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Frqyh{ vhwv ri suredelolw| glvwulexwlrqv duh dovr fdoohg
fuhgdo vhwv1 Wkh| jhqhudol}h suredelolw| wkhru| zlwk
vshfldo uhjdug wr wkh uhod{dwlrq ri wkh suhflvlrq uh0
txluhphqw derxw wkh suredelolw| ydoxhv1 Fodvvl�fdwlrq/
l1h1/ dvvljqlqj fodvv odehov wr lqvwdqfhv ghvfulehg e| d
vhw ri dwwulexwhv/ lv d w|slfdo grpdlq ri dssolfdwlrq ri
Ed|hvldq phwkrgv/ zkhuh wkh qdlyh Ed|hvldq fodvvl0
�hu lv frqvlghuhg dprqj wkh ehvw wrrov1 Wklv sdshu
h{soruhv wkh fodvvl�fdwlrq prgho rewdlqhg zkhq wkh
qdlyh Ed|hvldq fodvvl�hu lv h{whqghg wr fuhgdo vhwv1
H{dfw dqg h�hfwlyh vroxwlrq surfhgxuhv iru fodvvl�fd0
wlrq duh ghulyhg/ dqg wkh uhodwhg grplqdqfh fulwhuld
duh glvfxvvhg1 D phwkrgrorj| wr lqgxfh wkh fodvvl�hu
iurp gdwd lv sursrvhg1

Nh|zrugv1 Lpsuhflvh suredelolwlhv/ fuhgdo vhwv/ fodv0
vlfdwlrq/ qdlyh Ed|hvldq fodvvl�fdwlrq/ Ed|hvldq qhw0
zrunv1
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Wkh uhodwlrqvkls ehwzhhq sro|wrslf fuhgdo vhwv +fuhgdo
vhwv/ iru vkruw, ri glvfuhwh glvwulexwlrqv/ Ed|hvldq qhw0
zrunv +EQv, dqg fodvvl�fdwlrq lv vwxglhg lq wklv sd0
shu1 Fuhgdo vhwv ^46` duh sro|wrshv ri glvwulexwlrqv dqg
fdq dovr eh vhhq dv wkh frqyh{ kxoo ri d �qlwh qxpehu
ri glvwulexwlrqv1 Fuhgdo vhwv surylgh d iudphzrun wr
irupdol}h xqfhuwdlq grpdlqv lq d pruh �h{leoh zd|
dv frpsduhg wr suredelolw| wkhru|1 Lq idfw/ dowkrxjk
fuhgdo vhwv nhhs wkhlu urrwv lq wkh d{lrpv ri sured0
elolw|/ wkhlu frqwhpsrudu| wuhdwphqw ri pdq| glvwul0
exwlrqv doorzv wkh suhflvlrq uhtxluhphqw ri suredelo0
lw| wkhru| wr eh uhod{hg1 Wkh suhflvlrq uhtxluhphqw lv
uhodwhg wr wkh qhhg ri suhflvho| gh�qlqj wkh suredelo0
lw| ydoxhv lq d suredelolvwlf prgho1 Yhu| riwhq/ iru d
qxpehu ri uhdvrqv +ljqrudqfh derxw wkh skhqrphqrq/
hfrqrplf ru whpsrudo frqvwudlqwv/ hwf1,/ wkh odwwhu lv
qrw d uhdolvwlf dvvxpswlrq1 Wkhuhiruh/ pdq| dxwkruv
frqvlghu suhflvlrq wkh prvw fulwlfdo srlqw iru wkh ds0
solfdwlrq ri suredelolw| wkhru|1

Dq dssolfdwlrq ri suredelolw| wkhru| lv wkh wdvn ri fodv0
vl�fdwlrq1 Fodvvl�fdwlrq lv d w|slfdo pdfklqh ohduqlqj
wdvn/ zkhuh fodvv odehov pxvw eh dvvljqhg wr lqvwdqfhv
ghvfulehg e| d vhw ri dwwulexwhv1 Iru h{dpsoh/ zkhq
wkh sureohp lv wkh uhfrjqlwlrq ri kdqg0zulwwhq fkdu0
dfwhuv/ wkh fodvv odehov duh wkh doskdehwlfdo v|perov/
zkloh wkh dwwulexwhv fdq eh wkh errohdq yduldeohv fru0
uhvsrqglqj wr wkh sl{hov ri d e2z gljlwdo lpdjh1 Lq
wklv fdvh/ grlqj fodvvl�fdwlrq lv htxlydohqw wr rxwsxw
wkh fkdudfwhu wkdw ehvw pdwfkhv wkh lpdjh ghvfulehg
e| wkh mrlqw vwdwh ri wkh sl{hov1 Lq jhqhudo/ wkh fodvvl�0
fdwlrq wdvn lv ri edvlf lpsruwdqfh lq wkh �hogv ri gdwd
dqdo|vlv dqg sdwwhuq uhfrjqlwlrq1 Ed|hvldq phwkrgv
duh yhu| h�hfwlyh lq wkh �hog ri fodvvl�fdwlrq1 Lq sduwlf0
xodu/ lw lv uhfrjql}hg wkdw wkh qdlyh Ed|hvldq fodvvl�hu
+QEF/ vhfwlrq 515, lv frpshwlwlyh zlwk wkh vwdwh0ri0
wkh0duw fodvvl�huv ^7/ 9`1 Wkh qdlyh Ed|hvldq fodvvl�hu
lv d sduwlfxodu fdvh ri Ed|hvldq qhwzrun1 D Ed|hvldq
qhwzrun lv d judsklfdo prgho iru wkh ghfrpsrvlwlrq ri
d mrlqw suredelolw| glvwulexwlrq/ zklfk lv fxuuhqwo| wkh
ohdglqj prgho iru suredelolvwlf uhdvrqlqj ^43`1 Fodvvl0
�huv edvhg rq wkh pruh jhqhudo sdudgljp ri Ed|hvldq
qhwzrunv kdyh dovr ehhq sursrvhg ^:`1

Dw wkh vdph wlph/ Ed|hvldq qhwzrunv kdyh ehhq lqyhv0
wljdwhg lq uhodwlrqvkls zlwk fuhgdo vhwv ^5/ 6/ 8`1 Lq wklv
fdvh/ wkh judsklfdo prgho lv h{whqghg wr wuhdw vhwv ri
glvwulexwlrqv lqvwhdg ri d vlqjoh mrlqw glvwulexwlrq dqg
fdq eh fdoohg fuhgdo qhw1 Fuhgdo qhwv uhdol}h wkh eulgjh
ehwzhhq fuhgdo vhwv dqg suredelolvwlf uhdvrqlqj lq wkh
irup ri Ed|hvldq qhwzrunv1

Wklv sdshu dqdo|}hv wkh wdvn ri fodvvl�fdwlrq zkhq
lw lv uhdol}hg e| d qdlyh Ed|hvldq fodvvl�hu h{whqghg
wr fuhgdo vhwv1 Wr wklv sxusrvh/ �uvw/ wkh pdlq frq0
fhswv duh lqwurgxfhg lq vhfwlrq 5> khuh d vxuyh| ri
fuhgdo vhwv/ Ed|hvldq qhwzrunv dqg wkhlu uhodwlrqvkls
lv jlyhq1 Ixuwkhupruh/ fodvvl�fdwlrq lv ghvfulehg zlwk
uhjdug wr lwv lpsohphqwdwlrq zlwk d qdlyh Ed|hvldq
fodvvl�hu1 Wkhq/ wkh h{whqvlrq ri qdlyh Ed|hvldq fodv0
vl�fdwlrq wr fuhgdo vhwv lv ghyhorshg +vhfwlrq 6, dqg
wzr dojrulwkpv duh ghulyhg> wkh �uvw dojrulwkp +vhf0



wlrq 614, frpsxwhv srvwhulru suredelolw| lqwhuydov iru
wkh fodvvl�fdwlrq yduldeoh> vxfk lqwhuydov doorz wkh
vwdwhv ri wkh fodvvl�fdwlrq yduldeoh wr eh +sduwldoo|,
udqnhg wkurxjk wkh vwrfkdvwlf grplqdqfh fulwhulrq
+vhfwlrq 616,1 Krzhyhu/ vlqfh qrw doo grplqdqfhv duh
fdswxuhg e| vwrfkdvwlf grplqdqfh zkhq fuhgdo vhwv
duh xvhg +vhfwlrq 617,/ wkh pruh jhqhudo fulwhulrq ri
fuhgdo grplqdqfh lv sursrvhg1 Wkh vhfrqg dojrulwkp
doorzv fuhgdo grplqdqfh wr eh whvwhg1 Vhfwlrq 7 gh0
vfulehv dq h{dpsoh ri qdlyh fuhgdo fodvvl�fdwlrq1 Vhf0
wlrq 8 vkrzv wkdw wkh sursrvhg phwkrg iru qdlyh fodv0
vl�huv fdq eh gluhfwo| h{whqghg wr wkh pruh jhqhudo
Ed|hvldq qhwzrunv fodvvl�huv/ li wkh sdwwhuqv wr fodv0
vli| gr qrw suhvhqw plvvlqj ydoxhv1 Ilqdoo|/ dq lqgxfhu
iru qdlyh fuhgdo fodvvl�huv +QFFv, lv sursrvhg lq vhf0
wlrq 9/ zkhuh dovr wkh uhvxowv ri vrph h{shulphqwv rq
uhdo gdwdvhwv duh uhsruwhg1
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Wklv vhfwlrq eulh�| lqwurgxfhv wkh pdlq frqfhswv glv0
fxvvhg lq wkh sdshu/ wkdw lv/ fuhgdo vhwv/ Ed|hvldq qhw0
zrunv dqg wkh QFF1

514 Fuhgdo Vhwv dqg Ed|hvldq Qhwzrunv

Lq wkh suhvhqw sdshu/ wkh whup fuhgdo vhw lv xvhg iru d
forvhg dqg erxqghg jhrphwulf uhjlrq ghvfulehg e| olq0
hdu frqvwudlqwv/ l1h1/ d sro|wrsh/ zkhuh hyhu| srlqw lv
d suredelolw| glvwulexwlrq1 Fuhgdo vhw wkhru| jhqhudo0
l}hv suredelolw| wr xqfhuwdlqw| derxw wkh glvwulexwlrq=
pruh suhflvho|/ lw dvvxphv wkdw suredelolw| lv d surshu
zd| ri ghdolqj zlwk xqfhuwdlq grpdlqv/ exw fulwlfl}hv
wkh uhtxluhphqw ri suhflvlrq lq wkh suredelolw| ydo0
xhv uhtxluhg e| suredelolw| wkhru|1 Wklv eulqjv wr wkh
pruh jhqhudo ylhz ri vhwv ri glvwulexwlrqv1 Wkh frkhu0
hqfh zlwk wkh d{lrpv ri suredelolw| lv pdlqwdlqhg iru
hyhu| glvwulexwlrq lq wkh vhw> krzhyhu/ wkh mrlqw eh0
kdylru ri wkh fuhgdo vhw ghwhuplqhv pdq| qhz fkdudf0
whulvwlfv ri wkh wkhru|/ vxfk wkdw fuhgdo vhwv fdqqrw eh
vhhq vlpso| dv dq h{whqvlrq ri fodvvlfdo +srlqw, sure0
delolw|1

Dv idu dv judsklfdo prghov duh frqfhuqhg/ Ed|hvldq
qhwzrunv duh wkh fxuuhqw ohdglqj prgho iru sured0
elolvwlf uhdvrqlqj ^43`1 D Ed|hvldq qhwzrun lv d frx0
soh kJ>S l zkhuh J @ kQ>Dl lv d gluhfwhg df|folf
judsk/ zkrvh qrghv +Q, duh lqwhusuhwhg dv yduldeohv
dqg zkrvh dufv +D, h{suhvv wkh gluhfw ghshqghqfhv
ehwzhhq wkhp1 Hdfk yduldeoh +qrgh, [ 5 
[ kdv
d frqglwlrqdo glvwulexwlrq/ S ^[ mSd +[, `/ iru hyhu|
srvvleoh vwdwh Sd +[, ri lwv gluhfw suhghfhvvru qrghv
+sduhqwv,1 Lw lv srvvleoh wr vkrz wkdw wkh mrlqw glvwul0
exwlrq ryhu wkh yduldeohv ri wkh judsk lv rewdlqhg e|
pxowlso|lqj wkh frqglwlrqdo glvwulexwlrqv ri wkh qrghv=
S ^[4> = = = > [q` @

T
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Fuhgdo vhwv fdq eh sxw ryhu Ed|hvldq qhwzrunv e| do0
orzlqj d fuhgdo vhw wr eh xvhg lq wkh sodfh ri hdfk
frqglwlrqdo glvwulexwlrq ri wkh qhw1 Wkdw lv/ d fuhgdo
qhwzrun lv d frxsoh kJ>�l/ zkhuh J lv olnh deryh zlwk
wkh gl�huhqfh wkdw hdfk qrgh [ qrz pdlqwdlqv dv
pdq| +fuhgdo, vhwv �

Sd+[,
[ ri frqglwlrqdo glvwulexwlrqv

dv pdq| mrlqw vwdwhv Sd +[, ri wkh qrghv* sduhqwv h{0
lvw1 � lv wkh vhw ri doo wkh srvvleoh mrlqw glvwulexwlrqv
S ryhu wkh yduldeohv ri wkh qhw/ zklfk lv rewdlqhg e|
pdnlqj dq| srvvleoh fkrlfh ri wkh frqglwlrqdo glvwul0
exwlrqv lq wkh fuhgdo vhwv orfdo wr wkh qrghv/
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Uhpdun 4 Qrwlfh wkdw wkhuh duh rwkhu srvvleoh zd|v
ri h{whqglqj Ed|hvldq qhwzrunv wr vhwv ri glvwulex0
wlrqv1 Iru h{dpsoh/ lqvwhdg ri gh�qlqj d sro|wrsh iru
hdfk mrlqw vwdwh ri d qrgh*v sduhqwv/ lw zrxog eh srv0
vleoh wr xvh d vlqjoh/ kljkhu0glphqvlrqdo/ sro|wrsh iru
hdfk qrgh1 Lq sduwlfxodu/ frqvlghu wkh qdlyh fodvvl�hu>
dffruglqj wr wkh �uvw gh�qlwlrq ri fuhgdo qhwv/ qrgh
Dl kdv d froohfwlrq ri m
F m fuhgdo vhwv= �FDl / F 5 
F 1
Iru d jlyhq vwdwh f ri F/ wkh jhqhulf yhfwru lq wkh
fuhgdo vhw lv ^S ^Dl mf ``Dl5
Dl 1 Lqvwhdg/ zlwk wkh vhf0

rqg gh�qlwlrq ri fuhgdo qhwv/ wkhuh zrxog eh d vlq0
joh vhw/ zkhuh wkh jhqhulf hohphqw zrxog eh d yhfwru
olnh ^S ^Dl mF ``Dl5
Dl >F5
F

1 Wkh odwwhu gh�qlwlrq lv

pruh jhqhudo/ vlqfh lw lqfoxghv wkh iruphu fdvh dqg
jlyhv wkh ixuwkhu fkdqfh ri xvlqj frqvwudlqwv ehwzhhq
gl�huhqw frqglwlrqdo glvwulexwlrqv ri wkh vdph qrgh1
Krzhyhu/ wkh h�hfwv ri vxfk d juhdwhu jhqhudolw| duh
qrw fohdu dqg/ pruhryhu/ wkh lpsolfdwlrqv rq frpsxwd0
wlrqdo frpsoh{lw| duh vwurqj1 Wklv lv glvfxvvhg lq vhf0
wlrq 615161 Iru wkh deryh uhdvrqv/ wklv sdshu dgrswv
wkh lqlwldo gh�qlwlrq ri fuhgdo qhwv1

Pdnlqj lqihuhqfh lq d fuhgdo qhw lv vlplodu wr wkh
Ed|hvldq qhw fdvh/ wkdw lv/ frpsxwlqj wkh srvwhulru
suredelolw| ri d yduldeoh jlyhq d vhw ri lqvwdqwldwhg
qrghv/ fdoohg wkh hylghqfh qrghv1 Pruh suhflvho|/ li H
lv wkh vhw ri hylghqfh qrghv/ vxfk wkdw H @ h lv wkhlu
nqrzq vwdwh/ wkh lqihuhqfh +ru xsgdwlqj, lv gh�qhg dv
wkh frpsxwdwlrq ri S ^[ mH @ h `/ iru d qrgh [ lq wkh
judsk1 Exw qrwlfh wkdw zkhuhdv lq d Ed|hvldq qhwzrun
S ^[ mH @ h ` lv d qxpehu/ lw lv dq lqwhuydo iru d fuhgdo
qhw1 Lq idfw/ lw lv= S ^[ mH @ h ` � S ^[ mH @ h ` �
S ^[ mH @ h `/ zkhuh wkh h{wuhphv ri wkh lqwhuydo duh
wkh vroxwlrqv uhvshfwlyho| wr wkh plqlpl}dwlrq dqg
pd{lpl}dwlrq sureohpv ehorz/

S ^[ mH @ h ` @ plq
S ^[4>===>[q`5�

S ^[ mH @ h ` > +4,

S ^[ mH @ h ` @ pd{
S ^[4>===>[q`5�

S ^[ mH @ h ` = +5,



Wkh lqwhuydo h{suhvvhv wkh ljqrudqfh derxw wkh srvwh0
ulru suredelolw| wkdw orjlfdoo| iroorzv iurp wkh ljqr0
udqfh derxw wkh mrlqw glvwulexwlrq wkdw lv sduw ri wkh
fuhgdo qhw prgho1 H{dfwo| vroylqj sureohpv ri w|sh
+4, dqg +5, lv d gl�fxow wdvn lq wkh jhqhudo fdvh1 Wkh
rqo| nqrzq dojrulwkp ^5` kdv dq h{srqhqwldo zruvw
fdvh frpsoh{lw| dovr iru vlqjo|0frqqhfwhg qhwv1 Uh0
vwulfwlqj wkh dwwhqwlrq wr d vxevhw ri fuhgdo qhwv fdq
khos wr ghyhors pruh h�hfwlyh dojrulwkpv> iru h{dp0
soh/ vlqjo|0frqqhfwhg fuhgdo qhwv zlwk elqdu| yduldeohv
dgplw d vroxwlrq dojrulwkp zklfk lv olqhdu wr wkh vl}h
ri wkh judsk ^8`1 Wkh suhvhqw sdshu hpskdvl}hv wkdw
fodvvl�fdwlrq lv d �hog wkdw frqvwlwxwhv dqrwkhu h{dp0
soh lq zklfk dq h�flhqw lqihuhqfh dojrulwkp fdq eh
uhdol}hg1 Wklv lv gxh wr wkh sduwlfxodu w|sh ri frpsx0
wdwlrq wr eh uhdol}hg lq wkh qhwzrun1

Zlwk vshfldo uhjdug wr vroxwlrq dojrulwkpv/ d ed0
vlf surshuw| ri fuhgdo qhwzrunv lv wkdw sureohpv +4,/
+5, fdq eh wudqviruphg wr frpelqdwruldo rswlpl}dwlrq
sureohpv1 Lq rwkhu zrugv/ lw lv srvvleoh wr frpsxwh
wkh plqlpxp dqg wkh pd{lpxp e| h{dplqlqj d �0
qlwh qxpehu ri srlqwv1 Lq sduwlfxodu/ iru hdfk fuhgdo
vhw lq wkh qhwzrun/ lw lv vx�flhqw wr frqvlghu wkh +�0
qlwh, vxevhw ri h{wuhph srlqwv1 Wkh h{wuhph srlqwv
fruuhvsrqg wr wkh yhuwlfhv ri wkh sro|wrsh uhsuhvhqwhg
e| wkh fuhgdo vhw1 Iru wklv uhdvrq/ wkh glvwulexwlrqv
fruuhvsrqglqj wr yhuwlfhv ri wkh sro|wrshv duh fdoohg
h{wuhph glvwulexwlrqv1

515 Qdlyh Ed|hvldq Fodvvl�fdwlrq

Wkh qdlyh Ed|hvldq fodvvl�hu lv wkh sduwlfxodu fdvh ri
Ed|hvldq qhwzrun ghslfwhg lq �jxuh 41
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Iljxuh 4= Wkh Qdlyh Ed|hvldq Fodvvl�hu

Wkh qdlyh fodvvl�hu kdv d vlqjoh urrw qrgh +F, zklfk
fruuhvsrqgv wr wkh fodvvl�fdwlrq yduldeoh dqg lwv fklo0
guhq qrghv duh wkh dwwulexwh yduldeohv1 Hdfk qrgh [
lq wkh qhwzrun kdv wkh xvxdo frqglwlrqdo glvwulexwlrqv
S ^[ mSd +[, ` ri wkh qrgh jlyhq wkh vwdwh ri wkh sdu0
hqw+v,/ Sd +[,/ zklfk duh hvwlpdwhg iurp gdwd ru iurp
rwkhu w|shv ri nqrzohgjh1 Jlyhq d sduwlfxodu lqvwdqfh/
D4 @ d4> = = = > Dq @ dq/ ri wkh dwwulexwh yduldeohv/
wkh fodvvl�fdwlrq lv pdgh e| frpsxwlqj wkh srvwhulru
suredelolw| S ^F md4> = = = > dq ` iru hdfk ydoxh ri F dqg

e| slfnlqj xs wkh ydoxh zlwk pd{lpxp suredelolw|/
f� @ dujpd{F S ^F md4> = = = > dq `1
Wkh qdlyh fodvvl�hu lv txlwh d vlpsoh prgho dqg wklv
lv gxh wr vwurqj lqghshqghqf| dvvxpswlrqv> wkh dw0
wulexwhv pxvw eh frqglwlrqdoo| lqghshqghqw jlyhq wkh
vwdwh ri wkh fodvvl�fdwlrq yduldeoh +wklv fruuhvsrqgv
wr wkh devhqfh ri dq duf ehwzhhq dq| frxsoh ri dw0
wulexwhv,1 Wklv uhtxluhphqw lv phw yhu| uduho| lq ds0
solfdwlrqv1 Krzhyhu/ vxfk d fodvvl�hu lv xvhg pxfk/
vlqfh lw lv hpslulfdoo| zhoo0nqrzq � dqg vrph uhfhqw
wkhruhwlfdo lqvljkwv whqg wr mxvwli| vxfk hylghqfh ^7/ 9`
� wkdw wkh qdlyh Ed|hvldq fodvvl�hu suhglfwlyh shuiru0
pdqfh lv frpshwlwlyh zlwk wkh vwdwh0ri0wkh0duw fodvvl0
�huv +olwhudwxuh dovr whqgv wr uhod{ wkh deryh lqgh0
shqghqfh uhtxluhphqwv/ e| doorzlqj wkh ghshqghqfhv
ehwzhhq wkh dwwulexwh yduldeohv wr eh vwdwhg xvlqj wkh
pruh jhqhudo iudphzrun ri Ed|hvldq qhwzrunv ^:`,1
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Dv zlwk dq| rwkhu EQ/ fuhgdo vhwv fdq eh dssolhg
wr wkh qdlyh fodvvl�hu e| vxevwlwxwlqj wkh frqglwlrqdo
glvwulexwlrqv S ^F` > S ^Dl mF ` +l @ 4> = = = > q>F 5 
F,
zlwk wkh fuhgdo vhwv �F > �

F
Dl

+l @ 4> = = = > q>F 5 
F,1
Wkhq/ wkh irfxv lv rq wkh zd| wkh fodvvl�fdwlrq
vkrxog eh uhdol}hg1 Lq wkh vhtxho/ �uvw/ lw lv dqd0
o|}hg wkh vwudljkw h{whqvlrq ri wkh srlqw suredelo0
lw| surfhgxuh wr fuhgdo vhwv1 Wklv lpsolhv wr frp0
sxwh S ^F mD4> = = = > Dq ` ;F 5 
F +vhfwlrq 614, dqg
wr frpsduh wkhp +vhfwlrq 616,1 Uhfdoo wkdw wkh deryh
srvwhulru suredelolwlhv duh jhqhudoo| lqwhuydov> wkhuh0
iruh wkhlu frpsdulvrq lv dgguhvvhg zlwk wkh vwrfkdvwlf
grplqdqfh fulwhulrq1 Wkh odwwhu lv glvfxvvhg lq vhfwlrq
617 zkhuh lw lv vkrzq wkdw lw fdqqrw lghqwli| doo wkh
grplqdqfhv h{suhvvhg e| fuhgdo vhwv1 Iru wklv uhdvrq/
d pruh jhqhudo fulwhulrq/ fdoohg fuhgdo grplqdqfh/ lv
sursrvhg1 Dw wkh oljkw ri fuhgdo grplqdqfh/ dq dowhu0
qdwlyh surfhgxuh iru fodvvl�fdwlrq lv ghulyhg lq vhfwlrq
6171

614 Lqwhuydo Frpsxwdwlrq

Vxssrvh wkdw wkh fxuuhqw lqvwdqfh ri wkh dwwulexwh
yduldeohv lv D4 @ d4> = = = > Dq @ dq1 Dv h{sodlqhg lq
vhfwlrq 514/ wzr sureohpv pxvw eh vroyhg=

plq
S ^F>D4>===>Dq`5�

S ^F mD4 @ d4> = = = > Dq @ dq ` > +6,

pd{
S ^F>D4>===>Dq`5�

S ^F mD4 @ d4> = = = > Dq @ dq ` = +7,

Frqvlghu wkh plqlpl}dwlrq/ wkh pd{lpl}dwlrq lv dqdo0
rjrxv1 Ixuwkhupruh/ frqvlghu wkh frpsxwdwlrq ri wkh
srvwhulru suredelolw| iru d �{hg ydoxh f ri F1 Wkh re0
mhfwlyh ixqfwlrq fdq eh uhzulwwhq dsso|lqj wkh gh�ql0



wlrq ri frqglwlrqdo suredelolw| dqg xvlqj wkh pdujlqdo0
l}dwlrq dv iroorzv/

S ^f md4> = = = > dq ` @
S ^f> d4> = = = > dq`S

F5
F
S ^F> d4> = = = > dq`

@ +8,

�S
F5
F

S ^F> d4> = = = > dq`

S ^f> d4> = = = > dq`

��4

@ +9,

#
4 .

S
F5
Fqifj

S ^F> d4> = = = > dq`

S ^f> d4> = = = > dq`

$�4

> +:,

zkhuh lw lv dvvxphg S ^f> d4> = = = > dq` 9@ 3 iru wkh
sdvvdjh iurp Ht1 +8, wr Ht1 +9,> qrwlfh wkdw
li S ^f> d4> = = = > dq` @ 3/ lw lv fohdu iurp Ht1 +8,
wkdw S ^f md4> = = = > dq ` @ 3 +wkh fdvh zkhq dovr
S ^d4> = = = > dq` @ 3 lv qrw frqvlghuhg/ ehfdxvh lw
zrxog lpso| dq xqgh�qhg frqglwlrqdo suredelolw|
S ^f md4> = = = > dq `,1
Ilqdoo|/ Ht1 +:, lv zulwwhq dffruglqj wr wkh wrsrorj|
ri wkh judsk/

S ^f md4> = = = > dq ` @#
4 .

S
F5
Fqifj

S ^F`
Tq

l@4 S ^dl mF `

S ^f`
Tq

l@4 S ^dl mf `

$�4

1 +;,

Qrz/ wkh plqlpl}dwlrq sureohp +6, lv zulwwhq e| vxe0
vwlwxwlqj lwv remhfwlyh ixqfwlrq zlwk wkh uljkw phpehu
ri Ht1 +;,/

plq
S ^F`5�F

plq
S ^DlmF `5�F

Dl
>F5
F >l@4>===>q#

4 .

S
F5
Fqifj

S ^F`
Tq

l@4 S ^dl mF `

S ^f`
Tq

l@4 S ^dl mf `

$�4

= +<,

Qrwlfh wkdw vlqfh wkh remhfwlyh lv qrz h{suhvvhg e|
phdqv ri wkh orfdo frqglwlrqdo glvwulexwlrqv/ dovr wkh
plqlpl}dwlrq lv wdnhq ryhu wkh srvvleoh frqglwlrqdo
glvwulexwlrqv lq wkh fuhgdo vhwv orfdo wr wkh qrghv1
Ohw xv qrz irfxv rq wkh lqqhu plqlpl}dwlrq sureohp
rqo|= wkh jrdo lv wkh pd{lpl}dwlrq ri wkh iudfwlrqdo
ixqfwlrq lqvlgh wkh sduhqwkhvhv/ vlqfh wklv lv htxly0
dohqw wr plqlpl}lqj wkh uhflsurfdo1 Iluvw ri doo/ qr0
wlfh wkdw lw lv srvvleoh wr plqlpl}h wkh ghqrplqdwru
dqg wr pd{lpl}h wkh qxphudwru vhsdudwho|/ lq idfw
wkh| gr qrw vkduh dq| whup1 Vhfrqg/ qrwlfh wkdw
wkh txdqwlwlhv S ^dl mF ` +F 5 
F > l @ 4> = = = > q, duh lq0

ghshqghqw rqh dqrwkhu4 ehfdxvh wkh| duh gh�qhg e|
phdqv ri glvmrlqw vhwv ri frqvwudlqwv1 Wklv phdqv wkdw
wkh fkrlfh ri d frqglwlrqdo glvwulexwlrq S ^dl mF ` lq
�FDl fdq eh pdgh zlwkrxw wdnlqj lqwr dffrxqw wkh
fkrlfh ri dq| rwkhu frqglwlrqdo glvwulexwlrq1 Wkh re0
vhuydwlrqv deryh doorz wkh lqqhu rswlpl}dwlrq wr eh
vroyhg1 Frqvlghu wkh ghqrplqdwru fdvh1 S ^f` lv d
qrq0qhjdwlyh qxpehu> wkhuhiruh/ wkh ghqrplqdwru lv
plqlpl}hg zkhq wkh surgxfw

Tq
l@4 S ^dl mf ` lv plq0

lpl}hg1 Wklv lv rewdlqhg e| vhwwlqj dq| S ^dl mf ` wr
lwv plqlpxp/ l1h1

Tq
l@4 S ^dl mf `1 Dq dqdorjrxv dujx0

phqw krogv iru wkh qxphudwru> S ^F` lv qrq0qhjdwlyh
;F 5 
F / dqg wkh vxp lv pdgh e| whupv wkdw fdq eh
rswlpl}hg vhsdudwho|1 Khqfh/ wkh qxphudwru lv pd{l0
pl}hg zkhq wkh surgxfw ri wkh frqglwlrqdo glvwulex0
wlrqv lv vhw wr

Tq
l@4 S ^dl mF ` ;F 5 
Fqifj1

Sureohp +<, ehfrphv/

plq
S ^F`5�F

#
4 .

S
F5
Fqifj

S ^F`
Tq

l@4 S ^dl mF `

S ^f`
Tq

l@4 S ^dl mf `

$�4

1

+43,

Wkh qh{w vwhs lv wkh dssolfdwlrq ri wkh frpelqdwruldo
surshuw| ri wkh sureohp/ flwhg lq vhfwlrq 5141 Iru dq|

jlyhq qrgh [/ ghqrwh zlwk �
Sd+[,
[ wkh �qlwh vxevhw ri

�
Sd+[,
[ pdgh e| lwv h{wuhph srlqwv1 Sureohp +43, lv

htxlydohqw wr wkh frpelqdwruldo sureohp +44,/

plq
S ^F`5�F

#
4 .

S
F5
Fqifj

S ^F`
Tq

l@4 S ^dl mF `

S ^f`
Tq

l@4 S ^dl mf `

$�4

/

+44,

zklfk lv vlpso| vroyhg e| hqxphudwlqj wkh h{wuhph
glvwulexwlrqv lq �F 1 Ri frxuvh/ lw lv dovr qhfhvvdu| wr
nqrz wkh h{wuhphv ri S ^dl mF ` +F 5 
F > l @ 4> = = = > q,
lq rughu wr dsso| irupxod +44,1 Wklv lv re0
wdlqhg e| vroylqj sureohpv plqS ^Dlmf `5�

f
Dl

S ^dl mf `
dqg pd{S ^DlmF `5�F

Dl

S ^dl mF ` ;F 5 
F q ifj >;l @

4> = = = > q/ zklfk fdq djdlq eh grqh hqxphudwlqj wkh
h{wuhph glvwulexwlrqv lq wkh uhvshfwlyh ihdvleoh vhwv1

Iroorzlqj wkh vdph dujxphqw/ lw lv vwudljkwiruzdug
wr rewdlq wkh irupxod vroylqj sureohp +7,/ zklfk lv
uhsruwhg ehorz/

pd{
S ^F`5�F

#
4 .

S
F5
Fqifj

S ^F`
Tq

l@4 S ^dl mF `

S ^f`
Tq

l@4 S ^dl mf `

$�4

1

+45,
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615 Frpsoh{lw|

Wkh sxusrvh ri wklv vhfwlrq lv wr dqdo|}h wkh frpsoh{0
lw| ri grlqj fodvvl�fdwlrq zlwk fuhgdo qhwv1 Lq sduwlf0
xodu/ wkh frpsoh{lw| ri wkh frpelqdwruldo vroxwlrq ri
sureohpv +44, dqg +45, lv glvfxvvhg> ixuwkhupruh/ d
gl�huhqw h{dfw vroxwlrq surfhgxuh lv sursrvhg iru wkh
fdvhv zkhq wkh frpelqdwruldo dssurdfk lv wrr h{shq0
vlyh1 Ilqdoo|/ d eulhi dqdo|vlv lv fduulhg rxw zlwk uhjdug
wr wkh fodvvl�fdwlrq frpsoh{lw| zlwk wkh pruh jhqhudo
prgho ghvfulehg lq wkh uhpdun 41

61514 Frpelqdwruldo Surfhgxuh

Lq rughu wr dsso| irupxodv +44, dqg +45,/ lw lv qhf0
hvvdu|/ �uvw/ wr frpsxwh wkh h{wuhph ydoxhv ri wkh
frqglwlrqdo glvwulexwlrqv ri wkh prgho1 Vxssrvh wkdw
wkh h{wuhph glvwulexwlrqv ri wkh fuhgdo vhwv duh do0
uhdg| nqrzq5/ dqg wkdw wkh pd{lpxp qxpehu ri h{0
wuhph glvwulexwlrqv lq d vhw lv n1 Khqfh/ wkh frp0
elqdwruldo frpsxwdwlrq ri wkh h{wuhphv ri S ^dl mF `
wdnhv R +n, wlph1 Wklv pxvw eh uhshdwhg ;F 5 
F
dqg ;l @ 4> = = = > q/ |lhoglqj wr R +qn m
F m,1
Zlwk uhjdug wr irupxodv +44, dqg +45,/ zkhq wkh ydo0
xhv ri wkh frqglwlrqdo suredelolwlhv duh �{hg/ wkh h{0
suhvvlrq lq sduhqwkhvhv lv frpsxwhg lq wlph R +m
F m,1
Wkh odwwhu pxvw eh uhshdwhg iru hdfk h{wuhph glvwulex0
wlrq lq �F / lq rughu wr hydoxdwh wkh rswlpxp/ |lhoglqj
wr R +n m
F m,1 Wkh wrwdo frpsoh{lw| lv wkh vxp ri wkh
wzr h{suhvvlrqv deryh/ l1h1/

R +qn m
F m, = +46,

Revhuyh wkdw wkh frpsoh{lw| lv olqhdu zlwk hyhu| lq0
ghshqghqw txdqwlw| pdnlqj xs h{suhvvlrq +46,/ l1h1/ lw
lv olqhdu wr q/ n dqg m
F m1

61515 Olqhdu Surjudpplqj Surfhgxuh

Dprqj wkh wkuhh txdqwlwlhv lq irupxod +46,/ q dqg
m
F m duh gluhfwo| xqghu wkh frqwuro ri wkh prgho
exloghu> lqvwhdg/ n fdq eh dq| lqwhjhu/ ghshqglqj rq
wkh frqvwudlqwv wkdw gh�qh wkh fuhgdo vhwv61 Li n lv qrw
wrr odujh/ wkh frpelqdwruldo dssurdfk lv h�flhqw> exw
wkhuh duh fdvhv zkhq n fdq eh/ olnh zkhq d fuhgdo vhw
lv gh�qhg yld lqwhuydo frqvwudlqwv ^4`1 Lq wklv fdvh/ n
fdq eh irupdoo| erxqghg rq wkh edvlv ri wkh vl}h ri d
yduldeoh*v grpdlq1 Iru h{dpsoh/ li wkh yduldeoh kdv 43
srvvleoh vwdwhv/ n fdq eh 4593 dw prvw> iru 44 vwdwhv/
n � 5:551 Dv wkh qxpehu ri vwdwhv jurz/ n fdq eh
txlwh odujh dqg wkh frpelqdwruldo dssurdfk ohdglqj

2A�i i |hi4i _�t|h�M�|�L?t U@? Mi UL4T�|i_ }��i? |�i
UL?|h@�?|t E@?_ ��Ui �iht@��
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wr frpsoh{lw| +46, pd| eh vljql�fdqwo| vorzhg grzq1
Wklv vkrxog qrw eh shufhlyhg dv d olplwdwlrq wr wkh
dssolfdelolw| ri fuhgdo fodvvl�fdwlrq1 Lq idfw/ wkhuh lv
qr qhhg wr xvh h{solflwo| wkh h{wuhph glvwulexwlrqv li
pruh vrsklvwlfdwhg dssurdfkhv edvhg rq olqhdu sur0
judpv +OSv, duh dgrswhg1 Wkh odwwhu gluhfwo| xvh wkh
frqvwudlqwv uhsuhvhqwdwlrq ri wkh sro|wrshv dqg fdq
vroyh sureohp +<, h{dfwo| dqg h�flhqwo| +wkh pd{l0
pl}dwlrq lv dqdorjrxv,= �uvw/ wkh frpsxwdwlrq ri dq
h{wuhph ri S ^dl mF `/ ;l @ 4> = = = > q dqg ;F 5 
F / lv
dq OS1 D olqhdu surjudp lv xvxdoo| vroyhg h�flhqwo|
dovr iru yhu| odujh grpdlqv zlwk wkh vlpsoh{ phwkrg>
ixuwkhupruh lw lv d wdvn sro|qrpldoo| erxqghg zkhq
dq lqwhulru srlqw phwkrg lv xvhg1 Vhfrqg/ revhuyh wkdw
sureohp +43, lv d iudfwlrqdo olqhdu surjudp/ ehfdxvh
wkh ydoxhv ri wkh frqglwlrqdo suredelolwlhv duh �{hg
dqg rqo| wkh suredelolwlhv ri wkh vwdwhv ri F duh ydul0
deohv1 Iudfwlrqdo olqhdu sureohpv fdq eh wxuqhg wr
OSv e| fkdqjlqj yduldeohv +^44`/ vhfwlrq 51515,1

61516 Derxw Pruh Jhqhudo Prghov

Lq wkh ghulydwlrq ri wkh vroxwlrq surfhgxuh/ lq vhfwlrq
614/ wkh sdvvdjh iurp Ht1 +<, wr Ht1 +43, lv d vlj0
ql�fdqw srlqw erwk iru frpsoh{lw| dqg iru wkh qdwxuh
ri sureohp lwvhoi1 Lq idfw/ lw vwdwhv wkdw wkh rswlpdo
ydoxhv ri wkh frqglwlrqdo glvwulexwlrqv S ^Dl mF ` fdq
eh �{hg wr S ^dl mF ` dqg S ^dl mf `/ ;F 5 
F q ifj dqg
;l @ 4 = = = q/ lqghshqghqwo| rq hdfk rwkhu dqg rq wkh
fkrvhq glvwulexwlrq S ^F` 5 �F 1 Rq rqh kdqg/ wklv
pdnhv wkh frpelqdwruldo frpsxwdwlrq yldeoh/ dqg rq
wkh rwkhu/ lw doorzv wkh sureohp wr eh ghvfulehg zlwklq
wkh iudphzrun ri iudfwlrqdo olqhdu surjudpplqj1

Vxfk qlfh surshuwlhv duh orvw/ iru h{dpsoh/ e| sdvvlqj
wr wkh pruh jhqhudo prgho ghvfulehg lq wkh uhpdun
41 Lq idfw/ lq wkdw fdvh/ ;l @ 4 = = = q/ wkh txdqwlwlhv
S ^Dl mF ` > F 5 
F / duh qrwpxwxdoo| lqghshqghqw +eh0
fdxvh wkhuh fdq eh frqvwudlqwv ehwzhhq wkhp,1 Wkhuh0
iruh/ wkh dujxphqw wkdw mxvwl�hv wkh sdvvdjh iurp Ht1
+<, wr Ht1 +43, fdqqrw eh dssolhg1 Wkh �uvw frq0
vhtxhqfh lv wkdw d frpelqdwruldo dssurdfk fdq vwloo
zrun exw zlwk pxfk kljkhu frpsoh{lw| wkdw/ lq idfwv/
uhqghuv wkh phwkrg qrw yldeoh1 Wkh frpelqdwruldo
dssurdfk fdq eh uhdol}hg e| grlqj doo wkh frpelqd0
wlrqv ri wkh h{wuhph srlqwv ri wkh dwwulexwh yduldeohv*
frqyh{ vhwv> exw wklv lpsolhv d idvw frpelqdwruldo h{0
sorvlrq ri wkh qxpehu ri srlqwv wr wuhdw1 Wkh vhfrqg
frqvhtxhqfh lv d vhhplqj idloxuh ri wkh qrq0olqhdu ds0
surdfk/ wrr> lq idfw/ vlqfh wkh ydoxhv S ^Dl mF ` duh qrw
pxwxdoo| lqghshqghqw/ wkh| fdqqrw eh �{hg/ l1h1/ wkh|
duh yduldeohv lq sureohp +<,1 Khqfh/ wkh odwwhu fdqqrw
eh uhgxfhg wr d iudfwlrqdo olqhdu surjudp/ ehlqj wkh
udwlr ri wzr sro|qrpldov ryhu d olqhdu vhw1 Wklv pryhv
wkh sureohp wr d gl�fxow vlgh ri wkh joredo rswlpl}d0
wlrq �hog1 Lq wkh dxwkru*v nqrzohgjh/ olwhudwxuh grhv



qrw suhvhqw dq| jhqhudo h�hfwlyh surfhgxuh wr joredoo|
rswlpl}h vxfk sureohpv ^44/ 45`1

616 Vwrfkdvwlf Grplqdqfh

Vhfwlrq 614 surylghv wkh phdqv wr frpsxwh wkh sure0
delolw| lqwhuydo zkhuh S ^F md4> = = = > dq ` olhv/ ;F 5 
F 1
Wkh vhfrqg vwhs ri fodvvl�fdwlrq lv wkh fkrlfh ri wkh
ydoxh f� 5 
F wkdw pd{lpl}hv S ^F md4> = = = > dq `1 Dv
rssrvhg wr ruglqdu| fodvvl�fdwlrq/ fuhgdo fodvvl�fdwlrq
dovr idfhv wkh sureohp ri grlqj vxfk d fkrlfh zkhq
wkh suredelolw| lv gh�qhg dv dq lqwhuydo1 Rswlpdo0
lw| lv qrw dozd|v gh�qhg zkhq lqwhuydov duh suhvhqw1
Wklv lv uhodwhg wr wkh revhuydwlrq wkdw wkh vhw ri
lqwhuydov iS ^F md4> = = = > dq ` m F 5 
F j fdqqrw dozd|v
eh wrwdoo| rughuhg1 Dq remhfwlyh fulwhulrq iru frp0
sdulqj suredelolw| lqwhuydov lv wkh vr0fdoohg vwrfkdv0
wlf grplqdqfh= jlyhq wzr lqwhuydov/ L4 @ ^d4> e4` dqg
L5 @ ^d5> e5`/ L5 grplqdwhv L4 l� d5 � e41 Wkh udwlr0
qdoh ehklqg wkh fulwhulrq lv wkdw vlqfh hdfk suredelolw|
lq L5 lv juhdwhu ru htxdo wr dq| suredelolw| lq L4/ wkh
hyhqw dvvrfldwhg wr L5 lv/ dw ohdvw/ dv suredeoh dv wkh
hyhqw uhodwhg wr L41 Xqiruwxqdwho|/ vwrfkdvwlf grpl0
qdqfh jhqhudoo| lpsolhv rqo| d sduwldo rughu> li L4 dqg
L5 ryhuods/ wkh| fdqqrw eh frpsduhg1 Wkhuhiruh/ wkhuh
grhv qrw dozd|v h{lvw dq lqwhuydo wkdw grplqdwhv doo
wkh rwkhuv/ zklfk lv qhfhvvdu| iru rswlpdolw|> wkh rqo|
remhfwlyh rxwsxw ri wkh v|vwhp fdq eh wkh vhw ri wkh
xqgrplqdwhg vwdwhv ri F/ zklfk lq vrph fdvhv fdq eh d
vlqjh vwdwh/ wkrxjk qrw lq jhqhudo1 Lq d vhqvh/ fuhgdo
fodvvl�fdwlrq fdq eh lqwhusuhwhg dv d pruh fdxwlrxv
surfhgxuh dv frpsduhg wr Ed|hvldq fodvvl�fdwlrq1 Lq
idfw/ lw grhv qrw surylgh d vlqjoh dqvzhu/ zkhq wkhuh
duh qrw wkh frqglwlrqv iru grlqj wkdw1

617 Fuhgdo Grplqdqfh

Vr idu/ wkh dqdo|vlv kdv irfxvhg rq wkh frpsxwdwlrq
ri wkh ljqrudqfh lqwhuydov iru wkh vwdwhv ri F/ zlwk wkh
dlp ri frpsdulqj wkhp xvlqj vwrfkdvwlf grplqdqfh1
Lw lv xvhixo wr revhuyh wkdw wkh srwhqwldoo| dydlodeoh
lqirupdwlrq zlwk fuhgdo vhwv lv juhdwhu wkdq wkdw sur0
ylghg e| lqwhuydov> wkh fuhgdo vhw iru S ^F md4> = = = > dq `/
vd| �d4>===>dqF / jhqhudoo| frqyh|v juhdwhu nqrzohgjh
wkdq wkdw jlyhq e| wkh vhsdudwh lqwhuydov iru wkh srv0
whulru suredelolwlhv ri F1 Lq idfw/ wkh fuhgdo vhw fdq
dovr uhsuhvhqw srvvleoh frqvwudlqwv ehwzhhq wkh deryh
suredelolwlhv/ zklfk glvdsshdu zlwk wkh lqwhuydo ylhz1
Wkhuhiruh/ lw lv qdwxudo wr zrqghu li d frpsdulvrq ful0
whulrq gl�huhqw iurp vwrfkdvwlf grplqdqfh fdq ehwwhu
h{sorlw wkh nqrzohgjh wkdw lv surshu ri fuhgdo vhwv1

Frqvlghu wkh iroorzlqj h{dpsoh1 Vxssrvh wkdw 
F @
if4> f5> f6j dqg wkdw �d4>===>dqF kdv rqo| wkuhh h{0
wuhph glvwulexwlrqv= ^=7> =7> =5`/ ^=8> =7> =4` dqg ^=8> =8> 3`/
zkhuh wkh m0wk hohphqwv ri wkh yhfwruv uhsuhvhqw

S ^F @ fm md4> = = = > dq `1 Wkh lqwhuydov iru wkh srvwhulru
suredelolw| ri f4/ f5 dqg f6 duh/ uhvshfwlyho|/ ^=7> =8`/
^=7> =8` dqg ^3> =5`1 Wkhq/ vwrfkdvwlf grplqdqfh doorzv
wkh vwdwh f6 wr eh glvfdughg/ exw qrw wkh rwkhu wzr
vwdwhv wr eh frpsduhg/ l1h1/ vwrfkdvwlf grplqdqfh sur0
gxfhv wzr xqgrplqdwhg vwdwhv/ f4 dqg f51 Exw lw lv
hdv| wr vhh wkdw iru dq| glvwulexwlrq lq wkh fuhgdo vhw/
lw lv S ^F @ f4 md4> = = = > dq ` � S ^F @ f5 md4> = = = > dq `/
l1h1/ f5 lv grplqdwhg1 Lq rwkhu zrugv/ iru wkh fuhgdo
vhw dw kdqg/ wkhuh lv rqo| rqh grplqdqw vwdwh/ exw
wklv idfw lv klgghq zkhq lqwhuydov dqg vwrfkdvwlf grp0
lqdqfh duh xvhg1 Wkxv/ zh duh ohdg wr wkh gh�qlwlrq ri
d grplqdqfh fulwhulrq iru fuhgdo vhwv1

Gh�qlwlrq 4 Ohw [ eh d glvfuhwh yduldeoh dqg {4> {5
wzr vwdwhv lq wkh grpdlq ri [1 Frqvlghu wkh glv0
wulexwlrq S ^[ mH ` 5 �H[ / zkhuh H uhsuhvhqwv zkdw
lv nqrzq dqg �H[ lv d qrq0hpsw| vhw ri glvwulex0
wlrqv1 Wkh vwdwh {4 lv vdlg wr eh fuhgdo0grplqdqw
dv frpsduhg wr {5/ {4 � {5/ li iru dq| glvwulexwlrq
S ^[ mH ` 5 �H[ / S ^[ @ {4 mH ` � S ^[ @ {5 mH `1

Fuhgdo grplqdqfh lv d vwudljkwiruzdug jhqhudol}dwlrq
ri vwrfkdvwlf grplqdqfh wr vhwv ri glvwulexwlrqv1 Qr0
wlfh wkdw vwrfkdvwlf grplqdqfh lpsolhv fuhgdo grpl0
qdqfh/ zkhuhdv wkh frqyhuvh lv qrw wuxh/ dv wkh h{0
dpsoh deryh vkrzv1 Wkdw lv/ qrw doo grplqdqfhv duh
glvfryhuhg e| vwrfkdvwlf grplqdqfh> khqfh/ wkh odw0
whu fdq eh vhhq dv dq dssur{lpdwlrq wr fuhgdo grpl0
qdqfh1 Qrz/ wkh srlqw lv li wkh frpsxwdwlrq ri fuhgdo
grplqdqfh fdq eh uhdol}hg lq dq h�hfwlyh zd|1 Ehiruh
dgguhvvlqj wkh qdlyh fodvvl�fdwlrq fdvh/ lw lv xvhixo
wr revhuyh wkdw/ lq jhqhudo/ fuhgdo grplqdqfh fdq eh
fkhfnhg lq d frpelqdwruldo zd|> zkhq �H[ lv d sro|0
wrsh/ {4 � {5 +, S ^[ @ {4 mH ` � S ^[ @ {5 mH `
;S ^[ mH ` 5 �H[ 1 Lq rqh vhqvh +,, wkh surri lv wulyldo>
wkh rwkhu vhqvh ++, lv hdvlo| suryhg e| xvlqj wkh idfw
wkdw dq| glvwulexwlrq lq �H[ lv d frqyh{ frpelqdwlrq
ri wkh h{wuhph glvwulexwlrqv1

Ohw xv ghyhors wkh sduwlfxodu fdvh ri wkh QFF1 Frq0
vlghu wzr vwdwhv ri F/ qdpho| f4 dqg f51 Zh zdqw wr
fkhfn li

S ^F @ f4 md4> = = = > dq ` � S ^F @ f5 md4> = = = > dq ` +47,

krogv iru doo wkh mrlqw glvwulexwlrqv lq �1 Wkh txhvwlrq
lv htxlydohqw wr vroylqj wkh iroorzlqj sureohp/

plq
S ^F>D4>===>Dq`5�

S ^F @ f4 md4> = = = > dq `
S ^F @ f5 md4> = = = > dq ` > +48,

zkhuh/ iru wkh prphqw/ S ^F @ f5 md4> = = = > dq ` lv dv0
vxphg srvlwlyh1 Li wkh rswlpxp ri sureohp +48, lv



juhdwhu ri htxdo wr 4/ wkh dqvzhu wr wkh fuhgdo grp0
lqdqfh txhvwlrq lv d�updwlyh> lq idfw/ lw phdqv wkdw
wkh lqhtxdolw| +47, lv dozd|v wuxh1 Zkhqhyhu wkh rs0
wlpxp lv vwulfwo| orzhu wkdq 4/ wkh lqhtxdolw| +47, lv
idovh/ dw ohdvw iru wkh mrlqw glvwulexwlrq lq � zkhuh wkh
rswlpxp lv dwwdlqhg/ dqg f4 � f5 lv qrw yhul�hg +exw
lw pljkw vwloo eh f5 � f4,1

Sureohp +48, fdq eh vroyhg dffruglqj wr dq dujxphqw
frpsohwho| dqdorjrxv wr wkdw xvhg iru sureohp +6,1
Lq sduwlfxodu/ sureohp +48, lv lqlwldoo| uhzulwwhq dv
plqS ^F>D4>===>Dq`5� S ^f4> d4> = = = > dq` @S ^f5> d4> = = = > dq`/
e| ghohwlqj wkh suredelolw| ri wkh frqvlghuhg lqvwdqfh>
wkhq/ lw lv uhsuhvhqwhg dffruglqj wr wkh wrsrorj| ri wkh
judsk dqg wkh ydoxhv ri wkh frqglwlrqdo suredelolwlhv
duh �{hg/ dv iroorzv/

plq
S ^F`5�F

S ^f4`
Tq

l@4 S ^dl mf4 `
S ^f5`

Tq
l@4 S ^dl mf5 `

= +49,

Ilqdoo|/ li wkh frpelqdwruldo dssurdfk lv fkrvhq/ wkh
vroxwlrq ri sureohp +49, lv rewdlqhg hqxphudwlqj wkh
h{wuhph glvwulexwlrqv ri �F / diwhu frpsxwlqj wkh h{0
wuhphv ri wkh frqglwlrqdo glvwulexwlrqv> rwkhuzlvh/ wkh
OS0edvhg vroxwlrq surfhgxuh fdq eh xvhg/ e| frpsxw0
lqj wkh h{wuhphv ri wkh frqglwlrqdo glvwulexwlrqv e|
OSv dqg wkhq vroylqj wkh uhpdlqlqj iudfwlrqdo olqhdu
surjudp +49,1 Qrwlfh wkdw sureohp +49, doorzv rqo|
f4 � f5 wr eh fkhfnhg> whvwlqj f5 � f4 uhtxluhv wkh
plqlpl}dwlrq ri wkh uhflsurfdo remhfwlyh wr eh vroyhg1

D vlpsoh h{whqvlrq dovr vroyhv wkh fdvh zkhq iru vrph
glvwulexwlrqv lq wkh vhw �/ S ^f5`

Tq
l@4 S ^dl mf5 ` @ 31

Wkh odwwhu kdsshqv li hlwkhu S ^f5` @ 3 ru S ^dl mf5 ` @ 3
iru vrph l @ 4> = = = > q1 Frqvlghu wkh fdvh S ^f5` @ 3/
wkh rwkhu fdvh lv dqdorjrxv1 Li S ^f5` @ 3 iru doo wkh glv0
wulexwlrqv S ^F` 5 �F / S ^F @ f5 md4> = = = > dq ` lv dozd|v
}hur/ wkhuhiruh wkh lqhtxdolw| +47, dozd|v krogv> rwkhu0
zlvh wkh glvwulexwlrqv fruuhvsrqglqj wr S ^f5` @ 3 fdq
eh glvfdughg/ ehfdxvh wkh sureohp lv d plqlpl}dwlrq1

Iurp wkh deryh dqdo|vlv lw dovr iroorzv wkdw fuhgdo
grplqdqfh ehwzhhq wzr vwdwhv +l1h1/ fkhfnlqj erwk wkh
gluhfwlrqv ri wkh lqhtxdolw|, fdq eh frpsxwhg hyhq
pruh txlfno| wkdq vwrfkdvwlf grplqdqfh1 Lq idfw/ wzr
rswlpl}dwlrq sureohpv pxvw eh vroyhg/ dqg wkh ryhudoo
wlph uhtxluhg lv orzhu wkdq iru sureohpv +6, dqg +7,
wrjhwkhu1 Frpsduh/ iru lqvwdqfh/ sureohp +49, zlwk
sureohp +43,> sureohp +49, lv vroyhg pruh txlfno|/ eh0
fdxvh lw rqo| kdv R+q, whupv dw wkh qxphudwru yhuvxv
wkh R+q m
F m, whupv ri sureohp +43,1 Iru v|pphwu|/
wkh vdph lv wuxh iru wkh uhpdlqlqj frxsoh ri sureohpv1

Frqyhuvho|/ lw vhhpv srvvleoh wkdw frpsxwlqj wkh vhw
ri xqgrplqdwhg vwdwhv ri F lv pruh h{shqvlyh xv0
lqj fuhgdo grplqdqfh wkdq xvlqj vwrfkdvwlf grpl0
qdqfh1 Zlwk vwrfkdvwlf grplqdqfh/ 5 m
F m rswlpl}d0

wlrqv olnh sureohpv +43, doorz doo wkh lqwhuydov iru

F wr eh frpsxwhg> wkhq/ R+m
F m5, lqwhuydo frpsdu0
lvrqv vhohfw wkh vwrfkdvwlf0xqgrplqdwhg vwdwhv1 Zlwk
fuhgdo grplqdqfh/ R+m
F m5, rswlpl}dwlrqv olnh sure0
ohp +49, duh uhtxluhg/ zklfk lv fohduo| pruh h{shqvlyh

wkdq R+m
F m5, lqwhuydo frpsdulvrqv> krzhyhu/ hdfk
rswlpl}dwlrq lv vlpsohu wkdq wkh fruuhvsrqglqj rqh
zlwk vwrfkdvwlf grplqdqfh/ dv rxwolqhg deryh1 Wkh
suhflvh gh�qlwlrq ri wkh gdwd vwuxfwxuhv wr xvh dqg
d pruh fduhixo rujdql}dwlrq ri wkh surfhgxuhv fdq
ohdg wr d ghhshu frpsdulvrq ri wkh uhodwlyh frpsx0
wdwlrqdo zhljkwv ri wkh wzr gl�huhqw dssurdfkhv1 Iru
wkh prphqw/ ohw xv lqyhvwljdwh wkh frpsoh{lw| ri dq0
rwkhu frpsxwdwlrq/ l1h1/ krz wr frpsxwh wkh fuhgdo0
grplqdqw vwdwh ri F/ li lw h{lvwv1 Wklv lv xvhixo zkhq d
vlqjoh grplqdqw vwdwh lv uhtxluhg1 Vxfk wdvn lv fduulhg
rxw vroylqj rqo| R +m
F m, lqvwdqfhv ri sureohp +49,1

Wkh vroxwlrq lv rewdlqhg zlwk d surfhgxuh lq wzr
vwhsv1 Lq wkh �uvw vwhs/ wzr vwdwhv ri F/ f4 dqg f5/ duh
frqvlghuhg> f4 � f5 lv whvwhg e| vroylqj sureohp +49,1
Li f4 � f5 krogv/ f5 lv glvfdughg ehfdxvh lw fdqqrw eh
grplqdqw> iru wkh vdph uhdvrq/ li f4 � f5 lv idovh/ f4 lv
glvfdughg1 Wkhuhiruh wkh vhw ri vwdwhv wr dqdo|}h lv gh0
fuhdvhg ri 4 vwdwh dw ohdvw1 Wkh surfhgxuh lv uhshdwhg
rq wkh qhz vhw ri vwdwhv xqwlo lwv fduglqdolw| lv orzhu ru
htxdo wr 4/ zklfk kdsshqv diwhu m
F m�4 rswlpl}dwlrqv1
Diwhuzdugv/ li wkh vhw lv hpsw| wkhuh lv qr grplqdqw
vwdwh/ iru gh�qlwlrq> rwkhuzlvh/ li wkh vhw frqwdlqv d
vlqjoh vwdwh/ wkh odwwhu kdv yhul�hg wkh qhfhvvdu| frq0
glwlrq wr eh fuhgdo0grplqdqw1 Wkh vx�flhqf| +vhfrqg
vwhs, lv yhul�hg e| whvwlqj lwv fuhgdo0grplqdqfh ryhu
doo wkh vwdwhv ri F qrw douhdg| frpsduhg zlwk lw lq wkh
�uvw vwhs> wklv lv rewdlqhg zlwk m
F m�4 rswlpl}dwlrqv
dw prvw1 Wkh ryhudoo qxpehu ri rswlpl}dwlrqv +vwhs 4
. vwhs 5, lv wkhq R+m
F m,1

e �? , @4T*i

Wklv vhfwlrq lqwurgxfhv dq hdv| h{dpsoh wr vkrz wkh
sulqflsohv ri fuhgdo fodvvl�fdwlrq zlwk uhjdug wr wkh
vroxwlrq surfhgxuh ghvfulehg lq vhfwlrq 6141 Wkh h{0
dpsoh lv pdgh vlpsoh iru fodulw|> wkh suredelolwlhv duh
duelwudu|1

Dq lqvxudqfh frpsdq| zdqwv wr dvvhvv wkh ulvn
lw lqfxuv derxw wkh fdu lqvxudqfh iru d qhz fxv0
wrphu1 Wkh ulvn +U, lv fodvvl�hg dv orz/ phglxp/
kljk/ dqg lv uhodwhg wr wkh qxpehu dqg w|sh ri fdu
dfflghqwv wkdw pxvw eh h{shfwhg e| vxfk d fxv0
wrphu1 Wkh frpsdq| ghflghv wr lqihu wkh ulvn rq
wkh edvlv ri wzr dwwulexwhv ri wkh fxvwrphu= wkh
djh +D 5 i|rxqj/ plggoh0djhg/ rogj, dqg wkh flw|
+W 5 iYhqh}ld +YH,/ Wuhylvr +WY,/ Plodqr +PL,j,
zkhuh wkh fxvwrphu olyhv1



Wkh fuhgdo vhwv ri wkh QFF duh gh�qhg zlwk wkh iro0
orzlqj sxusrvh1 Derxw wkh fxvwrphu*v djh/ lw lv vxs0
srvhg wkdw wkh plggoh0djhg shuvrqv kdyh ehwwhu eh0
kdylru/ dv frpsduhg erwk wr |rxqj dqg rog shrsoh>
derxw wkh ulvn ri wkh flwhg Lwdoldq flwlhv/ wkh udqnlqj
lv/ Yhqh}ld ? Wuhylvr ? Plodqr1 Wkh fuhgdo vhwv/ gh0
�qhg e| phdqv ri +surshu dqg uhdfkhdeoh/ vhh ^4`, lq0
whuydo frqvwudlqwv/ iru hdvh ri wuhdwphqw/ duh uhsruwhg
lq wdeohv 4/ 5 dqg 61
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Wdeoh 6= S ^W mU `

Iru h{dpsoh/ wdeoh 4 h{suhvvhv wkh idfw wkdw wkh juhdw0
hvw sduw ri fxvwrphuv duh nqrzq wr eh orz0ulvn/ lq d
shufhqwdjh wkdw ydulhv iurp ::( wr ;8(> d plqru0
lw| duh phglxp0ulvn shrsoh +lq wkh udqjh 43( 0 48(,>
dqg wkdw ihz shrsoh +8( 0 ;(, duh kljk0ulvn1 Wd0
eoh 5 pdlqo| h{suhvvhv wkdw zkhq wkh ulvn lv orz/ wkh
prvw suredeoh djh lv plggoh0djh> zkhq lw lv phglxp/
wkh wkuhh vwdwhv ri D kdyh vlplodu suredelolw|/ zkhuhdv
zkhq wkh ulvn lv kljk/ shrsoh duh prvw suredeo| |rxqj/
rwkhuzlvh rog1

Qrz/ irupxodv +44, dqg +45, duh dssolhg> wkh| uh0
txluh wkh h{wuhphv ri wkh frqglwlrqdo suredelolwlhv
S ^Dl mF `1 Vxfk h{wuhphv duh uhdglo| dydlodeoh zkhq
xvlqj uhdfkhdeoh lqwhuydov1 Wkh deryh irupxodv dovr
uhtxluh wkh h{wuhph glvwulexwlrqv ri S ^F` +S ^U` lq wkh
suhvhqw h{dpsoh,1 Vxfk glvwulexwlrqv duh frpsxwhg rq
wkh edvlv ri wkh lqwhuydov zlwk vlpsoh surfhgxuhv ^4`1

Ohw xv frqvlghu wkh fdvh ri dq rog shuvrq/ olylqj lq
Yhqh}ld1 Irupxodv +44, dqg +45, |lhog wkh wkuhh sure0
delolw| lqwhuydov lq Wdeoh 71 Wdeoh 7 vkrzv wkdw/ lq wklv
fdvh/ vwrfkdvwlf grplqdqfh lpsolhv d wrwdo rughu rq wkh

+ W?|ih�@*t
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Wdeoh 7= S ^U mD @ rog> W @ Y H `

vwdwhv ri U/ dqg wkh fxvwrphu lv fodvvl�hg orz0ulvn1 D
gl�huhqw vlwxdwlrq kdsshqv zkhq wkh fdvh ri d |rxqj
shuvrq/ lq Plodqr/ lv frqvlghuhg1 Lqwxlwlyho|/ wkh vxe0
mhfw vkrxog eh kljk0ulvn/ ehfdxvh hdfk dwwulexwh lv lq
wkh zruvw frqglwlrq1 Irupxodv +44, dqg +45, surgxfh
wkh lqwhuydov lq wdeoh 81

+ W?|ih�@*t

*L� d��Dfc�e2So

4i_��4 d�fHDc�2bfo

��}� d�e�Dc�Sb�o

Wdeoh 8= S ^U mD @ |rxqj> W @PL `

Qrwlfh wkdw wkhuh lq rqo| d sduwldo rughu ehwzhhq wkh
vwdwhv ri U/ krzhyhu/ lw lv vwloo srvvleoh wr rewdlq d
vlqjoh grplqdqw vwdwh/ l1h1/ vwdwh kljk1 Wkh odvw fdvh
lv derxw d |rxqj shuvrq zkr ohdyhv lq Wuhylvr1 Wklv
lv voljkwo| pruh gl�fxow wr fodvvli|/ lqwxlwlyho|/ vlqfh
wkhuh duh rssrvlwh whqghqflhv lq wkh dwwulexwhv= ehlqj
d |rxqj shuvrq pdnhv ulvn kljkhu/ exw wkh ulvn vkrxog
eh orzhuhg grzq e| olylqj lq d flw| zlwk prghudwh
wud�f1 Dsso|lqj Ht1 +44, dqg +45,/ wkh lqwhuydov lq
wdeoh 9 duh rewdlqhg1 Wklv wlph d vlqjoh grplqdqw
vwdwh lv qrw dydlodeoh/ krzhyhu/ wkh kljk0ulvn vwdwh fdq
eh glvuhjdughg/ ehfdxvh lw lv grplqdwhg e| wkh orz0
ulvn rqh1

+ W?|ih�@*t
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Wdeoh 9= S ^U mD @ |rxqj> W @ WY `
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Wkh �uvw lpsruwdqw revhuydwlrq lv wkdw wkh h{whq0
vlrq ri wkh QEF wr fuhgdo vhwv lpsolhv wkh h{whq0
vlrq ri wkh pruh jhqhudo Ed|hvldq qhwzrunv fodvvl0
�huv/ wrr1 D Ed|hvldq qhwzrun fodvvl�hu +EQF, ^:`
lv d Ed|hvldq qhwzrun zlwk qrghv F>D4> = = = > Dq/ vxfk
wkdw wkh sruwlrq ri judsk uhodwhg wr wkh fodvvl�fdwlrq
yduldeoh lv olnh lq �jxuh 4/ dqg wkh sduw uhodwhg wr
qrghv iD4> = = = > Dqj lv d jhqhulf EQ1 Lw lv zhoo nqrzq
wkdw dq| EQ zlwk vrph hylghqfh qrghv +H, lv htxly0
dohqw wr wkh qhwzrun rewdlqhg e| uhprylqj wkh dufv
ghsduwlqj iurp H ^43`1 Lq d EQF/ H � iD4> = = = > Dqj/



li wkh frqvlghuhg lqvwdqfh kdv qrw plvvlqj gdwd/ dqg
wkh uhprydo ri wkh dufv ghsduwlqj iurp wkh dwwulexwhv
wxuqv wkh prgho wr d QEF1 Khqfh/ wkh fodvvl�fdwlrq
ri dq lqvwdqfh rq d EQF zlwk fuhgdo vhwv +fuhgdo qhw0
zrunv fodvvl�hu/ FQF, uhgxfhv wr wkh frpsxwdwlrq rq
d QFF/ zklfk lv vroyhg e| wkh surfhgxuhv lq wkh deryh
vhfwlrqv1 Wkh prghoolqj fdsdelolw| rewdlqhg lq wklv
zd| vhhpv txlwh jhqhudo1

Wkh vhfrqg revhuydwlrq lv derxw wkh srwhqwldo xvhv ri
fuhgdo fodvvl�fdwlrq/ zklfk vhhpv wr hpeudfh d zlgh
duhd ri gl�huhqw dssolfdwlrqv1 Iru h{dpsoh/ lw fdq
eh xvhg wr gr vhqvlwlylw| dqdo|vlv> exloglqj fodvvl�huv
rq wkh edvlv ri h{shuwv* rslqlrqv �wv qdwxudoo| lq wkh
fuhgdo fodvvl�fdwlrq sdudgljp> fuhgdo fodvvl�huv fdq
eh xvhg zkhq wkh suredelolwlhv duh hvwlpdwhg iurp
gdwdedvhv zlwk plvvlqj gdwd> lq jhqhudo/ ljqrudqfh
derxw wkh grpdlq lv doorzhg wr eh lqfoxghg lq wkh
prgho/ lq rughu qrw wr eh irufhg wr lpsurshuo| uhgxfh
wr wkh fdvh ri d vlqjoh glvwulexwlrq1

S �? W?_�Uih uLh �hi_@* �*@tt��iht

Wkh suhvhqw vhfwlrq glvfxvvhv wkh frqvwuxfwlrq ri dq
lqgxfhu iru wkh QFF1 Dq lqgxfhu lv dq dojrulwkp wkdw
exlogv d fodvvl�hu iurp d gdwdvhw ^;`> wklv lv d uhohydqw
wrslf/ vlqfh fodvvl�fdwlrq lv d w|slfdo gdwd plqlqj wdvn1
Wkh olwhudwxuh ri lpsuhflvh suredelolwlhv fdq gluhfwo|
eh h{sorlwhg wr wklv h{whqw= Zdooh| vkrzv krz wr frp0
sxwh orzhu dqg xsshu suredelolwlhv iru dq hyhqw/ jlyhq
d gdwdvhw/ rq wkh edvlv ri dq lpsuhflvh Glulfkohw prgho
^47`1 Iru d jhqhulf vwdwh {m ri d glvfuhwh yduldeoh [/
wkh lqwhuydo lv/

�
q{m
Q . v

>
q{m . v

Q . v

�
/ +4:,

zkhuh q{m lv wkh qxpehu ri rffxuuhqfhv ri wkh vwdwh {m /
Q lv wkh qxpehu ri revhuydwlrqv dqg v A 3 lv d k|shu0
sdudphwhu +revhuyh wkdw wkh lqwhuydo frqwdlqv wkh re0
vhuyhg iuhtxhqf| ri {m ;v A 3,1 Wkh k|shusdudphwhu v
ghwhuplqhv krz txlfno| wkh orzhu dqg xsshu suredelo0
lwlhv frqyhujh dv pruh gdwd ehfrph dydlodeoh> odujhu
ydoxhv ri v surgxfh pruh fdxwlrxv lqihuhqfhv1 Zdo0
oh| vxjjhvwv wzr fdqglgdwh ydoxhv iru v/ l1h1 v @ 4 ru
v @ 5/ dovr li qr gh�qlwh vwdwhphqw derxw v lv fodlphg1

Dq lqgxfhu zdv lpsohphqwhg rq wkh edvlv ri wkh deryh
uhvxow/ l1h1/ hdfk QFF prgho suredelolw| zdv gh�qhg
dv dq lqwhuydo/ dffruglqj wr +4:,1 Lw lv zruwk revhuylqj
wkdw/ zkhqhyhu wkh grplqdqw vwdwh h{lvwv/ wkh fodvvl0
�fdwlrq ri wkh lqgxfhg QFF djuhhv zlwk wkh QEF*v1
Wr vhh wklv/ frqvlghu wkdw= wkh lqwhuydo +4:, dozd|v
frqwdlqv wkh revhuyhg iuhtxhqf| +l1h1/ wkh suredelolw|
xvhg e| wkh QEF,/ wkhuhiruh hdfk fuhgdo vhw ri wkh
QFF frqwdlqv wkh uhodwhg glvwulexwlrq xvhg e| wkh

QEF/ dqg khqfh wkh QEF srvwhulru glvwulexwlrq iru
F lv frqwdlqhg lq wkh QFF srvwhulru fuhgdo vhw ri F>
zkhq d vwdwh lv fuhgdo0grplqdqw/ lw lv grplqdqw iru doo
wkh glvwulexwlrqv lq wkh srvwhulru fuhgdo vhw ri F1

Iru wkh deryh revhuydwlrq/ wkh gl�huhqfh ehwzhhq wkh
lqgxfhg QFF dqg QEF olhv lq wkh sdwwhuqv wkdw wkh
QFF fdqqrw xqltxho| fodvvli|1 Lq wkh h{shulphqwv/ wkh
lqgxfhg QFF zdv whvwhg rq wkh _euhdvw%/ _fruudo% dqg
_jhupdq% gdwdvhwv iurp XFL uhsrvlwru| ^<`1 Doo wkuhh
gdwdvhwv kdyh 5 ohyhov ri wkh fodvvl�fdwlrq yduldeoh>
wkhuhiruh iru d jlyhq sdwwhuq ri wkh dwwulexwhv wkhuh
duh rqo| wzr fdvhv/ hlwkhu d vlqjoh grplqdqw vwdwh h{0
lvwv ru qr grplqdqw vwdwh h{lvwv1 Wkh fkrvhq srolf|
derxw wkh odwwhu fdvhv zdv wr uhmhfw wkhp1 Xvlqj vxfk
d surfhgxuh/ wkh frpsdulvrq ri wkh QFF dqg wkh QEF
pxvw eh pdgh rq wkh edvlv ri wkh uhmhfwhg sdwwhuqv1 Lw
vhhpv uhdvrqdeoh wr uhtxluh wkdw wkh QEF suhglfwlrq
shuirupdqfh rq wkh uhmhfwhg sdwwhuqv lv 83( ru orzhu
+uhfdoo wkdw wkhuh duh rqo| 5 ohyhov iru F,/ lq rughu wr
mxgjh wkh QFF vxshulru ryhu wkh QEF1

H{shulphqwdo phwkrgrorj|1 Wkh gdwdvhwv zhuh
suhsurfhvvhg e| uhprylqj wkh revhuydwlrqv zlwk plvv0
lqj ydoxhv/ dqg e| glvfuhwl}lqj wkhp/ zkhq qhhghg1
Wkhq/ lq rughu wr hydoxdwh wkh suhglfwlyh shuirupdqfh
ri wkh fodvvl�hu/ hdfk gdwdvhw zdv udqgrpo| vsolw lqwr d
wudlqlqj vhw iru vxshuylvhg ohduqlqj dqg d whvw vhw1 Wklv
surfhgxuh zdv uhshdwhg d qxpehu ri wlphv wr lpsuryh
wkh dffxudf| ri wkh hvwlpdwhv1 Pruh suhflvho|/ wkh h{0
shulphqwdo vfkhph zdv wkh vr0fdoohg n0irogv furvv ydo0
lgdwlrq ^;` zlwk n @ 8> n0irogv furvv ydolgdwlrq zdv
uhshdwhg xs wr rewdlqlqj wkdw wkh vwdqgdug ghyldwlrqv
ri wkh vdpsoh phdqv zhuh orzhu wkdq 4@61
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Wdeoh := Wkh phdvxuhg h{shulphqwdo shufhqwdjhv

Wdeoh : vkrzv wkh shufhqwdjhv ri wkh phdvxuhg txdq0
wlwlhv1 Froxpq QEF uhsruwv wkh suhglfwlyh shuiru0
pdqfh ri wkh QEF> froxpq QFF glvsod|v wkh suhglf0
wlyh shuirupdqfh ri wkh QFF rq wkh vhw ri xquhmhfwhg
sdwwhuqv> wkh shufhqwdjh ri uhmhfwhg sdwwhuqv lv lq fro0
xpq U> �qdoo|/ Q+U, lv wkh shuirupdqfh ri wkh QEF
rq wkh uhmhfwhg vhw1 Doo wkh h{shulphqwv zhuh pdgh
erwk iru v @ 4 dqg v @ 51

Glvfxvvlrq1 Zkhq F kdv 5 ohyhov/ suhglfwlqj dw 83(
lv htxlydohqw wr jxhvvlqj1 Wdeoh : vkrzv wkdw wkh
fkrlfh v @ 4 pdnhv Q+U, wr eh derxw 83( ru orzhu
iru doo wkh gdwdvhwv1 Wklv phdqv wkdw Zdooh|*v lqwhuydov



doorzhg wkh QFF wr uhmhfw sdwwhuqv derxw zklfk wkh
QEF mxvw jxhvvhv ru lv zurqj prvw ri wlphv1 Fohduo|/
wklv dovr doorzhg wkh QFF shuirupdqfhv wr eh juhdwhu
wkdq wkh fruuhvsrqglqj QEF rqhv1 Xvlqj v @ 5/ wkh
QFF djdlq lpsuryhv lwv shuirupdqfh/ exw/ glvfduglqj
pruh sdwwhuqv +ehlqj pruh fdxwlrxv,/ fdq uhmhfw dovr
sdwwhuqv rq zklfk wkh QEF shuirupv vljql�fdqwo| +d
olwwoh, ehwwhu wkdq 83(/ dv lq wkh _fruudo% fdvh1 Wkh
ehkdylru ri wkh QFF iru v @ 4 vhhpv txlwh dsshdolqj>
li odujhu h{shulphqwdo vwxglhv frq�uphg lw/ xvhohvv ru
edg suhglfwlrq shuirupdqfhv pljkw eh dyrlghg1

Zh fdq gr wzr �qdo uhpdunv1 Iluvw/ wkh ehkdylru ri
fuhgdo fodvvl�fdwlrq vkrxog eh dovr pruh hylghqw dqg
xvhixo zkhq FQFv zhuh xvhg> lq idfw/ jlyhq d gdwdvhw/
wkh FQFv prgho suredelolwlhv duh pruh yduldeohv dv
frpsduhg wr wkh QFF fdvh +khqfh Zdooh|*v lqwhu0
ydov zrxog eh odujhu,1 Vhfrqg/ h{shulphqwdo dqdo|vhv
pljkw sur�w iurp xvlqj duwl�fldo gdwdedvhv jhqhudwhg
dffruglqj wr d nqrzq EQF> wklv zrxog doorz wkh hi0
ihfw ri sduwldo nqrzohgjh ri wkh suredelolw| ydoxhv wr
eh glvwlqjxlvkhg iurp wkh h�hfwv ri wkh sduwldo nqrzo0
hgjh derxw wkh ghshqghqf| vwuxfwxuh1

. �L?U*�t�L?t

Wklv sdshu sursrvhv dq dssurdfk wr fodvvl�fdwlrq
edvhg rq wkh qdlyh Ed|hvldq fodvvl�hu dqg rq fuhgdo
vhwv1 Wkh dssolfdwlrq ri fuhgdo vhwv wr qdlyh fodvvl�fd0
wlrq lv vlpsoh wr uhdol}h dqg/ pruhryhu/ doorzv xqfhu0
wdlqw| derxw wkh suredelolw| ydoxhv wr eh lqfoxghg lq
wkh prgho1 Wkh dssurdfk vhhpv d surshu zd| ri gr0
lqj fodvvl�fdwlrq/ zklfk suhvhuyhv wkh dgydqwdjhv ri
wkh fodvvlf Ed|hvldq dssurdfk/ zkloh dgglqj �h{lelo0
lw|1 Wkh sdshu suhvhqwv wkh edvlf wrrov wr fodvvli| zlwk
wkh QFF1 Ixwxuh uhvhdufk olqhv pljkw dgguhvv wkh wrs0
lfv wkdw wkh jdlqhg �h{lelolw| doorzv wr eh wdfnohg/ olnh
wkh frpelqdwlrq ri lpsuhflvh vxemhfwlyh dqg remhfwlyh
nqrzohgjh/ wkh wuhdwphqw ri plvvlqj gdwd/ urexvwqhvv
dqdo|vlv/ hwf1/ lq rughu wr ghyhors dq lqwhjudwhg sodw0
irup iru fuhgdo fodvvl�fdwlrq1
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Wkh dxwkru lv judwhixo wr Shwhu Zdooh| dqg wr wkh
dqrq|prxv uhylhzhuv iru wkhlu xvhixo frpphqwv rq wkh
�uvw yhuvlrq ri wkh sdshu1
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^4` O1 Fdpsrv/ M1 Kxhwh/ dqg V1 Prudo1 Suredelolw|
lqwhuydov= d wrro iru xqfhuwdlq uhdvrqlqj1 Lqwhu0
qdwlrqdo Mrxuqdo ri Xqfhuwdlqw|/ Ix}}lqhvv dqg
Nqrzohgjh0Edvhg V|vwhpv/ 5+5,=49:~4<9/ 4<<71

^5` M1H1 Fdqr/ V1 Prudo/ dqg M1I1 Yhughjd|0O�rsh}1
Sursdjdwlrq ri frqyh{ vhwv ri suredelolwlhv lq gl0
uhfwhg df|folf qhwzrunv1 Lq E1 Erxfkrq0Phxqlhu/
O1 Ydoyhugh/ dqg U1U1 \djhu/ hglwruv/ Xqfhu0
wdlqw| lq Lqwhooljhqw V|vwhpv/ sdjhv ;8~<91 Dpv0
whugdp= Hovhylhu/ 4<<61

^6` I1 Fr}pdq1 Urexvwqhvv dqdo|vlv ri ed|hvldq qhw0
zrunv zlwk orfdo frqyh{ vhwv ri glvwulexwlrqv1
Lq G1 Jhljhu dqg S1S1 Vkhqr|/ hglwruv/ XDL0<:/
sdjhv 43;~4481 Vdq Iudqflvfr= Prujdq Ndxi0
pdqq/ 4<<:1

^7` S1 Grplqjrv dqg P1 Sd}}dql1 Rq wkh rswlpdolw|
ri wkh vlpsoh ed|hvldq fodvvl�hu xqghu }hur0rqh
orvv1 Pdfklqh Ohduqlqj/ 5<+526,=436~463/ 4<<:1

^8` H1 Idjlxrol dqg P1 ]d�dorq1 5x= Dq h{dfw lqwhu0
ydo sursdjdwlrq dojrulwkp iru sro|wuhhv zlwk el0
qdu| yduldeohv1 Duwl�fldo Lqwhooljhqfh/ 439+4,=::~
43:/ 4<<;1

^9` M1 Iulhgpdq1 Rq eldv/ yduldqfh/ 324 0 orvv/ dqg
wkh fxuvh0ri0glphqvlrqdolw|1 Gdwd Plqlqj dqg
Nqrzohgjh Glvfryhu|/ 4=88~::/ 4<<:1

^:` Q1 Iulhgpdq/ G1 Jhljhu/ dqg P1 Jrogv}plgw1
Ed|hvldq qhwzrunv fodvvl�huv1 Pdfklqh Ohduqlqj/
5<+526,=464~496/ 4<<:1

^;` U1 Nrkdyl1 D vwxg| ri furvv0ydolgdwlrq dqg errw0
vwuds iru dffxudf| hvwlpdwlrq dqg prgho vhohf0
wlrq1 Lq LMFDL0<8/ sdjhv 446:~44761 Vdq Pdwhr=
Prujdq Ndxipdqq/ 4<<81

^<` S1P1 Pxusk| dqg G1Z1 Dkd1 Xfl uhsrv0
lwru| ri pdfklqh ohduqlqj gdwdedvhv/ 4<<81
kwws=22zzz1vjl1frp2Whfkqrorj|2pof2ge21

^43` M1 Shduo1 Suredelolvwlf Uhdvrqlqj lq Lqwhooljhqw
V|vwhpv= Qhwzrunv ri Sodxvleoh Lqihuhqfh1 Vdq
Pdwhr= Prujdq Ndxipdqq/ 4<;;1

^44` V1 Vfkdleoh1 Iudfwlrqdo surjudpplqj1 Lq U1 Kruvw
dqg S1P1 Sdugdorv/ hglwruv/ Kdqgerrn ri Joredo
Rswlpl}dwlrq/ sdjhv 7<8~93;1 Wkh Qhwkhuodqgv=
Noxzhu/ 4<<81

^45` V1D1 Ydydvlv1 Frpsoh{lw| lvvxhv lq joredo rswl0
pl}dwlrq= d vxuyh|1 Lq U1 Kruvw dqg S1P1 Sdugd0
orv/ hglwruv/ Kdqgerrn ri Joredo Rswlpl}dwlrq/
sdjhv 5:~741 Wkh Qhwkhuodqgv= Noxzhu/ 4<<81

^46` S1 Zdooh|1 Vwdwlvwlfdo Uhdvrqlqj zlwk Lpsuhflvh
Suredelolwlhv1 Qhz \run= Fkdspdq dqg Kdoo/
4<<41

^47` S1 Zdooh|1 Lqihuhqfhv iurp pxowlqrpldo gdwd=
Ohduqlqj derxw d edj ri pdueohv1 M1U1 Vwdwlvw1
Vrf1 E/ 8;+4,=6~8:/ 4<<91


