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Introduction  
Farm production planning involves the simulation and evaluation of alternative crop succession schemes, 
known also as crop rotation cycles. A crop rotation cycle is a sequence of crops that are applied cyclically on 
the same piece of land. Typically, artificial crop rotation schemes are generated as all possible 
rearrangements of the available crops that are subsequently filtered with respect to cyclic equivalence and 
crop succession suitability requirements. Given a set C of n crops and a desired length of rotations r, the 
traditional approach requires the evaluation of a solution space, sized nr. This practice limits the length of 
rotations to be evaluated as the memory required for storing all crop rearrangements expands exponentially. 
In this paper, we present an alternative generation algorithm that excludes from the solution space all 
cyclically equivalent rotations. The algorithm represents each crop rotation cycle as a number in  the n-based 
numeral system, and is capable of excluding the generation of cyclic equivalent rotations, through a single 
modulo operation. Two alternatives of the algorithm are presented: The first excludes the cyclic equivalent 
rotations of the same length (i.e. the maize – fallow – maize  rotation is equivalent with the rotation maize – 
maize – fallow). The second variation of the algorithm also excludes the cyclic equivalent rotations of lesser 
orders (i.e. the maize – fallow – maize – fallow rotation of length four is equivalent with the rotation maize – 
fallow of length two). 

Methodology 
Let C={c0, c1,…, cn-1} be a set of n crops. A rotation of length r is an ordered sequence (rearrangement) of r 
elements of C. A rotation can be considered as a permutation with repetition of size r of the elements of C. 
The number of all possible sequences of crops is the number of permutations with repetition and equals to 
nr. In general, each permutation can be identified by a unique sequence of r digits, which represents an 
integer number in the n-base numeral system. The actual value of a sequence of r digits “dr

… dk
… d2d1” in the 

n-base system is given by the equation: i=

! 

d
k
"

k=1

r

# n
k$1. As an example, the four-digit sequence 1012 in the 3-

base system represents the decimal number 1·33+0·32+1·31+2·30=27+0+3+2=32. Note that dk=i modulo nk-1. 
In the case of having a set of n=3 crops C={c0,c1,c2}, and a rotation length r=4, the all possible permutations 
with repetition, and their representation in the 3-base numeral system are those illustrated in Table 1. 
 

Table 1: Example rotations and their representations in the c-based and decimal numeral system 
 Representation (index) Representation (value) 
Rotation in the 3-base system in the decimal system 
[c0,c0,c0,c0]  0000 0 
[c0,c0,c0,c1]  0001 1 
[c0,c0,c0,c2]  0002 2 
[c0,c0,c1,c0]  0010 3 
[c0,c0,c1,c1]  0011 4 
[c0,c0,c1,c2]  0012 5 
[c0,c0,c2,c0]  0020 6        … … … 
[c1,c0,c1,c2]  1012 32        … … … 
[c2,c2,c2,c2]  2222            80 = 34-1 

 

Let C={c0,c1,..cn-1} be a set of n crops, and r be the length of the permutations with repetition to be generated. 

Each permutation [dr
… d3d2d1] of size r can be uniquely identified by a single integer i=
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k$1, where i≥0, 

and i<nr. Simply, by counting from 0 to nr-1 in the n-base numeral system, all possible permutations with 
repetition of length r can be generated. In this way, a simple permutation generator with repetition can be 
specified, as a simple counter from 0 to nr-1. However, for generating artificial crop rotation schemes, we 
need to produce all cyclic permutations with repetition. This means that in the abovementioned example, the 
rotation {12}:[c0,c1,c1,c0] is equivalent with the rotation {4}: [c0,c0,c1,c1], thus one of the two needs to be 
excluded from generation. We underline that every sequence of r digits [dr

… d3d2d1] has at most r-1 cyclic 
equivalents, which can be produced by applying a shift function r-1 times, and they are: {[dr-1

… d3d2d1dr], [dr-2
… 

d3d2d1drdr-1],… [d1dr
… d3d2]}. Note that the index of the sequence [dr

… d3d2d1] is i =
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the m-th cyclic equivalent is given by the form: im =
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k"1, where m=1…r.  
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Based on this remark, a generator of cyclic permutations with repetition can be defined as follows: Let C 
be a set of crops of size n, and r be the rotation length, then each permutation with repetition can be uniquely 
identified by a single integer i, where i≥0, and i<nr. This rotation has (at most) r cyclic equivalents, with index 
im, where m=1…r. Based on the above, the generation of cyclic permutations with repetition can be achieved 
as follows: 

Algorithm I: Exclude the cyclic equivalents of the same order 
For i∈[0, nr), that represents a candidate rotation, check if there is at least one im, for m=[1,r], such as im< i. If 
this condition is true, then there is at least one cyclic equivalent rotation of the same length generated for for 
an i' value smaller than the current i. Therefore the current rotation with id i should be be skipped. Else 
consider i as a rotation for which no cyclic equivalent has been produced before.  

Algorithm II: Exclude the cyclic equivalents of the same or lesser orders 
For each i∈[0, nr) evaluate if there is at least one im for m=[1,r], such as im(m) ≤ i. (The difference with the 
previous case is the equality condition). If this condition is true then there is at least one cyclic equivalent 
permutation of the same or lesser length has been already generated, thus do not consider the candidate 
rotation i. Else, generate i as a rotation for which no other cyclic rotation generated of the same of lesser 
order. 

Results 
This paper demonstrated how cyclic equivalent crop rotations could be excluded at generation phase, which 
affects significantly the volume of the problem space upon which crop succession suitability requirements 
filters need to be applied. The following table presents the size of all rotations to be evaluated for number of 
crops c=2…9 and for rotation length r=2…9, for all three cases: the conventional methods, that generates all 
permutations, and the two variations of the algorithm above (case 1 and case 2). By excluding from the 
solution space at generation time the cyclic equivalent rotations, the solution space is reduced up to by 90% 
(i.e. in the case of 8 crops and rotation length equal to 9 instead of more than 134 million rotations, it is 
sufficient to evaluate less than 15 million alternatives, as the rest 120 millions are cyclic equivalents). It 
becomes apparent that the proposed method reduces significantly the volume of the alternatives to be 
evaluated.  
The application of agronomic suitability filters remains the same with the current approach as with the 
conventional ones. However, the volume of solution space is drastically reduced. 

Table 2: Comparison of the solution space volume for the conventional method and the new two algorithms.  
Presented for various values of crop set size (c) and desired rotation length (r) 

 c r CONV (nr) CASE 1 CASE2  c r CONV (nr) CASE 1 CASE2 
 2 2 4 3 1  6 2 36 21 15 
 2 3 8 4 2  6 3 216 76 70 
 2 4 16 6 3  6 4 1,296 336 315 
 2 5 32 8 6  6 5 7,776 1,560 1,554 
 2 6 64 14 9  6 6 46,656 7,826 7,735 
 2 7 128 20 18  6 7 279,936 39,996 39,990 
 2 8 256 36 30  6 8 1,679,616 210,126 209,790 
 2 9 512 60 56  6 9 10,077,696 1,119,796 1,119,720 
 3 2 9 6 3  7 2 49 28 21 
 3 3 27 11 8  7 3 343 119 112 
 3 4 81 24 18  7 4 2,401 616 588 
 3 5 243 51 48  7 5 16,807 3,367 3,360 
 3 6 729 130 116  7 6 117,649 19,684 19,544 
 3 7 2,187 315 312  7 7 823,543 117,655 117,648 
 3 8 6,561 834 810  7 8 5,764,801 720,916 720,300 
 3 9 19,683 2,195 2,184  7 9 40,353,607 4,483,815 4,483,696 
 4 2 16 10 6  8 2 64 36 28 
 4 3 64 24 20  8 3 512 176 168 
 4 4 256 70 60  8 4 4,096 1,044 1,008 
 4 5 1,024 208 204  8 5 32,768 6,560 6,552 
 4 6 4,096 700 670  8 6 262,144 43,800 43,596 
 4 7 16,384 2,344 2,340  8 7 2,097,152 299,600 299,592 
 4 8 65,536 8,230 8,160  8 8 16,777,216 2,097,684 2,096,640 
 4 9 262,144 29,144 29,120  8 9 134,217,728 14,913,200 14,913,024 
 5 2 25 15 10  9 2 81 45 36 
 5 3 125 45 40  9 3 729 249 240 
 5 4 625 165 150  9 4 6,561 1,665 1,620 
 5 5 3,125 629 624  9 5 59,049 11,817 11,808 
 5 6 15,625 2,635 2,580  9 6 531,441 88,725 88,440 
 5 7 78,125 11,165 11,160  9 7 4,782,969 683,289 683,280 
 5 8 390,625 48,915 48,750  9 8 43,046,721 5,381,685 5,380,020 
 5 9 1,953,125 217,045 217,000  9 9 387,420,489 43,046,889 43,046,640 
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