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ABSTRACT

The Tree Augmentation Problem (TAP) is a fundamental network
design problem in which we are given a tree and a set of additional
edges, also called links. The task is to find a set of links, of minimum
size, whose addition to the tree leads to a 2-edge-connected graph.
A long line of results on TAP culminated in the previously best
known approximation guarantee of 1.5 achieved by a combinatorial
approach due to Kortsarz and Nutov [ACM Transactions on Algo-
rithms 2016], and also by an SDP-based approach by Cheriyan and
Gao [Algorithmica 2017]. Moreover, an elegant LP-based (1.5 + ¢€)-
approximation has also been found very recently by Fiorini, Grof3,
Koénemann, and Sanita [SODA 2018]. In this paper, we show that
an approximation factor below 1.5 can be achieved, by presenting
a 1.458-approximation that is based on several new techniques.

By extending prior results of Adjiashvili [SODA 2017], we first
present a black-box reduction to a very structured type of instance,
which played a crucial role in recent development on the problem,
and which we call k-wide. Our main contribution is a new approxi-
mation algorithm for O(1)-wide tree instances with approximation
guarantee strictly below 1.458, based on one of their fundamental
properties: wide trees naturally decompose into smaller subtrees
with a constant number of leaves. Previous approaches in similar
settings rounded each subtree independently and simply combined
the obtained solutions. We show that additionally, when starting
with a well-chosen LP, the combined solution can be improved
through a new “rewiring” technique, showing that one can replace
some pairs of used links by a single link. We can rephrase the
rewiring problem as a stochastic version of a matching problem,
which may be of independent interest. By showing that large match-
ings can be obtained in this problem, we obtain that a significant
number of rewirings are possible, thus leading to an approximation
factor below 1.5.
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1 INTRODUCTION

In the Tree Augmentation Problem (TAP) we are given an undi-
rected tree T = (V,E) and a set of links L C (‘2/) between pairs
of vertices. The task is to find a minimum cardinality set of links
U C Lsuch that (V, EUU) is 2-edge-connected. A natural extension
of TAP is its weighted version, the Weighted Tree Augmentation
Problem (WTAP), in which each link £ € L has a nonnegative cost
cg, and the task is to choose a set of links U C L of minimum cost
such that (V,EUU) is 2-edge-connected.

TAP is a basic Survivable Network Design problem, i.e., a prob-
lem where our goal is to enhance the connectivity properties of
an input network in order to make it tolerant to edge faults. The
motivation behind studying such problems is clear: networks are
not static, but evolve over time, and in particular they are subject
to faults that result in edges or whole sub-networks becoming un-
available. Therefore, it is desirable that we design networks in such
a way that the failure of a small number of network interfaces
does not disrupt its connectivity. Specifically, TAP poses one of
the arguably most basic questions in this context: given a network
whose connectivity is disrupted even if a single link fails, how can
we introduce as few links as possible in such a way, that a single
link failure will still result in a connected network? In this sense, it
is a special case of a much more general problem: given a k-edge-
connected network, how can we introduce new links such that the
resulting network is (k + 1)-edge-connected? Interestingly enough,
whenever k is odd, this problem reduces to TAP (see Cheriyan,
Jordan, and Ravi [5]).

Given the importance of the problem, it is not surprising that
TAP, WTAP, and even special cases thereof attracted considerable
interest. To begin with, WTAP was shown to be NP-hard in the
80’s by Frederickson and Jaja [10], and also TAP was proven to be
NP-hard later on (see Cheriyan, Jordan, and Ravi [5]). Unsurpris-
ingly, considerable effort has been put into designing approximation
algorithms.
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For WTAP, the best-known approximation guarantee is 2 and
was first established by Frederickson and J&ja [10]. Their algo-
rithm was later simplified by Khuller and Thurimella [14]. A 2-
approximation can also be achieved by various other techniques
developed later on, including a primal-dual technique by Goemans,
Goldberg, Plotkin, Shmoys, Tardos, and Williamson [11], and the it-
erative rounding technique by Jain [13]. For WTAP, improvements
on the factor 2 have only been obtained for restricted cases, in-
cluding bounded diameter trees (see Cohen and Nutov [7]), and
instances where the ratio A between the highest and smallest cost
is bounded by a constant (see Adjiashvili [1], and Fiorini, Grof,
Koénemann, and Sanita [9]). Moreover, very recently, Nutov [20]
showed that even if A = O(log n), where n is the number of vertices,
the factor of 2 can be beaten.

Regarding TAP, the first algorithm beating the approximation
guarantee of 2 is due to Nagamochi [19], achieving an approxima-
tion factor of 1.815 + e. This factor was subsequently improved to
1.8 by Even, Feldman, Kortsarz, and Nutov [8]. The best-known
approximation guarantee is 1.5, first obtained by Kortsarz and Nu-
tov [17]. These results are combinatorial in nature, displaying a
contrast with the weighted version of the problem, where the ma-
jority of the results come from LP-based algorithms. With respect
to dulling this contrast, Korsarz and Nutov [16] provided an LP-
based 7/4-approximation algorithm (the algorithm is combinatorial,
but the analysis is LP-based). Moreover, Cheriyan and Gao [4] pre-
sented a combinatorial 1.5-approximation, whose analysis is based
on an SDP obtained through Lasserre’s hierarchy. More recently,
a (5/3 + €)-approximation algorithm that is LP-based was given
by Adjiashvili [1]. Fiorini, Grof3, Kénemann, and Sanita [9] were
able to considerably strengthen Adjiashvili’s approach to obtain
an LP-based (1.5 + €)-approximation by adding to Adjiashvili’s
LP a strong family of additional constraints, commonly known
as {0, %}-Chvétal-Gomory constraints. Hence, up to an arbitrarily
small constant € > 0, which impacts the running time, this algo-
rithm also matches the best factor of 1.5 achieved by Kortsarz and
Nutov [17], and Cheriyan and Gao [4].

Interestingly, despite the recent LP-based and SDP-based ad-
vances, relaxations for TAP are still badly understood. In particular,
even the integrality gap of the most natural LP, known as the cut-LP,
was only very recently shown by Nutov [20] to be below 2 (namely
at most 2 — 2/15), even though the best known lower bound is 1.5,
which is due to an example of Cheriyan, Karloff, Khandekar, and
Konemann [6]. Hence, it is unknown whether the stronger LPs in-
troduced in [1] and [9] are any stronger than the canonical cut-LP.
Moreover, the fact that 1.5-approximations (or 1.5 + €, respectively)
have now been obtained by three independent approaches, one
combinatorial [17], one SDP-based [4], and one LP-based [9], to-
gether with the difficulty to obtain LPs or SDPs with an integrality
gap strictly below 1.5 (even with a non-algorithmic proof), has
led to the question whether it is possible to obtain approximation
factors strictly below 1.5 for TAP (see, e.g., Kénemann [15], for an
example where this question was raised explicitly). In this paper,
we answer this question in the affirmative.

Fabrizio Grandoni, Christos Kalaitzis, and Rico Zenklusen

1.1 Our Results

Our main result is the first approximation algorithm beating the
factor of 1.5 for TAP.

THEOREM 1. There exists a 1.458-approximation algorithm for
TAP.

A first step in our approach exploits key observations done by
Adjiashvili [1] to reduce to a very structured TAP instance, which
we call k-wide, and is defined as follows.

DEFINITION 2 (k-WIDE INSTANCE, PRINCIPAL SUBTREE). Letk €
Z>1. We say that a treeT = (V,E) is k-wide, if there exists a vertex
r € V, which we also call root, with the following property. Any
subtree of T consisting of r, one of its children u, and all descendants
of u has at most k leaves; moreover, these subtrees are called principal
subtrees.

Starting with the work of Adjiashvili [1], several recently devel-
oped approaches [9, 20] can be interpreted as improving approxima-
tion factors and LP formulations for O(1)-wide TAP instances, and
propagating such improvements to general TAP instances. In a first
step, we provide a black-box reduction of general TAP to O(1)-wide
TAP instances. In previous approaches based on Adjiashvili’s tech-
nique, there remained some entanglement between improvements
on approximating O(1)-wide TAP instances and the propagation of
these improvements to general TAP instances. Our statement below
avoids such entanglements and allows for a simpler presentation
of our main technique.

THEOREM 3. Letk € Z>1, a > 1, and A be an algorithm that is
an a-approximation for TAP on k-wide instances. Then there is an
(a+O(/Nx))-approximation algorithm for TAP, making a polynomial
number of calls to A and performing further operations that take time
polynomially bounded in the input size. This reduction also works for
randomized algorithms, where the approximation guarantees hold in
expectation.

Finally, our main contribution, which leads to Theorem 1 due
to Theorem 3, is a new approximation algorithm for O(1)-wide
instances, whose existence is formally stated in the following theo-
rem.

THEOREM 4. There exists an approximation algorithm for O(1)-
wide TAP instances with approximation guarantee V3i/s < 1.458.

For simplicity, the above results are stated only for unweighted
instances. However, both Theorem 3 and Theorem 4 can be ex-
tended, in a weaker form, to WTAP instances where the ratio of
the highest cost cmax to the lowest cost ¢y is bounded by A. In
particular, this allows for beating the approximation factor of 1.5
even for such instances by a constant that depends on A. Due to
space constraints, we defer this discussion to the long version of
the paper.

1.2 Brief Discussion of Used Techniques

The black-box reduction presented by Theorem 3 can be obtained by
a careful combination of known techniques, including core reduc-
tion ideas by Adjiashvili [1] and the use of the ellipsoid algorithm
on a well-defined LP with a “partial” separation oracle based on an
approximation algorithm for O(1)-wide instances. Ellipsoid-based
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techniques with such partial separation oracles have been employed
successfully in prior work, including in the context of facility loca-
tion [2, 3, 18], and very recently, Nutov [20] presented an elegant
application of it by showing that a certain LP has integrality gap
below 2 for weighted TAP with bounded ratio between highest and
lowest cost.

To show our main technical result, i.e., a @-approximation
for O(1)-wide instances as claimed by Theorem 4, we introduce a
new technique to improve solutions, which we call rewiring. More
precisely, a common approach in algorithms to round solutions to
relaxations of TAP is to split certain links into two smaller ones
that cover the same edges. This approach is particularly well-suited
for O(1)-wide instances where one can break the TAP problem into
independent ones over the principal subtrees, each of which only
has O(1)-many leaves, by splitting all links that go over the root.
We show that, when starting with an appropriate LP, then after
independently rounding the subtrees, one can further improve by
identifying pairs of links across different principal subtrees that can
be replaced by a single link. We show that this rewiring process
can be reduced to a certain type of matching problem. We reduce
the question of whether one can make a substantial improvement
through rewirings, to a question about the expected cardinality of
maximum matchings in a certain random graph, for which we can
show that large matchings always exist in expectation.

Outline of the Paper. Section 2 proves Theorem 4 by present-
ing our approximation algorithm for O(1)-wide TAP instances. To
better highlight our main ideas, we first present a randomized ap-
proximation algorithm with an approximation factor of 1.465, and
expand on the derandomization in Appendix C, and on the bet-
ter approximation factor stated in Theorem 4 in Appendix D. The
black-box reduction to k-wide instances is contained in Appendix B,
modulo one technical result that closely follows a derivation by Ad-
jiashvili [1]. Due to space constraints, we defer a formal proof of this
result to the long version of the paper. Finally, Appendix A contains
some relatively standard but technical proofs that help us bound
the approximation ratio of our procedure for k-wide instances.

Basic Preliminaries. Consider a TAP instance (T,L) on a tree
T = (V,E) with links L C (‘2/) For a link ¢ € L we denote by
P, C E the unique path between the endpoints of ¢ in T. Hence,
TAP can be rephrased as the following covering problem

min{|U| | U € L,E = Upeyy Py}

For an edge e € E, we denote by cov(e) = {¢ € L | e € Py} the set
of all links covering e. More generally, for U C E, we denote by
cov(U) = Ueep cov(e) all links that cover at least one edge of U.
The classical cut-LP seeks to minimize x(L) := Y,p¢p xp over all x
in the polytope

M7 = {x € [0,1]* | x(cov(e)) > 1 Ve € E}
Moreover, for an integer k € Z>1, we use the notation [k] =
(1,....k.
2 APPROXIMATING k-WIDE TAP

In this section, we prove Theorem 4 by presenting our approxima-
tion algorithm for TAP on k-wide instances. We start in Section 2.1
by presenting a novel efficiently solvable LP relaxation for k-wide
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TAP instances. In Section 2.2, we present a rounding algorithm for
its solution, which is based on performing rewirings. Interestingly,
the number of rewirings can be lower bounded by the expected
size of a matching on a particular type of random graph. In Section
2.3, we show that the latter expected size is large enough, hence
implying our improved approximation factor as discussed in Sec-
tion 2.4. Incidentally, this also shows that our LP relaxation has an
integrality gap below 1.5 for k-wide instances. This is the first LP
relaxation which is known to have this property.

Throughout this section, we assume that we are dealing with
TAP instances (T, L) that are shadow-complete. This means that for
every link ¢ € L, and any two vertices u, v on the path Py, we have
{u,v} € L. In this case we have Py, ,,) C Pp, and {u, v} is called a
shadow of €. Clearly, one can assume without loss of generality that
a TAP instance is shadow-complete by introducing all shadows of
links. This leads to an equivalent problem because any solution
using a shadow ¢’ of an original link ¢ can be modified to another
solution by replacing ¢’ by ¢, without increasing the number of
links in the solution.

Moreover, we will consider different rounding algorithms whose
approximation guarantees depend on the type of links involved.
Given a k-wide TAP instance (T, L) with root r, we partition L
into Lerogs U Lin, Wwhere Leross, called cross-links, are all the links
whose endpoints are different from the root and are in different
principal subtrees. The remaining set Liy, called in-links, are all the
links with both endpoints in the same principal subtree. Moreover,
Lup C Lin, called up-links, are all the in-links {u, v} € L, such that
one of the endpoints of {u, v}, say u, lies on the path from r to v. We
sometimes also use the notions of cross-links, in-links, and up-links
with respect to some vertex r for instances that are not k-wide.

2.1 A New LP Relaxation for k-Wide TAP

Recall that the cut-LP has integrality gap at least 1.5 [6].] We thus
need to strengthen it to beat this factor. We do this by adding
two sets of constraints. We start with {0, %}—Chvétal—Gomory cuts,
which were introduced in the context of TAP by Fiorini et al. [9].
They are described by the following polytope:

[0p(S)| +1
2

<o = {x e [0, 1] ‘ x(7(5)) = VScv

with [55(S)] odd} ,

where Sg(S) are all edges with precisely one endpoint in S, and
7(S) is the multiset of links whose corresponding paths intersect
dg(S), where the multiplicity of any link £ is [|P,NJE(S)|/2]. These
constraints imply the cut-LP constraints.? Moreover, one can effi-
ciently separate over H%G (see [9]). A key property of H%G shown

by Fiorini et al. [9], is that points in H(;.G can be rounded losslessly
on a particular type of instance, as summarized below.

!Notice, also for k-wide instances, the cut-LP can have an integrality gap arbitrarily
close to 1.5 (for large enough k). This follows by the fact that a principal subtree can
be any TAP instance with at most k leaves. Hence, for large enough k, any integrality
gap instance is a k-wide TAP.

The fact that the cut-LP constraint for any edge e € T is implied by Hg_G, and hence
HSG C II7, follows by considering the set S corresponding to the vertex set of one of
the two connected components of T when removing the edge e.
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THEOREM 5 ([9]). Let (T, L) be a TAP instance, let x € HgG, and
letr € V. If every link £ € supp(x) is either (i) an uplink with respect
tor, or (i) a cross-link with respect to r, then one can losslessly round
x, iLe., a solution R C L to the TAP problem with |R| < x(L) can be
efficiently obtained. This even holds for WTAP.

The above theorem leads to a natural rounding algorithm for
a point x € H(T:G. This rounding procedure, which was suggested
in [9], works as follows when applied to the root of a k-wide TAP
instance T = (V, E) with links L. We first modify x to avoid the use
of in-links that are not up-links, which will bring us to the setting
of Theorem 5. More precisely, for £ = {u, v} € Lin \ Lyp, leta € V
be the vertex closest to the root among the vertices on the path Pp.
Then one can modify x by increasing its value on {u, a} and {v, a}
by x(£), and setting the value of x(£) to 0. Doing this for all links
in Liy \ Lup, a new point y € H(T:G is obtained with support only
on cross-links and up-links and such that y(Lcross) = X(Leross) and
Y(Lup) = 2x(Lin) — x(Lyp). Finally, by applying Theorem 5 to y,
one obtains the following.

COROLLARY 6 ([9]). Given a point x € H%G, we can compute in
polynomial time a solution A such that

|A| < 2x(Lin) — X(Lup) + x(Leross) -

On top of the Chvatal-Gomory constraints, we introduce a sec-
ond set of constraints that deviates from prior work, but can be
interpreted as a strengthening of so-called bundle constraints in-
troduced in [1], which were also used (with non-trivial technical
adjustments) in [9, 20]. Bundle constraints make sure that when re-
stricting an LP solution to any subtree of T with a constant number
of leaves, then the value of this restricted LP solution is not lower
than that of an optimal solution covering the same subtree. Being
able to losslessly round an LP solution on subtrees with k = O(1)
leaves, by replacing the LP solution with an integral solution of
no higher cost, is of particular interest in the context of k-wide
TAP instances due to the following. One can first independently
consider each principal subtrees of the k-wide instance and round
it, and then take the union of the links used in the solutions to
the different principal subtrees. As first shown in [1], this allows
for obtaining a solution with at most x(Lj,) + 2x(Lcross) links. By
returning the better of this solution and the one guaranteed by
Corollary 6, a 1.5-approximation is obtained for k-wide instances.
Finally, by Theorem 3, this implies a (1.5+ €)-approximation for any
TAP instance. We highlight that this is a nice example of how The-
orem 3 allows for providing a more elegant description of existing
techniques, because we can restrict ourselves to k-wide instances.

We will provide techniques that improve on this rounding proce-
dure. More precisely, our main goal now is to introduce additional
constraints such that if one rounds each principal subtree indepen-
dently, then there is a way to further improve the solution after
we take the union of all rounded links. For this, we want to be
able to round each principal subtree in a well-structured way. More
precisely, we first need to be able to decompose the LP solution,
when restricted to one principal subtree, into a convex combina-
tion of integral solutions. Moreover, we want that the links used
in solutions appearing in this convex combination do not contain
redundancies, which we formalize below through the notion of
shadow-minimality for link families.
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DErFINITION 7. Consider a TAP instance (T, L). Two links€1,{, € L
are shadow-minimal if there exists no shadow s of one link, say {1,
such that Pg, U Pg, = Ps U Py,. Moreover, a set of links L" C L is
shadow-minimal if all links in L" are pairwise shadow-minimal.

The following basic observation shows that requiring shadow-
minimality is not restrictive. In other words, there always exists an
optimal solution that is shadow-minimal. This follows by the fact
that, whenever we have a non-shadow-minimal solution, then some
link can be shortened to one of its shadows without destroying
feasibility.

OBSERVATION 8. Given a TAP instance (T, L), and given some
Ly C L, there exists a shadow-minimal set of links Ly C L such that
|L1] > |L2|, and Ly covers the same edges as Li. Furthermore, Ly
contains only links from L1, or shadows thereof.

To describe our constraint set, which allows for rounding princi-
pal subtrees in a shadow-minimal way, we present here a compact
extended formulation for simplicity. It is also possible to achieve
the same goal via an exponential-size set of constraints (and no
extra variables).

Fix a principal subtree T; = (V;, E;), i € [q]. Conceptually, one
could introduce a binary decision variable ys for any set S C
cov(E;) that covers all the edges of T; and is shadow-minimal, and
then enforce the constraint of picking exactly one such set S for
each T;. Clearly, there are exponentially many such sets S. We will
show in the following that it suffices to focus on a polynomially
small family of sets. Interestingly, even though we use shadow-
minimality primarily for the rounding procedure to be introduced
later, it also allows us to restrict the number of sets S we have to
consider, thus obtaining a family of polynomial size. To do so, we
start by observing that shadow-minimal solutions of k-wide trees
contain few cross-links:

LEMMA 9. Given a TAP instance (T, L), where T is a k-wide tree,
consider a shadow-minimal set L’ C L. Then, for each principal
subtree T;, L’ contains at most k cross-links with an endpoint inside
T;.

PRroOF. Suppose towards contradiction that there exists a prin-
cipal subtree T; such that at least k + 1 cross-links in L’ have an
endpoint inside T;. Since T; contains at most k leaves, we have by
the pigeonhole principle that there is one leaf u such that the path
from u to r in T contains the endpoints of at least two cross-links,
which contradicts the shadow-minimality of L’. o

Let A; € 2°V(Ei) be the family of all shadow-minimal subsets of
all cross-links with one endpoint in V;. By Lemma 9, each set R € A;
satisfies |R| < k. Hence, A; has polynomial size; more precisely,
|A;] = O(|L|k). For each R € Aj, let C(i,R) C L be a minimum
cardinality set of links with both endpoints in V; that satisfies

(i) RUC(i, R) is shadow-minimal, and
(i) RU C(i, R) covers E;.
Notice that such a set C(i, R) can indeed be computed efficiently.
The requirement that R U C(i, R) covers E; corresponds to C(i, R)
being a TAP solution to the residual instance consisting of the tree
T; after contracting the edges already covered by R. However, being
a subtree of the k-wide tree T;, this residual instance has no more
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than k leaves, and TAP instances with constantly many leaves are
known to be efficiently solvable (see, e.g., [1, 20]). To guarantee
shadow-minimality of R U C(i, R), one can first only consider links
in the residual instance that do not lead to a violation of shadow-
minimality with R, i.e., we delete in the residual instance any link
¢ such that R U {¢} is not shadow-minimal. Finally, any optimal
solution to the residual instance that does not use any link ¢ such
that R U {¢} is not shadow-minimal, can easily be transformed
into a shadow-minimal one by shortening links if necessary. Let
LR =RUC(,R).

Due to Observation 8 and Lemma 9, there is an optimal solution
to the k-wide TAP instance we consider that is of the form L}fl U

.. .ULI;q, where R; € A; fori € [q]. Indeed, consider some shadow-
minimal optimal solution L*; due to Observation 8, there exists at
least one. Due to Lemma 9, we know L* contains at most k cross-
links with an endpoint inside any principal subtree T;. Let L} be
the cross-links of L* that have an endpoint in Tj; then U?:l (Lyv
C(i,L})) is an optimal solution of the desired form.

Our new LP constraints are based on this observation, and we
have a variable /15z > 0 for each principal subtree T; and each set
R C A;, where /15 = 1is interpreted as including the links Lf.2 in the
solution. The local convex decomposition constraints we introduce
ensure that x and A are consistent, and that we only choose one set
of links for each one of the q principal subtrees in T:

Xy = Z A?,

Vie[q] Ve cov(E;),

ReA;:teLR
ZA§ = 1, Vi € [q], (1)
ReA;
B> 0 Vie[q) VReA; .

As discussed, there must be at least one x € {0, 1} that is the
characteristic vector of an optimal solution and is feasible for the
above constraints. Hence, the above constraints can be interpreted
as a relaxation of the original TAP problem.

Finally, the feasible solutions of our LP consist of all tuples (x, 1),
where x € RL and 1 has Z?:l |A;| many components, one for each
i € [q] and R € A;, such that x € H(ch and (x, A) satisfies (1). More-
over, we minimize x (L) over this polytope. For brevity, we call this
resulting LP, the k-wide-LP. One can efficiently optimize over the
k-wide-LP for any k = O(1), because there is an efficient separa-
tion oracle for H(;G, and there are polynomially many additional
constraints and variables described by (1).

We summarize that the key property we gain through our k-
wide-LP compared to previous linear programs, is that any solution
x to the k-wide-LP, when restricted to the links cov(E;) for any
i € [q], can be written as a convex combination of shadow-minimal
link sets, each covering E;.

2.2 The Rounding Algorithm

We next present our rounding algorithm based on rewirings. Let
(x, A) be an optimal fractional solution to the k-wide-LP. We return
the better of two solutions obtained by two different rounding
procedures. The first procedure is the one by Fiorini et al. [9],
whose guarantee is stated in Corollary 6. The second rounding
algorithm deviates substantially from prior work, and is one of the
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main algorithmic contributions of this paper. For simplicity, we
first present a randomized version of our rounding algorithm, and
discuss in Appendix C how it can be derandomized.

Note that the links in x that cover the edges of each T; are ex-
pressed as a convex combination of integral solutions Lf. We will
interpret the coefficients ).5 of this convex combination as a proba-
bility distribution and sample from it, independently for each T;.
Let L; be the (random) local solution for each T;, and we start by
considering U?zlLi, which is clearly a feasible integral solution. No-
tice that each in-link ¢ has both endpoints in one principal subtree
T;, and is contained in L; with probability x, (and not contained in
any other Lj). On the other hand, each cross-link £ has its endpoints
in two different subtrees, say T; and T}, and is thus contained in
each of L; and L; with probability x, (and it is not contained in any
other Lj). This simple line of argumentation leads to the following
guarantee.

q

Z |Li|} = x(Lin) + 2x(Leross) (2)

i=1

E[IVl, Lil]<E

which is in facthe same guarantee that was also obtained by Adji-
ashvili [1] through a slightly different approach.

In order to improve on this, we introduce our rewiring process
that will replace some pairs of cross-links appearing in different
principal subtrees by a single one. To do such a replacement, we
introduce the notion of active vertices, which will be potential end-
points of a new link that allows for removing two existing ones.

DEFINITION 10. Letu € V, and let i € [q] such that u € V;. Then
u is called active if there exists a cross-link £y, € L;j N Leyoss that has
u as one of its endpoints.

Notice that for an active vertex u, the corresponding link ¢, as
described in the definition, is unique; for otherwise the links L; will
not be shadow-minimal.

Our rewiring step is based on the following observation of how
one can improve the solution U?ZIL,-. Whenever there are two
active vertices u, v, say in subtrees T; and Tj, respectively, such that
{u,v} € Lcross, then we can replace both the cross-link £, in L;
that has u as one of its endpoints and the cross-link £, in L; that
has v as one of its endpoints, by the single cross link {u, v}. The
following proposition formalizes this operation for multiple pairs
{u, v} forming a matching M.

PROPOSITION 11. Let M C Lross be a matching between active
vertices. Moreover, for each active vertex u, which is part of some
subtree T;, let £, € L; be the unique cross-link in L; with u as one
of its endpoints, and we denote by L;(M) the set of all £, € L; for
u € V; being an endpoint of some edge in M. Then

q
B = (U (Li \L,-(M») UM
i=1

is a solution to the considered k-wide TAP instance.

Proor. We check that all edges in each principal subtree are
covered. Hence, let i € [¢], and consider an edge e € E;. We recall
that by construction, L; covers all edges E;. If e is covered by a
link in L; \ L;(M), then it is clearly covered by the same link in
B. Otherwise, if e is covered by a link £ € L;(M), then there is
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a cross-link in M that covers all edges within E; that ¢ covered,
including the edge e. O

Notice that the cardinality of the solution 8 described in Propo-
sition 11 can be bounded by

9 q
1Bl < (Z ILi \L,-(M>|) + M| = (Z |L,~|> -IML, )
i=1 i=1

which leads to an improvement compared to (2) (after taking ex-
pectations). We call the process of replacing a pair of links ¢, £,
with {u, v} € Lcross by a single link {u, v} a rewiring. It may happen
that £, and ¢, are the same. Nevertheless, we still improve on the
analysis presented in (2), which counts these links twice. However,
it is crucial that we do not try to improve on the analysis presented
in (2) by only exploiting that we improve if the same cross-link
appears in two different L;. Such events can be very unlikely, and
would not be enough to improve on existing methods. Hence, we
do need to do non-trivial rewirings.

Maximizing the number of rewirings h can be achieved by solv-
ing a matching problem over the graph consisting of all active
vertices, and whose edges are all cross-links between active ver-
tices. However, it turns out that we only need to consider rewirings
on a subset of the active vertices, namely those of degree differ-
ent from 2. This is sufficient for our analysis and simplifies the
exposition. Hence, let Vit € V' \ {r} be the set of all vertices, ex-
cept for the root, with degree different from 2, and let A C Vi
be the random set corresponding to all active vertices in Vet. For
brevity, we call the vertices in V. critical vertices. Moreover, we
partition the cross-links Lcross into the links Lgiotss with both end-
points being critical, and the remaining links L%, Hence, our
rewiring procedure finds a maximum cardinality matching in the
graph (A, LSt (‘g)) say with matching edges M C L¢yoss, and
returns the solution 8 as described in Proposition 11. We highlight
that in our description so far, our rounding algorithm is random-
ized due to the random choice of L1, . .. L, which also leads to a
random set A of active critical vertices. To make sure that we can
find a sufficiently large matching, it is crucial to observe that the
distribution of A has the following properties:

Pr[v € A] = Z X¢ You € Vit » and
el vel (4)
Pr[u,v € A] = Pr[u € A] - Pr[v € A] V{u, v} € Lt

Cross

where the first property follows from the fact that the link sets
L; are shadow-minimal, which implies that there is at most one
cross-link in L; that has v as its endpoint. Moreover, the second
property follows from the fact that if {u, v} € LS then u and
v are in different principal subtrees, say T; and Tj, respectively.
Indeed, the independence of {u € A} and {v € A} then follows by
the independence of the distributions of L; and Lj, which holds
because we round each principal subtree independently. The follow-
ing lemma summarizes the key properties of the solution we obtain
through our rounding algorithm based on rewiring. For any graph
G = (V,E), we denote by n(V,E) the cardinality of a maximum
cardinality matching in G.

LeEmMA 12. Consider a k-wide TAP instance (T, L) and a solution
(x,A) to the k-wide-LP. There exists a randomized algorithm that
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returns a solution B C L to the TAP instance (T, L), such that
E[IBI] < x(Lin) + 2x(Lcross) — Ea [’7 (A’ Lg;fjtss n (9))] s
where A is a random subset of Veriy with a distribution satisfying (4).

Proor. The set A corresponds to the active vertices that are
critical, which fulfill (4). Moreover,

ENBN <E[SL, ILil] —Ea[n (AL 0 (4))]
= x(Lin) + 2x(Leross) — Ea [’7 (A’ Lgiotss n (?))] s
where the inequality follows from (3) and the equality from (2). O

2.3 Lower Bounding the Matching Size

The following lemma shows that E 4 [(A4, LS. N (‘g))] is large if

x(LSH ) is so.

LEMMA 13. Let G = (V,E) be an undirected graph, let x € Rgo
such that for anyv € V we have x(5(v)) < 1, and let A be a random
subset of V with a distribution that satisfies:

(i) Pr[v e A] = x(6(v)) Yv eV, and

(ii) Pr[v,u € A] = Pr[u € A] - Pr[v € A] VY{u,v} € E.

Then there exists a matching M C E in G such that

E [lMﬁ (‘g)l] > x(E)’)iv) .

Before we prove the lemma, observe that M N (fz‘) is clearly
a matching in (A,EN (‘g)), because M is a matching. The above
lemma thus implies that E [r] (A, En (‘3))] > x(E)’)v.

Proor. We start by replacing x by a sparser point y. For this,
consider the polytope

0={yeRE)|y(6@) =x(6(v)) VoeV} ,

which is non-empty because x € Q. Let y be any vertex of Q. We
have |supp(y)| < |V|, which follows by the following standard
sparsity argument:> Any vertex y of Q is defined by |E|-many lin-
early independent and tight constraints; however, Q has only |V|
constraints that are not nonnegativity constraints, and therefore,
at least |[E| — |V| of the nonnegativity constraints must be tight at
y, which implies | supp(y)| < |V].

We let the matching M C E be a matching obtained by the
greedy algorithm for maximum weight matchings with respect to
the weights y. More formally, we order the edges E = {e1, ..., em}
such that y(e1) > ... = y(em). We start with M = 0 and go
through the edges in the order ey, . . ., ep,. When considering e;, we
set M = M U {e;} if M U {e;} is a matching. We have the following
(which holds for any matching M):

E[mMa(4)]= D x(6w)-x(@)
{u,v}eM

(5)

= D) YW y6w)

{u,v}eM

which is an immediate consequence of property (i) and (ii), and of
y € Q. Next, we show that the following holds:

DLy @) = Yy’ . (©)

{u,v}eM ecE

3Recall that the support supp(y) C E of y are all edges e € E with y(e) > 0.
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Note that when expanding the left-hand side of (6) using y(5(u)) =
Yees(w) Yle) andy(6(v)) = Yo es5(v) Y(€), we obtain a sum of terms
of the form y(e) - y(f) for some pairs e, f € E. For any e = {u,v} €
M, the left-hand side of (6) has a term of the form y(e)?, due to the
term y(5(u)) - y(6(v)). Now consider any non-matching edge e =
{u, v} € E\M.Because e is a non-matching edge, and we constructed
M by the greedy algorithm, there is at least one endpoint of e, say
u, such that there is an edge f € M incident with u that satisfies
y(f) = y(e). This implies that y(6(u)) - y(6(v)) contains a term
y(f) - y(e) > y(e)?. Hence, for each e € E, we identified a term on
the left-hand side of (6) of value at least y(e)?; moreover, all such
terms on the left-hand side are different, which implies (6).

The statement of the lemma now follows by combining (5) to-
gether with (6) and the following inequality,

x(B)? = y(E)* < |supp(y)l - D y(e)* < IVI- D y(e)*
ecE ecE
where the equality follows from y € Q, the first inequality fol-
lows by the Cauchy-Schwarz inequality, and the second one by

[ supp(y)| < V. O

Notice that the conclusion of the lemma is essentially optimal
due to the following. Consider a graph G = (V,E) that is a star
with center ¢ € V, and let x € REO be the vector with value 1/qv|-1)
on each edge. Moreover, let A be the random set of vertices such
that with probability !/(vi-1) we have A = V, and with probability
(VI-2)/qvi-1) we have A = {c}. In this case, E[v(A,E N (’3))] =
1/tn-1) and x(E)*/jv| = 1/n. Clearly, the above example can also be
extended to larger values of x(E) by considering disjoint stars. We
highlight that this does not exclude the possibility that, in the
context we use the lemma, stronger conclusions may be obtained
through a different statement and analysis.

2.4 The Approximation Factor

We next upper bound the approximation factor of the considered
rounding algorithm. For simplicity, and due to space constraints, we
present here a slightly weaker upper bound and defer to Appendix D
the refined analysis leading to the bound claimed in Theorem 4.
Consider an optimal fractional solution (x, A) to the k-wide-LP,
and let OPT* := x(L) be its value. Let across € [0, 1] be the fraction
of OPT* due to x(Lcross)s i.€., Qcross = X(Leross)/OPT*, and define
similarly oS, aB% S, o and ayp wert. LS [0OCHt [, and

Lup, respectively. Observe that ayp < ajp, S+ @B = g osss

and dcrogs + din = 1.

Previously, we established that our rewiring procedure is the
stronger the larger x (L) is. Observe that if x(Lcross) is small
enough, namely significantly less than *()/z, then the rounding
guarantee of Lemma 12 already improves on the factor 1.5 even
without any rewiring. Still it may happen that x(L¢ross) is large and
x(LSHE ) is small, which implies that x(LE%C) is large. The next
lemma shows that in this case also x(Lyp) has to be large, which in
turn implies that we get a stronger guarantee via Corollary 6.

LEMMA 14. Given a k-wide TAP instance (T, L) and a solution
(x,2) to the k-wide-LP, we have that ayp > al%S.

ProoF. Consider any link £ € L1%SHt and let v be any one of its

non-critical endpoints. Let T; be the principal subtree containing v,
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and, for any S C L, we denote by xg be vector x restricted on the
coordinates corresponding to S. From the design of the k-wide-LP,
Xcov(T;) 18 @ convex combination of shadow-minimal link sets L? ,
each covering T;. In each such solution L? that contains ¢, there
must exist another link ¢’ incident on v and covering the edge right
below v. The link ¢’ cannot be in Leyoss or Lip \ Lyp, because in both
cases shadow-minimality of {¢, £’} would be contradicted, since
one could shorten £. Thus ¢’ € Lyp. We can thus conclude that

Xp = Z Xp .

teLlyvel feliootyel

The claim follows by summing over all non-critical nodesv. O

LEMMA 15. There exists a randomized approximation algorithm for
O(1)-wide TAP instances with approximation guarantee 2(v3-1) <
1.465.

Proor. Given a k-wide TAP instance (T, L) with k = O(1), and
a solution (x, A) to the k-wide-LP, from Corollary 6 we know that
we can round x to a solution A such that
| Al
OPT*
where the equality follows from across + @in = 1. Furthermore, from

Lemma 12 we know that we can randomly round (x, 4) to a solution
8B such that

ENBI] < x(Lin) + 2x(Leross) — Ealn(A LR N (4))] . ()

where A fulfills the conditions of Lemma 12. We proceed to upper
bound E[|B|]/OPT*. Let K be the total number of leaves. Notice that
|Verit] < 2K; for otherwise one would obtain that the average degree
of T is at least 2, which contradicts that any tree has average degree
strictly below 2. For each leaf node v one must have Y pcy.,ep Xp >
1 for the edge incident to v to be covered by the LP solution. Each
link can contribute at most twice to the previous sums, and links
inLyp U LRo-crit 4t most once. Thus we can conclude that

< 2atin — Qup + Across = 2 = Across — Qup > (7)

2x(Leross) + 2x(Lin) — x(Lup) - x(Lgroo_;:srit
=20PT" — x(Lup) = x(LIGE) > K > |Veel /2
Therefore, by Lemma 13, the expected size of the matching satisfies
] *(LEfoss)?
|Vcrit|
(2EossOPT")?
(4 - 2atup — 2085 OPT
_ (agrrtl)tss ) 2
(4 - 200p — 2a805™)

Ea [n(ALSE N (4

\

OPT* .

Combining the above with (8), we conclude that

EUBN _ L, (adey)?
OPT* =7 "% 4 gy — 2009t
(10)

(@Gfoss)”

no-crit
- 2aup - 2Occross

=1+ ®cross —

Hence, by returning the better of the solutions A and B, we can
upper bound the expected approximation factor of the algorithm
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by the minimum of the right-hand sides of (7) and (10), i.e.,
(gt )2 }

no-crit

1+ min |1 — dcross — Qups Aeross —
4 — Zaup — 2Qcross

To obtain our approximation guarantee we maximize this function

OVEr Qup, Kcrosss acmtss, aé‘r%scsm € [0, 1] subject to the constraints:
oho- -crit

(i) dteross = agﬁ(‘)tss + agr%scsrlt (by definition), (ii) aup 2 agyoss = (by
Lemma 14), and (iii) aup + @cross < 1 (because ajn + Qcross = 1
and ayp < ajp). In Appendix A (see Lemma 16), we show via basic
calculations that this maximum, achieved for ayp = a29S = 0
and @S = deross = 4 — 2V3,is 2+ (V3 — 1) < 1.465. o

A OMITTED PROOFS IN THE
DETERMINATION OF OUR
APPROXIMATION FACTOR

In this section, we show a technical statement, stated as Lemma 16
below, about the maximizer of a function used in Lemma 15, which
completes the proof of Lemma 15.

LEMMA 16. The maximum of

no-crit
- zaup = 20¢ross

(agit)? }

1+ min {l — &cross — Qups Across —

it no- crlt

0Ver Ayp, Ocross Agrosss Xeross € [0, 1] subject to the constraints:

no-crit
(i) Qup 2 Oeross >
no-crit

(”) cross = ag;oss + Xeross > and

(iii) Qup + cross < 1.
is achieved for ayp = alGS" = 0 and aflil; = deross = 4 — 2V3,
leading to a value of 2(V/3 — 1).

Proor. The function is non-increasing in up, and we can hence
_ ,no-crit : crit no-crit _
set dup = gross - Moreover, using across = Qcross — Xeross =

®cross — Ctup, We have to maximize f(dcross, aup) defined as

(@teross — aup)z }

1+ min {1 — dcross — Gup» Across —
{ P 4(1 - ap)

subject to the constraints

(2) aup < dcross (because ayp = Oc?r%'scsrit < Qcrogs due to (ii)),
and
(b) aup + cross < 1 (due to (iii)).
2
Let fl(xyy) =1-x- Y, fZ(X,y) =X - E:(Cl—yy)l) and f(x,y) =

min{ fi (x, y), f2(x, y)}. Using this notation, the maximization prob-
lem we consider is

0<%, fley) . (11)

Let D = {(x,y) : 0 <y < x <1 -y} be the domain over which
we maximize, and let (x*,y*) € D be a maximizer of (11). We first
show that any such maximizer (x*,y*) must satisfy fi(x*,y*) =
S, y").

Indeed, if f1(x*,y*) < fa(x*,y"), then (x*,y*) is a maximizer of
max(y, y)ep Max fi(x, y). However, the only maximizer of fi over
D is clearly x = y = 0, for which we have f;(0,0) > f2(0,0), which
contradicts fi(x*,y*) < fa(x*,y").
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On the other hand, if f(x*,y*) > fa(x*,y*), then (x*,y*) is a
maximizer of maxy, y)e D f2(x,y). Observe that
-2y

fz(x y) = (1 =)

is nonnegative for all (x, y) € D, which follows directly from the fact
that (x,y) € D implies y < % Therefore, if (x*, y*) is a maximizer
of f» over D, it holds that y* = 1 — x*. Hence, fo(x*,y*) = x* —
(@x* -1’ /sx* = 1 — 1ax~, which implies that (x*,y*) = (1,0), which
is the unique maximizer of f,(x, y) over all points in D satisfying
y = 1 — x. However, this contradicts that fi(x*,y*) > fa(x*, y*).

Hence, for any maximizer (x*,y*) of f(x,y) over D we have
fi(x*,y*) = fa(x*,y*), as desired. We thus only need to consider
points (x,y) € D satisfying fi(x,y) = fa(x,y), when seeking a
maximizer of (11).

By expanding fi(x,y) = fa(x,y), we get
—x2—6xy+8x—5y2+8y—4=0 .

Solving the above equation for x reveals that x is in

{a-3y-2JG-p0a-v, 4-3y+2JG-»0a-y)

Because x < 1 and y < 1/2, we must have

x=4-3y-2B-y)(1-y) . (12)

By substituting x using the above equation, we obtain

filk,y) = faley) =2y +24/B-y) (1-y) =3 = h(y) .

Finally, observing that the derivative of h with respect to y, which
is given by
dh(y) _ 2y—4 vy
dy  JB-yi-y

is non-positive for y € [0, /2], we have that h(y) is maximized for
y* = 0. By (12), this leads to x* = 4 — 24/3. Because these values
for x* and y* satisfy (x*,y*) € D, they are indeed a maximizer
for (11), with resulting value fi(x*,y*) = foa(x*,y*) = 2(\3 - 1),
as desired. O

B REDUCTION TO k-WIDE INSTANCES

In this section, we show Theorem 3, i.e., that general TAP instances
can be reduced to O(1)-wide ones by losing only a small constant
in the approximation guarantee. Let k € Z>1, and let A be an
algorithm that is an a-approximation for TAP on k-wide instances.

A key ingredient in our reduction is the classical cut-LP for TAP,
which, we recall, is given by

min {x(L) | x € It}

To reduce general TAP to O(1)-wide TAP, we start with the above
cut-LP, and then use the ellipsoid method to strengthen the LP
through cutting planes that we generate by using the algorithm A
on well-chosen sub-problems that are O(1)-wide. To better illustrate
the idea of our approach, we first state a reduction result that can
be derived by using techniques introduced by Adjiashvili [1], and
which we crucially exploit later on. In short, the result shows that
the problem of finding a good rounding algorithm for the cut-LP
can be reduced to finding a good rounding algorithm for O(1)-wide
instances.
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In the lemma below, a partition of T = (V,E) into subtrees
T1 = (W, Eq),. T = (Vq,Eq) means that Ti,...,Tq are con-
nected subgraphs of T (hence trees), and {Ey, ..., Eq} partitions
E. Moreover, the notation T;/H;, where H; C E; is a subset of the
edges of T;, denotes the graph obtained from G; by contracting H;.

LEMMA 17. Let k € Z>1, let (T,L) be a TAP instance, and let
x € IIT. Then one can efficiently partition T into subtrees T; = (V;, E;)
fori € [q] and find H; C E; fori € [q] such that:

(i) Fori € [q], Ti/H; is k-wide.
(ii) One can efficiently get a link set M C L with |M| = O(\/Vk) -
x(L) that covers all edges ofU?lei.

(iii) $1, x(cov(E;)) = (1+ O(/E)) - x(L).
Moreover, one can choose the edge sets H; fori € [q] to form subtrees,
and in the k-wide trees T; /Hj;, the contracted node that corresponds
to H; can be chosen as the root.

The above lemma follows quite directly from techniques intro-
duced by Adjiashvili [1], with some smaller changes. Due to space
constraints, we defer a formal proof of this statement to the long
version of this paper. In what follows, we do not strictly need
the fact that the H; can be chosen to form trees. Still, we want
to highlight this additional property, which can lead to consider-
able simplifications when designing reductions to wide instances
that do not rely on the ellipsoid method. In particular, one could
use our Lemma 17 in Adjiashvili’s approach [1], and avoid most
technicalities involving so-called compound nodes.

Notice that Lemma 17 indeed implies that a solution x € Il to
the cut-LP for a TAP instance can be broken down into solutions
to the cut-LPs of independent k-wide TAP instances, by increasing
the objective value by a factor 1 + O(1/vk). To see this, consider the
problem of finding a smallest set of links that covers only the edges
E; for some i € [q], where Tj = (V}, Ej) for j € [q] are the subtrees
as stated in Lemma 17. This problem can be interpreted as a TAP
instance on the subtree T; = (V;, E;), by interpreting each link £ € L
as a link that covers Py N E;. Hence, the vector x! obtained from x
by setting to 0 all coordinates corresponding to links in L \ cov(E;),
is a cut-LP solution for the TAP instance on T;. Moreover, the total
cost of these cut-LP solutions is

q q
D xtL) = 3 x(cov(Ed) = (1+ O(AE) - x(L)
i=1 i=1
where the last equality follows by point (iii) of Lemma 17, and is
hence only by a factor 1 + O(!/vk) larger than the LP cost of x.
Finally, by Lemma 17 (ii) we can cover all edges in U?lei at small
cost. Thus, for each i € [g], it remains to cover the edges E; \ H;,
which, after contracting H; which we already covered, reduces to a
k-wide TAP instance on T;/H; by point (i) of Lemma 17.

The above outline highlights how one can try to reduce LP-based
approaches to wide instances. In particular, it shows that if O(1)-
wide TAP instances have small integrality gap with respect to the
cut-LP, then the cut-LP has a small integrality gap for any instance.
A similar reduction approach was key in some recent progress on
TAP, and also WTAP with a bounded ratio between maximal and
minimal cost [1, 9]. Even though such reductions have a certain
versatility, so far, they only have been carried out for specific linear
programs. For example, Adjiashvili [1] extended the cut-LP with
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“bundle”-constraints, and Fiorini et al. [9] additionally added {0, 1/2}-
Chvatal-Gomory-constraints. In both cases the authors had to show
that key properties are preserved by the decomposition. In the
following, we show how, based on the decomposition guaranteed
by Lemma 17, one can reduce TAP instances to O(1)-wide ones
without assuming a particular LP-based approach.

To obtain a black-box reduction, we show that the following
holds. Given an a-approximation algorithm for k-wide TAP in-
stances, one can efficiently compute a point x € II7 and an a-
approximation for each k-wide tree in the decomposition obtained
by Lemma 17. This result is formalized in the following statement.

LEMMA 18. Let k € Z>1. Given an a-approximation algorithm A
for TAP on k-wide instances, one can, for any TAP instance (T, L),
efficiently compute:

(i) A point x € Il satisfying x(L) < v*, where v* is the optimal
value of (T, L),

(ii) a partition T; = (V;, E;) with H; C E; Vi € [q] of T writ. x as

described by Lemma 17, and

(iii) fori € [q], a link set L; C L covering E; \ H; and satisfying

ILi| < a-x(cov(E; \ Hj)).

We first observe that Theorem 3 is an immediate consequence
of the above lemma.

Proor or THEOREM 3. Because the partition T; = (V;, E;) and
H; C E; for i € [q] of T satisfy the conditions of Lemma 17, we
can efficiently obtain a set of links M C L by Lemma 17 such that
M| = O(}/Vx) - x(L) and M covers all edges of U?lei. We return
the solution Q := M U U?:l L;. Q is clearly a solution to the TAP
instance (T, L). It remains to show that its approximation guarantee
is a + O(1/vk), which follows due to

q q
MuUlL,- < |M|+Z;|Li|
i= i=

9
<0 (%) “x(L) +a - ;X(COV(Ei \ H;))

ol e o) o
ool
=(a+o(%)).v* ,

where the second inequality follows from Lemmas 17 (ii) and 18 (iii),
the third inequality follows from Lemma 17 (iii), and the last equa-
tion from Lemma 18 (i). O

It remains to show Lemma 18. To this end, let (T, L) be a TAP
instance on a tree T = (V, E) with links L C (‘2/) Consider the
following polytope, parameterized by a value v € Z>g and k € Z 51,
and where we denote by OPT(S), for any edge set S C E, the
minimum number of links needed to cover all edges of S.

x(cov(U \ H)) = OPT(U \ H)
YU CE,H CU s.t.
(V,U)/H is k-wide,
x(L) < v

Ir(v,k) ={x ey
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To clarify, stating that (V,U)/H is k-wide in the first set of con-
straints, implies that U € E and H € U must be such that (V,U)/H
is a tree (that is k-wide).

In words, ITT (v, k) describes all cut-LP solutions of value at most
v with the additional requirement that on any k-wide sub-instance
(V,U)/H defined by edge sets H C U C E, the x-value of the links
covering edges in (V,U)/H is no lower than the optimal value for
this sub-instance. Notice that if v* € Z5 is the optimal value of
the original instance, then IIT(v*, k) contains the characteristic
vector of an optimal solution, and is thus indeed a relaxation of
the considered TAP problem. Note that we can easily “guess” the
optimal value v*, because it lies within {0, . . ., |L|}, and thus assume
that v* is known.*

Using Lemma 17, it is not hard to see that the integrality gap
of the linear program min{x(L) | x € It(v*,k)} is bounded by
1+ O(1/v%).> However, optimizing (or separating) over I (v*, k) is
difficult. We therefore use a partial separation oracle that correctly
never separates a point y € RE that is in TI7(v¥, k), but may some-
times not separate points y € RE that are not in II7(v*, k). The
partial separation oracle for a point y € RE, and an arbitrary value
v € Z>, is described by Algorithm 1.

For simplicity, our description is given for A being a determinis-
tic a-approximation algorithm for k-wide instances. The extension
to randomized algorithms A can be done with standard techniques.
More precisely, if A is a randomized procedure, one can, for any
constant § > 0, obtain a (« + §)-approximation with high prob-
ability in polynomial time, by doing multiple runs of A on the
same instance and returning the best outcome.® Hence, because
we focus on polynomial-time procedures, we can assume that with
high probability, A returns a (« + §)-approximation whenever it is
called in the following.

Notice that whenever Algorithm 1 returns a separating hyper-
plane for some point y € RE, then this is indeed a valid one. This is
clear for the first two steps of the algorithm. Moreover, if step 3 re-
turns a hyperplane x(cov(E; \ H;)) > [ILil/«], then this hyperplane
indeed separates y over IIT(v, k) because |L;| < a - OPT(E; \ H;),
as L; is an a-approximate solution for the TAP problem on T;, and
OPT(E; \ H;) is integer. Thus, [ILil/e] < OPT(E; \ H;).

We now show that a point x € II, and links L; € L for i € [q]
as guaranteed by Lemma 18, can be obtained efficiently by using
any version of the ellipsoid method that efficiently returns a point
in II(v*, k); however we run the ellipsoid method with the partial

4 As we will discuss later, we can also use a binary search technique to get an approx-
imation of v* that is good enough for us. This speeds up the procedure, which is
interesting when extending our reduction to weighted instances with small € /c,y;,.
SIndeed, we can apply Lemma 17 to an optimal solution y to min{x(L) | x €
II7(v*, k) }, because II7(v*, k) C IIt. This allows for partitioning T into subtrees
T; = (V;, E;) for i € [q] with H; C E; that satisfy the conditions of Lemma 17 with
respect to y. Point (ii) of the lemma shows that covering all edges Ul.q:lHi can be done
with at most O(!/vk) - y(L) links. Moreover, Lemma 17 (iii) shows that if, for each
i € [q], the edge set E; \ H; can be covered by at most y(cov(E;)) links, then the
obtained solution uses at most (1 + O('/vk))y(L) links, thus leading to an integrality
gap of 1 + O(1/vk). This is indeed possible because IT7(v*, k) contains constraints
that guarantee that E; \ H; can be covered by at most y(cov(E; \ H;)) < y(cov(E;))
links, as long as (V, E;) \ H; is k-wide, which holds due to Lemma 17 (i).

%Notice that a usual application of Markov’s inequality would guarantee that we
obtain a (1 + O(J)) - a-approximation with high probability. However, because we
can assume a < 2, as 2-approximations are well-known even for WTAP, this implies
that we can obtain an (a + &)-approximation.
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Algorithm 1: Partial separation oracle for IIt (v, k)

(1) If y(L) > v, return the separating hyperplane x(L) < v.

(2) Ify ¢ IIT, return a separating hyperplane that separates
y from IIt.

(3) Decompose T into T; = (V;, E;) for i € [q] and find sets
H; C E; fori € [q] by using Lemma 17 with x = y and
parameter k. For each i € [g], use A to obtain an
a-approximation to the k-wide TAP instance T;/H;; let
L; C L be the obtained solution. If
y(cov(E; \ H;)) < [WLil/«] for some i € [q], then return
the separating hyperplane x(cov(E; \ H;)) > [ILil/«].

separation oracle given by Algorithm 1 instead of a true separation
oracle.

ProOF OoF LEMMA 18. As mentioned, we could guess the optimal
value v* of the TAP problem, because v* € {0,...,|L|}. However,
we will instead use a binary search technique that only leads to
an additional multiplicative factor of log|L| in the running time
(instead of |L|). This is useful in our discussion of how our reduction
can be extended to some weighted instances.

Consider a fixed v € {0, . .., |L|}. We run a classical ellipsoid type
method to determine a point in IIr (v, k), if I (v, k) is non-empty.
If we had a true (instead of a partial) separation oracle for IIT (v, k),
then this could be done with a polynomial number of oracle calls and
further operations taking polynomial time in the encoding lengths
of the constraints. Notice that the constraints defining I (v, k)
have small encoding length because all left-hand sides are 0/1-
vectors, and the right-hand sides are integers within {0, ..., [L|}.
(We refer the interested reader to the excellent book of Grétschel,
Lovasz, and Schrijver [12] for details on the ellipsoid method.) This
implies that, assuming II7 (v, k) # 0, if we run the ellipsoid method
to find a point in II7 (v, k) with the partial separation oracle, then
one of the following happens:

(i) The partial separation oracle will throughout the ellipsoid
method always return a separating hyperplane whenever it
is called for a point y ¢ IIT(v, k). In this case, we get a point
x € II7(v, k) in polynomial time as desired.

(if) At some point during the ellipsoid method, the separation
oracle will be invoked with a point y € RE for which no
separating hyperplane is found.

By employing binary search on v € {0,...,|L|}, we find a value
v € {0,...,|L|} such that running the above-described ellipsoid
method with partial separation oracle on IIT(v — 1, k) returns that
II7(v — 1, k) = 0; however, for IIT (7, k) it returns that the polytope
is not empty. Such a 7 can clearly be found through binary search
over {0,...,|L|} by O(log|L|) calls of the ellipsoid method with
partial separation oracle. Also notice that # < v*, because the
partial separation oracle is “weaker” than a true separation oracle,
i.e., whenever it separates a point y € RE, then y ¢ I7(v,k);
however, sometimes points not in IT7 (v, k) do not get separated.
Consider the run of the ellipsoid method with partial separation
oracle on ITT (7, k). If (i) happens, then we get a point x € IIT(7, k)
and a corresponding partition of T into T; = (V;, E;) for i € [q] and
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H; C E; fori € [q], as stated in Lemma 17. Running for i € [q]
the a-approximation (A on the k-wide instance T[E;]/H;, a link set
L; C L is obtained such that

ILil < a-OPT(E; \ H;) < a - x(cov(E; \ Hj)) ,

where the second inequality follows from x € II7(7, k). Hence, the
point x together with the partition of T, and the links L; for i € [q]
fulfill the conditions of Lemma 18 as desired.

Now assume that (ii) occurs, and let x € RL bea point for which
the ellipsoid method called the partial separation oracle, and no
separating hyperplane was returned for x. The partial separation
oracle computed a partition of T into T; = (V;, E;) with sets H; C E;
for i € [q] using Lemma 17. Moreover, for each i € [q], a link set
L; C L was determined that satisfies x(cov(E; \ Hj)) > [WEil/a],
because x was not separated by step 3 of the partial separation
procedure. Hence, for each i € [q], we have |L;| < a-x(cov(E;\H;)).
Again, the point x together with the partition of T and the links L;
for i € [q] satisfy the conditions of Lemma 18. o

C DERANDOMIZED REWIRINGS

In this section, we show that the randomized part of our approach
can be completely derandomized. More precisely, we will sketch a
proof of the following variant of Lemma 15:

LEMMA 19. There exists a deterministic approximation algorithm
for O(1)-wide TAP instances with approximation guarantee 2(\/3 —
1) < 1.465.

We stress that we choose to sketch the derandomization of the
slightly weaker (in terms of approximation ratio) Lemma 15 for the
sake of simplicity. Nonetheless, the derandomization of Theorem 1
works in an almost identical way.

Let us review our rounding procedure. Clearly, the only random-
ized part is the algorithm in Lemma 12. In particular, given a TAP
instance (T = (V,E), L) where T is a k-wide tree, and a k-wide-LP
solution (x, 4), this algorithm samples a local solution Lf for each
principal subtree T; and each R € A; with probability /1£2 .Let L; be
the random set of links we sample for principal subtree T;, let A;
be the random set of active nodes (i.e., a node in some T; that is an
endpoint of a cross-link in L;), and let A be the random variable
Uje[q)Ai- Note that A; is completely determined by L;. The key
idea behind our derandomization is the following: since L; has a
domain whose size is polynomial in |V|, we can apply the method
of Conditional Expectations in order to fix a local solution for each
principal subtree deterministically.

More precisely, we begin by fixing a matching M according to
Lemma 13; remember that this matching is selected deterministi-
cally. Then, our rounding algorithm returns a tree augmentation
whose size is at most

E

g|Li|—|Mm(/;)(].

Clearly, we can always compute E[|L;|]. Crucially, we observe that
L; is independent of L; for any principal subtrees T; and T; (and
hence the same is true for A’ and A7). This implies that we can
compute E “M n (‘g)” since we know Pr[u € A;,v € A;] for any
principal subtrees T;, Tj and any vertices u, v in them respectively.
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Furthermore, since the domain size of any L; is polynomial for

any principal subtree T;, we can enumerate over its domain. In
. ies R

particular, we can condition on Ly = L 1 where

Ry = argmingey E | Y Ll =M (4)] L =1
i€[q]

By applying this reasoning inductively, we can condition on random
variable Ly, L3 etc., until we find some

R; = argming,; E Z ILil = M (4)] |Ee = Reve <j-1|,
i€[q]

for all j € [q]. Since the expected cost does not increase as we

condition on a variable, we found a point in the sample space of

variables L;, for all i € [g], whose cost is at most the cost of

5, wa-fun ()]

i€[q]

E

By Lemmas 12 and 13 we thus obtain

2 (7crit
X (Lcross

E Z |Li|_|Mm(?)| < x(Lin) + 2x(Leross) — WVoric|

i€[q]

>

which is the same relation obtained for the randomized procedure,
and thus the analysis in Lemma 15 applies, which immediately
implies Lemma 19.

D A REFINED APPROXIMATION FACTOR

In order to establish a stronger approximation guarantee than that
of Lemma 15, we first provide a strengthening of Lemma 13, de-
scribed by the lemma below. Its proof is almost identical to the
proof of Lemma 13, except for a more careful application of the
Cauchy-Schwarz inequality:

LEMMA 20. Let G = (V,E) be an undirected graph, let x € Rgo
such that for anyv € V we have x(5(v)) < 1, and let A be a random
subset of V' with a distribution that satisfies:

(i) Prl[v e A] = x(6(v)) Yv eV, and
(ii) Pr[v € Aandu € A] = Pr[u € A] - Pr[v € A] VY{u,v} € E.
Moreover, let z € Rgo by a vertex of the polytope

0={yeRE | 4(6() = x(6()) VveV]
Then,

o |supp(z)| < |V| , and
o there exists a matching M C E in G such that

(Zeek, ze)* (Zeek, ze)?
=fun (D= 3= S S

for any E1, E3 C supp(z) with E; N Ey = 0.

Proor. Clearly, x € Q. Moreover, for any vertex z of Q we
indeed have | supp(z)| < |V|. This follows through the following
standard sparsity argument: Any vertex z of Q is defined by |E|-
many linearly independent and tight constraints; however, Q has
only |V| constraints that are not nonnegativity constraints, and
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therefore, at least |E| — V| of the nonnegativity constraints must
be tight at z, which implies | supp(z)| < |V].

We let the matching M C E be a matching obtained by the
greedy algorithm for maximum weight matchings with respect to
the weights z. More formally, we order the edges E = {e1, ..., em}
such thatz(e1) > ... > z(e;,). We start with M = 0 and go through
the edges in the order ey, ..., e;,. When considering e;, we set
M = MU {e;} if M U {e;} is a matching.

We have the following (which holds for any matching M):

E[Mn(4)]]= D x(6@) xG@)

{lu,v}eM

= Z 2(8(w)) - 2(8(v)) ,

{u,v}eM

(13)

which is an immediate consequence of property (i) and (ii), and of
z € Q. Next, we show that the following holds:

Z 2(5(w)) - 2(5(v)) = Z z(e)? . (14)
{u,v}eM ecE

Note that expanding the left-hand side of (14) by using z(5(u)) =
Yees(u) 2(€) and z(6(v)) = Y ees(v) 2(€), leads to a sum of terms of
the form z(e) - z(f) for some pairs e, f € E. For any e = {u,v} € M,
the left-hand side of (14) has a term of the form z(e)?, due to the
term z(6(u)) - z(6(v)). Now consider any non-matching edge e =
{u, v} € E\M.Because e is a non-matching edge, and we constructed
M by the greedy algorithm, there is at least one endpoint of e, say
u, such that there is an edge f € M incident with u that satisfies
z(f) = z(e). This implies that z(6(u)) - z(5(v)) contains a term
z(f) - z(e) > z(e)?. Hence, for each e € E, we identified a term on
the left-hand side of (14) of value at least z(e)?; moreover, all such
terms on the left-hand side are different, which implies (14).

The statement of the lemma now follows by combining (13)
and (14) with the following inequality, which holds for any Eq, E3 C
supp(z) such that E; N E; = 0, and follows by the Cauchy-Schwarz
inequality:

Z z(e)? > Z z(e)? + Z z(e)? > 2(E)” + M .

E E
ecE ecE; ecE, | 1| | 2|

O

Given the above lemma, we are now ready to prove the random-
ized version of Theorem 1:

Proor oF THEOREM 1. Given a k-wide TAP instance (T, L) with
k = O(1), and a solution (x, A) to the k-wide-LP, by Lemma 12 we
can randomly round (x, 1) to a solution B such that

E[IBI] < x(Lin) + 2x(Leross) — Ea [’7 (A’ Lgiotss N (9‘))] , (15)

where A fulfills the conditions of Lemma 12. A
We apply Lemma 20 to the graph H = (Vg LS ) and the
restriction of x to LS, where, as usual, A C V; will be the

random set of active nodes. To apply Lemma 20, we define z €
crit
RI;(;"“ to be any vertex of the polytope

Lt
0 = {y e REP | y(6u () = (6 (o)) Vo € Vi)
Lemma 20 then implies that

| supp(z)| < [Verit (16)
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and the expected size of a maximum cardinality matching in graph
(A, L&H 1 (4)) is lower bounded by

z(Eq)? . z(Ep)*

Ea [q(A, ngss n (?))] 2 |Eq] |E2|

for any E1, E2 C supp(z) with E; N Ey = 0.

Let Ly; be the links in LS N supp(z) whose endpoints are both
leaves, and Ly 1; be the remaining links in LS Nsupp(z). In what
follows, we set Ey = Ly;q; and Ez = Lyj, and will use inequality (17)

for these two sets, thus leading to

2
i 2(La)* | #(Loj11)
Ea[n@ALEE N (4)] = — 17)
[ cross (2) ] [Lg] [Lo/11]
Moreover, because z is a vertex of Q, we have
Lyl <K, (18)

where K is the number of leaves of T. This follows by the fact that,
except for nonnegativity constraints, there are only K constraints
in Q that involve links with both endpoints being leaves.

Consider z’ € R defined by
ol for £ € LMt
¢ x¢ otherwise .

Observe that z’ € II7. We define ¢ € [0,1] so that z’(Lyq;) =
$- Z’(Lglélotss) = $- x(Lglr‘gss) (Hence z'(Ly) = (1 - ¢) - Z’(Lgilotss) =
(1-¢) - x(LE2))

We proceed by deriving an upper bound for E[|B|]/OPT*, where
OPT* = x(L) = z’(L) is the optimal value of the k-wide-LP, as usual.
Notice that |V,4| < 2K, which readily follows from the fact that
the average degree of T must be strictly below 2, because T is a tree.
Moreover, we must have

z;; > 1 foreachleafnodev eV
leL:vel

for the edge incident with v to be covered by the LP solution z’ €
IT7. Each link can contribute to at most two of the sums above, for
two different leaf nodes, and the links in Ly, U LESS U L, /11 to at
most one of these sums. Thus we can conclude that

22,(Lcross) + 2Z,(Lin) - Z,(Lup) - z/(cher(;scéit) - Z/(LO/ll)

>K > _IchmI . ()

Let a, = *(m)jopr = #'(Ln)fopr be the fraction of OPT* that cor-

responds to links in Li,. We define analogously ayp, ttcross. aliit

abocrit g1, and ag /11- By Lemma 13, the expected size of the max-
imum cardinality matching in (A, LS N (’24)) satisfies

it 2 it 2
x(Loss)” _ 7' (Leoss)

Ea [U(Ang;iotss n (é))] =

|Vcrit| - |Vcrit|
acrit 2
> ( cross) ' . OPT* ,
4-2oyp — Zaélr(z)_scsnt —2a9/11
(20)
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where the last inequality above follows from (19). Combining (15)
and (20), we conclude that
SEN (Eoss)?

< i + 2Qcross —
OPT* — Z(Zup - Z(I?r%scgl - 2&0/11

cr1t )2
Xcross

no-crit crit
- Z(Xup - 2Occross - 2¢across

Observe that |Ly;| + [Lo/q7] = | supp(2)| < [Veitl < 2K, where
the first inequality follows from 16. For simplicity, we define q :=

— |Lyy|, and notice that ¢ > 0 due to (18). Hence, |Ly;| = K + ¢
and |Ly/q;| < 2K — |Ly;| = K + q. We thus obtain by (17)

(21)

=1+ across —

"(Ly)? 2/ (Loju)?
E A, Lcrlt A N Z ( 21
A[U( cross (2))]— K-gq K+gq
_ (1= ¢)z'(L Clrri)tss (¢Z Lgrgss
K-q K+gq

(22)

For ¢ < 0.5, the right-hand side of (22) is growing in g, hence

the worst matching size cost is achieved for ¢ = 0 in this case, and
is at least

(((1 $)2' (LEn))? + (92 (L))

which imphes together with (15) the following inequality for any
¢ <0.5:

ELBI] ((1 - Pagiiss)® + (Pages)?
— < 1+ Qcross — T t (23)
OPT* 2- Qup — 0‘{:]1'(3>scsr1 ¢a8%ss

Finally, from Corollary 6 we know that we can round x to a
solution A such that
|Al
OPT*
where the equality follows from across + i = 1.
Overall, from (24), (21), and (23), we get that if ¢ <
approximation ratio is at most

< 2atin — Qup + Qcross = 2 — Across — Qup > (29)

0.5, the

1 + min {1 — Qcross — Cup»

crit \2
@ _ (aCross)
Ccross - -
no-crit crit
- Z(Xup - 2Olcross - 2§i>‘)[cross
crit crit
a _ ((1 - ¢)across ¢across (25)
Cross — Qun — R0 crit ¢aCI‘lt
up Cross Cross

and if ¢ > 0.5 it is at most

1 + min {1 — Qcross — Cup,

(26)

Qcross —

(agtl)tss ) 2
no-crit _ zdmcrit :

- zaup - 2Ofcross Cross

First, observe that all terms inside the minima in (25) and (26) are

non-increasing in ayp and a2, Therefore, the maxima of both

(25) and (26) over all values dcross, Gtup, a?r%'scsrit, ag(ifss € [0, 1] have

ap = B = 0. Hence, we focus on finding the maxima of (25)

and (26) for aup = gy it = 0. Furthermore, if ¢ > 0.5, then (26) is

Cross
non-increasing in ¢, which means we can also assume ¢ < 0.5.
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Therefore, we conclude the ratio is at most

1+ min 1 — across»
achSSE[O,l],¢€[O, 1/2]
« (Cfcross)2
cross — T o .

4 = 2dacross
((1 - ¢)across)2 + (¢across)2

Ocross — .

2 — Patcross

Finally, observe that in this range, the third term is always domi-
nated by the second one because 1 — 2¢ + 2¢? > 0.5. Therefore, the
approximation ratio is at most

1+ min 1 — Qcrosss
Qeross €[0,1], 9 €[0,1/2]

((1- ¢)0‘cross)2 + (¢across)2 } .

2- ¢across

Ocross —

We finish the proof by showing that the maximum ratio attainable
under these constraints is V34/4 < 1.458.

_ 2
Let fi(x,y) = 1—-x, fa(x,y) == x—x?%- %, and f(x,y) =
min{ fi (x,y), f2(x, y)}. In the sequel, we will only consider (x,y) €

[0,1] x [0, %], since our goal is to find

max flx,y) .
(x,y)€l0,1]x[0, 7]

Let D = [0,1] x [0, %] Consider any maximizer (x*, y*) of f over
D. We will show that (x*, y*) satisfies f(x*,y*) = fa(x*,y").

To this end, observe that if fi(x*,y*) < fa(x*,y*), then (x*,y*)
is a local maximizer of fi. This directly implies that x* = 0, which
holds for any local maximizer of fi in D. However, f1(0,y) =1 >
f2(0,y) for any y € [0, ] which is a contradiction.

Conversely, consider the case fi(x*,y*) > fa(x*,y"). First of all,
observe that

2x(2 = xy) + yx?
(2-xy)?
Now, observe that f(x*,y*) > fz(% %) > 0.4. Since fi(x*,y*) >

fa(x*,y*) = 0.4, it follows that x* < 0.6. Furthermore, for x < 0.6,
we have

0
Gefelry) =1-(1-2y+24%) -

7] 4x — x%y
— fHGay)=1-(1-2y+2 — =7
afo( y) (1-2y+2¢%) - (2 )2
1Z_29, 12
>1- 2 B2 5935 5.
1.72 1.72

Hence, f>(x, y) is strictly increasing in x for x < 0.6, which implies
x* > 0.6. Moreover, because %fz (x,y) and fi (x, y) are continuous,
we even get x* > 0.6. However, this contradicts x* < 0.6. Therefore,
we conclude that for any maximizer (x*,y*) of f, fi(x*,y")
fa(x*,y).

Now, we wish to solve fi(x,y) = fa(x, y) for x. We have:

1-2y+ 2y?
l—x=x—x2~#

2—-xy
which implies

0=x2(1+2y%) —x(4+y) +2
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and thus leads to

4+yi-\/(4+y)2 - 8(1+2y?)
= 2(1 + 242)
Since x € [0, 1], we need to pick

4+y—\/(4+y)2—8(1+2y2)
x = . (27)
2(1+2y?)
Finally, we want to maximize fj(x,y) = f2(x,y) = 1 — x, which is
equal to the following:

4+y—\/(4+y)2—8(1+2y2)

! 2(1 + 2y?)
I (Varur—sarzp)
2(1+2y%) 4+y+\/(4+y)2—8(1+2y2)
e 8(1 + 2y?)
201+ 252) (44 + /(4 + y)2 = 8(1 + 242))
4
=1-

4+y+\/(4+y)2—8(1+2y2) '

Equivalently, we want to maximize

h(y) = 4+y+\/(4+y)2 —-8(1+2y?) .
We have

Dpgy=1+1
% 2 Ja+ )2 -8+ 2p2)

Setting aiyh(y) to 0, we finally obtain

8 — 30y

30y° — 16y +1=0 ,
and thus

1
v= & (s VE) |
One can conclude that the value of y must be set to y = (8+39)/3,

because by setting aiyh(y) to 0, we equated 8 — 30y (which is neg-
ative for y = (8-v39)/30) to a square root of a positive real number.
By checking that h(0) and h(1) are smaller than h(&+V39/%), we
determine that h(y) is indeed maximized for y* = ¢+v39/5. By
determining x* from y* through (27), we obtain x* = 2 — v34/s, and
the resulting approximation guarantee is therefore

V34

1+ f(x"y") =1+ fi(x",y")=2—-x" = - < 1.458 ,

as desired.
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