ri
wkh mre vkrs vfkhgxolqj sureohp ^4:`1 Wkh QS0kdugqhvv ri dq rswlpl}dwlrq sure0
ohp vxjjhvwv wkdw lw lv qrw dozd|v srvvleoh wr �qg dq rswlpdo vroxwlrq txlfno|1
Wkhuhiruh/ lqvwhdg ri vhdufklqj iru dq rswlpdo vroxwlrq zlwk hqruprxv frpsx0
wdwlrqdo h�ruw/ zh pd| lqvwhdg xvh d orfdo vhdufk phwkrg ru dq dssur{lpdwlrq
dojrulwkp wr jhqhudwh dssur{lpdwh vroxwlrqv wkdw duh forvh wr wkh rswlpxp zlwk
frqvlghudeo| ohvv lqyhvwphqw ri frpsxwdwlrqdo uhvrxufhv1

Rxu dssurdfk wr vroyh wkh IMVS dssur{lpdwho| lv edvhg rq d orfdo vhdufk
phwkrg ^4`1 Orfdo vhdufk hpsor|v wkh lghd wkdw d jlyhq vroxwlrq pd| eh lpsuryhg
e| pdnlqj vpdoo fkdqjhv1 Frqvlghu wkh plqlpl}dwlrq sureohp plqii+V,mV 5
	j/ zkhuh i lv wkh remhfwlyh ixqfwlrq dqg 	 lv wkh vhdufk vsdfh/ l1h1 wkh vhw
ri ihdvleoh vroxwlrqv ri wkh sureohp1 D qhljkerukrrg ixqfwlrq lv d pdsslqj
Q = 	 $ 5	/ zklfk gh�qhv iru hdfk vroxwlrq V 5 	 d vxevhw Q +V, ri 	/ fdoohg
d qhljkerukrrg1 Hdfk vroxwlrq lq Q +V, lv d qhljkeru ri V1 D orfdo vhdufk
dojrulwkp vwduwv r� zlwk dq lqlwldo vroxwlrq dqg wkhq frqwlqxdoo| wulhv wr �qg
ehwwhu vroxwlrqv e| vhdufklqj qhljkerukrrgv1

Lq wklv sdshu/ d qhljkeru ri d jlyhq vroxwlrq V lv rewdlqhg e| prylqj dq
rshudwlrq1 Pruh suhflvho|/ �uvw/ dq rshudwlrq y lv fkrvhq dqg lv ghohwhg iurp lwv
pdfklqh vhtxhqfh> qh{w/ dvvljq y wr dq holjleoh pdfklqh +qrw qhfhvvdu| gl�huhqw
iurp wkh suhylrxv rqh,> �qdoo|/ lqvhuw y lq wkh fkrvhq pdfklqh vhtxhqfh vxfk
wkdw wkh uhvxowlqj vfkhgxoh lv ihdvleoh1 Dq rswlpdo lqvhuwlrq ri y lv wkh rqh zlwk
wkh orzhvw pdnhvsdq +vhh vhfwlrq 715,1 Zh uhgxfh wkh vhw ri srvvleoh qhljkeruv wr
d vxevhw wkdw dozd|v frqwdlqv dq rswlpdo lqvhuwlrq1 Lq sduwlfxodu/ iru d vhohfwhg
rshudwlrq y dqg d pdfklqh n/ dq h!flhqw phwkrg lv sursrvhg iru frpsxwlqj
d uhvwulfwhg vhw ri vroxwlrqv Iyn wkdw dozd|v frqwdlqv wkh vroxwlrq rewdlqhg e|
lqvhuwlqj y lq n rswlpdoo|1

Wklv sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrqv 5 dqg 6 d vroxwlrq judsk
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uhsuhvhqwdwlrq dqg dq ryhuylhz ri suhylrxv uhvhdufk duh surylghg1 Vhfwlrq 7
gh�qhv dqg suryhv wkh deryh phqwlrqhg surshuwlhv ri Iyn1 Qh{w/ qhljkerukrrg
ixqfwlrqvQrsw4 dqgQrsw5 duh suhvhqwhg lq Vhfwlrq 91 Lq Vhfwlrq : d wdex vhdufk
surfhgxuh lv sursrvhg1 Lq Vhfwlrq ; zh suhvhqw dq h{whqvlyh frpsxwdwlrqdo vwxg|
rq 554 ehqfkpdun sureohpv zkhuh rxu dssurdfk lv frpsduhg zlwk suhylrxv
dssurdfkhv1 Vrph �qdo uhpdunv duh jlyhq lq Vhfwlrq <1

5 Wkh Vroxwlrq Judsk

OhwR ghqrwh wkh vhw ri doo rshudwlrqv/ l1h1/R @ iRlm mm @ 4> ===> q dqg 4 � l � qmj1
D vroxwlrq +�> v, ri wkh sureohp gh�qhv iru hdfk rshudwlrq y 5 R d xqltxh
pdfklqh �+y, rq zklfk y lv surfhvvhg zlwkrxw suhhpswlrq dqg d vwduwlqj wlph
vy1

Zh zloo uhsuhvhqw d vroxwlrq +�> v, e| phdqv ri d vroxwlrq judsk1 Hdfk qrgh
uhsuhvhqwv dq rshudwlrq1 Wzr gxpp| qrghv/ 3 dqg �/ duh lqwurgxfhg/ uhsuh0
vhqwlqj wkh vwduw dqg wkh hqg ri wkh sodqqlqj shulrg1 Hdfk qrgh kdv d zhljkw
zklfk lv htxdo wr wkh surfhvvlqj wlph sy>�+y, ri wkh fruuhvsrqglqj rshudwlrq y/
zkhq y lv surfhvvhg rq pdfklqh �+y,> ixuwkhupruh s3 @ s� @ 31

Suhfhghqfh uhodwlrqv duh lqfrusrudwhg lq wkh vroxwlrq judsk e| phdqv ri
suhfhghqfh dufv > iru hdfk frxsoh +Rlm > Rl.4m,/ zkhuh 4 � l � qm � 4 dqg m @
4> ===> q/ dq duf +Rlm > Rl.4m, lv lqwurgxfhg1 Iru hdfk rshudwlrq y 5 R zh lqwurgxfh
gxpp| dufv +3> y, dqg +y> �,1 Li lw kdv ehhq ghflghg wkdw dq rshudwlrq x lv
shuiruphg ehiruh rshudwlrq y rq d pdfklqh/ d pdfklqh duf +x> y, lv lqwurgxfhg1

Zh zloo ghqrwh d vroxwlrq judsk e| J+Y >D3,/ zkhuh Y @ R ^ i3> �j/ dqg D3

frqvlvwv ri doo pdfklqh dufv/ suhfhghqfh dufv/ dqg gxpp| dufv1 Ohw wkh vwduwlqj
wlph ri wkh gxpp| rshudwlrq 3 eh �{hg dw 31 Hdfk duf +x> y, 5 D3 fdq wkhq eh
frqvlghuhg dv uhsuhvhqwlqj d frqvwudlqw ri wkh irup vy � vx . sx>�+x,1

Pdq| ri wkh pdfklqh dufv dqg gxpp| dufv lq d vroxwlrq judsk duh uhgxqgdqw
lq wkh vhqvh wkdw wkh| duh lpsolhg e| rwkhu pdfklqh dqg gxpp| dufv1 Lw lv hdv| wr
frpsxwh d uhgxfhg vroxwlrq judsk J+Y>D,/ vr wkdw doo lqirupdwlrq uhsuhvhqwhg
lq wkh vroxwlrq judsk J+Y>D3, lv dovr suhvhqw lq wkh uhgxfhg vroxwlrq judsk
J+Y >D, dqg wkh qxpehu ri dufv lv erxqghg e| R+Q,/ zkhuh Q lv wkh wrwdo
qxpehu ri rshudwlrqv1 Suhflvho|/ judsk J+Y >D, lv wkh wudqvlwlyh uhgxfwlrq ri
J+Y >D3,1

Khuh/ wkh ohqjwk ri d sdwk +z4> z5> ===> zt, lv gh�qhg dv wkh vxp ri wkh sur0
fhvvlqj wlphv ri wkh rshudwlrqv z5 xs wr dqg lqfoxglqj zt�41 Ghqrwlqj wkh ydoxh
ri vrph orqjhvw sdwk iurp qrgh l wr qrgh m e| c+l> m,/ wkh vwduwlqj wlph vz ri
rshudwlrq z lq d ohiw mxvwl�hg vfkhgxoh lv htxdo wr c+3> z, lq wkh fruuhvsrqglqj
vroxwlrq judsk1 Wkh pdnhvsdq ri d vroxwlrq lv htxdo wr wkh ohqjwk ri vrph orqjhvw
sdwk iurp 3 wr �/ l1h1/ c+3> �,1 Wklv sdwk lv riwhq uhihuuhg wr dv wkh fulwlfdo sdwk/
dqg wkh dufv dqg qrghv rq wklv sdwk duh fdoohg fulwlfdo1 Vrphwlphv wkhuh duh
vhyhudo orqjhvw sdwkv1 D vroxwlrq lv lqihdvleoh li dqg rqo| li wkh fruuhvsrqglqj
vroxwlrq judsk frqwdlqv d f|foh1

Lq wkh uhpdlqghu sz>�+z, lv zulwwhq dv sz/ zkhq lw lv fohdu zklfk pdfklqh
surfhvvhv rshudwlrq z1 Lq dgglwlrq/ wkh wdlo wlph wz lv gh�qhg1 Lw fruuhvsrqgv wr
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wkh ohqjwk ri vrph orqjhvw sdwk iurp rshudwlrq z wr qrgh �/ l1h1/ wz @ c+z> �,1
Lw iroorzv wkdw dq rshudwlrqv z lv fulwlfdo li dqg rqo| li vz . sz . wz @ Fpd{/
zkhuh F

pd{
ghqrwhv wkh pdnhvsdq ri wkh fruuhvsrqglqj vroxwlrq1

Ehoopdq*v odeholqj dojrulwkp ^43` fdq eh xvhg lq rughu wr frpsxwh wkh
pdnhvsdq dqg doo vz dqg w

z
ydoxhv lq wlph R+Q,/ iru dq| jlyhq vroxwlrq1

6 Olwhudwxuh uhylhz

D uhylhz ri vrph dssurdfkhv wr wkh IMVS lv uhsruwhg khuh1 Dq hduo| dssurdfk
lv ghvfulehg e| Euxfnhu dqg Vfkolh ^;`1 Wkh| jlyh d sro|qrpldo wlph dojrulwkp
iru plqlpl}lqj wkh pdnhvsdq iru wkh fdvh ri wzr pdfklqhv1

Khxulvwlf dssurdfkhv edvhg rq orfdo vhdufk whfkqltxhv duh xvxdoo| fodvvl0
�hg dffruglqj wr krz urxwlqj dqg vfkhgxolqj sureohpv duh vroyhg gxulqj wkh
vhdufk1 D glvwlqfwlrq ehwzhhq vlpxowdqhrxv dqg klhudufklfdo dssurdfkhv lv xvx0
doo| pdgh1 Wkh klhudufklfdo dssurdfk ^5/ 8/ 9/ 48/ 59` lv edvhg rq wkh revhuydwlrq
wkdw zkhq d urxwlqj lv fkrvhq/ IMVS wxuqv lqwr wkh fodvvlfdo mre vkrs sureohp1
Jlyhq wkh pdfklqh dvvljqphqw/ wkh sureohp lv wr �qg wkh vhtxhqfh ri rshudwlrqv
plqlpl}lqj d jlyhq shuirupdqfh ixqfwlrq1 Eudqglpduwh ^9` �uvw ghwhuplqhv dq
dvvljqphqw dqg wkhq irfxvhv rq wkh mre vkrs vfkhgxolqj sureohp1 D uhdvvljq0
phqw ri rqh ri wkh fulwlfdo rshudwlrqv lv grqh dw suhgh�qhg lqwhuydov dqg wkhq
djdlq wkh irfxv lv rq wkh uhvxowlqj mre vkrs vfkhgxolqj sureohp1 Rwkhu dxwkruv
vxjjhvw pruh lqwhjudwhg dssurdfkhv ^7/ :/ 44/ 54/ 4</ 5:`1 Lq ^:/ 7/ 4</ 54` wkh
dvvljqphqw ri rshudwlrqv wr uhvrxufhv dqg wkh vhtxhqflqj ri rshudwlrqv rq wkh
uhvrxufhv duh wzr gl�huhqw w|shv ri wudqvlwlrqv1 Lq ^44/ 5:` wkhuh lv qr glvwlqf0
wlrq ehwzhhq uhdvvljqlqj ru uhvhtxhqflqj dq rshudwlrq1 Ydhvvhqv ^5:` rewdlqv d
qhljkeru e| ghohwlqj dq rshudwlrq y iurp wkh pdfklqh rughulqj/ e| lghqwli|lqj
d vhw ri ihdvleoh lqvhuwlrqv frqwdlqlqj wkh rswlpdo rqh dqg e| lqvhuwlqj y lq wkh
ehvw srvvleoh zd|1 Ydhvvhqv* dojrulwkp vshqgv d frqvlghudeoh dprxqw ri frp0
sxwlqj wlph iru gh�qlqj vxfk d vhw ri ihdvleoh lqvhuwlrqv1 Euxfnhu dqg Qh|hu ^:`
dovr sursrvh wkh ehvw lqvhuwlrq ri dq rshudwlrq lq wkhlu qhljkerukrrg ixqfwlrq/
exw wkh dojrulwkp wkh| vxjjhvw lv wrr wlph frqvxplqj1 Lq rughu wr uhgxfh wkh
frpsxwdwlrqdo h�ruw/ wkh| sursrvh d idvwhu dojrulwkp wkdw jxdudqwhhv rqo| wkh
ihdvlelolw| ri dq lqvhuwlrq1

Uhfhqwo|/ Mdqvhq hw do1 ^53` ghyhorshg d olqhdu wlph dssur{lpdwlrq vfkhph
iru wkh  h{leoh mre vkrs sureohp zlwk �{hg qxpehu ri pdfklqhv dqg qxpehu ri
rshudwlrqv shu mre1

7 Prylqj dq rshudwlrq

Lq wkh sursrvhg dssurdfk/ d qhljkeru ri d vroxwlrq V lv rewdlqhg e| prylqj
dqg lqvhuwlqj dq rshudwlrq lq dq doorzhg pdfklqh vhtxhqfh1 Vxssrvh wkdw d
ihdvleoh vroxwlrq +�> v, lv jlyhq dqg ohw J eh wkh fruuhvsrqglqj vroxwlrq judsk1
D n0lqvhuwlrq ri rshudwlrq y 5 R lq pdfklqh n 5Py lv shuiruphg lq 5 vwhsv1
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41 Ghohwh y iurp lwv fxuuhqw pdfklqh vhtxhqfh e| uhprylqj doo lwv pdfklqh
dufv1 Vhw wkh zhljkw ri qrgh y htxdo wr 31

51 Dvvljq y wr pdfklqh n dqg fkrrvh wkh srvlwlrq ri y lq wkh surfhvvlqj rughu
ri n/ e| dgglqj lwv pdfklqh dufv dqg vhwwlqj wkh zhljkw ri qrgh y htxdo wr
syn1

Ohw J� eh wkh judsk rewdlqhg iurpJ dw wkh hqg ri vwhs 4 +iru wkh uhpdlqghu/
wkh vxshuvfulsw ��� uhihuv wr wkh vlwxdwlrq diwhu wkh h{hfxwlrq ri vwhs 4/ dqg y
ghqrwhv wkh rshudwlrq wr eh pryhg,1 D n0lqvhuwlrq ri y lv ihdvleoh li lw grhv qrw
fuhdwh d f|foh lq wkh uhvxowlqj judsk1 Fohduo|/ J� lv df|folf vlqfh J lv douhdg|
df|folf1 D n0lqvhuwlrq lv fdoohg dq rswlpdo n0lqvhuwlrq/ li

� lw lv ihdvleoh>

� wkh pdnhvsdq ri wkh fruuhvsrqglqj vfkhgxoh lv plqlpdo> l1h1 lv vpdoohu wkdq
ru htxdo wr wkh pdnhvsdq ri doo rwkhu vfkhgxohv uhvxowlqj iurp ihdvleoh n0
lqvhuwlrqv1

Dq lqvhuwlrq ri y lv fdoohg rswlpdo li lw ohdgv wr d vfkhgxoh zlwk plqlpdo
pdnhvsdq zlwklq wkh vhw ri doo vfkhgxohv uhvxowlqj iurp rswlpdo n0lqvhuwlrqv ri
y/ n 5Py1

Lq wkh iroorzlqj zh ghvfuleh krz wr frpsxwh/ iru dq| jlyhq rshudwlrq y dqg
pdfklqh n 5 Py/ d vxevhw ri qhljkeruv Iyn wkdw dozd|v frqwdlqv wkh vroxwlrq
rewdlqhg e| shuiruplqj dq rswlpdo n0lqvhuwlrq ri y1 Reylrxvo|/ wkh vhw ri qhljk0
eruv Iy @ ^n5Py

Iyn frqwdlqv wkh vroxwlrq rewdlqhg e| shuiruplqj dq rswlpdo
lqvhuwlrq ri y1

Ohw v�{ dqg w�{ eh wkh vwduwlqj dqg wkh wdlo wlph ri d jhqhulf rshudwlrq { 5 R
lq J�1 Qrwlfh wkdw lq J�/ iru hyhu| rshudwlrq {/ zh kdyh v�

{
� v{ dqg w�{ � w{/

vlqfh wkh uhprydo ri dq rshudwlrq iurp d pdfklqh fdqqrw lqfuhdvh wkh vwduwlqj
dqg wdlo wlphv1 Ixuwkhupruh/ vlqfh lq J� wkh pdfklqh dufv ri rshudwlrq y duh
ghohwhg/ lw iroorzv wkdw v�y @ v�

SM^y` . sSM^y` dqg w�
y

@ sVM^y` . w�
VM^y`/ zkhuh

SM ^y` +VM ^y`, ghqrwhv wkh rshudwlrq ri wkh vdph mre ri y wkdw gluhfwo| suhfhghv
+iroorzv, y1 Li y lv wkh �uvw +odvw, mre rshudwlrq/ zh vhw SM ^y` @ 3 +VM ^y` @ �,1
Lw vkrxog eh fohdu wkdw v�

SM^y` @ v
SM^y` dqg w�

VM^y` @ w
VM ^y`/ vlqfh wkh uhprydo ri

y fdqqrw fkdqjh wkh vwduwlqj wlph ri lwv suhylrxv mre rshudwlrqv/ dqg wkh wdlo
wlphv ri lwv iroorzlqj mre rshudwlrqv1

OhwTn eh wkh vhw ri rshudwlrqv surfhvvhg e| n lqJ� dqg vruwhg e| lqfuhdvlqj
vwduwlqj wlph +qrwh wkdw y @5 Tn,1 Ohw Un dqg On ghqrwh wzr vxevhtxhqfhv ri
Tn gh�qhg dv iroorzv/

Un @ +{ 5 Tnmv{ . s{ A v�
y
, +4,

On @ +{ 5 Tnms{ . w{ A w�y , +5,

Wkh vhw Iyn zloo eh gh�qhg dv iroorzv1
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Gh�qlwlrq 4 Ohw Iyn eh wkh vhw ri vroxwlrqv rewdlqhg e| lqvhuwlqj y diwhu doo
wkh rshudwlrqv ri OnqUn dqg ehiruh doo wkh rshudwlrqv ri UnqOn1

Qrwh wkdw wkh frpsxwdwlrq ri Un dqg On rqo| uhtxluhv vwduwlqj dqg wdlo wlphv
ri rshudwlrqv lq J/ wkhuhiruh Iyn lv fdofxodwhg e| xvlqj rqo| lqirupdwlrq iurp
wkh fxuuhqw judsk vroxwlrq1

Lq vxevhfwlrq 714 lw lv vkrzq wkdw Iyn lv d vhw ri ihdvleoh qhljkeruv/ zkloh lq
vxevhfwlrq 715 lw lv suryhg wkdw rwkhu n0lqvhuwlrqv wkdq wkh rqhv xvhg wr gh�qh
Iyn fdqqrw gholyhu d vroxwlrq zlwk d ehwwhu pdnhvsdq1

714 Ihdvleoh lqvhuwlrq

Ohw { eh dq| rshudwlrq ri wkh vhw Tn ri rshudwlrqv surfhvvhg e| n1 Li d sdwk
iurp { wr y h{lvwv lq J�/ wkhq { pxvw eh vfkhgxohg ehiruh y lq rughu wr rewdlq
d ihdvleoh vroxwlrq/ rwkhuzlvh d f|foh lv surgxfhg1 Vlploduo|/ li d sdwk iurp y wr
{ h{lvwv lq J�/ wkhq { pxvw eh vfkhgxohg diwhu y1 Ilqdoo|/ li qr sdwk ehwzhhq
{ dqg y h{lvwv lq J�/ wkhq dq| lqvhuwlrq ri y mxvw diwhu ru ehiruh { gholyhuv d
ihdvleoh vroxwlrq1

Surshuwlhv ri Un E| wkh gh�qlwlrq ri Un wkhuh lv qr sdwk iurp dq| rshudwlrq
{ 5 Un wr y lq J�1 Li { lv dq rshudwlrq ri TnqUn wkhq v{ . s{ � v�

y
1 Vlqfh

vy � v�y dqg sy A 3/ lw iroorzv wkdw v{ ? vy . sy1 Khqfh qr sdwk iurp y wr
dq| rshudwlrq ri TnqUn lq J +dqg khqfh lq J�, h{lvwv1 Wkh deryh vlwxdwlrq lv
looxvwudwhg lq Iljxuh 41

Surshuwlhv ri On Djdlq/ e| wkh gh�qlwlrq ri On wkhuh lv qr sdwk iurp y wr
dq| rshudwlrq { 5 On lq J�1 Li { lv dq rshudwlrq ri TnqOn wkhq s{ . w{ � w�y 1
Vlqfh wy � w�

y
dqg sy A 3/ lw iroorzv wkdw w{ ? sy . wy/ wkxv wkhuh lv qr sdwk

iurp dq| rshudwlrq ri TnqOn wr y lq J +dqg khqfh lq J�,1 Wklv vlwxdwlrq lv
ghslfwhg lq Iljxuh 51

Uhodwlrqvkls ehwzhhq Un dqg On Lq wkh iroorzlqj lw lv vkrzq wkdw wkh vhw
Iyn ri vroxwlrqv rewdlqhg e| lqvhuwlqj y diwhu hyhu| rshudwlrq ri OnqUn dqg
ehiruh hyhu| rshudwlrq ri UnqOn/ lv d vhw ri ihdvleoh vroxwlrqv1

E| wkh gh�qlwlrq ri Un dqg On/ dq| rshudwlrq ri OnqUn lv frpsohwhg ehiruh
dq| rshudwlrq ri UnqOn1 Zh glvwlqjxlvk ehwzhhq wzr fdvhv/ l1h1/ On _ Un 9@ >
dqg On _Un @ >1

41 Fdvh On _Un 9@ >1 Iru hdfk rshudwlrq { ri On _Un/ wkhuh lv qr sdwk iurp
y wr { dqg iurp { wr y1 Wkhuhiruh/ hyhu| n0lqvhuwlrq ri y lq On_Un +diwhu
hyhu| rshudwlrq ri OnqUn dqg ehiruh hyhu| rshudwlrq ri UnqOn, gholyhuv
d ihdvleoh vroxwlrq1 Wklv fdvh lv uhsuhvhqwhg lq Iljxuh 61

51 Fdvh On _ Un @ >1 Iru hdfk rshudwlrq { ri Tnq+On ^ Un,/ wkhuh lv qr
sdwk iurp y wr { dqg iurp { wr y lq J�1 Khqfh/ dq| n0lqvhuwlrq ri y diwhu
hyhu| rshudwlrq ri On dqg ehiruh hyhu| rshudwlrq ri Un gholyhuv d ihdvleoh
vroxwlrq1 Wklv fdvh lv uhsuhvhqwhg lq Iljxuh 71
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715 Rswlpdo lqvhuwlrq

Lq wklv vxevhfwlrq zh suryh wkdw rwkhu n0lqvhuwlrqv wkdq wkh rqhv xvhg wr gh�qh
Iyn fdqqrw gholyhu d vroxwlrq zlwk d ehwwhu pdnhvsdq1

Ohw +x>z, ghqrwh d n0lqvhuwlrq ri y rewdlqhg e| vfkhgxolqj y mxvw diwhu x 5
Tn/ dqg ehiruh z 5 Tn/ zkhuh z lv wkh rshudwlrq vfkhgxohg mxvw diwhu x lq
Tn1 Wkh fruuhvsrqglqj vroxwlrq judsk J+x>z, lv rewdlqhg iurp J� e| dgglqj
pdfklqh dufv +x> y, dqg +y> z, dqg vhwwlqj wkh zhljkw ri qrgh y htxdo wr syn1
Iru dq| { 5 Y/ ohw wkh vwduwlqj dqg wdlo wlphv lq J+x>z, eh ghqrwhg dv v+x>z,{ dqg
w
+x>z,
{ / uhvshfwlyho|1 Wkh ohqjwk ri d orqjhvw sdwk lq J+x>z, frqwdlqlqj y lv htxdo
wr v+x>z,y . syn . w

+x>z,
y 1

Vlqfh J+x>z, lv ghulyhg iurp J� e| rqo| dgglqj dufv lqflghqw wr y/ wkh
pdnhvsdq F

+x>z,
pd{ ri wkh vroxwlrq judsk J+x>z, lv wkh pd{lpxp ehwzhhq wkh

ohqjwk c�+3> �, ri d orqjhvw sdwk lq wkh judsk J�/ dqg v+x>z,y . syn. w
+x>z,
y / l1h1/

F+x>z,
pd{ @ pd{

q
c�+3> �,> v+x>z,y . syn . w+x>z,y

r
=

D n0lqvhuwlrq +x>z, ri y lv dq rswlpdo n0lqvhuwlrq li F+x>z,
pd{ lv plqlpdo1

Krzhyhu/ vlqfh wkh frqvwdqw c�+3> �, rffxuv iru hdfk lqvhuwlrq/ lw vx!fhv wkdw
v
+x>z,
y . syn . w

+x>z,
y lv plqlpdo1 Vlqfh v+x>z,y @ pd{ iv�x . sx> v

�

y j dqg w
+x>z,
y @

pd{ isz . w�z > w
�

y j/ wkh ydoxh ri v+x>z,y . syn . w
+x>z,
y lv htxdo wr v�y . syn . w�y .

�+x>z,/ zkhuh

�+x>z, @ pd{
�
v�x . sx � v�y > 3

�
.pd{

�
sz . w�z � w�y > 3

�
= +6,

Wkxv/ d n0lqvhuwlrq +x>z, ri y iru zklfk �+x>z, lv plqlpdo lv dq rswlpdo n0
lqvhuwlrq1

Vlqfh Iyn lv gh�qhg dv wkh vhw ri vroxwlrqv rewdlqhg e| lqvhuwlqj y diwhu doo
wkh rshudwlrqv ri OnqUn dqg ehiruh doo wkh rshudwlrqv ri UnqOn/ wkh iroorzlqj
wkhruhp vkrzv wkdw rwkhu n0lqvhuwlrqv wkdq wkh rqhv xvhg wr gh�qh Iyn fdqqrw
gholyhu d vroxwlrq zlwk d ehwwhu pdnhvsdq1

Wkhruhp 4 Wkhuh lv dq rswlpdo n0lqvhuwlrq ri y rewdlqhg e| lqvhuwlqj y diwhu
hyhu| rshudwlrq ri OnqUn dqg ehiruh hyhu| rshudwlrq ri UnqOn1 Ixuwkhupruh/
li On _Un @ > vxfk lqvhuwlrqv duh doo rswlpdo n0lqvhuwlrq1

Surri1 Vhfwlrq 714 vkrzv wkdw dq| lqvhuwlrq ri y diwhu hyhu| rshudwlrq ri
OnqUn dqg ehiruh hyhu| rshudwlrq ri UnqOn surgxfhv d ihdvleoh vhw Iyn ri
vroxwlrqv1 Iyn lv vkrzq wr frqwdlq dq rswlpdo lqvhuwlrq lq wzr vwhsv1

+Fdvh 4, Wkh lqvhuwlrq ri y dv d gluhfw vxffhvvru ri wkh odvw rshudwlrq ri
OnqUn lv qrw zruvh wkdq doo wkrvh rewdlqhg e| lqvhuwlqj y ehiruh dq| rshudwlrq
ri OnqUn>

+Fdvh 5, Wkh lqvhuwlrq ri y dv d gluhfw suhghfhvvru ri wkh �uvw rshudwlrq ri
UnqOn lv qrw zruvh wkdq doo wkrvh rewdlqhg e| lqvhuwlqj y diwhu dq| rshudwlrq
ri UnqOn1

:



41 Iru hdfk rshudwlrq x ri OnqUn zh kdyh pd{ ivx . sx � v�
y
> 3j @ 31 Vlqfh

vx � v�x / lw iroorzv wkdwpd{ iv�x . sx � v�y > 3j @ 31 Wkhuhiruh wkh ydoxh ri
h{suhvvlrq +6, zkhq y lv lqvhuwhg mxvw diwhu x lv htxdo wrpd{ isz . w�

z
� w�

y
> 3j/

zkhuh z lv wkh rshudwlrq wkdw iroorzv x lq Tn1 Vlqfh iru hdfk rshu0
dwlrq { wkdw iroorzv z lq Tn zh nqrz wkdw pd{ isz . w�z � w�y > 3j �
pd{ is{ . w�

{
� w�

y
> 3j/ wkh vhw ri vroxwlrqv rewdlqhg e| lqvhuwlqj y eh0

iruh wkh odvw rshudwlrq ri OnqUn fdqqrw gholyhu d ehwwhu vroxwlrq wkdq wkh
rqh rewdlqhg e| lqvhuwlqj y dv d gluhfw vxffhvvru ri wkh odvw rshudwlrq ri
OnqUn1

51 +Fdvh 5 lv v|pphwulf wr Fdvh 4,1

Qrz frqvlghu wkh fdvh zkhq On _Un @ >1 Wkhq OnqUn @ On dqg UnqOn @
Un1 Iru hdfk rshudwlrq { ri Tnq+On ^ Un,/ v{ . s{ � v�

y
dqg s{ . w{ � w�

y
1

Djdlq/ vlqfh v{ � v�
{
dqg w{ � w�

{
/ lw iroorzv wkdw pd{ iv�

{
. s{ � v�

y
> 3j @

pd{ is{ . w�{ � w�y > 3j @ 31 Iru hdfk rshudwlrq { ri On/pd{ iv�{ . s{ � v�y > 3j @
3/ dqg iru hdfk rshudwlrq { ri Un/ pd{ is{ . w�

{
� w�

y
> 3j @ 31 Wkhuhiruh doo wkh

lqvhuwlrqv ri y diwhu doo wkh rshudwlrqv ri On dqg ehiruh doo wkh rshudwlrqv ri Un

duh rswlpdo1

Wkh frpsxwdwlrq ri d uhgxfhg vhw ri lqvhuwlrqv wkdw dozd|v frqwdlqv dq rs0
wlpdo n0lqvhuwlrq ri y lv d wdvn wkdw wdnhv R+orjQ, wlph1 Lqghhg/ mTnm ? Q dqg
wkh wlph uhtxluhg wr ghwhuplqh On dqg Un lv R+orj mTnm, e| xvlqj elqdu| vhdufk1

8 Pryhv Hydoxdwlrq
Lq rughu wr dvvhvv wkh h�hfwlyhqhvv ri d jlyhq n0lqvhuwlrq ri y zh xvh wkh ydoxh
ri wkh qhz orqjhvw sdwk zklfk frqwdlqv rshudwlrq y1 Wkh ohqjwk ri wklv sdwk
lv d ydolg orzhu erxqg rq wkh ydoxh ri wkh qhz vroxwlrq1 Wkh h{dfw ydoxh ri
wkh orqjhvw sdwk zklfk frqwdlqv rshudwlrq y fdq eh fdofxodwhg lq R+Q, wlph>
krzhyhu/ grlqj wklv iru hyhu| fdqglgdwh y dqg hyhu| pdfklqh n 5 Py dw hyhu|
vwhs ehfrphv h{shqvlyh1 Lq wkh iroorzlqj zh lqwurgxfh dq dwwhpsw wr dyrlg wkh
fdofxodwlrq ri orqjhvw sdwkv1 Lqghhg/ zh frpsxwh xsshu erxqgv lqvwhdg ri wkh
h{dfw ydoxhv1 Ryhu 85 sureohpv zlwk gl�huhqw ihdwxuhv/ zh h{shulphqwdoo| irxqg
wkdw wkh sursrvhg xsshu erxqg lv yhu| forvh wr wkh h{dfw ohqjwk1 Lqghhg/ lw zdv
rq dyhudjh rqo| 3=334( eljjhu wkdq wkh h{dfw ydoxh1

Wkh xsshu erxqg ri d orqjhvw sdwk iurp 3 wr � frqwdlqlqj y lq wkh vroxwlrq
judsk lqgxfhg e| d n0lqvhuwlrq ri y/ lv ghwhuplqhg dv iroorzv1 Iluvw/ frpsxwh
vhtxhqfhv On dqgUn1 Li On_Un @ > +vhh Wkhruhp 4,/ hyhu| n0lqvhuwlrq ri y diwhu
wkh rshudwlrqv ri On dqg ehiruh wkh rshudwlrqv ri Un lv dq rswlpdo n0lqvhuwlrq/
dqg wkh h{dfw ohqjwk ri wkh orqjhvw sdwk frqwdlqlqj y lv htxdo wr v�

y
.syn.w�

y
1 Li

On _Un 9@ >/ frqvlghu On _Un vruwhg lq lqfuhdvlqj rughu ri vwduwlqj wlphv1 Ohw o
eh wkh fduglqdolw| ri On_Un dqg ohw wkh ixqfwlrq � = i4> ===> oj $ On_Un ghqrwh
wklv rughu> khqfh v

�+4, ? v
�+5, ? === ? v

�+o, exw dovr w
�+4, A w

�+5, A === A w
�+o,1

Wkh h{dfw ohqjwk OS +y> n> l, ri wkh orqjhvw sdwk sdvvlqj wkurxjk y zkhq lw lv

;



lqvhuwhg lq n lq wkh lwk srvlwlrq ri On _Un +l @ 3 phdqv wkdw y lv lqvhuwhg mxvw
ehiruh �+4,/ 4 � l � o phdqv wkdw y lv lqvhuwhg mxvw diwhu �+l,, lv/

Os+y> n> l, @ syn .

;A?
A=

v�y .pd{is�+4, . w�
�+4,> w

�

y j li l @ 3

pd{iv�
�+l, . s�+l,> v

�

y j.pd{is�+l.4, . w�
�+l.4,> w

�

y j li 4 � l ? o

pd{iv�
�+l, . s�+l,> v

�

y j. w�y li l @ o

+7,

dqg y lv n0rswlpdoo| lqvhuwhg zkhq htxdwlrq +7, lv plqlpl}hg1 Li On _ Un 9@ >
lw lv qhfhvvdu| wr frpsxwh v�

�+l, dqg w�
�+l, iru hdfk l 5 i4> ===> oj/ zklfk wdnhv

R+Q, wlph1 Lq wkdw vlwxdwlrq/ zh xvh lqvwhdg d ohvv h{shqvlyh dssur{lpdwlrq
surfhgxuh wr hvwlpdwh v�

�+l, dqg w�
�+l,1 Pruh suhflvho|/ wr gh�qh wkh hvwlpdwhg

ydoxh �OS +y> n> l, ri OS +y> n> l,/ zh glvwlqjxlvk wzr fdvhv1

+d, Pdfklqh n lv gl�huhqw iurp wkh pdfklqh surfhvvlqj y lq wkh fxuuhqw vrox0
wlrq/ l1h1/ n 9@ �+y,1

+e, n @ �+y,1

Lq fdvh +d, zh gh�qh �OS +y> n> l, e| vlpso| uhsodflqj v��+l, dqg w
�

�+l, zlwk v�+l,
dqg w�+l,/ dqg iurp +7, zh jhw

�OS +y> n> l, @ syn .

;?
=

v�y . s�+4, . w�+4,
v�+l, . s�+l, . s�+l.4, . w�+l.4,
v�+l, . s�+l, . w�y

li l @ 3
li 4 � l ? o
li l @ o

+8,

vlqfh �+l, 5 On _Un1
Lq fdvh +e,/ zh dgrsw d surfhgxuh xvhg e| Ghoo*Dplfr dqg Wuxeldq ^46` iru

wkh mre vkrs sureohp zklfk wdnhv R+o, wlph1 Khqfh/ frpsxwlqj �OS +y> n> l, wdnhv
R+orj mTnm. o, wlph1 Wkh odwwhu lv rq dyhudjh d vxevwdqwldo jdlq ryhu wkh R+Q,
wlph qhhghg lq wkh h{dfw fdvh1

Zh fdoo wkh n0lqvhuwlrq ri y iru zklfk wkh hvwlpdwhg orqjhvw sdwk lv plql0
pl}hg/ dssur{lpdwh rswlpdo n0lqvhuwlrq1 Ryhu 4:� 439 wuldov dqg 4:5 gl�huhqw
sureohpv/ zh h{shulphqwdoo| irxqg rxw wkdw dq dssur{lpdwh rswlpdo n0lqvhuwlrq
lv dovr dq rswlpdo n0lqvhuwlrq ri y lq <<( ri wkh fdvhv zlwk d pd{lpxp devroxwh
huuru ri 4(1

Lq wkh iroorzlqj zh zdqw wr vwxg| krz �idu� wkh xsshu erxqg �OS +y> n> l, lv
iurp wkh fruuhfw ydoxh OS +y> n> l, lq wkh zruvw fdvh1 Rqo| fdvh +d, +n 9@ �+y,,
lv frqvlghuhg1 Qhyhuwkhohvv/ vlqfh wkh dssur{lpdwlrq surfhgxuh dgrswhg lq fdvh
+e, lv pruh dffxudwh wkdq wkh rqh xvhg iru +d,/ wkh vdph erxqg krogv dovr iru
fdvh +e,1

Wkhruhp 5 �OS +y> n> l, � 5OS +y> n> l, . +sy�+y, � syn,1

Surri1 Ohw f dqg g ghqrwh wkh rshudwlrqv zklfk duh h{hfxwhg mxvw ehiruh
dqg diwhu y/ uhvshfwlyho|/ lq wkh vfkhgxoh ri pdfklqh �+y, lq J1 Ohw x dqg z

<



ghqrwh wkh rshudwlrqv zklfk duh h{hfxwhg rq pdfklqh n mxvw ehiruh dqg diwhu y/
uhvshfwlyho|/ zkhq y lv lqvhuwhg lq wkh lwk srvlwlrq ri On _Un1 Ohw S+x, +V+z,,
eh wkh vhw ri rshudwlrqv ehorqjlqj wr dq| sdwk ehwzhhq 3 dqg x +ehwzhhq z
dqg �, lq J1 Iluvw qrwh wkdw lw lv qrw srvvleoh wkdw y 5 S+x, dqg y 5 V+z,
vlpxowdqhrxvo|/ rwkhuzlvh wkhuh zrxog eh d f|foh lq J1 Wkhuhiruh/ lq J wkuhh
gl�huhqw vlwxdwlrqv duh srvvleoh1

41 y 5 S+x, dqg y @5 V+z,1 Lq wklv fdvh w�z @ wz1 Li l @ 3 wkhq OS +y> n> 3, @
�OS +y> n> 3,1 Rwkhuzlvh/ li g lv qrw rq wkh orqjhvw sdwk ehwzhhq 3 dqg x lq
J/ wkhq v�x @ vx dqg ht1 +8, jlyhv wkh h{dfw ydoxh1 Rwkhuzlvh/ vx � vg
lv htxdo wr wkh ohqjwk ri wkh orqjhvw sdwk ehwzhhq g dqg x1 Vlqfh diwhu
wkh n0lqvhuwlrq +x>z, ri y wkh ydoxh ri wkh orqjhvw sdwk ehwzhhq g dqg
x fdqqrw fkdqjh/ zh kdyh v�x A v�g . vx � vg1 Ixuwkhupruh/ vg � v�g @
pd{

�
vy . sy>�+y,> vSM ^g` . sSM ^g`

��pd{
�
vf . sf> vSM^g` . sSM^g`

�
/ dqg dv

pd{
�
vy . sy>�+y,> vSM ^g` . sSM ^g`

�
9 v�y .sy>�+y,.pd{

�
vf . sf> vSM^g` . sSM^g`

�
/

wkhq vg � v�g 9 v�y . sy>�+y,1 Wkxv/

�OS +y> l> n, 9 vg � v�g .pd{
�
v�x . sx> v

�

y

�
. sy>n .pd{

�
sz . w�z > w

�

y

�
9 v�y . sy>�+y, . OS +y> l> n,

� 5OS +y> n> l, . +sy�+y, � syn,=

vlqfh v�y . syn � OS +y> l> n,1

51 y @5 S+x, dqg y 5 V+z,1 Dqdorjrxv wr fdvh 4/ lw lv srvvleoh wr suryh wkdw
�OS +y> l> n, 9 w�y . sy>�+y, . OS +y> l> n,1 Vlqfh w�y . syn � OS +y> l> n,/ wkh
fodlp iroorzv1

61 y @5 S+x, dqg y @5 V+z,1 Lq wklv fdvh/ �OS +y> l> n, @ OS +y> l> n, vlqfh
v�x @ vx dqg w�z @ wz1

9 Qhljkerukrrg ixqfwlrq
Lq wklv vhfwlrq zh suhvhqw wzr qhljkerukrrg ixqfwlrqv +Qrsw4> Qrsw5, zklfk
fdq eh xvhg lq orfdo vhdufk phwkrgv iru wkh IMVS1

Lq rughu wr plqlpl}h wkh pdnhvsdq/ lw pd| eh sur�wdeoh wr frqvlghu rqo|
qhljkeruv zklfk duh rewdlqhg e| uhlqvhuwlqj rshudwlrqv y wkdw ehorqj wr d fulwlfdo
sdwk lq wkh vroxwlrq judsk ri wkh fxuuhqw vfkhgxoh1 Lqghhg/ d qhljkeru wkdw lv
rewdlqhg e| uhlqvhuwlqj dq rshudwlrq y wkdw grhv qrw ehorqj wr d orqjhvw sdwk
lq wkh vroxwlrq judsk ri wkh fxuuhqw vfkhgxoh/ grhv kdyh d orqjhvw sdwk lq lwv
vroxwlrq judsk zklfk lv dw ohdvw dv orqj dv wkh orqjhvw sdwk lq wkh vroxwlrq judsk
ri wkh fxuuhqw vfkhgxoh1 Wkh uhdvrq iru wklv lv wkdw wkh orqjhvw sdwk ri wkh
fxuuhqw vfkhgxoh uhpdlqv suhvhqw lq wkh vroxwlrq judsk ri vxfk d qhljkeru ^55`1

Lq rughu wr uhgxfh wkh qhljkerukrrg vl}h zh frqvlghu rqo| d vlqjoh fulwlfdo
sdwk S ri J1 Lq S wkh suhihuhqfh lv jlyhq wr mre dufv dqg lw lv rewdlqhg dv
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iroorzv= wkh �uvw rshudwlrq ri S lv wkh �uvw rshudwlrq ri dq| duelwudulo| vhohfwhg
fulwlfdo sdwk ri J> iru hdfk rshudwlrq y 5 S / li wkh lpphgldwh mre vxffhvvru VM ^y`
ri y lv d fulwlfdo rshudwlrq/ wkhq VM ^y` ehorqjv wr S / rwkhuzlvh wkh lpphgldwh
pdfklqh vxffhvvru VP ^y` ri y lv d fulwlfdo rshudwlrq wkdw ehorqjv wr S +li VM ^y`
dqg VP ^y` duh gh�qhg,1 E| xvlqj wklv sduwlfxodu fulwlfdo sdwk S lw lv srvvleoh
wr suryh vrph surshuwlhv +vhh wkhruhpv 6 dqg 7, ri Qrsw4 dqg Qrsw51

Ohw �Vyn ghqrwh wkh vroxwlrq ri Iyn rewdlqhg iurp vroxwlrq V e| shuiruplqj
dq dssur{lpdwh rswlpdo n0lqvhuwlrq ri y +vhh Vhfwlrq 8, rewdlqhg e| frqvlghulqj
rqo| lqvhuwlrqv rq gl�huhqw srvlwlrqv wkdq wkh fxuuhqw/ l1h1 V 9@ �Vyn1

Wkh qhljkerukrrg vhwQrsw4+V, lv gh�qhg dv wkh vhw ri hyhu| �Vyn/ iru hdfk rs0
hudwlrq y 5 S dqg hdfk pdfklqh n 5Py1 Wkh sursrvhg qhljkerukrrgQrsw4+V,
doorzv xv wr irupxodwh d vx!flhqw frqglwlrq ri rswlpdolw|1

Wkhruhp 6 Ohw V eh d ihdvleoh vroxwlrq ri d jlyhq IMVS1 Li Qrsw4+V, @ > wkhq
V lv dq rswlpdo vroxwlrq1

Surri1 Li Qrsw4+V, @ >/ dq| rshudwlrq y 5 S fdq eh surfhvvhg e| rqo|
rqh pdfklqh/ l1h1/ Py @ inj> wkh vhw Iyn frqwdlqv rqo| wkh fxuuhqw vroxwlrq/
l1h1/ Iyn @ iVj1 Wkhuhiruh/ iru hdfk rshudwlrq y 5 S lw pxvw eh wkh fdvh wkdw
On _ Un @ >/ rwkhuzlvh dw ohdvw wzr lqvhuwlrq srlqwv zrxog eh dydlodeoh iru y/
jxdudqwhhlqj wkhuhiruh wkdw Qrsw4+V, 9@ >1 Vlqfh y lv d fulwlfdo rshudwlrq lq
J vr wkdw On _ Un @ >/ zh zloo vkrz wkdw SM ^y` dqg VM ^y` duh dovr fulwlfdo
rshudwlrqv lq J1 Lqghhg/ dw ohdvw rqh rshudwlrq ehwzhhq VM ^y` dqg VP ^y` pxvw
eh fulwlfdo1 Li VP ^y` lv fulwlfdo/ vlqfh On _Un @ > dqg VP ^y` 5 Un/ lw iroorzv
wkdw VP ^y` @5 On1 Wkhuhiruh sVP ^y`. w

VP ^y` � w�y @ s
VM^y`. w

VM^y`1 Dv VP ^y` lv
d fulwlfdo rshudwlrq lw iroorzv wkdw s

VP^y`. w
VP^y` @ s

VM^y`. w
VM^y` dqg wkhuhiruh

VM ^y` lv dovr fulwlfdo +dqdorjrxv frqvlghudwlrqv krog wr suryh wkdw SM ^y` lv d
fulwlfdo rshudwlrq,1 Wkhq/ hyhu| rshudwlrq ri S ehorqjv wr wkh vdph mre Ml/ dqg
wkh ohqjwk ri wkh fulwlfdo sdwk S lv htxdo wr wkh vxp ri wkh surfhvvlqj wlphv ri
doo wkh rshudwlrqv ri Ml1 Reylrxvo|/ wklv ydoxh dovr gh�qhv d orzhu erxqg iru wkh
pdnhvsdq ri dq rswlpdo vfkhgxoh dqg wkxv V lv rswlpdo1

Wkh qhljkerukrrg vhw Qrsw5+V, lv gh�qhg dv dq h{whqvlrq ri Qrsw4+V, e|
dgglqj iru wkh fxuuhqw pdfklqh n ri y doo vfkhgxohv ri wkh vhw Iynq iVj1 Vlqfh
Qrsw4+V, � Qrsw5+V, lw iroorzv iurp Wkhruhp 6 wkdw V lv dq rswlpdo vroxwlrq
li Qrsw5+V, @ >1

Ehfdxvh ri wkhruhwlfdo dqg sudfwlfdo uhdvrqv d ixqgdphqwdo txhvwlrq lv zkhwkhu
d jlyhq qhljkerukrrg lv rswlpxp frqqhfwhg ru qrw1 Wklv surshuw| lv gh�qhg dv
iroorzv1

Gh�qlwlrq 5 D qhljkerukrrg ixqfwlrq Q lv fdoohg rswlpxp frqqhfwhg li/ iurp
hdfk vroxwlrq V/ wkhuh h{lvwv d �qlwh vhtxhqfh ri vroxwlrqv +V4> V5> ===> Vn, zlwk
V3 @ V> Vn lv rswlpdo/ dqg Vl.4 5 Q +Vl, ;l @ 4> ===> n � 41

Wkh rswlpxp frqqhfwlylw| ri d qhljkerukrrg ixqfwlrq kdv frqvhtxhqfhv iru
orfdo vhdufk dojrulwkpv1 Iru lqvwdqfh/ li d jlyhq qhljkerukrrg ixqfwlrq lv qrw
rswlpxp frqqhfwhg/ wkhq wkhuh duh vroxwlrqv iru zklfk qr vhtxhqfh ri wudqvlwlrqv
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ohdgv wr dq rswlpdo vroxwlrq1 Lq wklv fdvh dq| orfdo vhdufk dojrulwkp wkdw vwduwv
zlwk vxfk dq lqlwldo vroxwlrq dqg pdnhv rqo| wudqvlwlrqv wr qhljkerulqj vroxwlrqv
lv xqdeoh wr �qg dq rswlpdo vroxwlrq1 Lq Wkhruhp 7 lw lv vkrzq wkdw Qrsw5 lv
rswlpxp frqqhfwhg1 Wkh frqfhsw ri eorfn lv xvhg lq wkh surri1 D eorfn lv wkh
pd{lpdo vhtxhqfh/ zlwk fduglqdolw| juhdwhu wkdq rqh/ ri dgmdfhqw rshudwlrqv ri
gl�huhqw mrev surfhvvhg e| wkh vdph pdfklqh dqg ehorqjlqj wr d fulwlfdo sdwk
ri d fxuuhqw vroxwlrq1

Wkhruhp 7 Wkh qhljkerukrrg ixqfwlrq Qrsw5 lv rswlpxp frqqhfwhg1

Surri1 Wkh surri ri wklv wkhruhp lv vlplodu wr wkh surri ri d fruuhvsrqglqj
wkhruhp lq Kxulqn hw do1 ^4<`1 Lq wkh iroorzlqj zh surylgh rqo| wkh gl�huhqfhv1
Frqvlghu dq rswlpdo vroxwlrq V�1 Lq wkh qhljkerukrrg vwuxfwxuh Qrsw5/ wkhuh
lv dozd|v d wudqvlwlrq zklfk doorzv dq rshudwlrq y 5 S wr eh uhdvvljqhg wr dq|
pdfklqh lq wkh vhw Py1 Wkxv/ dw prvw Q wudqvlwlrqv duh qhfhvvdu| wr jhw d
vroxwlrq iru zklfk doo rshudwlrqv ri doo eorfnv rq wkh fulwlfdo sdwk S duh dvvljqhg
wr wkh vdph pdfklqhv dv lq V�> dvvxph wklv vlwxdwlrq lq wkh iroorzlqj1 Ohw S @
iE4> E5> ===> Eoj eh wkh fxuuhqw fulwlfdo sdwk +suhylrxvo| gh�qhg, ri o eorfnv1 Dv lq
^4<`/ lw lv vx!flhqw wr suryh wkdw dq| vroxwlrq rewdlqhg e| uhyhuvlqj wzr dgmdfhqw
rshudwlrqv +e{> e{.4, +4 9 { 9 k � 4, ehorqjlqj wr Em @ +e4> ===> e{> ===> ek, +iru
m @ 4> ===> o, lv rqh riQrsw5+V,1 E| wkh gh�qlwlrq riQrsw5+V,/ e{ fdq eh lqvhuwhg
mxvw diwhu e{.4 li we{.4 . se{.4 A w�e{ dqg vVP ^e{.4` . sVP^e{.4` A v�e{ 1

Wkh �uvw frqglwlrq lv yhul�hg vlqfh e{ dqg e{.4 duh wzr dgmdfhqw dqg fulwlfdo
rshudwlrqv/ khqfh we{.4 . se{.4 @ we{ > ixuwkhupruh we{ A w�e{ dqg we{ 9@ w�e{ e|
wkh gh�qlwlrq ri S 1 Lqghhg/ vxssrvh/ rq wkh frqwudu|/ wkdw we{ @ w�e{ / wkhq
wVM^e{` . sVM^e{` @ we{ dqg lw iroorzv wkdw VM ^e{` lv d fulwlfdo rshudwlrq dqg/ e|
wkh gh�qlwlrq ri S / rshudwlrq { lv wkh odvw rshudwlrq ri lwv eorfn/ l1h1/ { @ k/
zklfk lv d frqwudglfwlrq vlqfh 4 9 { 9 k� 41

Wkh vhfrqg frqglwlrq lv yhul�hg vlqfh vVP^e{.4` . sVP^e{.4` A ve{.4 @ ve{ .

se{ A v�e{ 1

: Vhdufk Surfhgxuh

D orfdo vhdufk dojrulwkp vwduwv zlwk vrph lqlwldo vroxwlrq dqg pryhv iurp qhljk0
eru wr qhljkeru lq rughu wr �qg ehwwhu vroxwlrqv1 Wkh pdlq sureohp zlwk wklv
vwudwhj| lv wr hvfdsh iurp orfdo plqlpd zkhuh wkh vhdufk fdqqrw �qg dq| ixuwkhu
qhljkerukrrg vroxwlrq wkdw ghfuhdvhv wkh remhfwlyh ixqfwlrq ydoxh1

Gl�huhqw vwudwhjlhv kdyh ehhq sursrvhg wr vroyh wklv sureohp1 Rqh ri wkh
prvw h!flhqw vwudwhjlhv iru mre vkrs sureohpv lv wdex vhdufk ^4;`1 Wdex vhdufk
doorzv wkh vhdufk wr h{soruh vroxwlrqv wkdw gr qrw ghfuhdvh wkh remhfwlyh ixqfwlrq
ydoxh rqo| lq wkrvh fdvhv zkhuh wkhvh vroxwlrqv duh qrw iruelgghq1 Wklv lv xvxdoo|
rewdlqhg e| nhhslqj wudfn ri wkh odvw vroxwlrqv lq whup ri wkh dfwlrq xvhg wr
wudqvirup rqh vroxwlrq wr wkh qh{w1 Zkhq dq dfwlrq lv shuiruphg lw lv frqvlghuhg
wdex iru wkh qh{w W lwhudwlrqv/ zkhuh W lv wkh wdex vwdwxv ohqjwk1 D vroxwlrq lv
iruelgghq li lw lv rewdlqhg e| dsso|lqj d wdex dfwlrq wr wkh fxuuhqw vroxwlrq1
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Wzr wdex vhdufk dojrulwkpv zhuh lpsohphqwhg e| hpsor|lqj qhljkerukrrgv
Qrsw4 dqg Qrsw5/ uhvshfwlyho|1 Zh frpsduhg wkh Qrsw40yhuvlrq dqg Qrsw50
yhuvlrq/ dqg zh h{shulphqwdoo| irxqg wkdw wkh Qrsw40yhuvlrq lv dv jrrg dv/
exw idvwhu wkdq wkh Qrsw50yhuvlrq vlqfh d vpdoohu qhljkerukrrg vl}h lv xvhg1
Wkhuhiruh/ lq rxu h{shulhqfh dqg iru wkh frqvlghuhg sureohp/ wkh frqqhfwlylw|
ri wkh qhljkerukrrg lv rqo| ri wkhruhwlfdo exw qrw ri sudfwlfdo lqwhuhvw1 Wkh
iroorzlqj uhihuv wr wkh Qrsw40yhuvlrq rqo|1

Zkhq Qrsw4 lv xvhg/ dq dfwlrq lv frpsrvhg ri d frxsoh +y> n,/ zkhuh y lv wkh
rshudwlrq ehlqj pryhg dqg n lv wkh pdfklqh rshudwlrq wr zklfk y lv dvvljqhg
ehiruh wkh pryh1 Lq rughu wr nhhs wudfn ri wkh dfwlrqv shuiruphg/ zh xvh d
Q �p pdwul{ WP 1 Hdfk wlph/ dfwlrq +y> n, lv shuiruphg/ WP+y> n, lv vhw wr
lwhu . W / zkhuh lwhu lv wkh fxuuhqw lwhudwlrq qxpehu dqg W lv gh�qhg lq wkh
iroorzlqj1 Dq dfwlrq +y> n, lv wdex li WP+y> n, A lwhu1 Wkh wdex vwdwxv ohqjwk
W lv fuxfldo wr wkh vxffhvv ri wkh wdex vhdufk surfhgxuh/ dqg zh sursrvh d vhoi0
wxqlqj surfhgxuh edvhg rq hpslulfdo hylghqfh1 W lv g|qdplfdoo| gh�qhg iru
hdfk rshudwlrq y dqg hdfk vroxwlrq1 Lw lv htxdo wr wkh qxpehu ri rshudwlrqv ri
wkh fxuuhqw fulwlfdo sdwk S soxv wkh qxpehu ri dowhuqdwlyh pdfklqhv dydlodeoh
iru rshudwlrq y/ l1h1/ W =@ mS m. mPym1 Zh fkrrvh wklv hpslulfdo irupxod vlqfh lw
vxppdul}hv/ wr vrph h{whqw/ wkh ihdwxuhv ri wkh jlyhq sureohp lqvwdqfh dqg wkrvh
ri wkh fxuuhqw vroxwlrq1 Iru lqvwdqfh/ wkhuh lv d fhuwdlq uhodwlrqvkls ehwzhhq mS m
dqg wkh lqvwdqfh vl}h/ ehwzhhq mS m dqg wkh txdolw| ri wkh fxuuhqw vroxwlrq1 Lq
rughu wr glyhuvli| wkh vhdufk lw pd| eh xqsur�wdeoh wr uhshdw wkh vdph dfwlrq
riwhq li wkh qxpehu ri fdqglgdwh dfwlrqv lv �elj� ru wkh vroxwlrq txdolw| lv orz/
lq vrph vhqvh/ zkhq mS m lv �elj�1 Ixuwkhupruh/ wkh wdex vwdwxv ohqjwk ri y lv
dxjphqwhg e| mPy

m lq rughu wr glyhuvli| wkh pdfklqh dvvljqphqw ri y1
Zh ghqrwh dv ehvw pryh wkh rqh zlwk wkh vpdoohvw hvwlpdwhg ohqjwk ri wkh qhz

orqjhvw sdwk frqwdlqlqj wkh pryhg rshudwlrq1 Li vhyhudo qrq0wdex pryhv h{lvw/
wkh qh{w rqh lv udqgrpo| fkrvhq ehwzhhq wkh ehvw wzr qrq0wdex pryhv1 Wklv
phwkrg lv xvhixo wr ghfuhdvh wkh suredelolw| ri jhqhudwlqj f|fohv1 Lq rughu wr
h{soruh wkh vhdufk vsdfh lq d pruh h!flhqw zd|/ wdex vhdufk lv xvxdoo| dxjphqwhg
zlwk vrph dvsludwlrq fulwhuld1 Wkh odwwhu duh xvhg wr dffhsw d pryh hyhq li lw kdv
ehhq pdunhg wdex1 Lq wkh suhvhqw fdvh d pryh ri rshudwlrq y lv dozd|v dffhswhg
li wkh hvwlpdwhg ohqjwk ri wkh qhz orqjhvw sdwk frqwdlqlqj y ghfuhdvhv wkh ehvw
pdnhvsdq rewdlqhg vr idu +zkhq vhyhudo pryhv vdwlvi| wkh suhylrxv frqglwlrq/
wkh ehvw rqh lv fkrvhq,1 Ilqdoo|/ zkhq rqo| wdex pryhv duh dydlodeoh/ wkh fkrvhq
vroxwlrq lv wkh rqh +y> n, zlwk wkh orzhvw ydoxh ri WP+y> n,1

Ehiruh suhvhqwlqj wkh frpsxwdwlrqdo uhvxowv zh ghvfuleh krz wkh �uvw ihd0
vleoh vroxwlrq lv frpsxwhg1 Zh sxw wkh �uvw rshudwlrq zklfk kdv qrw |hw ehhq
vfkhgxohg ri d udqgrpo| fkrvhq mre dw wkh hqg ri d shuplvvleoh dqg udqgrpo|
fkrvhq pdfklqh1

; Frpsxwdwlrqdo uhvxowv

Wkh Qrsw40yhuvlrq ri wkh vhdufk surfhgxuh ghvfulehg lq Vhfwlrq : zdv lpsoh0
phqwhg lq F.. rq d 599 PK} Shqwlxp dqg whvwhg rq d odujh qxpehu ri sureohp
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lqvwdqfhv iurp wkh olwhudwxuh1 Wkh uhvxowv rewdlqhg zlwk rxu surfhgxuh +ghqrwhg
WVrsw4, zhuh wkhq frpsduhg zlwk uhvxowv rewdlqhg zlwk rwkhu surfhgxuhv1

Iluvw zh glvfxvv wkh  h{leoh mre vkrs vfkhgxolqj lqvwdqfhv zh xvh lq rxu
frpsxwdwlrqdo frpsdulvrqv1 Vhyhudo vhwv ri sureohp lqvwdqfhv zhuh frqvlghuhg1

� Wkh �uvw gdwd vhw +EUgdwd, frphv iurp Eudqglpduwh ^9`1 Wkh gdwd zhuh
udqgrpo| jhqhudwhg xvlqj d xqlirup glvwulexwlrq ehwzhhq jlyhq olplwv1
Wkh| frqvlvw ri whq sureohpv zkhuh wkh qxpehu ri mrev udqjhv iurp 43 wr
53/ wkh qxpehu ri pdfklqhv udqjhv iurp 9 wr 48/ rshudwlrqv iru hdfk mre
udqjh iurp 8 wr 48 dqg wkh pd{lpxp qxpehu ri htxlydohqw pdfklqhv shu
rshudwlrq udqjhv iurp 6 wr 91

� Wkh vhfrqg whvw vdpsoh +GSgdwd, frphv iurp Gdx}ëuh0Sìuëv dqg Sdxool
^44`1 Wkh gdwd frqvlvw ri 4; whvw sureohpv zkhuh wkh qxpehu ri mrev udqjhv
iurp 43 wr 53/ pdfklqhv udqjh iurp 8 wr 43/ rshudwlrqv iru hdfk mre udqjh
iurp 8 wr 581 Wkh vhw ri pdfklqhv fdsdeoh ri shuiruplqj dq rshudwlrq zdv
frqvwuxfwhg e| ohwwlqj d pdfklqh eh lq wkdw vhw zlwk d suredelolw| wkdw
udqjhv iurp 314 wr 3181

� Wkh wklug gdwd vhw +EFgdwd, frphv iurp Eduqhv dqg Fkdpehuv ^7`1 Wkh
gdwd zhuh frqvwuxfwhg iurp wkuhh ri wkh prvw fkdoohqjlqj fodvvlfdo mre
vkrs sureohpv ^49/ 56` +pw43/ od57/ od73, e| uhsolfdwlqj pdfklqhv vhohfwhg
dffruglqj wr wzr vlpsoh fulwhuld= wkh wrwdo surfhvvlqj wlph uhtxluhg e| d
pdfklqh dqg wkh fduglqdolw| ri fulwlfdo rshudwlrqv rq d pdfklqh1 Wkh vhw
frqvlvwv ri 54 whvw sureohpv dqg wkh surfhvvlqj wlphv iru rshudwlrqv rq
uhsolfdwhg pdfklqhv duh dvvxphg wr eh lghqwlfdo wr wkh ruljlqdo1

� Wkh irxuwk whvw vdpsoh +KXgdwd, frphv iurp Kxulqn hw do1 ^4<`1 Wkh sure0
ohpv duh jhqhudwhg e| prgli|lqj ehqfkpdun sureohpv iru wkh fodvvlfdo mre
vkrs sureohp1 Pruh vshfl�fdoo|/ wkh| zhuh rewdlqhg iurp wkuhh sureohpv
e| Ilvkhu dqg Wkrpsvrq ^49` +pw39/ pw43/ pw53, dqg 73 sureohpv iurp
Odzuhqfh ^56` +od34�od73,1 Hdfk vhw Plm lv htxdo wr wkh pdfklqh wr zklfk
rshudwlrq Rlm lv dvvljqhg lq wkh ruljlqdo sureohp/ soxv dq| ri wkh rwkhu
pdfklqhv zlwk d jlyhq suredelolw|1 Ghshqglqj rq wklv suredelolw|/ Kxulqn
hw do1 jhqhudwhg wkuhh vhwv ri whvw sureohpv= hgdwd/ ugdwd dqg ygdwd1 Wkh
�uvw vhw frqwdlqv wkh sureohpv zlwk wkh ohdvw dprxqw ri  h{lelolw|/ zkhuhdv
wkh dyhudjh vl}h ri Plm lv htxdo wr 5 lq ugdwd dqg p@5 lq ygdwd1

Wkh qrq0ghwhuplqlvwlf qdwxuh ri rxu dojrulwkp pdnhv lw qhfhvvdu| wr fduu|
rxw pxowlsoh uxqv rq wkh vdph sureohp lqvwdqfh lq rughu wr rewdlq phdqlqjixo
uhvxowv1 Zh udq rxu dojrulwkp �yh wlphv iurp gl�huhqw vwduwlqj vroxwlrqv1 Wkh
uhvxowv rewdlqhg zlwk rxu surfhgxuh zhuh wkhq frpsduhg zlwk uhvxowv rewdlqhg
zlwk doo surfhgxuhv iru zklfk zh frxog �qg uhvxowv +lq whupv ri pdnhvsdq dqg
FSX wlph, lq wkh olwhudwxuh1 Zh xvh wkh iroorzlqj qrwdwlrq iru wkrvh surfhgxuhv=
EU vwdqgv iru wkh ehvw wdex vhdufk surfhgxuh ri Eudqglpduwh ^9`1 GS vwdqgv
iru d wdex vhdufk surfhgxuh ri Gdx}ëuh0Sìuëv dqg Sdxool ^44`1 EF vwdqgv iru
d wdex vhdufk surfhgxuh ri Eduqhv dqg Fkdpehuv ^7`1 KMW vwdqgv iru d wdex
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vhdufk surfhgxuh ri Kxulqn hw do1 ^4<`1 EQ vwdqgv iru d wdex vhdufk surfhgxuh
ri Euxfnhu dqg Qh|hu ^:`1 Iru KXgdwd wkh ehvw uhvxowv ri wkh frpelqhg h�ruw ri
KMW/ EQ dqg GS duh ghqrwhg dv KEG1

Wkh qxpehu ri lwhudwlrqv zdv fkrvhq h{shulphqwdoo| lq rughu wr hqvxuh d
frpsurplvh ehwzhhq wkh uxqqlqj wlph dqg vroxwlrq txdolw|1 Zh olplwhg wkh
qxpehu ri lwhudwlrqv wr 438 iru EUgdwd dqg KXgdwd dqg wr 7� 438 iru GSgdwd
dqg EFgdwd1

Wkh dfurq|p FL0FSX vwdqgv iru frpsxwhu0lqghshqghqw FSX wlphv1 Wkhvh
ydoxhv zhuh frpsxwhg xvlqj wkh qrupdol}dwlrq frh!flhqwv ri Grqjduud ^47`/ dv
lqwhusuhwhg e| Ydhvvhqv hw do1 ^5;`1

Iru wkh KXgdwd sureohpv zh frqvlghu wkh orzhu erxqgv frpsxwhg e| Mxulvfk
^54`1 Iru wkh uhpdlqlqj gdwd vhwv rqo| orzhu erxqgv frpsxwhg lq d vwudljkw0
iruzdug zd| duh dydlodeoh/ wkhuhiruh wkh| duh jhqhudoo| qrw yhu| forvh wr wkh
rswlpxp1 Zh frpsxwh wkh uhodwlyh huuru iru hdfk dojrulwkp dqg hdfk lqvwdqfh>
l1h1 wkh shufhqwdjh e| zklfk wkh ehvw vroxwlrq ydoxh +XE, rewdlqhg lv deryh wkh
ehvw nqrzq orzhu erxqg +OE,/ wkdw lv 433+XE2OE,1 PUH ghqrwhv wkh phdq
uhodwlyh huuru iru wkh vhw ri sureohpv uhsruwhg1 Iru rxu surfhgxuh PUH= ehvw
rxw ri 8 uxqv/ PUHdy= dyhudjh rxw ri �yh uxqv1

Wdeoh 4 vkrzv rxu frpsxwdwlrqdo uhvxowv1 Wkh qdph dqg vl}h ri gdwd vhwv
duh jlyhq lq froxpq 4 dqg 51 Rxu surfhgxuh rxwshuirupv wkh frpelqhg h�ruw ri
wkh rwkhu surfhgxuhv1 Frpsdulqj wkh ehvw ydoxh zlwk dyhudjh ydoxh/ zh fdq vhh
wkdw dojrulwkp WVrsw4 lv txlwh urexvw +l1h1 wkh gl�huhqfhv ehwzhhq wkh vroxwlrq
ydoxhv ri wkh uxqv duh vpdoo, dqg wkh txdolw| ri wkh vroxwlrqv lv zhdno| ghshqghqw
xsrq wkh udqgrp fkrlfhv dqg wkh srru vwduwlqj vroxwlrqv1

Pruh lqirupdwlrq rq gdwd vhw KXgdwd lv vkrzq lq wdeoh 61 Wkh whvw sureohpv
lq hgdwd vhhp wr eh pruh gl!fxow wkdq wkh whvw sureohpv lq ugdwd dqg ygdwd1
Iru vrph ri wkh whvw sureohpv lq hgdwd/ wkh ghyldwlrq iurp wkh orzhu erxqg
lv txlwh kljk/ h1j1 od690od731 Dgplwwhgo|/ wklv pljkw eh fdxvhg e| srru orzhu
erxqg txdolw| iru wkhvh sureohpv/ exw lw pljkw dovr frph iurp wkh idfw wkdw wkh
whvw sureohpv jhw hdvlhu dv wkh  h{lelolw| lqfuhdvhv1

D frpsdudwlyh ryhuylhz ri wkh WVrsw4 dyhudjh pdnhvsdq dqg FL0FSX rxw
ri 8 uxqv lv jlyhq lq Wdeoh 51 Froxpq 7 +FL0FSX, jlyhv wkh vxp ri wkh FL0FSX
wlphv xvhg wr frpsxwh doo wkh vroxwlrqv h{fhsw iru rxu surfhgxuh zkhuh lw lv wkh
vxp ri wkh dyhudjh FL0FSX rxw ri �yh uxqv1 Froxpq 8 +E=H=Z, uhsuhvhqwv wkh
qxpehu ri h{dpsohv iru zklfk WVrsw4 dyhudjh pdnhvsdq lv ehwwhu +E,/ htxdo
+H, ru zruvh +Z, wkdq wkh ehvw pdnhvsdq irxqg e| wkh surfhgxuh ri froxpq
51 Wkh pdmru phvvdjh ri wdeoh 5/ lv wkdw WVrsw4 vljql�fdqwo| rxwshuirupv doo
wkh rwkhu surfhgxuhv erwk lq whupv ri dyhudjh vroxwlrq txdolw| dqg frpsxwlqj
wlph1 Zlwk uhihuhqfh wr KXgdwd/ rxu dyhudjh frpsxwdwlrqdo h�ruw lv derxw 48/
63 dqg 58 wlphv vpdoohu wkdq wkh fruuhvsrqglqj FL0FSX ri KMW/ EQ dqg GS/
uhvshfwlyho|/ dqg frpsdulqj rxu dyhudjh vroxwlrq ydoxhv zlwk wkh ehvw nqrzq
xsshu erxqgv/ lq 45< whvw sureohpv zh rewdlq :7 ehwwhu uhvxowv/ zkloh lq rqo|
8 fdvhv rxu dyhudjh vroxwlrq ydoxhv duh zruvh1 Ixuwkhupruh/ WVrsw4 lv derxw
8 dqg 53 wlphv idvwhu wkdq GS dqg EF rq GSgdwd dqg EFgdwd/ uhvshfwlyho|1
Frpsxwlqj wlphv iru EUgdwd duh qrw uhsruwhg lq ^9` dqg wkhuhiruh d frpsdulvrq
ri wkh frpsxwdwlrqdo h�ruw iru wkhvh uxqv lv qrw srvvleoh1 Dgglwlrqdo ghwdlov rq
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wkh frpsxwdwlrqdo h{shulhqfh uhsruwhg khuh fdq eh irxqg lq ^57`1
Frqvlghulqj rxu ehvw uhvxowv zh qrwh wkdw WVrsw4 irxqg 453 qhz ehwwhu

xsshu erxqgv dqg :: rswlpdo vroxwlrqv ryhu 4:; ehqfkpdun sureohpv dqg lw
zdv rxwshuiruphg lq rqo| rqh sureohp lqvwdqfh1 Ixuwkhupruh/ lw vkrxog eh
qrwhg wkdw e| lqfuhdvlqj wkh qxpehu ri lwhudwlrqv/ lw lv srvvleoh wr holplqdwh
wkdw fdvh1 Wkh frpsxwlqj wlphv duh jhqhudoo| vpdoo +qr uxq uhtxluhg pruh wkdw
6 plqxwhv iru GSgdwd dqg 63 vhfrqgv iru wkh uhpdlqlqj sureohpv,1

Vlqfh wkh fodvvlfdo mre0vkrs vfkhgxolqj sureohp lv d vshfldo fdvh ri wkh  h{leoh
mre vkrs sureohp/ rxu wdex vhdufk surfhgxuh fdq dovr eh xvhg wr vroyh wkhvh
sureohpv1 Zh whvwhg rxu surfhgxuh rq wkh ruljlqdo 76 whvw sureohpv ^49/ 56`
+vgdwd, xvhg wr jhqhudwh whvw vdpsoh EFgdwd dqg KXgdwd1 Iru wklv vhw ri
sureohpv zh udq WVrsw4 43 wlphv iurp gl�huhqw vwduwlqj vroxwlrqv dqg olplwhg
wkh qxpehu ri lwhudwlrqv wr 4391 Rxu wdex0vhdufk dojrulwkp �qgv dq rswlpdo
vroxwlrq iru 6; ri 76 sureohpv1 Zlwk uhjdug wr wkh 8 uhpdlqlqj sureohpv/ wkh
glvwdqfh iurp wkh ehvw orzhu erxqg +ru rswlpxp/ li nqrzq, lv vpdoohu wkdq
314(1 Lw lv zruwk qrwlqj wkdw rxu surfhgxuh lv deoh wr �qg wkh rswlpdo vroxwlrq
wr wkh qrwrulrxv 43� 43 sureohp +pw43, e| Ilvkhu dqg Wkrpsvrq lq mxvw 3134
vhfrqgv vwduwlqj iurp d vroxwlrq zlwk pdnhvsdq htxdo wr 49;91 Lq rughu wr
pdnh d pruh ghwdlohg frpsdulvrq rq sureohpv iru zklfk lw lv phdqlqjixo/ zh
vhohfwhg wkh 46 prvw gl!fxow lqvwdqfhv/ dffruglqj wr Edodv dqg Yd}dfrsrxorv
^6`/ dprqj wkh 76 sureohpv1 Wdeoh 7 frqwdlqv frpsdulvrqv uhodwhg wr wkh ehvw
pdnhvsdqv irxqg e| WVrsw4/ djdlqvw wkrvh iurp GW +wkh wdex vhdufk surfhgxuh
ri Ghoo*Dplfr dqg Wuxeldq ^46`,/ QV +wkh wdex vhdufk surfhgxuh ri Qrzlfnl dqg
Vpxwqlfnl ^58`, dqg EY +wkh surfhgxuh VE0JOV5 ri Edodv dqg Yd}dfrsrxorv
^6`,1 Rxu uhvxowv duh forvh wr wkh rqhv rewdlqhg e| wkh ehvw vhdufk surfhgxuhv wr
vroyh wkh mre vkrs sureohpv/ dowkrxjk wkh frpsxwdwlrqdo wlph xvhg e| WVrsw4
lv frqvlghudeo| juhdwhu1 Lqghhg/ rq dyhudjh WVrsw4 lv 9 wlphv vorzhu wkdq EY1
Krzhyhu/ rxu wdex vhdufk surfhgxuh lv txlwh vlpsoh dqg lw lv dq reylrxv wrslf
iru ixuwkhu frpsxwdwlrqdo h{shulphqwv wr dqdo|}h krz pruh vrsklvwlfdwhg vhdufk
vwudwhjlhv frxog lpsuryh wkh frpsxwdwlrqdo wlph1

< Frqfoxvlrq

Lq wklv sdshu/ wzr qhz qhljkerukrrg ixqfwlrqv zlwk vhyhudo surshuwlhv iru vroy0
lqj wkh  h{leoh mre vkrs vfkhgxolqj sureohp duh suhvhqwhg1 Gxh wr wkhlu vshfldo
vwuxfwxuh/ rxu wdex vhdufk edvhg dojrulwkp zrunv idvwhu dqg pruh h!flhqwo|
wkdq rwkhu nqrzq dojrulwkpv1 Ixuwkhupruh wkh surfhgxuh lv txlwh vlpsoh1 Rxu
sulpdu| remhfwlyh lv wr vkrz wkdw wkh sursrvhg qhljkerukrrg vwuxfwxuh ohdgv
wr dq h!flhqw khxulvwlf iru wkh IMVS1 D odujh vdpsoh ri frpsxwdwlrqdo h{shul0
phqwv lv suhvhqwhg dqg zh irxqg 453 qhz ehwwhu xsshu erxqgv dqg 449 rswlpdo
vroxwlrqv ryhu 554 ehqfkpdun sureohpv1

Ixwxuh uhvhdufk gluhfwlrqv lqfoxgh wkh dqdo|vlv ri wkh surfhgxuh shuirupdqfh
zkhq ihdwxuhv ri wdex vhdufk vxfk dv orqj0whup phpru| dqg edfnwudfnlqj php0
ru| duh frqvlghuhg1
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Wkh qhljkerukrrg vwuxfwxuhv suhvhqwhg khuh fdq eh h{whqghg wr vroyh wkh
pxowl0uhvrxufh vkrs vfkhgxolqj zlwk uhvrxufh  h{lelolw| ^45` dqg wkh pxowl0prgh
mre vkrs sureohp ^:`1 Erwk sureohpv fdq eh vhhq dv vshfldo fdvhv ri Uhvrxufh
Frqvwudlqhg Surmhfw Vfkhgxolqj Sureohp zkhuh pxowlsoh prghv duh doorzhg ^<`1

Dfnqrzohgjphqw1 Wkdqnv duh gxh wr Pdufr ]d�dorq/ Dqguhd Ul}}rol/
Iuhg Fxpplqv dqg wzr dqrq|prxv uhihuhhv iru frpphqwv wkdw khoshg lpsuryh
wkh sdshu1
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Uhihuhqfhv

^4` Dduwv/ H1K1O1/ Ohqvwud/ M1N1/ +4<<8,= Orfdo Vhdufk lq Frpelqdwruldo Rswlpl}d0
wlrq/ Zloh|/ Fklfkhvwhu1

^5` Dnhood/ U1/ Fkrrqj/ \1/ +4<;7,= �Shuirupdqfh ri d klhudufklfdo surgxfwlrq
vfkhgxolqj srolf|�/ LHHH Wudqv1 Frpsrqhqwv/ K|eulgv dqg Pdqxidfwxulqj Whfk0
qrorj|/ 558�57;1

^6` Edodv/ H1/ Yd}dfrsrxorv/ D1/ +4<<;,= �Jxlghg Orfdo Vhdufk zlwk Vkliwlqj Erwwoh0
qhfn iru Mre Vkrs Vfkhgxolqj�/ Pdqdjhphqw Vflhqfh 77/ 59505:81

^7` Eduqhv/ M1 Z1/ Fkdpehuv/ M1 E1/ +4<<9,= �Ioh{leoh Mre Vkrs Vfkhgxolqj e| Wdex
Vhdufk�/ Judgxdwh Surjudp lq Rshudwlrqv Uhvhdufk dqg Lqgxvwuldo Hqjlqhhu0
lqj/ Wkh Xqlyhuvlw| ri Wh{dv dw Dxvwlq/ Whfkqlfdo Uhsruw Vhulhv/ RUS<903</
kwws=22zzz1fv1xwh{dv1hgx2xvhuv2mef21

^8` Erqd E1/ Eudqglpduwh S1/ +4<<3,= �K|eulg klhudufklfdo vfkhgxolqj dqg frqwuro
v|vwhpv lq pdqxidfwxulqj�/ LHHH Wudqv1 Urerwlfv dqg Dxwrpdwlrq/ 9:609;91

^9` Eudqglpduwh/ S1/ +4<<6,= �Urxwlqj dqg vfkhgxolqj lq d  h{leoh mre vkrs e| wdex
vhdufk�/ Dqqdov ri Rshudwlrqv Uhvhdufk 55/ 48;04;61

^:` Euxfnhu/ S1/ Qh|hu/ M1/ +4<<;,= �Wdex0vhdufk iru wkh pxowl0prgh mre0vkrs sure0
ohp� / RU Vshnwuxp 53/ 5405;1

^;` Euxfnhu/ S1/ Vfkolh U1/ +4<<3,= �Mre0vkrs vfkhgxolqj zlwk pxowl0sxusrvh pd0
fklqhv�/ Frpsxwlqj 78/ 69<06:81

^<` Euxfnhu/ S1/ Guh{o/ D1/ Pùkulqj/ U1/ Qhxpdqq/ N1/ Shvfk/ H1/ +4<<<,= �Uhvrxufh0
Frqvwudlqhg Surmhfw Vfkhgxolqj= Qrwdwlrq/ Fodvvl�fdwlrq/ Prghov/ dqg Phwkrgv�/
Hxurshdq M1 Rshudwlrqdo Uhvhdufk 445/ 60741

^43` W1 K1 Fruphq/ F1H1 Ohlvhuvrq/ U1 O1 Ulyhvw/ +4<<4,= Lqwurgxfwlrq wr Dojrulwkpv/
PLW Suhvv1

^44` Gdx}ëuh0Sìuëv V1/ Sdxool/ M1/ +4<<:,= �Dq lqwhjudwhg dssurdfk iru prgholqj
dqg vroylqj wkh jhqhudo pxowlsurfhvvru mre0vkrs vfkhgxolqj sureohp xvlqj wdex
vhdufk�/ Dqqdov ri Rshudwlrqv Uhvhdufk :3/ 5;406391

^45` Gdx}ëuh0Sìuëv V1/ Urx{ M1/ Odvvhuuh M1E1/ +4<<;,= �Pxowl0uhvrxufh vkrs vfkhgxolqj
zlwk uhvrxufh  h{lelolw|�/ Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 43:/ 5;<0
6381

^46` Ghoo*Dplfr P1/ Wuxeldq/ P1/ +4<<6,= �Dsso|lqj wdex0vhdufk wr wkh mre vkrs
vfkhgxolqj sureohp�/ Dqqdov ri Rshudwlrqv Uhvhdufk 55/ 480571

^47` Grqjduud/ M1M1/ +4<<;,= �Shuirupdqfh ri ydulrxv frpsxwhuv xvlqj vwdqgdug olq0
hdu htxdwlrqv vriwzduh�/ Frpsxwhu Vflhqfh Ghsduwphqw/ Xqlyhuvlw| ri Whqqhvvhh/
Nqr{ylooh/ Whqqhvvhh1
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^48` Hvfxghur/ O1I1/ +4<;<,= �D pdwkhpdwlfdo irupxodwlrq ri d klhudufklfdo dssurdfk
iru surgxfwlrq sodqqlqj lq IPV�/ Prghuq Surgxfwlrq Pdqdjhphqw V|vwhpv/
56405781

^49` Ilvkhu/ K1/ Wkrpsvrq/ J1O1/ +4<96,= �Suredelolvwlf ohduqlqj frpelqdwlrqv ri or0
fdo mre vkrs vfkhgxolqj uxohv�/ lq= Lqgxvwuldo Vfkhgxolqj/ M1I1 Pxwk dqg J1O1
Wkrpsvrq/ hgv1/ Suhqwlfh Kdoo/ Hqjohzrrg Fol�v/ 55805841

^4:` Jduh| P1 U1/ Mrkqvrq G1V1/ Vhwkl U1/ +4<:9,= �Wkh frpsoh{lw| ri  rzvkrs dqg
mrevkrs vfkhgxolqj�/ Pdwk1 Rshu1 Uhv1 4/ 44:045<1

^4;` Joryhu/ I1/ +4<;<,= �Wdex vhdufk 0 Sduw L�/ RUVD Mrxuqdo rq Frpsxwlqj 4/
4<305391

^4<` Kxulqn/H1/ Mxulvfk/ E1/ Wkroh/ P1/ +4<<7,= �Wdex vhdufk iru wkh mre vkrs vfkhgxo0
lqj sureohp zlwk pxowl0sxusrvh pdfklqh�/ Rshudwlrqv Uhvhdufk Vshnwuxp 48/
53805481

^53` Mdqvhq N1/ Pdvwurolool P1/ Vrolv0Red U1/ +4<<<, �Dssur{lpdwlrq Dojrulwkpv iru
Ioh{leoh Mre Vkrs Sureohpv�/ wr dsshdu lq wkh Surfhhglqjv ri Odwlq Dphulfdq
Wkhruhwlfdo Lqirupdwlfv/ ODWLQ*53331

^54` Mxulvfk/ E1/ +4<<5,= �Vfkhgxolqj Mrev lq Vkrsv zlwk Pxowl0sxusrvh Pdfklqhv�/
Sk1G1 wkhvlv/ Idfkehuhlfk Pdwkhpdwln2Lqirupdwln/ Xqlyhuvlwdw Rvqdeuxfn1

^55` Ydq Oddukryhq S1M1P1/ Dduwv H1K1O1/ Ohqvwud M1N1 +4<<5,/�Mre Vkrs Vfkhgxolqj
e| vlpxodwhg dqqhdolqj�/ Rshudwlrqv Uhvhdufk 73/ 44604581

^56` Odzuhqfh/ V1/ +4<;7,= Vxssohphqw wr �Uhvrxufh Frqvwudlqhg Surmhfw Vfkhgxo0
lqj= Dq H{shulphqwdo Lqyhvwljdwlrq ri Khxulvwlf Vfkhgxolqj Whfkqltxhv�/ JVLD/
Fduqhjlh Phoorq Xqlyhuvlw|/ Slwwvexujk/ SD1

^57` Pdvwurolool/ P1/ Jdpedughood/ O1P1/ +4<<;,= �H�hfwlyh Qhljkeru0
krrg Ixqfwlrqv iru wkh Ioh{leoh Mre Vkrs Sureohp= dsshqgl{�/
kwws=22zzz1lgvld1fk2�prqdogr2imvs1kwpo1

^58` Qrzlfnl/ H1/ Vpxwqlfnl/ F1/ +4<<9,= �D idvw wderr vhdufk dojrulwkp iru wkh mre
vkrs sureohp�/ Pdqdjhphqw Vflhqfh 75/ :<:0;461

^59` Vwhfnh/ N1V1/+4<;6,= �Irupxodwlrq dqg vroxwlrq ri qrqolqhdu lqwhjhu surgxfwlrq
sodqqlqj sureohpv iru  h{leoh pdqxidfwxulqj v|vwhpv�/ Pdqdjhphqw Vflhqfh 5</
5:605;;1

^5:` Ydhvvhqv/ U1M1P1/ +4<<8,= Jhqhudol}hg Mre Vkrs Vfkhgxolqj= Frpsoh{lw| dqg
Orfdo Vhdufk/ Sk1G1 wkhvlv/ Hlqgkryhq Xqlyhuvlw| ri Whfkqrorj|1

^5;` Ydhvvhqv/ U1M1P1/ Dduwv/ H1K1O1/ Ohqvwud/ M1N1/ +4<<9,= �Mre vkrs vfkhgxolqj e|
orfdo vhdufk�/ LQIRUPV Mrxuqdo rq Frpsxwlqj/ yro1; q161
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43 Iljxuhv

v

Qk-Rk Rk

Qk

Iljxuh 4= Surshuwlhv ri Un dqg TnqUn lq J�1
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v

Lk Qk-Lk

Qk

Iljxuh 5= Surshuwlhv ri On dqg TnqOn lq J�1

v

Lk-Rk Rk-Lk

Qk

Lk ∩ Rk

Iljxuh 6= Surshuwlhv ri On _Un lq J�1
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v

Lk Rk

Qk

Qk-Lk-Rk

Iljxuh 7= Surshuwlhv ri Tnq+On ^Un, lq J�1

44 Wdeohv

Gdwd Vhw & Surfhgxuh PUH +PUHdy,

EUgdwd 43
EU

WVrsw4
474=77
448=74 +448=;6,

GSgdwd 4;
GS

WVrsw4
436=64
435=34 +435=57,

EFgdwd 54
EF

WVrsw4
456=77
455=86 +455=97,

hgdwd 76
KEG
WVrsw4

435=<;
435=4: +435=5:,

ugdwd 76
KEG
WVrsw4

434=:3
434=56 +434=73,

ygdwd 76
KEG
WVrsw4

433=58
433=43 +433=47,

Wdeoh 4= Phdq Uhodwlyh Huuru +PUH, ryhu Ehvw Nqrzq Orzhu Erxqg1
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Gdwd Vhw & Surfhgxuh FL0FSX E=H=Z

EUgdwd 43
EU

WVrsw4
�
:7

< = 4 = 3

GSgdwd 4;
GS

WVrsw4
46<;4
579:

4: = 3 = 4

EFgdwd 54
EF

WVrsw4
::93
689

49 = 4 = 7

KXgdwd 45<

KMW
EQ
GS

WVrsw4

58;:83
864389
75;743
4989;

435 = 5: = 3
43: = 55 = 3
:: = 7: = 8

Wdeoh 5= Vxppdu| uhvxowv1

hgdwd ugdwd ygdwd
Sureohp
Fodvv

Mrev2Pdfklqhv
KEG WVrsw4

+Dyj,
KEG WVrsw4

+Dyj,
KEG WVrsw4

+Dyj,

pw9243253
929
43243
8253

4331;5 433133
+433143,

433174 433167
+433169,

433133 433133
+433133,

od34038 4328
433148 433133

+433133,
433179 433144

+433157,
433166 433133

+433144,

od39043 4828
43313; 433133

+433133,
433148 433136

+43313;,
433143 433133

+433136,

od44048 5328
43315< 43315<

+43315<,
433137 433135

+433135,
433133 433133

+433134,

od49053 43243
4331:3 433133

+433133,
4341<4 4341:6

+4341::,
433133 433133

+433133,

od54058 48243
43:137 438195

+4381<6,
43815< 4361;5

+43716;,
434165 4331:3

+4331;8,

od59063 53243
438199 43617:

+4361:9,
434167 43318<

+4331:9,
433165 433144

+43314;,

od64068 63243
4331;5 433163

+433165,
433165 43313<

+433147,
433143 433134

+433136,

od69073 48248
443176 43;1<<

+43<146,
4371;9 4361<:

+43717:,
433133 433133

+433133,

Wdeoh 6= Phdq Uhodwlyh Huuru rq KXgdwd1
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Sureohp EY WVrsw4 QV GW EF
pw43 <63 <63 <63 <68 <68
od35 988 988 988 988 988
od4< ;75 ;75 ;75 ;75 ;76
od54 4379 4379 437: 437; 4386
od57 <68 <68 <6< <74 <79
od58 <:: <:: <:: <:< <;;
od5: 4568 4568 4569 4575 4589
od5< 4497 4493 4493 44;5 44<7
od69 459; 459< 459; 45:; 45:;
od6: 46<: 46<: 473: 473< 474;
od6; 44<9 44<9 44<9 4536 4544
od6< 4566 4566 4566 4575 456:
od73 4557 455; 455< 4566 456<

Wdeoh 7= Pdnhvsdq iru 46 kdug sureohpv1
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