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A Theory of Adaptive Pattern Classifiers

SHUNICHI AMARI

Abstract—This paper describes error-correction adjustment pro-
cedures for determining the weight vector of linear pattern classifiers
under general pattern distribution. It is mainly aimed at clarifying
theoretically the performance of adaptive pattern classifiers. In the
case where the loss depends on the distance between a pattern vector
and a decision boundary and where the average risk function is
unimodal, it is proved that, by the procedures proposed here, the
weight vector converges to the optimal one even under nonseparable
pattern distributions. The speed and the accuracy of convergence
are analyzed, and it is shown that there is an important tradeoff be-
tween speed and accuracy of convergence. Dynamical behaviors,
when the probability distributions of patterns are changing, are also
shown. The theory is generalized and made applicable to the case
with general discriminant functions, including piecewise-linear dis-
criminant functions.

Index Terms~—Accuracy of learning, adaptive pattern classifier,
convergence of learning, learning under nonseparable pattern dis-
tribution, linear decision function, piecewise-linear decision function,
rapidity of learning.

I. INTRODUCTION

N ADAPTIVE pattern classifier system is one
A of the most typical learning or self-organizing
systems. We shall first consider a simple classifier
categorizing given patterns into two classes by a linear
discriminant function which is automatically modified
whenever a pattern is misclassified. Such a classifier has
been investigated as the perceptron [1] or in the theory
of threshold logic [2]. For the case where the patterns
of the two classes are finite and linearly separable,
various learning rules are known, and the discriminant
function converges to the optimal one within a finite
number of learning steps [1], [3], [4]. However, if the
patterns are not linearly separable, it is not clear what
is obtained using these rules. We shall treat the classifier
in the general nonseparable case, assuming that the loss
caused by misclassification is a monotonically increas-
ing function of the distance between a pattern vector
and the decision boundary. The loss which is some con-
stant for an incorrect decision, can be approximated by
choosing an appropriate function of the distance.

If we could use the knowledge of the probability dis-
tributions of the patterns of the two classes, the optimal
linear discriminant function could be obtained by cal-
culation. In the case of nonseparable patterns, most of
the learning rules proposed so far are based on the es-
timation of the probability distributions. However, this
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needs a parametric treatment, that is, the distributions
must be limited to those of a certain known kind whose
distributions can be specified by a finite number of
parameters. Moreover, the discriminant functions thus
obtained depend directly on all of the past patterns so
that they are not able to quickly follow the sudden
change of the distributions. In order to avoid these
shortcomings, we shall propose nonparametric learning
procedures, by which the present discriminant function
is modified according only to the present misclassified
pattern.

The steepest-descent method is often used in order to
minimize a known function. However, in our learning
situation, we cannot obtain the descending directions of
the average risk which we intend to minimize, because
the probability distributions of the patterns are un-
known. What we can utilize is the present pattern only,
which obeys the unknown probability distribution. We
shall associate a correction vector to each pattern in
such a manner that the average of the correction vectors
is in a descending direction. By the above correction, it
is guaranteed that the discriminant function becomes
better on the average, but in any given trial it may
happen that the discriminant function becomes worse.
This method may be called the probabilistic-descent
method.

We shall prove that the discriminant function ap-
proaches a minimal one (this is the optimal if there is
only one minimum) as near as desired, even if the dis-
tributions are overlapping. However, there is an im-
portant tradeoff between speed and accuracy of con-
vergence. The speed and the accuracy of the classifier
are explicitly obtained, and the performance of the
classifier is theoretically clarified.

The learning rule of the simple classifier mentioned
above can be generalized, and the learning rules of more
complex classifiers are obtained. We first treat the
classifier with multicategory or many-pattern classes.
Next, we treat the classifier having piecewise-linear
discriminant functions. We, then, generalize the theory
and make it applicable to the general pattern classifiers
having nonlinear discriminant functions. Finally, we
discuss the adaptive determination of the constants
contained in the learning rule, i.e., the learning of
learning rule.

II. OpTiIMAL LINEAR DISCRIMINANT FUNCTION

Let Cy and C. be the pattern classes or categories into
which the given patterns are to be classified, and let a
pattern be represented by an n-dimensional column
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vector x= (%1, X9, + - +, X,)!, where ¢ denotes the trans-
position. A linear equation

gx) = i wx; + Wy, (1)

i=1

where w; and w, are constants, divides the space into
the following two regions:

Vi={x|g(x) >0}, Vi={x|gx) <0}. (2

When a pattern classifier decides that x belongs to (i
or C; according as x& Vi or x& V,, respectively,! it is
said to be linear and the function g(x) is called the linear
discriminant function. The boundary of V; and V3 is
a hyperplane D determined by g(x) =0, and it is called
the decision surface. For simplicity’s sake, let us aug-
ment x by adding 1 as the (z+1)st component and de-
note the (n41)-dimensional vector (x!, 1)! by X. We
also define an (z+1)-dimensional vector by W= (w,
W, + + -, W, wo) and call it the weight vector. Then, the
linear discriminant function is specified by W as

glx) = W'X. )

Let the a priori probability of receiving a pattern
which belongs to C.(a=1, 2) be p,, and let the prob-
ability density function of the patterns of C, be p,(x).2
Assuming that these quantities are known, we shall
find the optimal linear discriminant function. The word
“optimal” means to minimize the average risk, which
is the expected value of the loss caused by misclassi-
fication. Let us denote by l.5(x, W) the loss which we
suffer when a pattern x belonging to C, is mistakenly
decided to belong to Cs (8=« )by using the discriminant
function of the weight vector W. We call l,5(x, W) the
loss function. Since a pattern x&C, is misclassified
when it is contained in Vz(B5a), and since the prob-
ability density of such a pattern is p.p.(x), the aver-
age risk R is expressed by

R(W) = filx, W)dX + | fau(x, W)dX, 4)

where we put

J1(x, W) = pape(x)lna(x, W)
f2(x, W) = pipa(x)ha(x, W) ®)
and dX =dxidx; - - - dx,. R is a function of W, and the
optimal weight vector is one which minimizes R.
We assume that R(W) is differentiable, and that it

has no local minima but the global minimum. In this
case, the optimal W is given by

VR(W) = 0, (6)
where V is the gradient operator
! When x satisfies g(x) =0, any decision will do.

* Here we assume that x is a continuous variable. If x is discrete,
replace integration with summation,
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V=<_"_,_3_,..., ",_?_>, ™

ows ow, 0wy

Since W is contained in both f, and V,, VR consists of
two terms: one concerning the gradient of the integrands
f« and the other concerning the integration over the
boundary of V,. By calculation, the following theorem
is obtained [8].

Theorem 1: The optimal weight vector is given by

1
vR=— [ X~ fax + [ wpax
w Jp

Vi

—I-f vV fdX =0,° ®)

n 1/2
w = < Z wt) .
=1

In the special case where the loss function does not
depend on W, Vf; and V. vanish identically. Hence, we
have the following corollary.

Corollary 1: In the case where the loss function does
not depend on W, the optimal W is given by

where

[ xts = pax =o. )

This is the same result as was obtained by Highleyman
[9]. On the other hand, when the loss function iden-
tically vanishes on the decision surface D, the surface
integral over D vanishes identically. Hence, we have
the following corollary.

Corollary 2: When the loss function satisfies [,5(x, W)
=0 on D, the optimal weight vector is given by

f Vv f1idX +f VfdX = 0. (10)
Vi Ve
Let d= lg(x)l/w be the distance from x to D, and let

/(d) be a monotonically increasing function satisfying
1(0) =0. The loss function defined by

llZ(X) W) = l21(X) W) = l<d)

satisfies the condition of Corollary 2. We call it the dis-
tance loss function. Denoting the (#z-+1)-dimensional
vector (wi, ws, - - -, w,, 0) by w, we obtain

v(g(:) ) - wi (@X — gWw) = TX,

where T is the matrix defined by

T(W) = % (WE — wW?), (11)

3 Here [pdX means an integration over D, i.e., an (n—1)-
dimensional integration. Hence, when n=1, special treatment is
required. In this case, D is a point and /pd X denotes the value of the
integrand on that point.
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and E is the unit matrix. Noting that ly=1[(g/w) and
lha=1(—g/w), we can write VR in the form

VR= f pepr (A TXAX~ | pupu(0l () TXAX, (12)
Vi Va

where the prime denotes the differentiation.

We treat hereafter the distance loss functions only.
As an example, let us consider the family of loss func-
tions [(d) =d*. If we put k=2, the criterion is to mini-
mize the sum of the squared distances of misclassified
patterns, i.e., the least-square criterion. The criterion
with k—c is to minimize the maximum of the dis-
tances of misclassified patterns, i.e., the minimax cri-
terion. The criterion with 2—0 is to minimize the per-
centage of misclassified patterns.

In classification problems, the most important cri-
terion is to minimize the percentage of misclassified pat-
terns. In this case, the loss is some constant for an in-
correct decision and zero for a correct decision. Such a
loss is not expressed by a distance loss function. Hence,
we need to approximate it by a distance loss function.*
For this purpose, we may adopt

[(d) = arctan d/d,,

1 d = do,
1@ = {

d/d, d < do,

etc., where d, is a sufficiently small constant. When the
patterns are linearly separable, the optimal decisions
based on a distance loss and a constant loss are exactly
identical.

III. LEARNING RULE AND CONVERGENCE THEOREM

We have derived the equation of the optimal weight
vector, assuming that the probability structures p, and
pa(x) are known. In many practical cases, however,
they are unknown and varying with time. Moreover,
even if they are known, it is usually difficult to solve
the equation. This fact suggests that the weight vector
is determined step by step utilizing the information of
the input patterns. We propose a learning rule by which
the weight vector W, at time ¢ is modified to W,.; by
referring to the input pattern x; at time ¢ only. The
computation by this rule is very simple and there is no
need of storing the information of the past input data,
nor assuming the type of the distributions.

Let the correction vector of W;, be W, which depends
on the present input pattern x,;, and the new weight
vector at time 41 be Wy, =W,+6W,. We put

4 In the case where the loss is some constant for an incorrect de-
cision, there is no exact learning rule of the nonparametric type. In
this case, the optimal decision boundary is one satisfying (9) of
Corollary 1. However, the probability of the appearance of the
patterns on a hyperplane D is 0, because the measure of D is 0.
Hence, we are obliged to obtain the information about the distribu-
tion of the patterns on D from the patterns around D. For this pur-
pose, we use a distance loss, and approximate the constant loss by it.
In the parametric case where the type of the distributions is known,
the distribution on D can be estimated using the patterns of the
whole space.
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(13)

where € is a small positive constant and C is a positive-
definite matrix. We call € the learning constant. Assum-
ing that the correction takes place only when x, is mis-
takenly classified, we can put

H,(x, W), when W!X<0 and x&(y,
H(x, W)=TH2(X, W), when W!X>0 and x&C,,

10, when x is correctly classified.

5W¢ = GCH(Xi, Wi),

(14)

We call Hi(x, W) and H,(x, W) the learning functions,
and they will be determined in the following.

When e is sufficiently small, the increment of the
average risk is 0R = W'VR(W) for one step of learning,
neglecting higher order terms of e. In order to design
an effective learning system, it is suggested that oW
should be chosen so as to make 8R always negative
[10], e.g., 8W= — VR, like the steepest descent method
in nonlinear-programming problems. However, it is
impossible to make W equal to —VR, since VR de-
pends on the unknown quantities p,, p.(x). Therefore,
we try to make negative the average of 6R over all
possible x, i.e., 6R =8W'RV <0, where the bar denotes
the averaging over all x&€(;, C.. Since 6R is negative
only as the average, this method may be called the
probabilistic-descent method.

Lemma: For the following learning functions

Hy = — H,=UI(d)TW)X, (15)

the relation 8R<0 holds, and the equality holds when
and only when W is the optimal weight vector.

Proof: Since éW=eCH, when a pattern x&C, is
misclassified, the average of the correction vectors is

oW = eC{ f pip1(x)HidX + f pzpz(x)Hng}.
Vo Vi

Substituting (15), we can derive

W = — CVR. (16)
Since C is positive-definite, we get
3R = — ¢VR'CVR < 0. )

The equality holds only when VR =0, which is satisfied
by the optimal weight vector only.

We shall consider a classifier with the above-men-
tioned learning rule. Let the classifier start with an
initial weight vector W; at time [, under the condition
that the probability distributions are fixed. Since the
weight vector W, depends on the sequence of the input
patterns xi, xs, - - -, x,_1 randomly selected from the
distributions p,., p.(x), it is also a random variable
vector. Let its density function be ¢,(W). Then the ex-
pected value of the average risk at time z, i.e., after
1—1 steps of learning, is

&= [ amrmaw, (18)
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where dW =dwdws, - - - dw,dw,. The increment of R;
by a step of learning is

B-E,' = Ei—l—l - ﬁi (19)

which is the expectation of 6R(x;, W;) with respect to

both x, and W,. Hence
6R, = — ef VR!ICVRg;(W)dW = 0. (20)
Consequently, R; is proved to be monotonically non-
increasing. Obviously, R,=0, since the loss function is
nonnegative. Therefore, the sequence R; converges,
and it follows that lim;.. 6R;=0. However, we have
already proved that VR!CVR >0 holds for all but the
optimal weight vector W,,. Therefore, roughly speaking,

it is expected that
lim ¢;(W) = (W — W)

i—®

1)

holds, where 6(W) is the delta function.

Let us prove the convergence theorem more exactly.?

Theorem 2: For any u, the probability that ] W,
—W,,| 2u can be made as small as desired for suf-
ficiently large 7, by choosing a sufficiently small learning
constant e.

Proof: Let M, (e) be the probability that the weight

vector at time ¢ is still apart from the optimal one fur-
ther than y, i.e.,

Mﬂi(e) = PI‘ { | Wi'— Wop{ ; :u},

(22)

and let M,(¢) =lim ;., M, (¢).® Then we need only to
prove

lim M,(¢) = 0.

€0
Expanding éR(6R(x, W), we obtain
oR(x, W) = §W'VR + ;(dW'V ‘RsW)+ - - -.

(23)

Averaging it over all x, we get

2

N € —_—
8R = — eVR!CVR + S {6WeW'V'R} + 0(e¥),

where tr denotes the trace of a matrix. Hence, for suf-
ficiently small ¢, there exists a positive constant K, for
which the inequality

SRZ — e + K& (24)
holds, where we put
7(W) = VR'CVR. (25)
Let U, be the set of the W’s defined by
Ue= W] | W - W,| z ul. (26)

5 In the case where there are many W's satisfying VR=0, W,,
in the following theorem should be regarded as the set of such weight
vectors and the theorem guarantees only that the weight vector
converges to one of such vectors.

6 For the convergence of Mui(e), see Doob [1].

IEEE TRANSACTIONS ON ELECTRONIC COMPUTERS, JUNE 1967

Its complement is a neighborhood of W,,. M,* can be
written as

MG = f g:(W)aw. (27)
Uﬂ
Next, we define another set U,’ by
Uy = {W]|r(W) =2}, (28)

Since 7 is a continuous function of W and is equal to 0
when and only when W=W,,, for any U,, there exists
a positive constant A(u) for which U,’DU, holds.
Putting

My = f G (W)aw, (29)

we obtain the inequality M,'< M\'‘. By averaging (24)
with respect to ¢;(W) and taking account of the relation

[ rwgman = [

UN

r(W)q.(W)dWw
>\ f G(W)AW = AMYs = M,
U\

we can prove the inequality

8R; < — \M,i + Ke. (30)

Summing up the both sides of the above relation over ¢
from 1 to N, dividing them by N, and taking the limit
N— oo, we derive the relation 0< —eAM,+ Ke2. Con-
sequently, we get the required relation lim,_.o 3, =0.

In the special case where the patterns C; and C; are
linearly separable, we can prove that a separating hy-
perplane is obtained with probability one by using the
above learning rule.

IV. CONVERGENCE RATE AND ACCURACY OF LEARNING

Let f(W) be a function of W. When W is determined
by learning, the expected value of f(W) at time i is
defined by

7w = [ 1mamwyaw. G

The aspect of the learning process will be clarified by
studying how f(W),; changes as 7 increases. We put

p1p1(x), x €V
p(x) =
papa(x),  xEVy,

(32)
and
B(W) = HH* = f HH'p(x)dX, Bo= B(W,,). (33)

Lemma: The increment of f; due to a step of learning
is given by

firi—fi=—e(V/'CVR)+ e tr (CBC'VVY);+0(). (34)
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Proof: Let W, be the weight vector at time 7. If a
pattern x is presented, W, changes to W=W,
+6W.(x, W;). Since x obeys the probability distribu-
tions p., pa(x), W is also a random variable and its
density function ¢(W) is related to that of x by ¢g(W)
dW=p(x)dX. Since the probability distribution of
W, is q;(W), qix1(W) is obtained by averaging it with
respect to W, i.e.,

gisaW)iW = ax [ g Wypiws,  63)

where x is considered a function of W and W, Using
(35), we obtain fiy; as

For = f G (W) (W)dIw

= f g (W)f(W; + sW) p(x)dXdW . (36)

Expanding f(W;48W,), integrating with respect to d.X,
and taking (16) and (33) into account, we derive (34).

In the lemma, the function f may be a vector-valued
or matrix-valued function. Hence, if we put f(W)=W,
the expected value of the weight vector W,=7, is de-
rived from (34). As has been proved, W; converges to
the optimal vector W,,. Now we can examine the man-
ner in which it converges to W,,. In this case we can
expand R around W,

R(W) = R(Wep) + 5(W — Wop)' AW — Wop)

+0(| W — Wop |9, 37)

where
A =VV'R ‘Wox»

We shall consider the neighborhood of W,,, neglecting
the last term.
Theorem 3: The expected value of the weight vector W;
is given by
W= W + (E — CA)— (W) — W),  (38)
Proof: For f(W) =W, it is easily shown that vf=E
and vv¥=0. By applying the lemma to this case, we
obtain

Wi+1 = _W,‘ _ eCﬁ;, (39)
where the term 0(e?) is neglected. By using (37), this
reduces to the linear difference equation
W1 = (E — CAW; + CAW,,. (40)
This can easily be solved, giving (38) as the solution.
Let X\¢>0 be the minimum eigenvalue of the matrix
CA. Then the corresponding eigenvector shows the
direction of the slowest convergence, and the time con-
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stant in that direction is e\g. We have thus obtained the
expected weight vector W;. However, the actual weight
vector is not necessarily identical with it. The difference
between the actual vector and the expected is evaluated
by the covariance matrix Z,:

Zi= {(W— WY)W — W)}, = (WWY), — WL (41)

Since W, converges to W, =; can be considered to
represent the degree of the accuracy of learning.

Theorem 4: The covariance matrix Z; of the weight
vector at time 7 is

Si=2¢|E — (E —.eS‘)""‘}(S)"CBoCt, (42)

where E is the identity operator and § is the linear
operator transforming an arbitrary matrix M by

SM = 2(CAM)*" (43)

the superscript s denoting the symmetric part of a
matrix.

Proof: Applying the lemma to f(W)=WW!, we
obtain

(W) i1 = (WW); — 2e{CAT = Wog) Wi}
+ 2e2(CBoC?).
Subtracting
WeiWit = {(E — 2eCAW Wt} s + 2e(CAWLW)®,
we obtain the difference equation
i1 = (E — 53 + 2e2CBC. (44)

Since the classifier started with a fixed initial vector Wy,
the initial covariance matrix Z; is equal to 0. The corre-
sponding solution of (44) is given by (42). The final ac-
curacy of learning is represented by
lim Z; = 2¢(S)~'CByC.

T— 00

(45)

By the above two theorems, it has been shown that the
convergence rate of learning is represented by the
matrix eCA4, while the accuracy is given by the matrix
2¢(S)"'CBoC". The constants € and C of the adaptive
classifier should be determined by taking these relations
into account. If we can put C=4"1, the convergence
rate of W, is uniform for all directions. On the other
hand, if we can determine C in such a way that (§)-!
CB,C*=E holds, the deviation of W; from W,, be-
comes isotropic. The larger ¢ we choose, the faster the
convergence becomes, and the worse the accuracy. On
the contrary, the smaller € we choose, the more accurate
the learning becomes, and the slower the convergence.

7.8 can be considered a tensor having four indexes. Using the
tensorial notation, SM is represented by (Ci’4;%8,,"+ Crni A%8:") M o,
where 38,,» is the Kronecker delta and Einstein’s summation conven-
tion is used. Hence, S is a tensor whose components are

Sikry = CidA*8," + CridjFsm.
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V. Dy~NaMicAL BEHAVIOR OF ADAPTIVE CLASSIFIERS

The probability structures of the input patterns are
not necessarily fixed but may vary from time to time.
The optimal vector will vary according to these dis-
turbances. We shall briefly analyze the manner how
the weight vector follows the moving optimal vector
under our learning rule.

Let W+ D; be the optimal weight vector at time 1,
D, denoting the fluctuation. In this case the matrix 4
also depends on ¢. We denote 4 at time ¢ by 4,. Then

Wi+1 = W@ - GCAiWi + GCAi(Wo + Di) (46)

is derived instead of (40). Although we can solve (46)
explicitly, we shall assume 4 ;=4 for all < for simplicity’s
sake. In this case, the solution is

W= Wi+ (E — CA)—Y (W, — W)

—1
+ €Y, (E — e«CA)1CAD.

k=1

(47)

The second term, depending on the initial weight vector
Wi, is transient. The third term depends on the devia-
tion D,. From this, we see that the present deviation D
causes the deviation e(E—eCA)"! CAD of the weight
vector of ¢ times later. Hence, the matrices

I, = e(E — eCA)™1CA (48)
are considered to represent the impulse response of the
classifier. The step response of the classifier is given by
the matrices

S;=E— (E— eCA4)"\ (49)
As an example, let us consider the case in which the
optimal vector changes periodically. We put

D; = D sin wi, (50)

where the period is 27 /w and assumed to be large. We
need only to solve the case where D is an eigenvector of
CA, CAD=M\D, because the solution of general cases
are obtained by superposition.

A particular solution of the difference equation is
written as

W, = W, + aD sin (wi + 6),

where the transient term is put equal to 0. Substituting
this in (47), we derive the following equations:

a{cos (w 4+ 6) — (1 — e\) cos 6} — e\ = 0,

sin (w46 — (1 —e\)singd =0, (51)
from which the unknown parameters a and 6 can be
determined. Neglecting the!higher order terms of € and
w, we obtain

a=1/v/1+ o

tanf = — q,

(52)

IEEE TRANSACTIONS ON ELECTRONIC COMPUTERS, JUNE 1967

where we put a=w/e\. Accordingly, the stationary
solution is
W, +

D sin (wi — 6), (53)

1
V1+ o
where « is considered small. This shows the frequency
response of the system.

From this, we see that, when the optimal vector
changes sinusoidally with frequency w/2m, the weight
vector follows it with the amplitude divided by +/1+4a?
and with the phase shifted by —a. Therefore, for
w<Ke\, we may say that the classifier is able to trace the
change well.

VI. GENERALIZATION
Multicategory Classifiers

We have so far assumed that there are only two
categories (1 and C,. Our theory can easily be general-
ized to the case with many categories or pattern classes
Ci, Gy + -, Cn In this case, we use m discriminant
functions

ga(x) = WX, a=12 -- (54)

and decide that a pattern x belongs to C, when and only
when g,(x) >gs(x) for all 3(>#a). We need to obtain a
set of m weight vectors W, by learning.

For each pattern x&C,., we can define a set N, of
integers by

.,m

No = {B] gs(x) > ga(®)}.

For a correctly classified x& C,, N, is the null set. It is
natural to define the loss caused by misclassification of a
signal x&C, by

lo(x) = max [(dag), (55)
8

where d.g denotes the distance from x to the hyperplane
defined by g.(x) =gs(x). We can write

g=(x) — gs(x)

daﬁ = A
Waps

(56)
where @, is the length of the vector w,—ws and
Wo=(®a1, Waz, -+ *, Wan, 0). Obviously, when a
pattern is correctly classified, the corresponding N, is
null and /,(x)=0. The average risk accompanied with
the set of m weight vectors Wy, - - -, W, is expressed as
RO, - W) = 3 [ popleax.  (57)
a=1
Denoting the gradient operator with respect to W, by
V., we can obtain the following relation:

axf

VsR = Z{ DaPa(X)' (dag) TasXd X
Ve

~ | Thpr @ ToXax, (9
Vg :
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where
Vo = {x] max dye = dga, (59)
€N
and
T =g {0ag’E — (Wa — Wg) (W — Wp)*}. (60)
Let us modify the weight vectors by
W = CHu(x; Wi, - - -, Wa), (61)

when x is mistakenly classified. Then we can prove the
following convergence theorem:.
Theorem 5: By using the following learning functions,

—1'(dya) TyeX, when xEC, is contained in V ,q,
I'(dya) TvaX, when xEC, 1s contained in V.4, (62)

0, when x is correctly classified,

A,-

the probability that the set of the weight vectors ap-
proaches the optimal one as near as desired, can be made
as near to / as desired by choosing a sufficiently small
learning constant e.

Classifiers with Piecewise-Linear Discriminant Functions

Although the linear discriminant function is realizable
with technical ease, it is a very restricted one. Hence,
we consider the piecewise-linear discriminant functions
[3], [12], which are much more general but also realiz-
able with technical ease. We shall generalize the learn-
ing rule and make it applicable to the classifiers whose
discriminant functions are convex piecewise-linear.

We treat the case with two pattern classes. Let us
consider m linear functions

gi(x) = WiX, i=12- - ,m

and decide that x belongs to C; when max; g;(x) >0 and
to C» when g;(x) <0 for all 4. Such a decision is known as
a convex piecewise-linear decision [12] or a threshold-or
decision [13].

When a pattern x& (; is misclassified into C,, all of
gi(x) are negative. It is natural to define the loss by

I(x) = min I(dy), (63)
where d;= {gi(x) l /W, is the shortest distance between x
and the boundary of V= {x|g:<0 for all i} and @ is
the length of #;, because x is correctly classified if any
one of g;(x) is positive. On the other hand, when a pat-
tern x & Cs is misclassified, we can define a nonempty set
N of integers by N= {i{gi(x) >O}. In this case, we de-
fine the loss by

I(x) = max I(d;),8 (64)
iEN

considering that x cannot be correctly classified unless

8 Wg: may adopt /(x) = > ienl(ds). All of the following discussions
are valid, if we replace the definition of Vi; by Vi;= {x|g:(x)>0]}.

Generally speaking, we may adopt I(x)=_:ewnsil(d:). See the fol-
lowing subsection.
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all of gi(x), 1€ N are negative. Defining the sets Vi; and
Vzi by
Vh' = {Xl max dj = di},
JEN
Voo = {x| mind; =d; and g < Oforallj}, (65)

J

the average risk can be written as

R= Z< f 21910 Ud)dX+ | papa(x)l(d)dX).  (66)
7 Vai

Vi

The gradient of the average risk is expressed as follows:

ViR = — E{ , Aplpl(x)l’(di) T,,XdX

— | pape(0)V(dy) T,-de} . (67)

Vi

where

(68)

a

Wi

1 N
T,' = —5 (Zf},'zE _— W{W«;t),

and the fact that the term concerning the integration
over the boundaries of the 71;’s and the 1%,’s vanishes as
a whole is taken into account.

Let us consider a learning rule, by which the set of the
weight vectors are modified by §W,;=eCH;(x; W,) when
a pattern x is misclassified. In this case, we can prove the
following convergence theorem.

Theorem 6: In the case of the convex piecewise-linear
decision, by using the following learning functions:

'(dy)T.X,
ﬁi—_— —-l’(d,)TlX,
L0

when x&C is contained in Vyy,

when x&C, is contained in Vy;,  (69)

when x is correctly classified,

the probability that the set of the weight vectors ap-
proaches the optimal one as near as desired, can be made
as near to / as desired by choosing a sufficiently small
learning constant e.

General Adaptive Classifiers

Here we consider a general adaptive classifier which
classifies a given pattern into m classes C, (=1, - - -, m)
and whose discriminant function g,(x) is specified by a
set of parameters 04, - - -, 0,4 We represent the
parameters by a vector 0,=(0,, - - -, 0,)! and
denote by g.(x, 8,) the discriminant function specified
by 0.. g.(x, 8,) need not be linear nor piecewise-linear
with respect to 8,. For simplicity’s sake, we unite the m
vectors 8, and denote it by an mk-dimensional vector
®=(0¢ -, 0m)t We call it the decision vector. By
specifying a decision vector @, the decision is completely
determined, that is, when a pattern x is contained in V,,

Vo = {x] max g(x, ) = g(x, 0.)}, (70)

it is considered to belong to C,.
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Let a pattern x belonging to C, be presented. Then we
can define a set of integers N,(x) associated with the
pattern by

Na = {B] gs(x, 05) > ga(x, 0.)}. (71)

N, obviously depends on ®, and when the pattern is
correctly classified, it is the null set. Let us consider a
linear combination of gg(x) —g.(x), BEN,

da(X, ®) = Z Sﬂa(gﬂ(xy 0/3) - ga(X, 041)),

BENa

(72)

where sg%'s are weights and they may depend on x and
0. When N, is null, d.(x, ®) vanishes.

Let us define the loss caused by misclassification of
x&C, by

lo(x, ®) = I(do(x, 9)). (73)

Obviously, the loss is 0 only when the pattern is cor-
rectly classified. The average risk can be written

R®) = T [ pepulllals, @)X, (19
We call the vector which minimizes R(®) the optimal
decision vector. It satisfies VR(®) =0, where v is the
gradient operator with respect to @.

Let us consider a learning rule, by which the present
decision vector ® is modified by

00 = CH,(x, 9), 75)
when a pattern x& C, is presented. If we choose

H, = — Vi.(x, ©), (76)
we can easily obtain

60 = — «CVR(0). (77)

Thus the probabilistic-descent method is obtained for
the general classifier. We can prove the following con-
vergence theorem.

Theorem 7 : By using the learning functions

H, = — Vi.(x, 9),

the probability that the decision vector approaches the
optimum as near as desired, can be made as near to [ as
desired by choosing a sufficiently small learning con-
stant e.

The theorems concerning the convergence rate and the
accuracy can also be obtained by using discussions simi-
lar to those given in Section IV,

The linear classifier is obtained as a special case of the
general classifier. In this case, the parameter 0, is iden-
tified with the weight vector W,, and the discriminant
function is ga(x, W,) = W.'X. By putting

1/waﬂr when max gV(X) W‘Y) = ga(X, Wﬂ)
eN,
’ (78)

Sg* = .
0, otherwise,

we obtain the learning functions of (62). If we put
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1, when max g, = gs,
'YENa
5% = . (79)
0, otherwise,
and /(d) =d, we obtain simpler learning functions
—X, whenx & C,is contained in V,q,
H, = X, when x & C, is contained in V ,q, (80)

| 0, when xis correctly classified.

This gives the perceptron learning procedures.
In the case when g.(x, 0,) is linear with respect to
0., i.€.,

ga(x, 00!) = E 0ai¢i(x)y (81)

where ¢.(x) is a nonlinear function of x, we obtain the
so-called ® machines [14]. The general piecewise-linear
classifier can also obtained as a special case.

Learning of Learning Rules

As has already been shown in Section IV, the per-
formance of the classifier depends on the constant € and
the components of C. Here, we shall try to determine
the constants adaptively in such a manner that the
convergence rate becomes fast when the weight vector
is far from the optimal, and the degree of accuracy be-
comes high when it is nearly optimal. When the weight
vector is far from the optimal, it is probable that the
two successive nonzero correction vectors are in almost
the same direction. On the contrary, when it is nearly
optimal, it occurs with relatively large probability that
the two successive nonzero correction vectors have op-
posite directions. It is desirable to increase the length
of the correction vector in the former situation and to
decrease it in the latter.

Let the present weight vector be W and let §W(x, W)
be the present nonzero correction vector. When a pat-
tern x’ is again misclassified by the modified weight
vector W/=W+486W, the nonzero correction vector
W' (x', W) will be produced. Let us adopt the following
modification rule of eC. We change ¢C to eC+AC, where

AC = yH(x, W)H'(x', W’)*, (82)

when a pattern x’ is misclassified, where x is the previ-
ously misclassified pattern and <y is a positive constant.

In order to study the effect of the above modification
of €C, let us calculate the expected value of AC. It is
written as

AC = [ +He WH K, W) p0p()iXiX’. (83
By integration with respect to dX’, it is transformed to

AC = — 'ny(x, W){VR(W + W)} tp(x)dX

= v{VRVR! — 2eB,C'4]}. (84)
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When W is far from the optimal, the second term may
be neglected, and we obtain

AC = yVRVR.. (85)

This term acts to emphasize VR direction, accelerating
the convergence. On the contrary, when W is nearly
optimal, the first term may be neglected, and we obtain

AC = — 2eB,C!A. (86)

Hence, we see that the absolute value of W becomes
smaller and the degree of accuracy larger. These are the
properties we are looking for. Thus we have obtained the
learning system equipped with the ability to learn the
learning rule. In this system, the rate of convergence
automatically increases or the degree of accuracy auto-
matically increases according to whether the weight
vector is far from the optimal or nearly optimal.

VII. CoNCLUSION

We have proposed a learning rule for a linear pat-
tern classifier, by which the weight vector converges
to the optimal one, even if the patterns are not linearly
separable. We have also studied the behavior of the
classifier with the proposed learning rule, and clarified
the rapidity, the accuracy, and the dynamical behavior
of learning. Our theory has been generalized to the
multicategory classifiers, to the classifiers having piece-
wise-linear discriminant functions, and to more general
classifiers.

There remain several problems to be studied further.
One of them concerns the loss function. Our theory is
valid only when the distance loss function is adopted.
However, the minimume-error-rate criterion is not in-
cluded in this class, and we need to approximate it by an
appropriate loss function. The problem is how to obtain
an effective approximation, by which rapid convergence
and good accuracy are guaranteed. Another problem
concerns the existence of local minima. We have as-
sumed that the average risk function has only one local
minimum, which is the global minimum. This assump-
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tion surely holds in the cases where the patterns are
linearly separable or nearly so. However, for some more
general pattern distributions, the assumption will not
hold, and we are not yet certain for what kind of distri-
bution this holds or does not. When the assumption does
not hold, we can say merely that the weight vector con-
verges to one of the local minima. The learning of learn-
ing rules is also a problem to be studied further in more
detail.
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