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Abstract: In this paper we present a variant of the classic Q-learning algorithm to
design an operating policy for the management of a multi-purpose water reservoir. The
model-free approach is applied only to a part of the model of the water system, the
catchment, while the remainder, the reservoir, is described by mathematical models
based on physical characteristics. This algorithm has been tested on the case of the
regulation of Lake Como.

Keywords: Water Resources Management, Reinforcement Learning, Optimal Control

1. INTRODUCTION

To manage efficiently a regulated lake we need
to know how much water to release and how to
distribute it to the different users. The satisfaction
of these users will be expressed in the primary
objectives of management. Moreover we want to
protect users that only indirectly are affected by
the resource usage (e.g. the lakeside population).
We can formulate this problem as an optimal
control problem, so that its solution will be a
management policy answering to our questions.

Unfortunately the control problem is not trivial
at all: first, multiple management objectives can
be present (satisfaction of water demand for irri-
gation and hydropower generation, upstream and
downstream flood protection, protection of wa-
ter for recreational use and lake navigation) and
very often these objectives are conflicting. Second,
the decisional problem is made more complex by
the presence of stochasticity of the reservoir in-
flow process. Third, the complexity is increased
by non-linearities in the objective functions and
in the system’s constraints (stage-discharge func-

tions). Finally, the hydrological processes are usu-
ally cyclostationary and this also adds to the
intricacy of the problem.

A methodology to design and synthetize reservoir
management policies is Stochastic Dynamic Pro-
gramming (SDP) (Bellman, 1957), which allows
to obtain policies that take into account non-
linearities and stochasticity, solving the optimal
control problem for a dynamical systems with
stochastic inputs (for a general introduction to the
problem see the review papers by Yakowitz (1982)
and Yeh (1985), for some case studies (Gilbert and
Shane, 1982), (Read, 1989), (Hooper et al., 1991)).

A limitation of SDP is the impossibility to take
explicitly into account the exogenous information,
such as average daily precipitation or mean tem-
peratures in the catchment, unless either we write
a mathematical model of its dynamic behavior or
we describe it as a white process. This is a serious
limitation when supplemental hydrological infor-
mation is available and could be used. Note that
this information is often known only qualitatively
and it is difficult to describe it using mathematical



models. Even when these models are available,
they are far too complex to be used in an opti-
mal control problem that can be solved by SDP,
mostly because they enlarge the dimension of the
state space and therefore SDP incurs in curse of
dimensionality (Bellman, 1957).

The object of this work is to propose a policy
design algorithm overcoming these limitations. Al-
gorithms based on Reinforcement Learning (see
for instance Kaelbling et al. (1997) and Barto and
Sutton (1998)), originally developed in the Ro-
botics and Artificial Intelligence fields, have been
shown to be able to generate control policies that
make an effective use of qualitative information.
In this study we used the Q-learning algorithm
(Watkins, 1989) that finds the optimal policy by
trial-and-error, testing alternative control actions
and observing the resulting model state (model
free approach). We propose a Q-learning variant,
named in the following Qlp (Q-learning planning),
which adopts a model free approach only for a sub-
part of the system: the catchment. Qlp is therefore
able, as the original Q-learning algorithm, to use
exogenous information without the need for a
model. The rest of the problem is formalized as
in the SDP case: the optimal policy is computed
backwards in time, the dynamics of the reservoir
and the cost functions are described by explicit
quantitative models.

The paper is organized as follows: first we intro-
duce the model of the system and the formula-
tion of the control problem; then we describe the
classical SDP algorithm and the Qlp algorithm.
Finally, we describe the case study of Qlp for the
management of Lake Como, in Italy.

2. THE PROBLEM

Ever since the first pioneering works by Maas
(1962), the problem of the management of a regu-
lated lake has been represented with a feedback
control scheme with feedforward compensation
(Figure 1). The control policy, which is the key
element of the scheme, returns the volume ut to
be released from the reservoir, once the current
storage value st is known. When feedforward com-
pensation is present the policy also depends upon
the vector It, that is, the state of the meteoro-
logical and catchment systems, which are affected
by a stochastic disturbance εt. According to the
chosen modelling representation, the components
of the vector It can be, e.g., the piezometric head
of groundwater or the reservoir inflow over the last
24 hours before the release decision; the stochastic
disturbance εt can be, e.g., the atmospheric pres-
sure, the solar radiation, the rainfall. The control
policy can be determined as the solution of an
optimal control problem.

Fig. 1. Feedback control scheme for a water sys-
tem.

The reservoir is represented by the mass conser-
vation equation:

st+1 = st + at+1 − rt+1(st, ut, at+1) (1)

where rt+1(·) is the actual release in the interval
[t, t+ 1).

The meteorological system and the catchment are
the most difficult components to model, because
of the complexity of the meteorological and hydro-
logical processes. Very often only the catchment
is considered and the reservoir inflow at is repre-
sented by simple stochastic autoregressive models
of order q:

at+1 = χt(at, at−1, ..., at−q−1, εt+1) (2)

where εt+1 is a white gaussian noise.

The model of the whole dynamic system can thus
be represented in the compact vectorial equation:

xt+1 = ft(xt, ut, εt+1) (3)

where the state vector xt is composed by the
couple (st, It). Because of the periodicity of the
climate, function ft(·, ·, ·) is periodic of period T
equal to one year.

During the system evolution, the state transition
from xt to xt+1 produces an instantaneous cost gt,
given by the weighted sum of the elementary costs
gjt associated with k management objectives:

gt =
kX
j=1

λjgjt (4)

where λj are weights. Also the step costs gjt are
periodic of period T .

The decision ut is assumed to be given by:

ut = mt(xt) (5)

where m·(x·) is the policy, which is a periodic
function.



Given the discount rate α, the cost associated with
a policy p and an initial state x0 is defined as:

J (x0, p) = lim
h→∞

hX
t=0

E
ε1,...εt+1

£
αtgt (xt, ut, εt+1)

¤
(6a)

xt+1 = ft (xt, ut, εt+1) (6b)

εt+1 ∼ φt (εt+1|xt, ut) (6c)

ut ∈ Ut(xt) (6d)

ut = mt(xt) (6e)

p = [m0(·),m1 (·) , ...,mT−1 (·)] (6f)

The optimal policy po is therefore the solution of
the following optimal control problem:

J(x0) = min
p∈P

J(x0, p) (7)

3. THE SOLUTION BASED ON
STOCHASTIC DYNAMIC PROGRAMMING

The solution of the optimal control problem (7),
based on SDP, requires to evaluate, for each
couple (t, xt), the optimal cost-to-go H

o
t (xt) that

is defined as the cost that the system would incur,
from time t onward, when it is controlled by policy
po and starts from state x0. If the optimal cost-
to-go would be known for every value of xt+1,
the optimal decision mo

t (xt) at time t would be
easily found minimizing the expected value of the
present cost plus the discounted optimal cost-to
go from time t+ 1:

mo
t (xt) = argmin

ut
E
εt+1

[gt(xt, ut, εt+1) +H
o
t (xt+1)]

(8)

with t = 0, 1, ....

The optimal cost-to-go associated with the couple
(t, xt) is therefore given by the following equation:

Ho
t (xt) = min

ut
E
εt+1

£
gt(xt, ut, εt+1) +H

o
t+1(xt+1)

¤
(9)

∀xt with t = 0, 1, ....
The optimal policy po is fully defined by the equa-
tion (8) for each time step t if the functionHo· (·) is
known. This function, the Bellman function, can
be obtained solving the recursive equation (9).

Under the previous hypotheses, the Bellman func-
tion turns out to be a periodic function of
t, of period T , which can be obtained using
the Successive Approximations Algorithm (SAA)

(Bertsekas, 1995). This algorithm proceeds back-
wards in time, solvoing at each time step t equa-
tion (9) where the next state xt+1 is computed
by means of the transition function (6b). Note
that an explicit model for each one of the system’s
component must therefore be available.

4. THE SOLUTION BASED ON Q-LEARNING

In the field of Reinforcement Learning, Q-learning
is the algorithm more similar to SDP, and it can
be easily reconduced to its optimality principle
(Bertsekas and Tsitsiklis, 1996). In Q-learning,
the optimal costs-to-go are expressed not only
as a function of state xt but also of control ut
and they constitute the Q-function. The following
relationship can be established between the Q-
function and the Bellman function:

Ho
t (xt) = min

ut
Qot (xt, ut) (10)

and therefore the optimal policy po is given by:

mo
t (xt) = argminut

Qot (xt, ut) (11)

Also the Q-function is periodical of period T , like
the Bellman function. Equation (9) can thus be
substituted by the following recursive expression:

QtmodT (xt, ut)← (1− γk)QtmodT (xt, ut) + γk·
·
·
gt(xt, ut, at+1) + αmin

ut+1
Q(t+1)modT (xt+1, ut+1)

¸
(12)

with t = 0, 1, .... and where γk represents the
learning rate, which decreases with the number
of updates k that have been already made of the
value Qt(xt, ut).

Differently from SAA, which is off-line and works
backwards, Q-learning works on-line and forward;
the evaluation of next state by means of (6b)
is thus substituted by the direct observation of
the behaviour of the real world system. For this
reason, the Q-learning algorithm is said to be
model free. At every time step, a single control
ut is applied and only at time t + 1, when the
new system’s state xt+1 is directly observable, the
value QtmodT (xt, ut) is updated using (12).

The Q-value is therefore updated by means of
a weighted sum of its current value and of a
term which keeps track of the recent system’s
past. Such a process (learning phase) continues
until the learning rate γk is sufficiently close to
0, so that the contribution due to further ex-
ploration becomes negligible. When this happens,
an empirical estimate of the optimal Q-function,



defined by (10), has been obtained. In practice,
to reach a good approximation of the optimal
policy by means of (11), it is necessary to explore
extensively (in theory forever) the whole space of
(t, xt, ut) (Watkins and Dayan, 1992).

A necessary requirement for the applicability of Q-
learning is that the time constant of the physical
system must be sufficiently small to obtain a
satisfactory control policy in a reasonable time.
A second requirement is that the system can be
trained by a trial-and-error procedure. In the case
of a regulated reservoir, both requirements are not
satisfied. The decisional time step is daily and in
many cases the dam is operated at an even lower
frequency (i.e. weekly). As a consequence, the
training horizon would be in the order of decades.
Moreover, it is not possible to perform trial-
and-error experiments, since they would cause
costs which could not be socially acceptable (for
instance, the direct and indirect damages caused
by a single flood day in lake Como, Italy, can be
estimated as close to 500.000 Euros).

For this reason, we have devised a variant of Q-
learning, which we have named Qlp (Q-learning
planning). It allows to overcome the limitations
of SDP and standard Q-learning, integrating the
off-line approach, typical of SDP, and the model-
free characteristics of Q-learning.

Qlp exploits a structural characteristic of regu-
lated reservoirs: the model is composed of sub-
systems in cascade: the meteorological and catch-
ment systems and the reservoir itself. Moreover,
the dynamics of the first two systems is free,
in other words, it is not affected by the control
applied to the reservoir. These two characteristics
allow to replace the models of the meteorolog-
ical and catchment systems with the historical
trajectories of the reservoir inflow at and of the
information It. As in the SDP case, the state
transition of the reservoir is simulated at each
time step, for all the values of the state st, and
for all the feasible controls, thanks to (1), but,
unlike in SDP, this happens in correspondence of
the historical value of the inflow āt and of the
information Īt and not for values synthetically
generated by mathematical models. It is therefore
easier to quickly and effectively explore the whole
(t, xt, ut) space.

Equation (12) is therefore substituted by:

QtmodT (st, Īt, ut)← (1− γk)QtmodT (st, Īt, ut)+

+ γk [gt(st, ut, āt+1)+

+αmin
ut+1

Q(t+1)modT (st+1, Īt+1, ut+1)

¸
(13)

which must be computed at time t for all couples
(st, ut) all over the N years that are available to
train the policy.

It is therefore no more necessary to identify the
probability distribution of the disturbance, since
stochasticity is now implicitly represented in the
natural sequence of inflow and meteorological in-
formation. The constraints (6b-6e) become:

st+1 = st + āt+1 − rt+1(st, ut, āt+1) (14)

ut ∈ Ut(st, Īt) (15)

ut = mt(st, Īt) (16)

5. CASE STUDY

The proposed methodology has been applied to
the design of control policies for Lake Como. The
performances obtained by simulating these poli-
cies over a 15-years horizon have been compared
with those achieved applying SDP and those ac-
tually realized by the DM over the same period.

Lake Como, situated in Northern Italy, has an
active storage of 260 106m3, and receives water
from a catchment of about 4500 km2 generating
an yearly mean inflow of 4730 106m3. It was
transformed into a reservoir in 1946 by construct-
ing a regulation dam at Olginate at the outflow
of the lake. Since then the lake has played an
important role in the development of the Padana
plain economy.

The water released from the lake supplies six
agricultural districts, for a total irrigated sur-
face of 144.000 hectares, and seven run-of-river
hydroelectric power plants with a total installed
capacity of about 92 Mw for an annual mean
production of 473 GWh.

The primary objectives of the regulation are to
supply water to downstream agricultural users
and to provide flood protection on the lake shores.
The hydropower supply has not been considered
as one of the system’s primary objectives, since a
preliminary study (Guariso et al., 1986) has shown
how the mean yearly electricity production is not
substantially lowered by the improvement of the
other objectives.

Two different informative systems have been com-
pared: the former (named IS1) assumes that, at
time t, when the decision ut must be taken, only
the water storage st is known (i.e. It is empty);
the second (IS2) that the inflow at in the last
24 hours is also known (i.e. It = at). Using the
SDP algorithm, the inflow is described as a white
noise when the first informative system is consid-
ered and as an autoregressive filter of first order
(AR(1), see (2) with q = 1) in the other case.



Fig. 2. Performances in calibration with IS1.

Fig. 3. Performances in validation with IS1.

Fig. 4. Performances in calibration with IS2.

Given a value for the weight λ in (4), two optimal
policies have been calibrated for each informa-
tive system: namely one with SDP and one with
Qlp. The years (1965-1979) have been used for
that scope. By varying the weight λ the Pareto
boundary is obtained for each of the four cases. To
evaluate the results, in both cases the performance
of the controlled system has been computed via
simulation on the years (1980-1997). The results
obtained with IS1 are presented in Figures 2-3.
Points S correspond to the performances attained
by the historical management. Notice that the
policies designed by SDP (dotted line) are outper-
formed by the policies obtained by Qlp (continu-
ous line). The improvement has been obtained in
correspondence of both objectives and therefore
Qlp solutions dominate in Paretian sense SDP
solutions.

Fig. 5. Performances in validation with IS2.

Fig. 6. Qlp performances with the two informative
systems.

Fig. 7. SDP performances with the two informa-
tive systems.

Figures 6 and 7 show that the performances at-
tained with the system IS2 dominate the perfor-
mances of system IS1 when Qlp is adopted. The
reason is that when system IS2 is used Qlp is able
to exploit all the orders of correlation that exist in
the inflow process, while SDP only the first order.

6. CONCLUSIONS

A new algorithm, named Qlp, has been proposed.
It is a variant of the Q-learning algorithm and
it can be used to solve reservoir management
problems. Such systems are composed by a non-
controllable part (the meteo and catchment sys-
tems) that is hard to model and a controllable part
(the reservoir) that is easy to model. Therefore it



is of definitive interest to avoid the modelling of
the first part. The Qlp algorithm, proposed in this
work, allows to reach this goal. The case study
of Lake Como shows how policies generated with
Qlp are more efficient (in Paretian sense) than the
ones produced by SDP.
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